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�â â¨áâ¨ª  ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯­®áâì §­ ­¨© ¨ ¬¥â®-
¤®¢, ¨á¯®«ì§ãîé¨åáï ¤«ï á¡®à , ®¯¨á ­¨ï, ¨­â¥à¯à¥â æ¨¨ ¨  ­ -
«¨§  ¤ ­­ëå á æ¥«ìî ¯®«ãç¥­¨ï ¨­ä®à¬ æ¨¨ ¨  à£ã¬¥­â æ¨¨ ¢
¯à¨­ïâ¨¨ à¥è¥­¨©. � ­ áâ®ïé¥¥ ¢à¥¬ï áâ â¨áâ¨ª  áâ «  ®¤­¨¬ ¨§
­ ¨¡®«¥¥ ¢ ¦­ëå ªãàá®¢ ¯à¨ ¯®¤£®â®¢ª¥ íª®­®¬¨áâ®¢ ¨ ¡¨§­¥á¬¥-
­®¢, ¯®áª®«ìªã ®­  ï¢«ï¥âáï ª«îç¥¢ë¬ ¨­£à¥¤¨¥­â®¬, ­¥®¡å®¤¨-
¬ë¬ ¤«ï ¯®­¨¬ ­¨ï ¡ãå£ «â¥àáª®£® ãç¥â , íª®­®¬¨ª¨, ä¨­ ­á®¢,
¬ àª¥â¨­£ , ®à£ ­¨§ æ¨®­­®£® ¯®¢¥¤¥­¨ï ¨ ¤àã£¨å ªãàá®¢. � ¡®«ì-
è¨­áâ¢¥ ­ ãª áâ â¨áâ¨ª  ¨£à ¥â áâ®«ì ¢ ¦­ãî à®«ì, çâ® ¢ë¤¥«ï-
¥âáï ¤ ¦¥ ª ª ¡ë ¢ ®â¤¥«ì­ãî ®âà á«ì ¤ ­­®© ­ ãª¨:

¡¨®«®£¨ï, ¬¥¤¨æ¨­  | ¡¨®¬¥âà¨ª ,
íª®­®¬¨ª  | íª®­®¬¥âà¨ª ,
â¥å­¨ª  | â¥å­®¬¥âà¨ª ,
¯á¨å®«®£¨ï | ¯á¨å®¬¥âà¨ª .

�® ¢á¥¬ íâ¨¬ à §¤¥« ¬ ­ ãª ¢ëå®¤¨â ¯® ­¥áª®«ìª® ¦ãà­ «®¢
(è¨à®ª® ¨§¢¥áâ­ëå), £¤¥ ®¡áã¦¤ îâáï ¬¥â®¤ë  ­ «¨§  ¤ ­­ëå.

�¥«ì ¤ ­­®£® ªãàá  | ­¥ â®«ìª® ­ ãç¨âì ®¡à ¡ âë¢ âì ¤ ­-
­ë¥, ­® ¨ ­ ãç¨âì ¯®­¨¬ âì ­ áª®«ìª® å®à®è® ¬®¦­® ¨§¢«¥ª âì
¨­ä®à¬ æ¨î ¢ ãá«®¢¨ïå ­¥®¯à¥¤¥«¥­­®áâ¨.

� â®çª¨ §à¥­¨ï ¯à¨«®¦¥­¨ï ¬ â¥¬ â¨ç¥áª®© áâ â¨áâ¨ª¨ ª
íª®­®¬¨ª¥, ¡¨§­¥áã ¨ ä¨­ ­á ¬ ¥¥ ¯à¨­ïâ® à §¤¥«ïâì ­  ®¯¨á -
â¥«ì­ãî áâ â¨áâ¨ªã ¨ â¥®à¨î áâ â¨áâ¨ç¥áª¨å ¢ë¢®¤®¢.

�¯¨á â¥«ì­ ï áâ â¨áâ¨ª  § ­¨¬ ¥âáï ¬¥â®¤ ¬¨ á¡®à  áâ â¨-
áâ¨ç¥áª¨å ¤ ­­ëå, ¯®«ãç¥­¨¥¬ ­ £«ï¤­®© ¨­ä®à¬ æ¨¨ ® ¤ ­­ëå,
  â ª¦¥ ¯¥à¢¨ç­®© ®¡à ¡®âª®© ¤ ­­ëå.

�¥®à¨ï áâ â¨áâ¨ç¥áª¨å ¢ë¢®¤®¢ (¯® áãé¥áâ¢ã íâ® ¨ ¥áâì ¬ -
â¥¬ â¨ç¥áª ï áâ â¨áâ¨ª ) ¯®§¢®«ï¥â á¤¥« âì ¡®«¥¥-¬¥­¥¥ â®ç­ë¥
®æ¥­ª¨ ¯ à ¬¥âà®¢ ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥, ®æ¥­¨âì â®ç­®áâì

3



®æ¥­ª¨ ¯ à ¬¥âà®¢, ¯à®¢¥à¨âì £¨¯®â¥§ã ® á®®â¢¥âáâ¢¨¨ ¯à¥¤¯®« -
£ ¥¬®£® § ª«îç¥­¨ï ¨«¨ ¬®¤¥«¨ à¥ «ì­ë¬ ¤ ­­ë¬.

�á«¨ ®¯¨á â¥«ì­ ï áâ â¨áâ¨ª  ­ å®¤¨â á¢®¥ ¯à¨¬¥­¥­¨¥ ¢ íª®-
­®¬¨ç¥áª®© áâ â¨áâ¨ª¥, â® ¬¥â®¤ë â¥®à¨¨ áâ â¨áâ¨ç¥áª¨å ¢ë¢®-
¤®¢ ï¢«ïîâáï ®á­®¢®© íª®­®¬¥âà¨ª¨. �á¯®«ì§ãï ¬¥â®¤ë ¬ â¥¬ -
â¨ç¥áª®© áâ â¨áâ¨ª¨, íª®­®¬¥âà¨ª  ­  ®á­®¢¥ ®¡ê¥ªâ¨¢­ëå ¤ ­-
­ëå ¯à®¢¥àï¥â  ¤¥ª¢ â­®áâì íª®­®¬¨ç¥áª®© ¬®¤¥«¨, ®æ¥­¨¢ ¥â ¯ -
à ¬¥âàë ¬®¤¥«¨, ¤ ¥â ¯à®£­®§ë à §¢¨â¨ï. � ª¨¬ ®¡à §®¬, ¨¬¥­­®
íª®­®¬¥âà¨ª  ®¡ê¥¤¨­ï¥â ¢ ¥¤¨­®¥ æ¥«®¥ íª®­®¬¨ç¥áªãî â¥®à¨î ¨
®¡ê¥ªâ¨¢­ë¥ ä ªâë, á®¥¤¨­ï¥â à¥ «ì­ë¥ ¤ ­­ë¥ á íª®­®¬¨ª®©.

� ¤ ç¨ â¥®à¨¨ áâ â¨áâ¨ç¥áª¨å ¢ë¢®¤®¢ ¯à¨­ïâ® à §¤¥«ïâì ­ 
¤¢  ª« áá : § ¤ ç¨ ¯à®¢¥àª¨ £¨¯®â¥§ ¨ § ¤ ç¨ áâ â¨áâ¨ç¥áª®£® ®æ¥-
­¨¢ ­¨ï.

�¥®à¨ï ¯à®¢¥àª¨ £¨¯®â¥§ § ­¨¬ ¥âáï ¯à®¢¥àª®© £¨¯®â¥§ ®
â®¬, çâ® à áá¬ âà¨¢ ¥¬ ï å à ªâ¥à¨áâ¨ª  ¨¬¥¥â ¤ ­­®¥ §­ ç¥­¨¥,
¯à¨­ ¤«¥¦¨â ¤ ­­®© á®¢®ªã¯­®áâ¨ ¨«¨ çâ® ¯à¥¤«®¦¥­­ ï ¬®¤¥«ì
 ¤¥ª¢ â­® ®¯¨áë¢ ¥â à¥ «ì­ë¥ ¤ ­­ë¥.

�¥®à¨ï áâ â¨áâ¨ç¥áª®£® ®æ¥­¨¢ ­¨ï § ­¨¬ ¥âáï ®æ¥­¨¢ ­¨-
¥¬ §­ ç¥­¨© å à ªâ¥à¨áâ¨ª à áá¬ âà¨¢ ¥¬®© ¬®¤¥«¨,   â ª¦¥ ®¡ï-
§ â¥«ì­® ãª §ë¢ ¥â ¯®£à¥è­®áâ¨ ®æ¥­¨¢ ­¨ï ­  ®á­®¢¥ ¯®áâà®¥-
­¨ï ¨­â¥à¢ «ì­ëå ®æ¥­®ª, ¨«¨, çâ® â® ¦¥ á ¬®¥, ¤®¢¥à¨â¥«ì­ëå
¨­â¥à¢ «®¢.

� «   ¢   1
������������ ����������

1. �ë¡®àª 

�¨¯ë ¤ ­­ëå. � ­­ë¥ ¡ë¢ îâ ª®«¨ç¥áâ¢¥­­ë¥ ¨ ª ç¥áâ-
¢¥­­ë¥. �®«¨ç¥áâ¢¥­­ë¥ ¤ ­­ë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ç¨á«®¢ë¥
§­ ç¥­¨ï. � ç¥áâ¢¥­­ë¥ | ­¥ª®â®àë¥ ª ç¥áâ¢¥­­ë¥ å à ªâ¥à¨-
áâ¨ª¨ (¯®«, ¬ àª   ¢â®¬®¡¨«ï, á¯¥æ¨ «ì­®áâì ç¥«®¢¥ª  ¨ â. ¯.).
� è¥ ¢­¨¬ ­¨¥ ¡ã¤¥â ®¡à é¥­® ¢ ®á­®¢­®¬ ­  ª®«¨ç¥áâ¢¥­­ë¥ ¤ ­-
­ë¥.

� ¨¡®«¥¥ ç áâ® ¨áå®¤­ë¥ ¤ ­­ë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ­ ¡«î-
¤¥­¨ï, ¯®«ãç¥­­ë¥ ¯à¨ ­¥§ ¢¨á¨¬ëå ¯®¢â®à¥­¨ïå ®¯ëâ®¢, ¯à®¨á-
å®¤ïé¨å ¯à¨¬¥à­® ¯à¨ ®¤­¨å ¨ â¥å ¦¥ ãá«®¢¨ïå.
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�®á«¥¤®¢ â¥«ì­®áâì n ­¥§ ¢¨á¨¬ëå ®¤¨­ ª®¢® à á¯à¥¤¥«¥­-
­ëå ­ ¡«î¤¥­¨© x1, . . . , xn á«ãç ©­®© ¢¥«¨ç¨­ë X c äã­ªæ¨¥© à á-
¯à¥¤¥«¥­¨ï F (x) ­ §®¢¥¬ ¢ë¡®àª®© ®¡ê¥¬  n,   á ¬¨ ­ ¡«î¤¥­¨ï
| ¢ë¡®à®ç­ë¬¨ §­ ç¥­¨ï¬¨.

�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¢ë¡®à®ç­ëå §­ ç¥­¨© à á¯®«®¦¨âì
¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï x(1) ≤ x(2) ≤ . . . ≤ x(n), â® â ªãî ¯®á«¥¤®-
¢ â¥«ì­®áâì ¯à¨­ïâ® ­ §ë¢ âì ¢ à¨ æ¨®­­ë¬ àï¤®¬.

�á­®, çâ® ­®¢ë© íªá¯¥à¨¬¥­â ¯à¨¢¥¤¥â ª ­®¢®© ¢ë¡®àª¥, ¯®-
íâ®¬ã «î¡ãî ¢ë¡®àªã ¬®¦­® áç¨â âì á«ãç ©­®© ¨ ª ¦¤®¥ ­ ¡«î-
¤¥­¨¥ xi à áá¬ âà¨¢ âì ª ª á«ãç ©­ãî ¢¥«¨ç¨­ã á äã­ªæ¨¥© à á-
¯à¥¤¥«¥­¨ï F (x).

�ãáâì ¢ë¡®à®ç­ë¥ §­ ç¥­¨ï x1, . . . , xn «¥¦ â ¢ ¨­â¥à¢ «¥
[a, b). � §®¡ì¥¬ ¨­â¥à¢ « [a, b) ­  k ¯®¤ë­â¥à¢ «o¢

[e0, e1), . . . , [ek−1, ek), e0 = a, ek = b.

�®£¤  ç¨á«® ­ ¡«î¤¥­¨©, ¯®¯ ¢è¨å ¢ ¨­â¥à¢ « [ei−1, ei), i=1, . . . , k,
­ §ë¢ ¥âáï ç áâ®â®© νi = νi[ei−1, ei) ­ ¡«î¤¥­¨© ¢ ¨­â¥à¢ «¥
[ei−1, ei).

� áâ®â  νi ­ ¡«î¤¥­¨©, ¤¥«¥­­ ï ­  ç¨á«® ­ ¡«î¤¥­¨© n, ­ -
§ë¢ ¥âáï ®â­®á¨â¥«ì­®© ç áâ®â®© ωin = νi/n. �á­®, çâ® ¯à¨
¡®«ìè¨å ®¡ê¥¬ å ¢ë¡®àª¨ n ®â­®á¨â¥«ì­ ï ç áâ®â  ωi ï¢«ï¥âáï
å®à®è¥© ®æ¥­ª®© ¢¥à®ïâ­®áâ¨ pi = P (ei−1 ≤ X < ei) ¯®¯ ¤ ­¨ï
á«ãç ©­®© ¢¥«¨ç¨­ë X ¢ ¨­â¥à¢ « [ei−1, ei).

�â®â à¥§ã«ìâ â á«¥¤ã¥â ¨§ § ª®­  ¡®«ìè¨å ç¨á¥« (  â ª¦¥ ¨§
¥£® ¯à®áâ¥©è¥© ä®à¬ë | â¥®à¥¬ë �¥à­ã««¨), ª®â®àë© ãâ¢¥à¦¤ -
¥â, çâ®

ωin = νi

n

P−→ pi, (1.1)
â. ¥. ωin áå®¤¨âáï ¯® ¢¥à®ïâ­®áâ¨ ª pi:

lim
n→∞

P (|ωin − pi| > ε) = 0 ¤«ï «î¡®£® ε > 0

(®â­®á¨â¥«ì­ ï ç áâ®â  ­ ¡«î¤¥­¨© ¢ ¤ ­­®¬ ¨­â¥à¢ «¥ [ei−1, ei)
áå®¤¨âáï ª ¢¥à®ïâ­®áâ¨ ¯®ï¢«¥­¨ï ­ ¡«î¤¥­¨© pi ¢ íâ®¬ ¨­â¥à¢ -
«¥).

�¥©áâ¢¨â¥«ì­®, ¢¥à®ïâ­®áâì â®£®, çâ® ª ¦¤ ï ¨§ á«ãç ©­ëå
¢¥«¨ç¨­ ¯®¯ ¤¥â ¢ ¨­â¥à¢ « [ei−1, ei) (­ §®¢¥¬ íâ® ãá¯¥å®¬), à ¢­ 
pi ¨ â®£®, çâ® ­¥ ¯®¯ ¤¥â, 1 − pi. �®íâ®¬ã ¯® â¥®à¥¬¥ �¥à­ã««¨
(¨«¨ ¯® ¡®«¥¥ ®¡é¥¬ã ãâ¢¥à¦¤¥­¨î | � ª®­ã �®«ìè¨å �¨á¥«)
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®â­®á¨â¥«ì­ ï ç áâ®â  ãá¯¥å®¢ ωin áâà¥¬¨âáï ª ¢¥à®ïâ­®áâ¨ ãá¯¥å 
pi ¨ íâ  áå®¤¨¬®áâì ¨¬¥¥â ¬¥áâ® ¯® ¢¥à®ïâ­®áâ¨.

2. �¨áâ®£à ¬¬  ¨ í¬¯¨à¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï

� ª ¬ë §­ ¥¬, á«ãç ©­ë¥ ¢¥«¨ç¨­ë å à ªâ¥à¨§ãîâáï ¨å äã­-
ªæ¨¥© à á¯à¥¤¥«¥­¨ï F (x) = P (X < x) ¨ ¯«®â­®áâìî à á¯à¥¤¥-
«¥­¨ï f(x) = F ′(x). �®íâ®¬ã, çâ®¡ë ¯®­ïâì, ª ª à á¯à¥¤¥«¥­ 
¢ë¡®àª , ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¯à¥¤áâ ¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ®æ¥­¨âì
äã­ªæ¨î à á¯à¥¤¥«¥­¨ï ¨ ¥¥ ¯«®â­®áâì.

�«ï ®æ¥­ª¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï F (x) áâà®¨âáï í¬¯¨à¨ç¥-
áª ï (¢ë¡®à®ç­ ï) äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F ∗n(x). �¬¯¨à¨ç¥áª ï
(¢ë¡®à®ç­ ï) äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F ∗n(x) à ¢­  ®â­®á¨â¥«ì­®©
ç áâ®â¥ ωx ¯®¯ ¤ ­¨ï ­ ¡«î¤¥­¨© ¨§ ¢ë¡®àª¨ x1, . . . , xn ¢ ¨­â¥à-
¢ « (−∞, x), ¨­ ç¥ £®¢®àï,

F ∗n(x) = νx

n
,

£¤¥ νx = ν(−∞, x) | ®¡é¥¥ ç¨á«® ¢ë¡®à®ç­ëå §­ ç¥­¨© Xi,
1 ≤ i ≤ n, ¬¥­ìè¨å x, ¨«¨, çâ® â® ¦¥ á ¬®¥, ç áâ®â  ­ ¡«î¤¥-
­¨©, ¬¥­ìè¨å x.

�â ª, äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F (x) ¥áâì ¢¥à®ïâ­®áâì á®¡ëâ¨ï
(X < x),   í¬¯¨à¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F ∗n(x) ®¯à¥¤¥-
«ï¥â ®â­®á¨â¥«ì­ãî ç áâ®âã íâ®£® ¦¥ á®¡ëâ¨ï. � ª ¬ë ã¦¥ £®-
¢®à¨«¨, ®â­®á¨â¥«ì­ ï ç áâ®â  á®¡ëâ¨ï (X < x) áâà¥¬¨âáï ª ¢¥-
à®ïâ­®áâ¨ íâ®£® á®¡ëâ¨ï, â. ¥. F ∗n(x) áâà¥¬¨âáï ¯® ¢¥à®ïâ­®áâ¨ ª
¢¥à®ïâ­®áâ¨ íâ®£® á®¡ëâ¨ï, à ¢­®© F (x). �  ï§ëª¥ ä®à¬ã« íâ®
§ ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: ¤«ï «î¡®£® ε > 0

lim
n→∞

P (|F ∗n(x)− F (x)| < ε) = 1. (1.2)

�â® ®¡®á­®¢ë¢ ¥â ¨á¯®«ì§®¢ ­¨¥ í¬¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥-
¤¥«¥­¨ï F ∗n(x) ª ª ®æ¥­ª¨ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï F (x). �¬¯¨à¨-
ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï F ∗n(x) ®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨
äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï.

�¬¯¨à¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï | íâ® áâã¯¥­ç â ï
¢®§à áâ îé ï äã­ªæ¨ï, ¨¬¥îé ï áª ç®ª ¢¥«¨ç¨­ë 1/n ¢ ª ¦¤®¬
­ ¡«î¤¥­¨¨ Xi, 1 ≤ i ≤ n. � ª¨¬ ®¡à §®¬, í¬¯¨à¨ç¥áª ï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï ¯à¨¯¨áë¢ ¥â ª ¦¤®¬ã ­ ¡«î¤¥­¨î Xi, 1 ≤ i ≤ n,
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¢¥à®ïâ­®áâì 1/n. �áï ¨­ä®à¬ æ¨ï ® à á¯à¥¤¥«¥­¨¨ ­ ¡«î¤¥­¨©
á®áà¥¤®â®ç¥­  ¢ ¢ë¡®àª¥, ¯à¨ç¥¬ ª ¦¤®¥ ­ ¡«î¤¥­¨¥ ­¥á¥â ®¤¨-
­ ª®¢ãî ¨­ä®à¬ æ¨î. �®íâ®¬ã ¬ë ª ¦¤®¬ã ­ ¡«î¤¥­¨î ¯à¨¯¨-
áë¢ ¥¬ ¢¥à®ïâ­®áâì 1/n, ¨ ¢ à¥§ã«ìâ â¥ ¯®«ãç ¥âáï í¬¯¨à¨ç¥áª ï
äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï.

� áâ® ¢ ¢ë¡®àª¥ ¢áâà¥ç îâáï ®¤¨­ ª®¢ë¥ ­ ¡«î¤¥­¨ï. � ª
¢ íâ®¬ á«ãç ¥ ¢ë£«ï¤¨â í¬¯¨à¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï? �
íâ®¬ á«ãç ¥ áª ç®ª í¬¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï à ¢¥­
ç¨á«ã ­ ¡«î¤¥­¨©, ¯®¯ ¢è¨å ¢ ¤ ­­ãî â®çªã, ¤¥«¥­­®¬ã ­  n.

�à¨¬¥à 2.1. �ãáâì ã ­ á ¨¬¥¥âáï á«¥¤ãîé ï ¢ë¡®àª  ®¡ê-
¥¬®¬ n = 50:

x1, x2, . . . , x50,

¨ ¯ãáâì íâ  ¢ë¡®àª  ¨¬¥¥â 3 à §«¨ç­ëå ç«¥­ , ¯à¨ç¥¬

x∗1 = 3, n1 = 10,
x∗2 = 6, n2 = 15,
x∗3 = 9, n3 = 25.

�¨á. 1.1. �¬¯¨à¨ç¥áª ï (¢ë¡®à®ç­ ï) äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï.

�âáî¤  ν1 = 10, ν2 = n1 + n2 = 25, ν3 = n1 + n2 + n3 = 50.
�¥¯¥àì ¯à¨¢¥¤¥¬ £à ä¨ª (á¬. à¨á. 1.1) ¨ ¢¨¤ ¢ë¡®à®ç­®© äã­ªæ¨¨
à á¯à¥¤¥«¥­¨ï
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F̂n(x) =





0, x ≤ x∗1 = 3,

10
50 = 1

5 , x∗1 = 3 < x ≤ x∗2 = 6,

25
50 = 1

2 , x∗2 = 6 < x ≤ x∗3 = 9,

1, x > x∗3 = 9.

�à®áâ¥©è¥© ®æ¥­ª®© ¯«®â­®áâ¨ f(x) ï¢«ï¥âáï £¨áâ®£à ¬¬ 
(®¡®§­ ç¨¬ ¥¥ f̂n(x)). �«ï ¯®áâà®¥­¨ï £¨áâ®£à ¬¬ë ¯®áâã¯ ¥¬
á«¥¤ãîé¨¬ ®¡à §®¬. �® ¢ë¡®àª¥ x1, . . . , xn ®¯à¥¤¥«ï¥¬ ¨­â¥à¢ «
[a, b], ¢ ª®â®à®¬ «¥¦ â ¢á¥ ­ ¡«î¤¥­¨ï a ≤ Xi < b, i = 1, . . . , n, ¨
à §¡¨¢ ¥¬ ¥£® ­  k ¨­â¥à¢ «®¢ [ei−1, ei), i = 1, . . . , k, a = e0, b = ek.
�«ï ª ¦¤®£® ¨­â¥à¢ «  [ei−1, ei) ­ å®¤¨¬ ç áâ®âã νi[ei−1, ei) ­ -
¡«î¤¥­¨©, ¯®¯ ¢è¨å ¢ íâ®â ¨­â¥à¢ «,   § â¥¬ ¨ ®â­®á¨â¥«ì­ãî
ç áâ®âã ωin = νi/n ­ ¡«î¤¥­¨©, ¯®¯ ¢è¨å ¢ íâ®â ¨­â¥à¢ «. �®á«¥
íâ®£® ¬ë ¯®« £ ¥¬ f̂n(x) = ωin/(ei − ei−1), ¥á«¨ x ∈ [ei−1, ei), ¨
§ ¤ ¥¬ â ª¨¬ ®¡à §®¬ £¨áâ®£à ¬¬ã (à¨á. 1.2).

�¨á. 1.2. �¨áâ®£à ¬¬ .

�à ä¨ª £¨áâ®£à ¬¬ë ¢ë¡®àª¨ áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�  ®á¨  ¡áæ¨áá ®âª« ¤ë¢ îâáï ¨­â¥à¢ «ë [ei−1, ei) ¨ ­  ª ¦¤®¬ ¨§
­¨å, ª ª ­  ®á­®¢ ­¨¨, áâà®¨âcï ¯àï¬®ã£®«ì­¨ª ¢ëá®â®©
ωin/(ei − ei−1). �«®é ¤ì ª ¦¤®£® ¯àï¬®ã£®«ì­¨ª  à ¢­  ®â­®á¨-
â¥«ì­®© ç áâ®â¥ ¯®¯ ¤ ­¨ï ­ ¡«î¤¥­¨© Xi, 1 ≤ i ≤ n, ¢ ¯à¥¤¥«ë
¤ ­­®£® ¨­â¥à¢ « . � à¥§ã«ìâ â¥ ¬ë ¯®«ãç¨¬ £à ä¨ª, ª®â®àë©
¯à¨­ïâ® ­ §ë¢ âì £¨áâ®£à ¬¬®© ¢ë¡®àª¨.

�á­®, çâ® ª®£¤  ç¨á«® ­ ¡«î¤¥­¨© n ­¥®£à ­¨ç¥­­® à áâ¥â, â®
ωin

ei − ei−1
→ pi

ei − ei−1
= 1

ei − ei−1

∫ ei

ei−1

f(x)dx, (1.3)
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¨ ¥á«¨ ei − ei−1 → 0, â® ¯à ¢ ï ç áâì (1.3) áå®¤¨âáï ª f(ei). �â® ¨
®§­ ç ¥â, çâ® £¨áâ®£à ¬¬  ï¢«ï¥âáï ®æ¥­ª®© ¯«®â­®áâ¨ à á¯à¥¤¥-
«¥­¨ï f(x).

�¤®¡­® (å®âï ¨ ­¥ ®¡ï§ â¥«ì­®) ¡à âì ¯à®¬¥¦ãâª¨ ei−ei−1 = h
à ¢­ë¬¨. �â ¢ë¡®à  ¤«¨­ë ¯à®¬¥¦ãâª®¢ (ç¨á«  h) § ¢¨á¨â ¡®«ì-
è ï ¨«¨ ¬¥­ìè ï ¢ëà §¨â¥«ì­®áâì £¨áâ®£à ¬¬ë. �à¨ á«¨èª®¬
¬ «ëå h £¨áâ®£à ¬¬  á®¤¥à¦¨â á«¨èª®¬ ¬­®£® á«ãç ©­®£®. �à¨
á«¨èª®¬ ¡®«ìè®¬ h ¢ £¨áâ®£à ¬¬¥ ¯®çâ¨ â¥àïîâáï ¨­¤¨¢¨¤ã «ì-
­ë¥ ç¥àâë ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï. � áâ® à¥ª®¬¥­¤ãîâ ¢ë¡¨-
à âì ç¨á«® ¨­â¥à¢ «®¢ k ­¥ ¡®«¥¥, ç¥¬ {3.2 log n}, ¯à¨ç¥¬ ç áâ®â 
¯®¯ ¤ ­¨ï ¢ ª ¦¤ë© ¨§ ¨­â¥à¢ «®¢ ¤®«¦­  ¡ëâì ­¥ ¬¥­ìè¥ 5.

�à¨¬¥à 2.2. � â ¡«¨æ¥ 1.1 § ¯¨á ­ë ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï
áã¬¬ë ¯®ªã¯®ª â®¢ à®¢ ¢ ¬ £ §¨­¥ 100 ¯®á¥â¨â¥«ï¬¨. �  ®á­®¢ -
­¨¨ íâ¨å ¤ ­­ëå ¬ë á®áâ ¢¨«¨ áâ â¨áâ¨ç¥áª¨© àï¤ á ¤«¨­®© ª -
¦¤®£® ¨­â¥à¢ «  5 àã¡«¥©.

�   ¡ « ¨ æ   1.1

ei − ei+1 5-10 10-15 15-20 20-25 25-30 30-35 35-40
mi 5 14 22 23 20 10 6
wi 0.05 0.14 0.22 0.23 0.20 0.10 0.06

3. �¨á«®¢ë¥ å à ªâ¥à¨áâ¨ª¨ ¢ë¡®àª¨

�à¨ à ¡®â¥ á ¤ ­­ë¬¨ ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢®§­¨ª ¥â ¢®-
¯à®á ®¡ ®¯¨á ­¨¨ ¨å ¯®«®¦¥­¨ï, à §¡à®á , å à ªâ¥à¥ à §¡à®á .
� ª ç¥áâ¢¥ â ª¨å å à ªâ¥à¨áâ¨ª ®¡ëç­® ¡¥àãâáï ®æ¥­ª¨ á®®â¢¥â-
áâ¢ãîé¨å ¯ à ¬¥âà®¢ ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ­ ¯à¨¬¥à ¬ -
â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¬¥¤¨ ­ë ª ª ¬¥à ¯®«®¦¥­¨ï ¨ ¤¨á¯¥-
àá¨¨ ª ª ¬¥àë à §¡à®á . � ª áâà®ïâáï â ª¨¥ ®æ¥­ª¨? �ë §­ ¥¬,
çâ® í¬¯¨à¨ç¥áª ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï áå®¤¨âáï (¯® ¢¥à®ïâ-
­®áâ¨) ª â¥®à¥â¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï. �®íâ®¬ã ¨ á®-
®â¢¥âáâ¢ãîé¨¥ å à ªâ¥à¨áâ¨ª¨ í¬¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥-
«¥­¨ï ¡ã¤ãâ áå®¤¨âìáï ª á®®â¢¥âáâ¢ãîé¨¬ å à ªâ¥à¨áâ¨ª ¬ â¥®-
à¥â¨ç¥áª®©. � ¯à¨¬¥à, çâ® ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬
í¬¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï? �¬¯¨à¨ç¥áª ï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ á ¢¥à®ïâ­®áâï¬¨ pi = 1/n ¢
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â®çª å ­ ¡«î¤¥­¨© xi. �®íâ®¬ã á®®â¢¥âáâ¢ãîé¥¥ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ¤«ï F ∗n à ¢­®:

�x =
n∑

i=1
xipi = 1

n

n∑

i=1
xi

¨ ­ §ë¢ ¥âáï ¢ë¡®à®ç­ë¬ áà¥¤­¨¬.
�­ «®£¨ç­® ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï s2 à ¢­ 

s2 =
n∑

i=1
x2

i pi −
( n∑

i=1
xipi

)2
= 1

n

n∑

i=1
x2

i − �x2,

  ¢ë¡®à®ç­ë¥ ­ ç «ì­ë¥ âk ¨ æ¥­âà «ì­ë¥ m̂k ¬®¬¥­âë k-£® ¯®-
àï¤ª  à ¢­ë á®®â¢¥âáâ¢¥­­®

âk = 1
n

n∑

i=1
xk

i , (1.4)

m̂k = 1
n

n∑

i=1
(xi − �x)k. (1.5)

�­¨ ï¢«ïîâáï ®æ¥­ª ¬¨ á®®â¢¥âáâ¢ãîé¨å ­ ç «ì­ëå ¨ æ¥­âà «ì-
­ëå ¬®¬¥­â®¢

ak = EXk =
∫

xkf(x)dx,

mk = E(X − EX)k =
∫

(x− EX)kf(x)dx.

�â ª, ¬ë ¡ã¤¥¬ ¯à¨¢®¤¨âì á¥©ç á ®¯à¥¤¥«¥­­ë¥ å à ªâ¥à¨-
áâ¨ª¨ ¯®«®¦¥­¨ï, à §¡à®á  ¨ å à ªâ¥à  à §¡à®á  ¤«ï äã­ªæ¨¨
à á¯à¥¤¥«¥­¨ï ¨ ­ å®¤¨âì  ­ «®£¨ç­ë¥ å à ªâ¥à¨áâ¨ª¨ ¤«ï í¬-
¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï, ­ §ë¢ ï ¨å ¢ë¡®à®ç­ë¬¨ ¨
®â¬¥ç ï, çâ® ®­¨ ï¢«ïîâáï ¢¯®«­¥ ¥áâ¥áâ¢¥­­ë¬¨.

4. � à ªâ¥à¨áâ¨ª¨ ¯®«®¦¥­¨ï

�à¨¢¥¤¥¬ ¨å á­ ç «  ¤«ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï á«ãç ©­®©
¢¥«¨ç¨­ë X. �¬¨ ï¢«ïîâáï ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥

EX =
∫

xf(x)dx,
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¬¥¤¨ ­  mx, § ¤ ¢ ¥¬ ï ãà ¢­¥­¨¥¬

P(X ≤ mx) = P(X > mx) = F (mx) = 1
2

(¢¥à®ïâ­®áâì ¯®¯ ¤ ­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë X á«¥¢  ¨ á¯à ¢  ®â
mx ®¤­  ¨ â  ¦¥), ¨ ¬®¤ , ®¯à¥¤¥«ï¥¬ ï ª ª â®çª  ¬ ªá¨¬ã¬ 
¯«®â­®áâ¨.

�«ï í¬¯¨à¨ç¥áª®© äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï  ­ «®£ ¬¨ ¤ ­­ëå
å à ªâ¥à¨áâ¨ª ï¢«ïîâáï:

| ¢ë¡®à®ç­®¥ áà¥¤­¥¥ �x = 1
n

n∑

i=1
xi,

| ¢ë¡®à®ç­ ï ¬¥¤¨ ­  m̂x.
�«ï ¥¥ ¯®áâà®¥­¨ï ¨áå®¤­ë¥ ¤ ­­ë¥ x1, . . . , xn ã¯®àï¤®ç¨¢ -

îâáï ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï x(1) ≥ x(2) ≥ . . . ≥ x(n). �®á«¥ íâ®£®
¯®« £ ¥¬ ¤«ï n ­¥ç¥â­®£® m̂x = x(k), £¤¥ k = (n + 1)/2,   ¤«ï n
ç¥â­®£® m̂x = (x(k) + x(k+1))/2, £¤¥ k = n/2.

� ª, ¥á«¨ n = 5, â® ¬¥¤¨ ­®© ¡ã¤¥â áà¥¤­¥¥ ­ ¡«î¤¥­¨¥ x(3),  
¥á«¨ n = 4, â® ¬¥¤¨ ­  ¡ã¤¥â «¥¦ âì ¯®á¥à¥¤¨­¥ ¬¥¦¤ã x(2) ¨ x(3).

�æ¥­ª  ¬®¤ë ç áâ® áâà®¨âáï á ¯®¬®éìî á¯¥æ¨ «ì­ëå áâ â¨-
áâ¨ç¥áª¨å ¯à®æ¥¤ãà, ª®â®àë¥ ¨­®£¤  ¡ë¢ îâ ¤®áâ â®ç­® á«®¦­ë-
¬¨ á ¢ëç¨á«¨â¥«ì­®© â®çª¨ §à¥­¨ï ¨ ¯à®¢®¤ïâáï ­  ª®¬¯ìîâ¥à å.

5. �¥àë à §¡à®á 

� ª¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨ á«ãç ©­®© ¢¥«¨ç¨­ë X ï¢«ïîâáï:
| ¤¨á¯¥àá¨ï DX ¨ áâ ­¤ àâ­®¥ ®âª«®­¥­¨¥ σ

DX = σ2 = E(X −EX)2 =
∫

x2f(x)dx− (EX)2;

|  ¡á®«îâ­ë© à §¬ å

A =
∫
|x−mx|f(x)dx;

| p-ª¢ ­â¨«ì xp, § ¤ ¢ ¥¬ ï ãà ¢­¥­¨¥¬

xp = inf{x : F (x) > p}.

11



�­ ç¥­¨¥ p-ª¢ ­â¨«¨ xp ¨¬¥¥â á«¥¤ãîéãî á®¤¥à¦ â¥«ì­ãî ¨­â¥à-
¯à¥â æ¨î. �«ãç ©­ ï ¢¥«¨ç¨­  X ¬¥­ìè¥ xp c ¢¥à®ïâ­®áâìî p,
â. ¥. ¢¥à®ïâ­®áâì â®£®, çâ® ­  ¢¥é¥áâ¢¥­­®© ¯àï¬®© á«ãç ©­ ï ¢¥-
«¨ç¨­  ¡ã¤¥â «¥¦ âì «¥¢¥¥ xp, à ¢­  p ¨«¨ F (xp) = p;

| 1/4-ª¢ ­â¨«ì ¨ 3/4-ª¢ ­â¨«ì ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­®
­¨¦­¥© ¨ ¢¥àå­¥© ª¢ àâ¨«ï¬¨;

| ¬¥¦ª¢ àâ¨«ì­ë© à §¬ å à ¢¥­ x3/4 − x1/4.
�¥«¨ç¨­  xp ­ §ë¢ ¥âáï â ª¦¥ p× 100-¯à®æ¥­â¨«ìî.
�®®â¢¥âáâ¢ãîé¨¬¨ ¢ë¡®à®ç­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ï¢«ïîâ-

áï:
| ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï

s2 = 1
n

n∑

i=1
(xi − �x)2 = 1

n

n∑

i=1
x2

i − �x2; (1.6)

| ¢ë¡®à®ç­®¥ áâ ­¤ àâ­®¥ ®âª«®­¥­¨¥ s;
| ¢ë¡®à®ç­ë©  ¡á®«îâ­ë© à §¬ å Ân:

Ân = 1
n

n∑

i=1
|xi − m̂x|;

| ¢ë¡®à®ç­ ï p-ª¢ ­â¨«ì

x̂p = inf{x : F̂n(x) ≥ p}, (1.7)

â.¥. ­ ¨¬¥­ìè¥¥ x, â ª®¥, çâ® pn ­ ¡«î¤¥­¨© ¬¥­ìè¥ x (pn ­ ¡«î-
¤¥­¨© «¥¦¨â á«¥¢  ®â x̂p ­  ¢¥é¥áâ¢¥­­®© ¯àï¬®©);

| ­¨¦­ïï ¨ ¢¥àå­ïï ¢ë¡®à®ç­ë¥ ª¢ àâ¨«¨ x̂1/4 ¨ x̂3/4;
| ¢ë¡®à®ç­ë¥ p-¯à®æ¥­â¨«¨;
| ¢ë¡®à®ç­ë© ¬¥¦ª¢ àâ¨«ì­ë© à §¬ å x3/4 − x1/4.
� §¡à®á ­ ¡«î¤¥­¨© â ª¦¥ å à ªâ¥à¨§ãîâ ¯®«®¦¥­¨¥¬ ¬ ª-

á¨¬ «ì­®£® x(n) ¨ ¬¨­¨¬ «ì­®£® x(1) ­ ¡«î¤¥­¨© ¨ à §­®áâìî
x̂(n) − x̂(1) ¬¥¦¤ã ­¨¬¨, ®¡ëç­® ¯à®áâ® ­ §ë¢ ¥¬®© à §¬ å®¬.

6. �­ «¨§ å à ªâ¥à  à §¡à®á 

� ¦­ë¬ á¢®©áâ¢®¬ à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå ¢¥«¨ç¨­ ï¢«ï-
¥âáï á¨¬¬¥âà¨ï ¯«®â­®áâ¨ à á¯à¥¤¥«¥­¨ï ¨ ¥£® ®¤­®¢¥àè¨­­®áâì
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á ¢¥àè¨­®© ¢ â®çª¥ á¨¬¬¥âà¨¨. � íâ®¬ á«ãç ¥ ¬¥¤¨ ­ , ¬ â¥¬ -
â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ¬®¤  á®¢¯ ¤ îâ, ¨ ¬®¦­® á® ¢á¥© ®¯à¥¤¥-
«¥­­®áâìî £®¢®à¨âì ®¡ ®¤­®¬ ¯ à ¬¥âà¥ ¯®«®¦¥­¨ï. � ¯à®â¨¢­®¬
á«ãç ¥ ¢ ®æ¥­ª å ¯ à ¬¥âà®¢ ¯®«®¦¥­¨ï ¬®¦¥â ¡ëâì áãé¥áâ¢¥­­®¥
à §«¨ç¨¥.

� ª¨¥ áãé¥áâ¢ãîâ ¬¥àë ®âª«®­¥­¨ï ®â á¨¬¬¥âà¨¨ ã ¯«®â­®-
áâ¨ à á¯à¥¤¥«¥­¨ï ? �â® âà¥â¨© ¬®¬¥­â

µ3 =
∫

(x−EX)3f(x)dx

¨ ª®íää¨æ¨¥­â  á¨¬¬¥âà¨¨ �¨àá®­ 

(EX −mx)/σ,

£¤¥ mx | ¬¥¤¨ ­ . �á­®, çâ® ¢ á«ãç ¥ á¨¬¬¥âà¨ç­®© ¯«®â­®áâ¨
íâ¨ ª®íää¨æ¨¥­âë à ¢­ë ­ã«î.

� ¦­ë¬ á¢®©áâ¢®¬ íâ¨å ª®íää¨æ¨¥­â®¢ ï¢«ï¥âáï â®, çâ® ®­¨
­¥ § ¢¨áïâ ®â ¥¤¨­¨æë ¨§¬¥à¥­¨ï ¬ áèâ ¡ , â. ¥. á«ãç ©­ë¥ ¢¥-
«¨ç¨­ë X ¨ cX + d (c ¨ d | ª®­áâ ­âë) ¨¬¥îâ ®¤­¨ ¨ â¥ ¦¥
ª®íää¨æ¨¥­âë  á¨¬¬¥âà¨¨.

�®®â¢¥âáâ¢ãîé¨¬¨ ¢ë¡®à®ç­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ï¢«ïîâ-
áï ¢ë¡®à®ç­ë© ª®íää¨æ¨¥­â  á¨¬¬¥âà¨¨

∑n
i=1(xi − �x)3

ns3 (1.8)

¨ ¢ë¡®à®ç­ë© ª®íää¨æ¨¥­â  á¨¬¬¥âà¨¨ �¨àá®­ 

(�x− m̂x)/s.

� ¦­ãî à®«ì ¯à¨ ®áãé¥áâ¢«¥­¨¨ áâ â¨áâ¨ç¥áª¨å ¢ë¢®¤®¢ ¨£-
à ¥â ¨ ¯à¨¡«¨¦¥­­ ï ­®à¬ «ì­®áâì à á¯à¥¤¥«¥­¨ï ­ ¡«î¤¥­¨©.
�®íâ®¬ã ¨¬¥¥â ¡®«ìè®¥ §­ ç¥­¨¥ ¨áá«¥¤®¢ ­¨¥ ¢®¯à®á , ­ áª®«ì-
ª® § ª®­ à á¯à¥¤¥«¥­¨ï ¡«¨§®ª ª ­®à¬ «ì­®¬ã § ª®­ã. �¤­®© ¨§
¬¥à ®âª«®­¥­¨ï ®â ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ï¢«ï¥âáï à §­®áâì
ç¥â¢¥àâëå ¬®¬¥­â®¢ µ4 =

∫
(x−EX)4f(x)dx à á¯à¥¤¥«¥­¨ï ¢ë¡®à-

ª¨ ¨ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï. �«ï ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï
µ4 = 3σ4. � ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ ª ®¯à¥¤¥«¥­¨î íªáæ¥áá 

µ4
σ4 − 3
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¨ ¢ë¡®à®ç­®£® íªáæ¥áá 
∑n

i=1(xi − �x)4

ns4 − 3.

�á«¨ íªáæ¥áá ®âà¨æ â¥«ì­ë©, â® ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï á¨«ì­¥¥
áª®­æ¥­âà¨à®¢ ­  ®ª®«® á¢®¥£® ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï, ç¥¬
¢ á«ãç ¥ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï. �á«¨ íªáæ¥áá ¯®«®¦¨â¥«ì-
­ë©, â® ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ã¡ë¢ ¥â ¬¥¤«¥­­¥¥, ç¥¬ ¯«®â-
­®áâì ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï. � ª ª ª ¯«®â­®áâì ­®à¬ «ì­®-
£® à á¯à¥¤¥«¥­¨ï ã¡ë¢ ¥â ¤®áâ â®ç­® ¡ëáâà®, â® ®¡ëç­® íªáæ¥áá
¡ë¢ ¥â ¯®«®¦¨â¥«ì­ë¬.

7. �®¬¥­âë ¢ë¡®à®ç­®£® áà¥¤­¥£® ¨ ¢ë¡®à®ç­®©
¤¨á¯¥àá¨¨

� ©¤¥¬ ¯¥à¢ë¥ ¤¢  ¬®¬¥­â  ®æ¥­®ª �x ¨ s2 á«ãç ©­®© ¢¥«¨ç¨-
­ë X á EX = m, DX = σ2 :

E�x = 1
n

n∑

i=1
Exi = m. (1.9)

� ª ª ª xi | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, â® ¤¨á¯¥àá¨ï ¨å
áã¬¬ë à ¢­  áã¬¬¥ ¨å ¤¨á¯¥àá¨©, ¯®íâ®¬ã

D�x = σ2

n
. (1.10)

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® s2 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

s2 = 1
n

n∑

i=1
(xi − �x)2 == 1

n

n∑

i=1
(xi −m)2 − (�x−m)2.

�®£¤ 

Es2 = E
1
n

n∑

i=1
(xi −m)2 −E(�x−m)2 = σ2 − σ2

n
.

� ª¨¬ ®¡à §®¬,
Es2 = n− 1

n
σ2. (1.11)
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�á¯®«ì§ãï æ¥­âà «ì­ë¥ ¬®¬¥­âë µk = E(X−EX)k, ¯à¨¢¥¤¥¬
â®ç­®¥ ¢ëà ¦¥­¨¥ ¤«ï ¤¨á¯¥àá¨¨ ®æ¥­ª¨ s2

Ds2 = µ4 − µ2
2

n
− 2(µ4 − 2µ2

2)
n2 + µ4 − 3µ2

2
n3 . (1.12)

� áâ â¨áâ¨ª¥ ç áâ® ¨á¯®«ì§ã¥âáï ¥é¥ ®¤­  ®æ¥­ª  ¤¨á¯¥àá¨¨

�s2 = 1
n− 1

n∑

i=1
(xi − �x)2. (1.13)

�­  â ª®¢ , çâ® ¥¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ à ¢­® σ2, â. ¥.

E�s2 = σ2. (1.14)

8. � ª ç¥áâ¢¥ ®æ¥­®ª, ¢®§­¨ª îé¨å
¢ ®¯¨á â¥«ì­®© áâ â¨áâ¨ª¥

�á¥ ®æ¥­ª¨ (¯®«®¦¥­¨ï, à §¡à®á ,  á¨¬¬¥âà¨¨ ¨ â.¯.), ¢®§­¨-
ª îé¨¥ ¢ ®¯¨á â¥«ì­®© áâ â¨áâ¨ª¥, ï¢«ïîâáï á®áâ®ïâ¥«ì­ë¬¨ ¨
 á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì­ë¬¨.

�ãáâì �̂n | ®¤­  ¨§ â ª¨å ®æ¥­®ª, ®¡áã¦¤ ¢è¨åáï à ­¥¥, ¨
� | á®®â¢¥âáâ¢ãîé ï å à ªâ¥à¨áâ¨ª .

�®£¤  �̂n | á®áâ®ïâ¥«ì­ ï ®æ¥­ª  �, â. ¥. �n → � ¯à¨ n →∞
¯® ¢¥à®ïâ­®áâ¨. �â® ®§­ ç ¥â á«¥¤ãîé¥¥. �«ï «î¡®£® ε > 0

lim
n→∞

P (|�̂n −�| > ε) = 0.

�æ¥­ª  �n â ª¦¥  á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì­ . �â® ®§­ ç ¥â,
çâ® à á¯à¥¤¥«¥­¨ï√n(�̂n−�) ¯à¨ n →∞ cå®¤ïâáï ª ­®à¬ «ì­®¬ã
à á¯à¥¤¥«¥­¨î. �ëà ¦ ïáì ï§ëª®¬ ä®à¬ã«, ¤«ï «î¡®£® x

lim
n→∞

P (
√

n(�̂n −�) < x) = �
(x

σ

)
.

�¤¥áì
�(x) = 1√

2π

∫ x

−∞
exp

{
−s2

2

}
ds

| äã­ªæ¨ï áâ ­¤ àâ­®£® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¨ σ2 | ­®à-
¬¨àãîé ï ¤¨á¯¥àá¨ï.
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9. �®«ì ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¢ áâ â¨áâ¨ª¥

�à¨ ®¡à ¡®âª¥ ¤ ­­ëå ç áâ® áç¨â ¥âáï, çâ® ­ ¡«î¤¥­¨ï à á-
¯à¥¤¥«¥­ë ¯® ­®à¬ «ì­®¬ã § ª®­ã. �â® ®¡êïá­ï¥âáï á«¥¤ãîé¨¬¨
¯à¨ç¨­ ¬¨.

�  â®ç­®áâì ¨§¬¥à¥­¨© ¤  ¨ ­  á ¬ã ¨§¬¥àï¥¬ãî ¢¥«¨ç¨­ã
¢«¨ïîâ ­¥áª®«ìª® ä ªâ®à®¢. �à¨¡«¨¦¥­­® ¬®¦­® áç¨â âì, çâ®
®­¨ ¢®§¤¥©áâ¢ãîâ ­¥§ ¢¨á¨¬® ¨ ¨å ¢®§¤¥©áâ¢¨¥  ¤¤¨â¨¢­® (¬®¦-
­® áª« ¤ë¢ âì). � ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ áã¬¬ã ­¥áª®«ìª¨å
á«ãç ©­ëå ¢¥«¨ç¨­, ª®â®à ï ¯à¨¡«¨¦¥­­® (¢ á¨«ã æ¥­âà «ì­®©
¯à¥¤¥«ì­®© â¥®à¥¬ë) à á¯à¥¤¥«¥­  ¯® ­®à¬ «ì­®¬ã § ª®­ã.

�àã£¨¬  à£ã¬¥­â®¬ ¢ ¯®«ì§ã ¯à¨­ïâ¨ï ¯à¥¤¯®«®¦¥­¨ï ® ­®à-
¬ «ì­®áâ¨ ï¢«ï¥âáï â®, çâ® ¨¬¥­­® ¢ íâ®¬ á«ãç ¥ áâ â¨áâ¨ç¥áª¨¥
®æ¥­ª¨ ¨ ªà¨â¥à¨¨ ¯à®¢¥àª¨ £¨¯®â¥§ ¨¬¥îâ ¯à®áâ®© ¢¨¤, ï¢«ïîâ-
áï íää¥ªâ¨¢­ë¬¨, ¨ ¯ à ¬¥âàë ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï (¬ -
â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¨ ¤¨á¯¥àá¨ï) ¨¬¥îâ ­ £«ï¤­ãî ¨­â¥à¯à¥-
â æ¨î.

�­£«¨©áª¨¥  ­ «®£¨ ®á­®¢­ëå â¥à¬¨­®¢

�®áª®«ìªã ¯à¨ à¥è¥­¨¨ § ¤ ç ç áâ® ¨á¯®«ì§ãîâáï ®à¨£¨­ «ì-
­ë¥ ¢¥àá¨¨ ¯à®£à ¬¬, ¯à¨¢¥¤¥¬  ­£«¨©áª¨¥  ­ «®£¨ ®á­®¢­ëå â¥à-
¬¨­®¢. �à¨ íâ®¬ ¬ë ¡ã¤¥¬ ¯à¨¢®¤¨âì ­ §¢ ­¨ï â¥å â¥à¬¨­®¢, ª®-
â®àë¥ ¯®¤«¥¦ â ®æ¥­ª¥, ¥á«¨ ­ §¢ ­¨ï á®®â¢¥âáâ¢ãîé¨å ®æ¥­®ª
¯®«ãç îâáï ¯à®áâ® ¤®¡ ¢«¥­¨¥¬ á«®¢  ¢ë¡®à®ç­®¥ (sample). � -
¯à¨¬¥à, variance | sample variance.

�ë¡®àª  | sample,
áà¥¤­¥¥, �x | mean,
¬¥¤¨ ­ , mx | median,
¬®¤  | moda,
¤¨á¯¥àá¨ï, σ2 | variance,
áà¥¤­¥-ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥, σ | standard deviation,
p-ª¢ ­â¨«ì, xp | p-quantile,
­¨¦­¨© ª¢ àâ¨«ì, x1/4 | lower quartile,
¢¥àå­¨© ª¢ àâ¨«ì, x3/4 | upper quartile,
¬¥¦ª¢ àâ¨«ì­ë© ¨­â¥à¢ «, x3/4 − x1/4 | interquantile range,
¯à®æ¥­â¨«ì | percentile,
à §¬ å | range,
 á¨¬¬¥âà¨ï | skewness,
íªáæ¥áá | kurtosis.
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� «   ¢   2
�������������� ����������

�à¨  ­ «¨§¥ á¢®¥© ¤¥ïâ¥«ì­®áâ¨ ä¨à¬¥ ¯à¨å®¤¨âáï ®æ¥­¨¢ âì
æ¥«ë© àï¤ å à ªâ¥à¨áâ¨ª. � ¯à¨¬¥à:

| ¤®«ï àë­ª , § å¢ ç¥­­®£® ¯à®¤ãªæ¨¥©,
| áà¥¤­¨© ®¡®à®â ä¨à¬ë,
| ¢à¥¬ï ­ ¤¥¦­®© à ¡®âë ¯à®¨§¢®¤¨¬ëå â®¢ à®¢ (â¥«¥¢¨§®-

à®¢, ª®¬¯ìîâ¥à®¢ ¨ â. ¯.),
| ¯à®æ¥­â ¡à ª®¢ ­­®© ¯à®¤ãªæ¨¨,
| áà¥¤­¨© ®¡®à®â ä¨à¬ë §  ¤¥­ì,
| áà¥¤­¥¥ ç¨á«® ¤­¥©, ¯à®¯ãé¥­­ëå á«ã¦ é¨¬¨ ¯® ¡®«¥§­¨

¢ £®¤ã,
| ¯à®£­®§ ¯à¨¡ë«¨ ä¨à¬ë ¨ â. ¯.
�¥è¥­¨¥¬ ¯®¤®¡­ëå § ¤ ç § ­¨¬ ¥âáï áâ â¨áâ¨ç¥áª ï â¥®à¨ï

®æ¥­¨¢ ­¨ï.

1. �®áâ ­®¢ª  § ¤ ç¨ áâ â¨áâ¨ç¥áª®£® ®æ¥­¨¢ ­¨ï.
�¥á¬¥é¥­­ë¥, á®áâ®ïâ¥«ì­ë¥ ¨ íää¥ªâ¨¢­ë¥ ®æ¥­ª¨

�ã¤¥¬ áç¨â âì, çâ® ¬ë à á¯®« £ ¥¬ ¢ë¡®àª®© ­¥§ ¢¨á¨¬ëå
á«ãç ©­ëå ¢¥«¨ç¨­ X1, . . ., Xn, ¨¬¥îé¨å äã­ªæ¨î à á¯à¥¤¥«¥­¨ï
F (x, θ), £¤¥ §­ ç¥­¨¥ ¯ à ¬¥âà  θ ­¥¨§¢¥áâ­®. �¥®¡å®¤¨¬® ¯® ­ -
¡«î¤¥­¨ï¬ X1, . . . , Xn ­ ©â¨ áâ â¨áâ¨ç¥áªãî ®æ¥­ªã
θ̂n = θ̂n(X1, . . . , Xn) ¯ à ¬¥âà  θ. � ¯à¨¬¥à, ¥á«¨ ¥áâì ¢ë¡®àª 
X1, . . . , Xn, ¨¬¥îé ï ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ N(θ, σ2) á ¬ â¥-
¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ θ ¨ ¤¨á¯¥àá¨¥© σ2, â® ¢ë¡®à®ç­®¥ áà¥¤­¥¥
�X ï¢«ï¥âáï ®æ¥­ª®© ¯ à ¬¥âà  θ,   ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï s2 |

®æ¥­ª®© ¯ à ¬¥âà  σ2.
� ç¥áâ¢® ®æ¥­®ª θ̂n ç é¥ ¢á¥£® å à ªâ¥à¨§ãîâ ¬ â¥¬ â¨ç¥-

áª¨¬ ®¦¨¤ ­¨¥¬ ¨å ª¢ ¤à â¨ç­®£® ®âª«®­¥­¨ï Eθ(θ̂n − θ)2 ®â ¨á-
â¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà  θ, ª®â®à®¥ ¢ â ª®© ¯®áâ ­®¢ª¥ ­ §ë¢ -
¥âáï ª¢ ¤à â¨ç­ë¬ à¨áª®¬ áâ â¨áâ¨ç¥áª®© ®æ¥­ª¨. �¢ ¤à â¨ç­ë©
à¨áª ¯®ª §ë¢ ¥â áà¥¤­¨¥ ¯®â¥à¨ ®â ¯à¨­ïâ¨ï ®æ¥­ª¨ θ̂n ¢¬¥áâ® θ
¯à¨ ¨áâ¨­­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  θ. �¥¬ ¬¥­ìè¥ à¨áª áâ â¨áâ¨-
ç¥áª®© ®æ¥­ª¨, â¥¬ «ãçè¥ áâ â¨áâ¨ç¥áª ï ®æ¥­ª . �á«¨ Eθ θ̂n = θ,
â®

Eθ(θ̂n − θ)2 = Eθ(θ̂n −Eθ θ̂n)2 = Dθ θ̂n
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¨ ª¢ ¤à â¨ç­ë© à¨áª á®¢¯ ¤ ¥â á ¤¨á¯¥àá¨¥© ®æ¥­ª¨.
�àã£®© ¬¥à®© ª ç¥áâ¢  áâ â¨áâ¨ç¥áª¨å ®æ¥­®ª ï¢«ï¥âáï è¨-

à¨­  ¨å ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢. � íâ¨¬ ¯®­ïâ¨¥¬ ¬ë ¯®§­ -
ª®¬¨¬áï ¯®§¤­¥¥.

�¯à è¨¢ ¥âáï, ª ª¨¬¨ á¢®©áâ¢ ¬¨ ¤®«¦­  ®¡« ¤ âì äã­ªæ¨ï
θ̂n, çâ®¡ë ¥¥ ¬®¦­® ¡ë«® áç¨â âì å®à®è¥© ®æ¥­ª®© ¤«ï ­¥¨§¢¥áâ­®-
£® ¯ à ¬¥âà  θ? �â®¡ë §­ ç¥­¨¥ θ̂n(X1, . . ., Xn) ¡ë«® ¡«¨§ª® ª θ,
¬ë ¤®«¦­ë ¯®âà¥¡®¢ âì ¯® ¢®§¬®¦­®áâ¨ ¡®«¥¥ â¥á­®© ª®­æ¥­âà -
æ¨¨ à á¯à¥¤¥«¥­¨ï ¢¥à®ïâ­®áâ¨ θ̂n(X1, . . ., Xn) ¢¡«¨§¨ §­ ç¥­¨ï
­¥¨§¢¥áâ­®£® ¯ à ¬¥âà  θ, ¤àã£¨¬¨ á«®¢ ¬¨, çâ®¡ë à áá¥¨¢ ­¨¥
á«ãç ©­®© ¢¥«¨ç¨­ë θ̂n ®ª®«® θ ¡ë«® ¯® ¢®§¬®¦­®áâ¨ ¬¥­ìè¨¬.
�â® ¯à¨¢®¤¨â ­ á ª ¯®­ïâ¨î á®áâ®ïâ¥«ì­®áâ¨ ®æ¥­ª¨.

a) �®áâ®ïâ¥«ì­ ï ®æ¥­ª 
�â â¨áâ¨ç¥áª ï ®æ¥­ª  θ̂n, áå®¤ïé ïáï ¯® ¢¥à®ïâ­®áâ¨ ª ¨á-

â¨­­®¬ã §­ ç¥­¨î ¯ à ¬¥âà  θ ¯à¨ ­¥®£à ­¨ç¥­­®¬ ¢®§à áâ ­¨¨
®¡ê¥¬  ¢ë¡®àª¨ (â. ¥. ª®£¤  n → ∞), ­ §ë¢ ¥âáï á®áâ®ïâ¥«ì­®©
®æ¥­ª®©, ¨­ ç¥ £®¢®àï,

lim
n→∞

P (|θ̂n − θ| < ε) = 1

¤«ï «î¡®£® áª®«ì ã£®¤­® ¬ «®£® ε > 0.
�®­ïâ¨¥ á®áâ®ïâ¥«ì­®áâ¨ ®æ¥­ª¨ â¥á­® á¢ï§ ­® á ¯®­ïâ¨¥¬ ¤®-

¢¥à¨â¥«ì­®£® ¨­â¥à¢ « , ¯®ª §ë¢ îé¥£® ¯®£à¥è­®áâì ®æ¥­¨¢ ­¨ï.
� íâ¨¬ ¯®­ïâ¨¥¬ ¬ë ¯®§­ ª®¬¨¬áï çãâì ¯®§¤­¥¥. �®áâ®ïâ¥«ì­®áâì
®æ¥­ª¨ ®§­ ç ¥â, çâ® ¤«¨­ë ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ áâà¥¬ïâáï
ª ­ã«î ¯® ¢¥à®ïâ­®áâ¨, ª®£¤  ãà®¢¥­ì ¤®¢¥à¨ï ä¨ªá¨à®¢ ­.

� ª ª ª ¢ á¨«ã � ª®­  �®«ìè¨å �¨á¥«

�X = 1
n

n∑

i=1
Xi → E[X], 1

n

n∑

i=1
X2

i → E[X2],

s2 = 1
n

n∑

i=1
X2

i − �X2 → E[X2]− (E[X])2 = D[X],

¯® ¢¥à®ïâ­®áâ¨ ¯à¨ n → ∞, â® �X ¨ s2 ï¢«ïîâáï á®áâ®ïâ¥«ì­ë¬¨
®æ¥­ª ¬¨ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¤¨á¯¥àá¨¨ á®®â¢¥âáâ¢¥­­®.

� ª ®â¬¥ç «®áì ¢ëè¥, ¥á«¨ ã á«ãç ©­®© ¢¥«¨ç¨­ë X áãé¥-
áâ¢ã¥â (â. ¥. ª®­¥ç¥­) ­ ç «ì­ë© ¨«¨ æ¥­âà «ì­ë© ¬®¬¥­â, â® á®-
®â¢¥âáâ¢ãîé¨© ¬®¬¥­â ¢ë¡®àª¨ áå®¤¨âáï ª ­¥¬ã ¯® ¢¥à®ïâ­®áâ¨.
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�«¥¤®¢ â¥«ì­®, ¢ë¡®à®ç­ë¥ ¬®¬¥­âë ï¢«ïîâáï á®áâ®ïâ¥«ì­ë¬¨
®æ¥­ª ¬¨ á®®â¢¥âáâ¢ãîé¨å ¬®¬¥­â®¢ á«ãç ©­®© ¢¥«¨ç¨­ë X.

�â ª, ¬ë ¢¨¤¨¬, çâ® ¢ë¡®à®ç­ë¥ áà¥¤­¥¥ ¨ ¤¨á¯¥àá¨ï áå®¤ïâ-
áï ª á¢®¨¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨ï¬ EX ¨ σ2 á®®â¢¥âáâ¢¥­­®.
�â® ¯à¨¢®¤¨â ­ á ª á«¥¤ãîé¥¬ã ¢ ¦­®¬ã ¯®­ïâ¨î ­¥á¬¥é¥­­®áâ¨
®æ¥­®ª.

¡) �¥á¬¥é¥­­ë¥ ®æ¥­ª¨
�æ¥­ª  θ̂n ¯ à ¬¥âà  θ ­ §ë¢ ¥âáï ­¥á¬¥é¥­­®©, ¥á«¨ ¥¥ ¬ -

â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á®¢¯ ¤ ¥â á® §­ ç¥­¨¥¬ ®æ¥­¨¢ ¥¬®£®
¯ à ¬¥âà  θ:

Eθ̂n = θ.

�á«¨ áâ â¨áâ¨ç¥áª ï ®æ¥­ª  ï¢«ï¥âáï ­¥á¬¥é¥­­®©, â®, ª ª
¬ë ã¦¥ ¯®ª § «¨, ¥¥ ª¢ ¤à â¨ç­ë© à¨áª Eθ(θ̂n − θ)2 á®¢¯ ¤ ¥â á
¤¨á¯¥àá¨¥© ®æ¥­ª¨ Dθ(θ̂n). �à¥¡®¢ ­¨¥ ­¥á¬¥é¥­­®áâ¨ ®á®¡¥­­®
¢ ¦­® ¯à¨ ¬ «ëå ®¡ê¥¬ å ¢ë¡®àª¨, ¯®áª®«ìªã ¯®­ïâ¨¥ á®áâ®ï-
â¥«ì­®áâ¨ ¢ íâ®¬ á«ãç ¥ â¥àï¥â á¢®© á¬ëá«.

�á«¨ ®æ¥­ª  θ̂n ­¥ ï¢«ï¥âáï ­¥á¬¥é¥­­®©, â®, çâ®¡ë ®å à ª-
â¥à¨§®¢ âì ¥¥ ª ç¥áâ¢®, § ¤ îâ á¬¥é¥­¨¥ Eθ̂n − θ ®æ¥­ª¨.

¢) �á¨¬¯â®â¨ç¥áª ï ­®à¬ «ì­®áâì
� á¨«ã �¥­âà «ì­®© �à¥¤¥«ì­®© �¥®à¥¬ë ­®à¬¨à®¢ ­­®¥ à á-

¯à¥¤¥«¥­¨¥ ¢ë¡®à®ç­®£® áà¥¤­¥£® áå®¤¨âáï ª ­®à¬ «ì­®¬ã, â. ¥.

lim
n→∞

Pθ(
√

n( �X −EX)/σ < x) = �(x)

¤«ï «î¡®£® ¢¥é¥áâ¢¥­­®£® §­ ç¥­¨ï x. �¤¥áì �(x) | äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï áâ ­¤ àâ­®£® ­®à¬ «ì­®£® § ª®­ .

�ª §ë¢ ¥âáï, çâ® ­®à¬¨à®¢ ­­ë¥ à á¯à¥¤¥«¥­¨ï √n(θ̂n−θ)/σ
¬­®£¨å áâ â¨áâ¨ç¥áª¨å ®æ¥­®ª á à®áâ®¬ ®¡ê¥¬  ¢ë¡®àª¨ (n → ∞)
â ª¦¥ áå®¤¨âáï ª ­®à¬ «ì­®¬ã. �â® ¯®§¢®«ï¥â «¥£ª®  ­ «¨§¨à®-
¢ âì ¯®£à¥è­®áâ¨ ®æ¥­®ª, § ¬¥­ïï ¯à¨  ­ «¨§¥ ¯®£à¥è­®áâ¨ à á-
¯à¥¤¥«¥­¨¥ ®æ¥­ª¨ ­®à¬ «ì­ë¬ à á¯à¥¤¥«¥­¨¥¬. � ¤ «ì­¥©è¥¬
¬ë â ª ¯®áâã¯¨¬ ¯à¨ ¯®câà®¥­¨¨ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¤«ï
®æ¥­ª¨ ¯ à ¬¥âà  ¡¨­®¬¨ «ì­®£® à á¯à¥¤¥«¥­¨ï. �¤­ ª® íâ®
â®«ìª® ®ç¥­ì ç áâ­ë© á«ãç © ®¡é¥© ¬¥â®¤®«®£¨¨.

�æ¥­ª  θ̂n ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì­®© ®æ¥­ª®©
¯ à ¬¥âà  θ, ¥á«¨

lim
n→∞

Pθ(
√

n(θ̂n − θ)/σ < x) = �(x)
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¤«ï «î¡®£® ¢¥é¥áâ¢¥­­®£® §­ ç¥­¨ï x. �¥«¨ç¨­  σ2 = σ2(θ̂n) ­ §ë-
¢ ¥âáï  á¨¬¯â®â¨ç¥áª®© ¤¨á¯¥àá¨¥© ®æ¥­ª¨. �á­®, çâ®  á¨¬¯â®-
â¨ç¥áª ï ¤¨á¯¥àá¨ï ï¢«ï¥âáï ¥áâ¥áâ¢¥­­®© ¬¥à®© ª¢ ¤à â¨ç­®£®
à¨áª  ®æ¥­®ª, ¯®áª®«ìªã

lim
n→∞

nE(θ̂n − θ)2 = σ2.

�¥«¨ç¨­  σ/
√

n ­ §ë¢ ¥âáï áâ ­¤ àâ­®© ®è¨¡ª®© áâ â¨áâ¨ç¥áª®©
®æ¥­ª¨ θ̂n. �­  ¯®ª §ë¢ ¥â áà¥¤­¨© à §¡à®á áâ â¨áâ¨ç¥áª®© ®æ¥­ª¨
θ̂n. �­ ç¥­¨¥ áâ ­¤ àâ­®© ®è¨¡ª¨ ¢ ¯ ª¥â å ¯à®£à ¬¬ ç áâ® ¢ë-
¢®¤¨âáï ­  íªà ­ ª®¬¯ìîâ¥à  ª ª å à ªâ¥à¨áâ¨ª  áà¥¤­¥© ®è¨¡ª¨
áâ â¨áâ¨ç¥áª®£® ®æ¥­¨¢ ­¨ï.

� ª ã¦¥ £®¢®à¨«®áì, ¢á¥ ®æ¥­ª¨ ®¯¨á â¥«ì­®© áâ â¨áâ¨ª¨ ï¢-
«ïîâáï  á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì­ë¬¨, ¢ ç áâ­®áâ¨, â ª®¢ë ¢ë¡®-
à®ç­®¥ áà¥¤­¥¥ ¨ ¤¨á¯¥àá¨ï.

£) �ää¥ªâ¨¢­ë¥ ®æ¥­ª¨
� áá¬ âà¨¢ ï ¢ ª ç¥áâ¢¥ ¬¥àë à áá¥ï­¨ï à á¯à¥¤¥«¥­¨ï θ̂n

®ª®«® §­ ç¥­¨ï ¯ à ¬¥âà  θ ¢¥«¨ç¨­ã ª¢ ¤à â¨ç­®£® à¨áª 
E(θ̂n− θ)2, ¬ë ¬®¦¥¬ â®ç­® ®å à ªâ¥à¨§®¢ âì áà ¢­¨â¥«ì­ãî íä-
ä¥ªâ¨¢­®áâì ¤¢ãå ª ª¨å-«¨¡® ®æ¥­®ª θ̂

(1)
n ¨ θ̂

(2)
n , ®æ¥­¨¢ îé¨å

®¤¨­ ¨ â®â ¦¥ ¯ à ¬¥âà θ. � ª ç¥áâ¢¥ ¬¥àë íää¥ªâ¨¢­®áâ¨ ¥áâ¥-
áâ¢¥­­® ¯à¨­ïâì ®â­®è¥­¨¥ ª¢ ¤à â¨ç­ëå à¨áª®¢

e = E(θ̂(1)
n − θ)2

E(θ̂(2)
n − θ)2

.

�á«¨ e > 1, â® ®æ¥­ª  θ̂
(2)
n ¡®«¥¥ íää¥ªâ¨¢­ , ç¥¬ ®æ¥­ª  θ̂

(1)
n

(¨ ®¡à â­®), â ª ª ª ¥© á®®â¢¥âáâ¢ã¥â ¬¥­ìè¥¥ à áá¥ï­¨¥. �á«¨ θ̂
(1)
n

¨ θ̂
(2)
n | ­¥á¬¥é¥­­ë¥ ®æ¥­ª¨, â® e ï¢«ï¥âáï ®â­®è¥­¨¥¬ ¤¨á¯¥àá¨©

e =
σ2

θ̂
(1)
n

σ2
θ̂
(2)
n

, â ª ª ª Eθ̂(1)
n = θ ¨ Eθ̂(2)

n = θ.

�¥á¬¥é¥­­ ï ®æ¥­ª  θ̂n ­ §ë¢ ¥âáï íää¥ªâ¨¢­®©, ¥á«¨ ¯à¨
«î¡®¬ θ ¥¥ ¤¨á¯¥àá¨ï ­¥ ¡®«ìè¥ ¤¨á¯¥àá¨¨ «î¡®© ¤àã£®© ­¥á¬¥-
é¥­­®© ®æ¥­ª¨ θ∗n:

Dθ̂n ≤ Dθ∗n.
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�«ï è¨à®ª®£® ª« áá  à á¯à¥¤¥«¥­¨© ¬ë ãª ¦¥¬ â®ç­ãî ­¨¦-
­îî £à ­¨æã ¤«ï ¤¨á¯¥àá¨© à §«¨ç­ëå ®æ¥­®ª ®¤­®£® ¨ â®£® ¦¥
¯ à ¬¥âà .

�ãáâì X | á«ãç ©­ ï ¢¥«¨ç¨­  ­¥¯à¥àë¢­®£® â¨¯  ¨ f(x, θ)
| ¥¥ ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï.

�«ï ­¥á¬¥é¥­­ëå ®æ¥­®ª ~θn ¯ à ¬¥âà  θ ­¥à ¢¥­áâ¢® � ®|
�à ¬¥à 

D~θn ≥ I−1(θ), I(θ) = nE
(

∂ ln f(x, θ)
∂θ

)2
,

ãª §ë¢ ¥â â®ç­ãî ­¨¦­îî £à ­¨æã ¤¨á¯¥àá¨© ®æ¥­®ª ¯ à ¬¥âà 
θ. �á«¨ áãé¥áâ¢ã¥â ®æ¥­ª , ¤¨á¯¥àá¨ï ª®â®à®© ¢ â®ç­®áâ¨ à ¢­ 
­¨¦­¥© £à ­¨æ¥ I−1(θ), â® ®­  ï¢«ï¥âáï íää¥ªâ¨¢­®© ®æ¥­ª®© á
¬¨­¨¬ «ì­® ¢®§¬®¦­®© ¤¨á¯¥àá¨¥©.

�®«¥¥ ¯®¤à®¡­® ­¥à ¢¥­áâ¢® � ®|�à ¬¥à  ¡ã¤¥â à áá¬®âà¥­®
­¨¦¥.

�®¬¨¬® ®¯¨á ­­ëå ¢ëè¥ ¯®­ïâ¨© ¢¢¥¤¥¬ ¯®­ïâ¨ï  á¨¬¯â®-
â¨ç¥áª®© ­¥á¬¥é¥­­®áâ¨ ¨  á¨¬¯â®â¨ç¥áª®© íää¥ªâ¨¢­®áâ¨.

�æ¥­ª  θ̂n ¯ à ¬¥âà  θ ­ §ë¢ ¥âáï  á¨¬¯â®â¨ç¥áª¨ ­¥á¬¥-
é¥­­®©, ¥á«¨

Eθ̂n −→
n→∞

θ.

�¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï s2 ï¢«ï¥âáï  á¨¬-
¯â®â¨ç¥áª¨ ­¥á¬¥é¥­­®© ®æ¥­ª®© ¤¨á¯¥àá¨¨ σ2, â ª ª ª

Es2 = n− 1
n

σ2 −→
n→∞

σ2.

�á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì­ ï ®æ¥­ª  θ̂n ¯ à ¬¥âà  θ ­ §ë¢ ¥â-
áï  á¨¬¯â®â¨ç¥áª¨ íää¥ªâ¨¢­®©, ¥á«¨ ¥¥  á¨¬¯â®â¨ç¥áª ï ¤¨á-
¯¥àá¨ï σ2(θ̂n) = I−1(θ). �®¦­® ¤®ª § âì, çâ® ¤«ï  á¨¬¯â®â¨ç¥áª¨
­®à¬ «ì­ëå ®æ¥­®ª θ̂n ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

σ2(θ̂n) ≥ I−1(θ).

� áá¬®âà¨¬ ¤¨áªà¥â­ë© á«ãç ©. �ãáâì pi(θ), i = 1, 2, . . ., |
¢¥à®ïâ­®áâ¨, á ª®â®àë¬¨ ­ ¡«î¤ ¥¬ ï á«ãç ©­ ï ¢¥«¨ç¨­  X ¯à¨-
­¨¬ ¥â á¢®¨ §­ ç¥­¨ï.
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�¥á¬¥é¥­­ ï ®æ¥­ª  θ̂n ¡ã¤¥â íää¥ªâ¨¢­®©, ¥á«¨ ¢ë¯®«­¥­®
à ¢¥­áâ¢®

Dθ̂n = 1

n
∑

i

[∂ ln pi(θ)
∂θ

]2
pi(θ)

. (2.2)

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥

I(θ) =





nE
[∂ ln f(X, θ)

∂θ

]2
, ¥á«¨ X ­¥¯à¥àë¢­®£® â¨¯ ,

n
∑

i

[∂ ln pi(θ)
∂θ

]2
pi(θ), ¥á«¨ X ¤¨áªà¥â­®£® â¨¯ .

�«ï ­¥á¬¥é¥­­ëå ®æ¥­®ª θ∗n ¯ à ¬¥âà  θ ­¥à ¢¥­áâ¢®
� ® | �à ¬¥à 

Dθ∗n ≥
1

I(θ)
ãª §ë¢ ¥â â®ç­ãî ­¨¦­îî £à ­¨æã ¤¨á¯¥àá¨© ®æ¥­®ª.

�à¨¬¥à 2.1. �ãáâì í«¥¬¥­âë ¢ë¡®àª¨ à á¯à¥¤¥«¥­ë ¯® ­®à-
¬ «ì­®¬ã § ª®­ã á ¯«®â­®áâìî à á¯à¥¤¥«¥­¨ï

f(x, θ, σ2) = 1
σ
√

2π
e
−

(x− θ)2

2σ2 ,

¯à¨ç¥¬ θ = EX ­¥¨§¢¥áâ­®,   ¤¨á¯¥àá¨ï σ2 ¨§¢¥áâ­ .
�¬¥¥¬

E
(∂ ln f(X, θ)

∂θ

)2
= E

(X − θ

σ2

)2
= 1

σ2 ,

®âáî¤  I(θ) = n/σ2. � ¤àã£®© áâ®à®­ë, ¨§¢¥áâ­®, çâ® D�x = σ2/n,
¯®íâ®¬ã D�x = 1/I(θ),   â®£¤  ¨§ à ¢¥­áâ¢  (2.1) á«¥¤ã¥â, çâ®
�x | íää¥ªâ¨¢­ ï ®æ¥­ª . �â ª, ¥á«¨ ¯à¨ ­®à¬ «ì­®¬ § ª®­¥ ¤¨á-
¯¥àá¨ï σ2 ¨§¢¥áâ­ , â® �x ï¢«ï¥âáï ­¥á¬¥é¥­­®©, á®áâ®ïâ¥«ì­®© ¨
íää¥ªâ¨¢­®© ®æ¥­ª®© ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï.

�à¨¬¥à 2.2. �ãáâì X ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �ã áá®­  á ¯ à -
¬¥âà®¬ λ, â®£¤  ¢¥à®ïâ­®áâ¨

pi(λ) = λi

i! e−λ, ¯®íâ®¬ã d ln pi

dλ
= i

λ
− 1,
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∞∑

i=0

(
d ln pi(λ)

dλ

)2
pi(λ) =

∞∑

i=0

(
i

λ
− 1

)2
λi

i! e−λ = 1
λ

.

�âáî¤  ¯®«ãç ¥¬, çâ® ¬¨­¨¬ «ì­ ï ¢¥«¨ç¨­  ¤¨á¯¥àá¨¨ ®æ¥-
­ª¨ λ à ¢­  1/I(θ) = λ/n. � ¤àã£®© áâ®à®­ë, ¨§¢¥áâ­®, çâ®
EX = λ, DX = λ,   ¢ë¡®à®ç­®¥ áà¥¤­¥¥ �x ï¢«ï¥âáï á®áâ®ïâ¥«ì­®©
¨ ­¥á¬¥é¥­­®© ®æ¥­ª®© ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¢ ­ è¥¬ á«ã-
ç ¥ E�x = λ, D�x = λ/n. �§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  á«¥¤ã¥â, çâ® ¤¨á-
¯¥àá¨ï �x ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (2.2) ¨, á«¥¤®¢ â¥«ì­®, �x ï¢«ï-
¥âáï íää¥ªâ¨¢­®© ®æ¥­ª®© λ,   ¨§ ¯à¥¤ë¤ãé¥£® ¯ã­ªâ  á«¥¤ã¥â ¥¥
á®áâ®ïâ¥«ì­®áâì ¨ ­¥á¬¥é¥­­®áâì.

2. �¥â®¤ ¬®¬¥­â®¢

� ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ ¬ë áä®à¬ã«¨à®¢ «¨ ®á­®¢­ë¥ á¢®©-
áâ¢  ®æ¥­®ª, ­® ­¨ç¥£® ­¥ £®¢®à¨«¨ ® á¯®á®¡ å ¨å ¯®«ãç¥­¨ï. �¤-
­¨¬ ¨§ ¯¥à¢ëå ¬¥â®¤®¢ ®æ¥­¨¢ ­¨ï ¯ à ¬¥âà®¢ ¡ë« ¬¥â®¤ ¬®¬¥­-
â®¢, à §à ¡®â ­­ë© �. �¨àá®­®¬.

�ãáâì ¨§¢¥áâ­ë© § ª®­ à á¯à¥¤¥«¥­¨ï F (x; θ1, θ2, . . . , θl) á«ã-
ç ©­®© ¢¥«¨ç¨­ë X ®¯à¥¤¥«ï¥âáï ­¥áª®«ìª¨¬¨ ¯ à ¬¥âà ¬¨

θ1, θ2, . . . , θl, (2.3)

ç¨á«®¢®¥ §­ ç¥­¨¥ ª®â®àëå ­¥¨§¢¥áâ­®.
�â®¡ë ¯®«ãç¨âì ®æ¥­ª¨

θ̂1, θ̂2, . . . , θ̂l (2.4)

¯ à ¬¥âà®¢ (2.3), ¯®áâã¯ îâ á«¥¤ãîé¨¬ ®¡à §®¬. �à®¨§¢®¤ïâ n
­¥§ ¢¨á¨¬ëå ­ ¡«î¤¥­¨© x1, x2, . . ., xn ­ ¤ á«ãç ©­®© ¢¥«¨ç¨-
­®© X. �«¥¤ãï ¬¥â®¤ã ¬®¬¥­â®¢, ­¥®¡å®¤¨¬® l ¯¥à¢ëå ¬®¬¥­â®¢
á«ãç ©­®© ¢¥«¨ç¨­ë X ¯à¨à ¢­ïâì ª l ¢ë¡®à®ç­ë¬ ¬®¬¥­â ¬, ¯®-
«ãç¥­­ë¬ ¨§ íªá¯¥à¨¬¥­â «ì­ëå ¤ ­­ëå. �â® ¬®£ãâ ¡ëâì ª ª ­ -
ç «ì­ë¥ ¬®¬¥­âë

âk = 1
n

n∑

i=1
xk

i ,

â ª ¨ æ¥­âà «ì­ë¥ ¬®¬¥­âë

m̂k = 1
n

n∑

i=1
(xi − �x)k.
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�á­®, çâ® â¥®à¥â¨ç¥áª¨¥ ¬®¬¥­âë á«ãç ©­®© ¢¥«¨ç¨­ë ¢ëà -
¦ îâáï ç¥à¥§ ¯ à ¬¥âàë (2.3). �à¨à ¢­ï¥¬ ¢ë¡®à®ç­ë¥ ¬®¬¥­-
âë ª â¥®à¥â¨ç¥áª¨¬ ¬®¬¥­â ¬, ¢ ª®â®àëå ¯ à ¬¥âàë (2.3) § ¬¥-
­¥­ë ­  ¯ à ¬¥âàë (2.4). �¥è¨¢ íâ¨ ãà ¢­¥­¨ï, ¬ë ­ ©¤¥¬ ®æ¥­-
ª¨ (2.4) ¯ à ¬¥âà®¢ (2.3). � ª®­ à á¯à¥¤¥«¥­¨ï ¡ã¤¥â ¨¬¥âì ¢¨¤
F (x; θ̂1, θ̂2, . . . , θ̂l) ¨, á«¥¤®¢ â¥«ì­®, ¡ã¤¥â ¯®«­®áâìî ®¯à¥¤¥«¥­.

�¥®à¥â¨ç¥áª¨¬ ®¡®á­®¢ ­¨¥¬ ¬¥â®¤  ¬®¬¥­â®¢ á«ã¦¨â § ª®­
¡®«ìè¨å ç¨á¥«, á®£« á­® ª®â®à®¬ã ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï
¯à¨ ¡®«ìè®¬ ®¡ê¥¬¥ ¢ë¡®àª¨ ¢ë¡®à®ç­ë¥ ¬®¬¥­âë ¡«¨§ª¨ ª ¬®-
¬¥­â ¬ ­ ¡«î¤ ¥¬®© á«ãç ©­®© ¢¥«¨ç¨­ë X.

�¥â®¤ ¬®¬¥­â®¢ ¯®§¢®«ï¥â ¯®«ãç âì á®áâ®ïâ¥«ì­ë¥ ®æ¥­ª¨
¯ à ¬¥âà®¢ (2.3). � ª¨¬ ®¡à §®¬, ­ ¤¥¦­®áâì ¢ë¢®¤®¢, á¤¥« ­-
­ëå ¯à¨ ¥£® ¨á¯®«ì§®¢ ­¨¨, § ¢¨á¨â ®â ª®«¨ç¥áâ¢  ­ ¡«î¤¥­¨©.
�  ¯à ªâ¨ª¥ íâ®â ¬¥â®¤ ç áâ® ¯à¨¢®¤¨â ª áà ¢­¨â¥«ì­® ¯à®áâë¬
¢ëç¨á«¥­¨ï¬, ­® ¯à¨ íâ®¬ ®­ ¨­®£¤  ¯à¨¢®¤¨â ª ¬ «®íää¥ªâ¨¢-
­ë¬ ®æ¥­ª ¬.

�à¨¬¥à 2.3: �æ¥­ª  ¯ à ¬¥âà®¢ �-à á¯à¥¤¥«¥­¨ï (£ ¬¬ -
à á¯à¥¤¥«¥­¨ï). �ã­ªæ¨ï à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë X
§ ¢¨á¨â ®â ¤¢ãå ¯ à ¬¥âà®¢ α, β ¨ ¨¬¥¥â ¢¨¤

F (x, α, β) = βα

�(α)

∫ x

0
xα−1e−βxdx.

�¥®à¥â¨ç¥áª¨¥ ¬®¬¥­âë â ª®¢ë:

EX = α

β
, DX = α

β2 .

�à¨à ¢­¨¢ ï ¯¥à¢ë¥ ¤¢  ¢ë¡®à®ç­ëå ¬®¬¥­â  �x ¨ s2 ª â¥®à¥â¨ç¥-
áª¨¬, ¢ ª®â®àëå ¢¬¥áâ® α ¨ β ¢ëáâã¯ îâ α̂ ¨ β̂, ¯®«ãç ¥¬ ãà ¢­¥-
­¨ï ®â­®á¨â¥«ì­® α̂ ¨ β̂:

α̂

β̂
= �x,

α̂

β̂2
= s2.

�âáî¤  ­ å®¤¨¬ ®æ¥­ª¨ ¤«ï ¯ à ¬¥âà®¢ �-à á¯à¥¤¥«¥­¨ï

α̂ = (�x)2

s2 , β̂ = �x
s2

¨, ¯®¤áâ ¢«ïï ¨å ¢¬¥áâ® α ¨ β ¢ § ª®­ à á¯à¥¤¥«¥­¨ï, ¯®«­®áâìî
®¯à¥¤¥«ï¥¬ íâ®â § ª®­ F (x, α̂, β̂).
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�ãáâì ¨§ ­ ¡«î¤¥­¨© ¬ë ¯®«ãç¨«¨ �x = 3, s2 = 4, â®£¤ 
α̂ = 9/4, β̂ = 3/4.

�à¨¬¥à 2.4: �æ¥­ª  ¯ à ¬¥âà®¢ ­®à¬ «ì­®£® à á¯à¥¤¥«¥-
­¨ï. �ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  X ¨¬¥¥â ­®à¬ «ì­ë© § ª®­ à á-
¯à¥¤¥«¥­¨ï F (x,m, σ2), ª®â®àë© ®¯à¥¤¥«ï¥âáï ¤¢ã¬ï ¯ à ¬¥âà -
¬¨: ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ m = EX ¨ ¤¨á¯¥àá¨¥© σ2 = DX.
�® ¬¥â®¤ã ¬®¬¥­â®¢ ­¥¨§¢¥áâ­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ m ®æ¥-
­¨¢ ¥âáï ¢ë¡®à®ç­ë¬ áà¥¤­¨¬  à¨ä¬¥â¨ç¥áª¨¬ �x,   ¤¨á¯¥àá¨ï
σ2| ¢ë¡®à®ç­®© ¤¨á¯¥àá¨¥© s2. �¥â®¤®¬ ¬®¬¥­â®¢ ¬®£ãâ ¡ëâì
®æ¥­¥­ë ¯ à ¬¥âàë, ¢ëà ¦¥­­ë¥ ¢ ¢¨¤¥ ®¯à¥¤¥«¥­­ëå äã­ªæ¨©
â¥®à¥â¨ç¥áª¨å ¬®¬¥­â®¢.

�áá«¥¤ãï á¢®©áâ¢  ®æ¥­®ª, ¯®«ãç ¥¬ëå á ¯®¬®éìî ¬¥â®¤  ¬®-
¬¥­â®¢,  ­£«¨©áª¨© ¬ â¥¬ â¨ª �. �¨è¥à ¯à¥¤«®¦¨« ¡®«¥¥ ­ ¤¥¦-
­ë© ¬¥â®¤ ®æ¥­¨¢ ­¨ï ¯ à ¬¥âà®¢ à á¯à¥¤¥«¥­¨ï ­ ¡«î¤ ¥¬®©
á«ãç ©­®© ¢¥«¨ç¨­ë X | ¬¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï.
�®âï ¬¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¯à¨¢®¤¨â ª ¡®«¥¥ á«®¦-
­ë¬ ¢ëç¨á«¥­¨ï¬, ç¥¬ ¬¥â®¤ ¬®¬¥­â®¢, ¢á¥ ¦¥ ®æ¥­ª¨, ¯®«ãç ¥-
¬ë¥ á ¥£® ¯®¬®éìî ª ª ¯à ¢¨«® ®ª §ë¢ îâáï ¡®«¥¥ ­ ¤¥¦­ë¬¨ ¨
®á®¡¥­­® ¯à¥¤¯®çâ¨â¥«ì­ë¬¨ ¢ á«ãç ¥ ¬ «®£® ç¨á«  ­ ¡«î¤¥­¨©.

3. �¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï

�¤­¨¬ ¨§ ¢ ¦­¥©è¨å ¬¥â®¤®¢ ¤«ï ­ å®¦¤¥­¨ï ®æ¥­®ª ¯ à -
¬¥âà®¢ ¯® ¤ ­­ë¬ ¢ë¡®àª¨ ï¢«ï¥âáï ¬¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢-
¤®¯®¤®¡¨ï. �á­®¢­ ï ¨¤¥ï ¬¥â®¤  § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.

�ãáâì ¨¬¥¥âáï ¢ë¡®àª  ®¡ê¥¬  n: x1, x2, . . . , xn §­ ç¥-
­¨© á«ãç ©­®© ¢¥«¨ç¨­ë X á à á¯à¥¤¥«¥­¨¥¬, § ¢¨áïé¨¬ ®â ¯ à -
¬¥âà  θ.

�ã­ªæ¨¥© ¯à ¢¤®¯®¤®¡¨ï ­ §ë¢ ¥âáï äã­ªæ¨ï

L(x1, x2, . . . , xn; θ) = f(x1, θ) · f(x2, θ) · · · f(xn, θ),

¥á«¨ X | á«ãç ©­ ï ¢¥«¨ç¨­  ­¥¯à¥àë¢­®£® â¨¯  á ¯«®â­®áâìî
à á¯à¥¤¥«¥­¨ï f(x, θ), ¨ äã­ªæ¨ï

L(x1, x2, . . . , xn; θ) = p(x1, θ) · p(x2, θ) · · · p(xn, θ),

¥á«¨ X | ¤¨áªà¥â­ ï á«ãç ©­ ï ¢¥«¨ç¨­  á p(xi, θ) = Pθ(X = xi).
�ã­ªæ¨î ¯à ¢¤®¯®¤®¡¨ï ¢ ¤¨áªà¥â­®¬ á«ãç ¥ ¬®¦­® ¯à¥¤-

áâ ¢¨âì ¢ ¤àã£®¬ ¢¨¤¥, ¥á«¨ ¢ ¢ë¡®àª¥ ¢áâà¥ç îâáï ®¤¨­ ª®¢ë¥
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¢¥«¨ç¨­ë. �ãáâì r | ç¨á«® à §«¨ç­ëå í«¥¬¥­â®¢ ¢ ¢ë¡®àª¥,
ξ1, ξ2, . . ., ξr | íâ¨ í«¥¬¥­âë,   ν1, ν2, . . ., νr | ¨å ç áâ®âë.

�ç¥¢¨¤­®
r∑

i=1
νi = n, �x = 1

n

r∑

i=1
νiξi. (2.5)

�ãáâì Pθ(X = ξi) = fi(θ), â®£¤  äã­ªæ¨ï ¯à ¢¤®¯®¤®¡¨ï ®¯à¥¤¥-
«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

L(x1, x2, . . . , xn, θ) = fν1
1 (θ) · fν2

2 (θ) · · · fνr
r (θ). (2.6)

�ãé­®áâì ¬¥â®¤  ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï § ª«îç ¥âáï
¢ â®¬, çâ® ¢ ª ç¥áâ¢¥ ®æ¥­ª¨ θ̂ = θ̂(x1, . . . , xn) ¯ à ¬¥âà  θ ¡¥à¥âáï
â® §­ ç¥­¨¥, ¯à¨ ¯®¤áâ ­®¢ª¥ ª®â®à®£® ¢ ¢ëà ¦¥­¨¥ ¤«ï L ¢¬¥áâ®
¯ à ¬¥âà  θ ¯®«ãç ¥¬ ¬ ªá¨¬ «ì­®¥ §­ ç¥­¨¥ äã­ªæ¨¨ L. �â®
§­ ç¨â, çâ® ­ è¨ ­ ¡«î¤¥­¨ï ¯à¨ íâ®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  ¡ã¤ãâ
¨¬¥âì ­ ¨¡®«ìèãî ¢¥à®ïâ­®áâì ¯®ï¢«¥­¨ï.

�á­®, çâ® θ̂, ¯à¨ ª®â®à®¬ äã­ªæ¨ï L ¤®áâ¨£ ¥â ¬ ªá¨¬ã¬ ,
®¡à é ¥â ¢ ¬ ªá¨¬ã¬ ¨ ln L, ¯®íâ®¬ã ¤«ï ­ å®¦¤¥­¨ï ®æ¥­ª¨ á«¥-
¤ã¥â à¥è¨âì ®â­®á¨â¥«ì­® θ ãà ¢­¥­¨¥ ¯à ¢¤®¯®¤®¡¨ï

∂ ln L

∂θ
= 0. (2.7)

�¥è¥­¨¥ θ̂ íâ®£® ãà ¢­¥­¨ï ­ §ë¢ ¥âáï ®æ¥­ª®© ¬ ªá¨¬ «ì­®-
£® ¯à ¢¤®¯®¤®¡¨ï ¯ à ¬¥âà  θ.

�á«¨ § ª®­ à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë § ¢¨á¨â ®â ­¥-
áª®«ìª¨å ¯ à ¬¥âà®¢ θ1, θ2, . . ., θs, â® å®¤ à ááã¦¤¥­¨©  ­ «®£¨ç¥­
¯à¥¤ë¤ãé¥¬ã, â. ¥. ­¥®¡å®¤¨¬® ­ ©â¨ â ª¨¥ ¢¥«¨ç¨­ë θ̂1, θ̂2, . . ., θ̂s,
ª®â®àë¥ ¬ ªá¨¬¨§¨à®¢ «¨ ¡ë äã­ªæ¨î ¯à ¢¤®¯®¤®¡¨ï. � å®¦¤¥-
­¨¥ ®æ¥­®ª ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï á¢®¤¨âáï ª ­ å®¦¤¥­¨î
¬ ªá¨¬ã¬  äã­ªæ¨¨ ln L ®â­®á¨â¥«ì­® ¯ à ¬¥âà®¢ θ1, θ2, . . ., θs ¯®
¯à ¢¨«ã ®¯à¥¤¥«¥­¨ï íªáâà¥¬ã¬  äã­ªæ¨¨ ®â ­¥áª®«ìª¨å ¯ à ¬¥-
âà®¢, â. ¥. ª à¥è¥­¨î á¨áâ¥¬ë ãà ¢­¥­¨©

∂ ln L

∂θ1
= 0,

∂ ln L

∂θ2
= 0, . . . ,

∂ ln L

∂θs
= 0. (2.8)

�à¨¬¥à 2.5. � ©â¨ ®æ¥­ªã ¢¥à®ïâ­®áâ¨ p ¯® ¤ ­­®¬ã ç¨á«ã
m ¯®ï¢«¥­¨© á®¡ëâ¨ï A ¢ n ­¥§ ¢¨á¨¬ëå ¨á¯ëâ ­¨ïå.
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�¥è¥­¨¥. �¥à®ïâ­®áâì p ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯ à ¬¥âà,
¢å®¤ïé¨© ¢ à á¯à¥¤¥«¥­¨¥ ¤¨áªà¥â­®© ¢¥«¨ç¨­ë X, ¨¬¥îé¥©
â®«ìª® ¤¢  §­ ç¥­¨ï ξ1 = 1 ¨ ξ2 = 0 ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ¯®-
ï¢¨«®áì «¨ á®¡ëâ¨¥ A ¢ à áá¬ âà¨¢ ¥¬®¬ ¨á¯ëâ ­¨¨ ¨«¨ ­¥ ¯®-
ï¢¨«®áì. �®£¤  ¯® ä®à¬ã«¥ (2.6) ¬ë ¨¬¥¥¬

L = pm(1− p)n−m

¨ ãà ¢­¥­¨¥ (2.7) § ¯¨è¥âáï â ª:

∂ ln L

∂p
= m

p̂
− n−m

1− p̂
= 0.

�­® ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

p̂ = m

n
.

�«¥¤®¢ â¥«ì­®, ®æ¥­ª®© ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¯ à ¬¥âà 
p ¡ã¤¥â ®â­®á¨â¥«ì­ ï ç áâ®â  m/n á®¡ëâ¨ï. �ë §­ ¥¬, çâ® ®­ 
ï¢«ï¥âáï ­¥á¬¥é¥­­®©, á®áâ®ïâ¥«ì­®©. �®¦­® â ª¦¥ ¤®ª § âì,
çâ® ¯à¨ «î¡®¬ n íâ  ®æ¥­ª  ¨¬¥¥â ­ ¨¡®«ìèãî íää¥ªâ¨¢­®áâì.

�à¨¬¥à 2.6. � áá¬®âà¨¬ á«ãç ©­ãî ¢¥«¨ç¨­ã X, ¯®¤ç¨­¥­-
­ãî § ª®­ã �ã áá®­  á ­¥¨§¢¥áâ­ë¬ ¯ à ¬¥âà®¬ λ. �ã¦­® ­ ©â¨
®æ¥­ªã íâ®£® ¯ à ¬¥âà  á ¯®¬®éìî ¬¥â®¤  ¬ ªá¨¬ «ì­®£® ¯à ¢¤®-
¯®¤®¡¨ï.

�¥è¥­¨¥. �ãáâì ¨¬¥¥âáï ¢ë¡®àª  ®¡ê¥¬  n : x1, x2, . . ., xn ­ -
¡«î¤¥­¨© X. �«ãç ©­ ï ¢¥«¨ç¨­  X ¬®¦¥â ¯à¨­¨¬ âì «î¡®¥ ¨§
§­ ç¥­¨© 0, 1, 2, . . . �ãáâì r | ­ ¨¡®«ìè¥¥ ¨§ íâ¨å ç¨á¥« ¢ ¢ë¡®à-
ª¥; ç¨á«  ν0, ν1, . . ., νr ¯ãáâì ¯à¥¤áâ ¢«ïîâ ç áâ®âë, á ª®â®àë¬¨
¢áâà¥ç îâáï ¢ ¢ë¡®àª¥ ç¨á«  0, 1, 2, . . ., r. �®£¤  ¢ ä®à¬ã«¥ (2.6)
fi(λ) = λie−λ/ i! = P(X = i) (i = 0, 1, . . .) ¨ äã­ªæ¨ï ¯à ¢¤®¯®¤®-
¡¨ï ¯à¨­¨¬ ¥â ¢¨¤

L =
r∏

i=0

(λie−λ

i!
)νi

.

�®íâ®¬ã ãà ¢­¥­¨¥ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¤ áâ

∂ ln L

∂λ
=

r∑

i=0
νi

( i

λ̂
− 1

)
= 1

λ̂

r∑

i=0
νii−

r∑

i=0
νi = 0.
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�âáî¤  á ãç¥â®¬ ä®à¬ã«ë (2.5) ¯®«ãç ¥¬

λ̂ =
∑r

i=0 νii∑r
i=0 νi

= 1
n

n∑

j=1
xj = �x.

� íâ®¬ á«ãç ¥ �x ï¢«ï¥âáï ­¥á¬¥é¥­­®© á®áâ®ïâ¥«ì­®© ®æ¥­ª®© ¯ -
à ¬¥âà  λ, ¯®«ãç¥­­®© á ¯®¬®éìî ¬¥â®¤  ¬ ªá¨¬ «ì­®£® ¯à ¢¤®-
¯®¤®¡¨ï.

�à¨¬¥à 2.7. � ©â¨ ®æ¥­ª¨ ¤¢ãå ¯ à ¬¥âà®¢ m ¨ σ2 ¤«ï á«ã-
ç ©­®© ¢¥«¨ç¨­ë X, ¨¬¥îé¥© ­®à¬ «ì­®¥ à á¯à¥¤¥«¥-
­¨¥ N(m, σ2).

�¥è¥­¨¥. � ª ª ª ¢ ¤ ­­®¬ á«ãç ¥

f(x,m, σ2) = 1
σ
√

2π
e
−

(x−m)2

2σ2 ,

â® äã­ªæ¨ï ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¨¬¥¥â ¢¨¤

L(x1, x2, . . . , xn; m,σ2) = 1
(σ
√

2π)n
exp

{
− 1

2σ2

n∑

i=1
(xi −m)2

}
,

  ¥¥ «®£ à¨ä¬ à ¢¥­

ln L = n ln 1
(σ
√

2π)
− 1

2σ2

n∑

i=1
(xi −m)2 =

= −n

2 ln 2π − n

2 ln σ2 − 1
2σ2

n∑

i=1
(xi −m)2.

�«ï ­ å®¦¤¥­¨ï ®æ¥­®ª ¯ à ¬¥âà®¢ m ¨ σ2 ­¥®¡å®¤¨¬® á®-
£« á­® ä®à¬ã« ¬ (2.8) à¥è¨âì á®¢¬¥áâ­® á«¥¤ãîéãî á¨áâ¥¬ã ãà ¢-
­¥­¨©: 




∂ ln L

∂m
= 1

σ2

n∑

i=1
(xi − m̂) = 0,

∂ ln L

∂σ2 = − n

2σ̂2 +
∑n

i=1(xi − m̂)2

2σ̂4 = 0.

(2.9)

28



�§ ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢­¥­¨© (2.9) ­ å®¤¨¬ á®®â¢¥âáâ¢¥­­®

m̂ = 1
n

n∑

i=1
xi = �x, σ̂2 = 1

n

n∑

i=1
(xi − �x)2,

£¤¥ σ̂2 | ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï s2.
�â ª, ¥á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  ¯®¤ç¨­¥­  ­®à¬ «ì­®¬ã § -

ª®­ã à á¯à¥¤¥«¥­¨ï, â® ¯® ¤ ­­ë¬ ¢ë¡®àª¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨-
¤ ­¨¥ á«¥¤ã¥â ®æ¥­¨¢ âì á ¯®¬®éìî áà¥¤­¥©  à¨ä¬¥â¨ç¥áª®© �x,  
¤¨á¯¥àá¨î | ¢ë¡®à®ç­®© ¤¨á¯¥àá¨¥© s2.

�æ¥­ª  �x ï¢«ï¥âáï ­®à¬ «ì­®©, ­¥á¬¥é¥­­®©, á®áâ®ïâ¥«ì­®©,
  ¥á«¨ ®æ¥­ª  ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¯à®¨§¢®¤¨âáï ¯à¨ ¨§-
¢¥áâ­®© ¤¨á¯¥àá¨¨ σ2, â® �x ï¢«ï¥âáï íää¥ªâ¨¢­®©. �æ¥­ª  s2 ¡ã-
¤¥â á®áâ®ïâ¥«ì­®©, ­® á¬¥é¥­­®©.

�¥â®¤ ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ®¡« ¤ ¥â ¢ ¦­ë¬¨ ¤®-
áâ®¨­áâ¢ ¬¨: ®­ ¢á¥£¤  ¯à¨¢®¤¨â ª á®áâ®ïâ¥«ì­ë¬ (å®âï ¨­®£¤  ¨
á¬¥é¥­­ë¬) ®æ¥­ª ¬, à á¯à¥¤¥«¥­­ë¬  á¨¬¯â®â¨ç¥áª¨ ­®à¬ «ì-
­®, ¨¬¥îé¨¬¨ ­ ¨¬¥­ìèãî ¢®§¬®¦­ãî ¤¨á¯¥àá¨î ¯® áà ¢­¥­¨î
á ¤àã£¨¬¨ ®æ¥­ª ¬¨ ¨ ­ ¨«ãçè¨¬ ®¡à §®¬ ¨á¯®«ì§ãîé¨¬¨ ¢áî
¨­ä®à¬ æ¨î ® ­¥¨§¢¥áâ­®¬ ¯ à ¬¥âà¥, á®¤¥à¦ éãîáï ¢ ¢ë¡®àª¥.

�á«¨ θ̂n = θ̂n(x1, . . . , xn) | ®æ¥­ª¨ ¬ ªá¨¬ã¬  ¯à ¢¤®¯®¤®¡¨ï
¨ θ∗n | ¤àã£¨¥ íää¥ªâ¨¢­ë¥ ®æ¥­ª¨, â® à §­®áâì θ̂n− θ∗n ¯à¥­¥¡à¥-
¦¨¬® ¬ « , â. ¥. √n

(
θ̂n − θ∗n

)
→ 0 ¯® ¢¥à®ïâ­®áâ¨ ¯à¨ n →∞.

4. �¥ª®â®àë¥ à á¯à¥¤¥«¥­¨ï, á¢ï§ ­­ë¥ ­®à¬ «ì­ë¬
à á¯à¥¤¥«¥­¨¥¬

�à¨ ®¯à¥¤¥«¥­¨¨ â®ç­®áâ¨ ®æ¥­®ª ¯ à ¬¥âà®¢ ­®à¬ «ì­®£®
à á¯à¥¤¥«¥­¨ï,   â ª¦¥ ¢ § ¤ ç å ¯à®¢¥àª¨ £¨¯®â¥§ ® ¯ à ¬¥âà å
­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï (¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ ¤¨á¯¥-
àá¨¨) ­ ¬ ¯®âà¥¡ã¥âáï ¨á¯®«ì§®¢ âì à á¯à¥¤¥«¥­¨ï àï¤  í«¥¬¥­-
â à­ëå äã­ªæ¨© ®â ­®à¬ «ì­ëå á«ãç ©­ëå ¢¥«¨ç¨­. �â¨ à á¯à¥-
¤¥«¥­¨ï ¬ë á¥©ç á ¨ ¨§ãç¨¬.

� íâ®¬ à §¤¥«¥ ¡ã¤¥â ¯à¥¤¯®« £ âìáï, çâ®

x1, x2, · · · , xn

| ¢ë¡®àª  ¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨ ¨

Exi = m, Dxi = σ2, E(xi −m)(xj −m) = δijσ
2, (2.10)
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§¤¥áì
δij =

{
1, i = j,
0, i 6= j,

| á¨¬¢®« �à®­¥ª¥à .
� áá¬®âà¨¬ âà¨ à á¯à¥¤¥«¥­¨ï, ª®â®àë¥ ¨¬¥îâ ¢ ¦­ë¥ áâ -

â¨áâ¨ç¥áª¨¥ ¯à¨«®¦¥­¨ï.
a) χ2-à á¯à¥¤¥«¥­¨¥ (å¨-ª¢ ¤à â à á¯à¥¤¥«¥­¨¥)
�á«¨ ¯à¨ i = 1, . . . , n á«ãç ©­ë¥ ¢¥«¨ç¨­ë zi ∈ N(0, 1) ¨ ®­¨

­¥§ ¢¨á¨¬ë, â® ¢¥«¨ç¨­ 

w =
n∑

i=1
z2
i

¨¬¥¥â χ2-à á¯à¥¤¥«¥­¨¥ á n áâ¥¯¥­ï¬¨ á¢®¡®¤ë, ¯à¨ç¥¬ Ew = n,
Dw = 2n. �â® à á¯à¥¤¥«¥­¨¥ ¢¯¥à¢ë¥ ¡ë«® à áá¬®âà¥­® � «ì¬¥à-
â®¬ ¢ 1876 £. �«®â­®áâì kn(x) à á¯à¥¤¥«¥­¨ï § ¤ ¥âáï ¯à¨ x > 0 ¨
¨¬¥¥â ¢¨¤

kn(x) = 1
2n/2�(n/2)xn/2−1e−x/2, x > 0.

� ¡«¨æë χ2-à á¯à¥¤¥«¥­¨ï ¤ îâ ¢®§¬®¦­®áâì ¯® §­ ç¥­¨ï¬
α = 90/100; 80/100; . . . ; 5/100; 1/100 ­ ©â¨ â ª®¥ χ2

k,α, çâ®

α =
∫ ∞

χ2
n,α

kn(x)dx. (2.11)

¡) t-à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â 
�á«¨ á«ãç ©­ ï ¢¥«¨ç¨­  z ∈ N(0, 1),   ¢¥«¨ç¨­  w ¨¬¥¥â

χ2-à á¯à¥¤¥«¥­¨¥ á k áâ¥¯¥­ï¬¨ á¢®¡®¤ë, â® ¢¥«¨ç¨­ 

t = z
√

k√
w

, w =
k∑

i=1
z2
i ,

à á¯à¥¤¥«¥­  ¯® § ª®­ã �âìî¤¥­â  á k áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �â®
à á¯à¥¤¥«¥­¨¥ ¢¯¥à¢ë¥ ¢ 1908 £. ¡ë«® ¨á¯®«ì§®¢ ­®  ­£«¨©áª¨¬
¬ â¥¬ â¨ª®¬ �. �®áá¥â®¬, ¯ã¡«¨ª®¢ ¢è¨¬áï ¯®¤ ¯á¥¢¤®­¨¬®¬
�âìî¤¥­â.
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�¡®§­ ç¨¬ ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï �âìî¤¥­â  á k áâ¥¯¥­ï¬¨
á¢®¡®¤ë ç¥à¥§ Sk(t), â®£¤  ®­  ¨¬¥¥â ¢¨¤

Sk(t) =
�

(
k + 1

2

)

√
kπ�

(
k

2

)
(

1 + t2

k

)− k+1
2

.

� á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ­ã«ï, ¨
¥£® â ¡«¨æë á¢ï§ë¢ îâ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë k, ¢¥à®ïâ­®áâì α
¨ tα,k á®£« á­® ä®à¬ã«¥

α = P{|t| > tα,k} = 2
∫ ∞

tα,k

Sk(t)dt. (2.12)

�á­®, çâ® P{−tα,k < t < tα,k} = 1− α.
�à¨ α = 0.05, k = 7 ­ å®¤¨¬ t0.05, 7 = 2.365, ¯®íâ®¬ã

P{−2.365 < t < 2.365} = 0.95, P{|t| > 2.365} = 0.05.

¢) F -à á¯à¥¤¥«¥­¨¥ �¨è¥à 
�à¥¤¯®« £ ¥âáï, çâ® ξ1, . . . , ξm, η1, . . . , ηn | ­¥§ ¢¨á¨¬ë¥ ­®à-

¬ «ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¯à¨­ ¤«¥¦ é¨¥ N(0, σ2). �«ãç ©-
­ ï ¢¥«¨ç¨­  Fmn, ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨¥¬

Fmn = 1
m

m∑

j=1
ξ2
j


 1

n

n∑

j=1
η2

j



−1

,

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �¨è¥à  á m ¨ n áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨ ¯«®â-
­®áâìî à á¯à¥¤¥«¥­¨ï

g(x; m,n)= �((m + n)/2)
�(m/2)�(n/2)mm/2nn/2xm/2−1(n + mx)−(m+n)/2, x>0.

� â ¡«¨æ å à á¯à¥¤¥«¥­¨ï �¨è¥à  ¤«ï à §«¨ç­ëå α= 5/100; 1/100
¨ â. ¤. ¯à¨¢®¤¨âáï ¢¥«¨ç¨­  Fα,m,n, â ª ï, çâ®

∫ ∞

Fα,m,n

g(x; m,n)dx = α.
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5. �¥ª®â®àë¥ á¢®©áâ¢  áà¥¤­¥£® ¨ ¤¨á¯¥àá¨¨ ¢ë¡®àª¨
¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨

a) �¥§ ¢¨á¨¬®áâì áà¥¤­¥£® �x ¨ ¤¨á¯¥àá¨¨ s2 ¢ë¡®àª¨
¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨

�ãáâì x1, x2, · · · , xn | ¢ë¡®àª  ¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨ á
¯ à ¬¥âà ¬¨ (2.10) ¨

�x =
n∑

i=1
xi, s2 = 1

n

n∑

i=1
(xi − �x)2.

� áá¬®âà¨¬ «¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï

y1 = 1√
1 · 2(x1 − x2),

y2 = 1√
2 · 3(x1 + x2 − 2x3),

· · · · · · · · · · · ·
yi = 1√

i · (i + 1)
(x1 + x2 + · · ·+ xi − ixi+1),

· · · · · · · · · · · ·
yn = 1√

n

n∑

i=1
xi.

�¥âàã¤­® ¯à®¢¥à¨âì, çâ®

Eyi = 0, Ey2
i = σ2, Eyiyk = σ2δi,j . (2.13)

�§¢¥áâ­®, çâ® «¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï ­®à¬ «ì­ëå ¢¥«¨ç¨­
à á¯à¥¤¥«¥­ë ­®à¬ «ì­®, ¯®íâ®¬ã

yi ∈ N(0, σ2), i = 1, 2, . . . , n,

¨ ¨§ á®®â­®è¥­¨© (2.13) á«¥¤ã¥â, çâ® ®­¨ ­¥§ ¢¨á¨¬ë.
�¥£ª® ã¡¥¤¨âìáï, çâ®

n∑
1

y2
i =

n∑
1

x2
i , y2

n = n�x2,

¯®íâ®¬ã

ns2 =
n∑

i=1
(xi − �x)2 =

n∑

i=1
x2

i − n�x2 =
n∑

i=1
y2

i − y2
n =

n−1∑

i=1
y2

i .
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�§ ­¥§ ¢¨á¨¬®áâ¨ yi á«¥¤ã¥â ­¥§ ¢¨á¨¬®áâì ¢¥ªâ®à 

(y2
1 , y2

2 , . . . , y2
n−1)

®â yn,   á«¥¤®¢ â¥«ì­®, ¨ ­¥§ ¢¨á¨¬®áâì ¢¥«¨ç¨­

s2 = 1
n

n−1∑

i=1
y2

i ¨ �x = 1√
n

yn.

�â ª, ¤®ª § ­® ¢ ¦­®¥ á¢®©áâ¢®, ª®â®à®¥ áä®à¬ã«¨à®¢ ­® ¢
§ £®«®¢ª¥ ¤ ­­®£® ¯ã­ªâ .

¡) � á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë ns2

σ2
�á«¨ s2 | ¤¨á¯¥àá¨ï ¢ë¡®àª¨ ¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨,

â® á«ãç ©­ ï ¢¥«¨ç¨­  ns2/σ2 ¨¬¥¥â χ2-à á¯à¥¤¥«¥­¨¥ á n−1 áâ¥-
¯¥­ï¬¨ á¢®¡®¤ë.

�§ ¢ëà ¦¥­¨© (2.13) á«¥¤ã¥â, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë
yi/σ ∈ N(0, 1) ¨ ®­¨ ­¥§ ¢¨á¨¬ë. �®íâ®¬ã ¢¥«¨ç¨­ 

n−1∑

i=1

y2
i

σ2 = ns2

σ2

¨¬¥¥â χ2-à á¯à¥¤¥«¥­¨¥ á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë, ¯à¨ç¥¬

E
ns2

σ2 = n− 1, D
ns2

σ2 = 2(n− 1).

�§ ¯®á«¥¤­¨å ¤¢ãå à ¢¥­áâ¢ ¯®«ãç ¥¬

Es2 = n− 1
n

σ2, Ds2 = 2(n− 1)
n2 σ4.

¢) � á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë (n− 1)�s2

σ2
�á«¨ �s2 | ­¥á¬¥é¥­­ ï ®æ¥­ª  ¤¨á¯¥àá¨¨ ¢ë¡®àª¨ ¨§ ­®à-

¬ «ì­®© á®¢®ªã¯­®áâ¨, â® á«ãç ©­ ï ¢¥«¨ç¨­  (n−1)�s2/σ2 ¨¬¥¥â
χ2-à á¯à¥¤¥«¥­¨¥ á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë.

�«ï ­¥á¬¥é¥­­®© ®æ¥­ª¨ ¤¨á¯¥àá¨¨, â ª ª ª
n−1∑

i=1

y2
i

σ2 = (n− 1)�s2

σ2 , £¤¥ �s2 = 1
n− 1

n∑

i=1
(xi − �x)2,
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¯®«ãç ¥¬, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  (n − 1)�s2/σ2 ¨¬¥¥â χ2-à á¯à¥-
¤¥«¥­¨¥ á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨

E�s2 = σ2, D�s2 = 2σ4

n− 1 .

£) � á¯à¥¤¥«¥­¨¥ á«ãç ©­®© ¢¥«¨ç¨­ë (�x−m)
√

n− 1
s

�á«¨ �x ¨ �s2 | áà¥¤­¥¥ ¨ ¤¨á¯¥àá¨ï ¢ë¡®àª¨ ¨§ ­®à¬ «ì­®©
á®¢®ªã¯­®áâ¨, â® ¢¥«¨ç¨­  (�x−m)

√
n− 1/s ¨¬¥¥â à á¯à¥¤¥«¥­¨¥

�âìî¤¥­â  á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë.
� ª ª ª ¢¥«¨ç¨­  (�x −m)√n/σ ∈ N(0, 1),   ¢¥«¨ç¨­  ns2/σ2

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ χ2 á n − 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë, â® á®£« á­®
¯. 4¡) á«ãç ©­ ï ¢¥«¨ç¨­ 

t = (�x−m)
√

n− 1
σ√
n

√
ns2

σ2

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  á n − 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �à®-
áâë¥ ¯à¥®¡à §®¢ ­¨ï ¯à¨¢®¤ïâ ª á«¥¤ãîé¥¬ã ¢¨¤ã äã­ªæ¨¨ t:

t = (�x−m)
√

n− 1
s

.

�á«¨ ¤«ï ®æ¥­ª¨ σ2 ¨á¯®«ì§®¢ âì ­¥á¬¥é¥­­ãî ®æ¥­ªã �s2, â® äã­ª-
æ¨ï t ¡ã¤¥â ¨¬¥âì ¢¨¤

t = (�x−m)√n

�s .

6. �­â¥à¢ «ì­®¥ (¤®¢¥à¨â¥«ì­®¥) ®æ¥­¨¢ ­¨¥.
�®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «

�®áâà®¥­¨¥ áâ â¨áâ¨ç¥áª¨å ®æ¥­®ª ¡¥áá¬ëá«¥­­® ¡¥§ ®¯à¥¤¥-
«¥­¨ï ¯®£à¥è­®áâ¨ ®æ¥­¨¢ ­¨ï, ¬¥àë à §¡à®á  áâ â¨áâ¨ç¥áª®©
®æ¥­ª¨ ®â­®á¨â¥«ì­® ¨áâ¨­­®£® §­ ç¥­¨ï ¯ à ¬¥âà . � é¥ ¢á¥-
£® â®ç­®áâì ®æ¥­¨¢ ­¨ï ãª §ë¢ ¥âáï ¯®áâà®¥­¨¥¬ ¤®¢¥à¨â¥«ì­®£®
¨­â¥à¢ « , ­ ªàë¢ îé¥£® ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  á § ¤ ­-
­®© ¢¥à®ïâ­®áâìî. �®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¯à¥¤-
¯®« £ ¥â §­ ­¨¥ à §¡à®á  áâ â¨áâ¨ç¥áª®© ®æ¥­ª¨, â. ¥. â®ç­ãî ¨«¨
¯à¨¡«¨¦¥­­ãî ¨­ä®à¬ æ¨î ® ¥¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï.
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�ãáâì ¤ ­  ¢ë¡®àª  ­¥§ ¢¨á¨¬ëå ­ ¡«î¤¥­¨© X1, . . . , Xn á«ã-
ç ©­®© ¢¥«¨ç¨­ë X, ¨¬¥îé¥© äã­ªæ¨î à á¯à¥¤¥«¥­¨ï F (x, θ), ¨
θ̂n | ®æ¥­ª  ¯ à ¬¥âà  θ. �®¢¥à¨â¥«ì­ë¬ ¨­â¥à¢ «®¬
(θ̂n − a, θ̂n + b) ­ §ë¢ ¥âáï ¨­â¥à¢ «, ª®â®à®¬ã á § ¤ ­­®© ¢¥à®-
ïâ­®áâìî 1− α ¯à¨­ ¤«¥¦¨â ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà  θ, â. ¥.

P (θ ∈ (θ̂n − a, θ̂n + b)) = 1− α.

�¨á«® 1− α ­ §ë¢ ¥âáï ãà®¢­¥¬ ¤®¢¥à¨ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ -
« .

�á­®, çâ® £à ­¨æë ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¨ ¥£® è¨à¨­ 
§ ¢¨áïâ ®â ãà®¢­ï ¤®¢¥à¨ï 1 − α ¨ ç¥¬ ¡«¨¦¥ ãà®¢¥­ì ¤®¢¥à¨ï
ª ¥¤¨­¨æ¥, â¥¬ è¨à¥ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «. � ¤àã£®© áâ®à®­ë,
ç¥¬ ã¦¥ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¯à¨ ¤ ­­®¬ α, â¥¬ â®ç­¥¥ ®æ¥­ª 
¯ à ¬¥âà  θ.

�®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¢®§¬®¦­® â®«ìª® ­ 
®á­®¢¥ §­ ­¨ï äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï Fθ̂n

®æ¥­ª¨ θ̂n. �¥©áâ¢¨-
â¥«ì­®, ¯ãáâì ¬ë §­ ¥¬

Pθ(θ − b < θ̂n < θ + a) = Pθ(θ̂n < θ + a)− Pθ(θ̂n < θ − b) = 1− α.

�®£¤  «¥¢ãî ç áâì ¬ë ¬®¦¥¬ ¯¥à¥¯¨á âì â ª:

Pθ(−b < θ̂n − θ < a) = Pθ(−a < θ − θ̂n < b) =

Pθ(θ̂n − a < θ < θ̂n + b) = Pθ(θ ∈ (θ̂n − a, θ̂n + b)) = 1− α.

�¨á. 2.3. �®¢¥à¨â¥«ì­ë© ¨­â¥à¢ «.

�à®¢¥­ì ¤®¢¥à¨ï ®¡ëç­® § ¤ ¥âáï § à ­¥¥, ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥
1 − α ¡¥àãâ ¤®áâ â®ç­® ¡®«ìèãî ¢¥à®ïâ­®áâì, ­ ¯à¨¬¥à 0.9; 0.95;
0.99 ¨«¨ 0.999.
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�®áâà®¨¬ ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë ¤«ï ¯ à ¬¥âà®¢
­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï.

a) �®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨-
¤ ­¨ï ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï. �à¥¡ã¥âáï ¯® ãà®¢­î ¤®-
¢¥à¨ï 1 − α ¯®áâà®¨âì ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¬ â¥¬ â¨ç¥-
áª®£® ®¦¨¤ ­¨ï θ á«ãç ©­®© ¢¥«¨ç¨­ë X, à á¯à¥¤¥«¥­­®© ¯® ­®à-
¬ «ì­®¬ã § ª®­ã

X ∈ N(θ, σ2).

�«ãç © 1. � áá¬®âà¨¬ á­ ç «  á«ãç ©, ª®£¤  ¤¨á¯¥àá¨ï
DX = σ2 ¨§¢¥áâ­ .

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ®æ¥­ª¨ ¢ë¡®à®ç­®¥ áà¥¤­¥¥ �X, â ª ª ª ®­®
ï¢«ï¥âáï íää¥ªâ¨¢­®© ®æ¥­ª®© ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï. �«ï
¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ­ã¦­® ­ ©â¨ â ª®¥ ε, çâ®

P (θ − ε < �X < θ + ε) = P (−ε < �X − θ < ε) = 1− α.

�ë ¡¥à¥¬ a = b = ε, ¯®áª®«ìªã ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï �X á¨¬-
¬¥âà¨ç­  ¨ ¤«ï ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¥áâ¥áâ¢¥­­®
ã¤ «¨âì ­ ¨¬¥­¥¥ ¢¥à®ïâ­ë¥ §­ ç¥­¨ï �X − θ, ª®â®àë¥ à á¯®«®¦¥-
­ë á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ­ã«ï. � ª¨¬ ®¡à §®¬,

P ( �X − θ < −ε) = P ( �X − θ > ε) = α/2.

�ë¡®à®ç­ë¥ §­ ç¥­¨ï X1, X2, . . ., Xn, ¯® ª®â®àë¬ ¬ë ®¯à¥¤¥«ï¥¬
�X, ¥áâì á«ãç ©­ë¥ ¢¥«¨ç¨­ë ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ë¥, ­¥§ ¢¨-

á¨¬ë¥, ¯à¨ç¥¬ ¢á¥ Xi ∈ N(θ, σ2). �®£¤ 

�X = 1
n

n∑

i=1
Xi

â ª¦¥ à á¯à¥¤¥«¥­® ¯® ­®à¬ «ì­®¬ã § ª®­ã á ¬ â¥¬ â¨ç¥áª¨¬
®¦¨¤ ­¨¥¬ E �X = θ ¨ D �X = DX

n
= σ2

n
. �®íâ®¬ã

( �X − θ)√n

σ

¨¬¥¥â áâ ­¤ àâ­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¨ ¯® ä®à¬ã«¥ ¢ëç¨-
á«¥­¨ï ¢¥à®ïâ­®áâ¥© ¯®¯ ¤ ­¨ï ­®à¬ «ì­® à á¯à¥¤¥«¥­­®© ¢¥«¨-
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ç¨­ë ¢ § ¤ ­­ë© ¨­â¥à¢ « (á¨¬¬¥âà¨ç­ë© ®â­®á¨â¥«ì­® ¬ â¥¬ -
â¨ç¥áª®£® ®¦¨¤ ­¨ï θ) ¨¬¥¥¬

P

( | �X − θ|√n

σ
< xα/2

)
= P

(
| �X − θ| < xα/2

σ√
n

)
=

= P

(
−xα/2

σ√
n

< �X − θ < xα/2
σ√
n

)
= �

(
xα/2

)
= 1− α.

�¤¥áì
�(z) = 1√

2π

∫ z

0
e−y2/2dy.

�® â ¡«¨æ¥ äã­ªæ¨© � ¯« á  �(z) ­ å®¤¨¬ â ª®¥ xα/2, çâ®¡ë

�(xα/2) = (1− α)/2.

� ª¨¬ ®¡à §®¬, ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¨¬¥¥â ¢¨¤
(

�X − xα/2σ√
n

, �X +
xα/2σ√

n

)
.

�­ á ¤®¢¥à¨â¥«ì­®© ¢¥à®ïâ­®áâìî 1− α á®¤¥à¦¨â ¢ á¥¡¥ ¨áâ¨­­®¥
§­ ç¥­¨¥ ®æ¥­¨¢ ¥¬®© ¢¥«¨ç¨­ë θ.

�á«¨ âà¥¡ã¥âáï ®æ¥­¨âì ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á ­ ¯¥à¥¤
§ ¤ ­­®© â®ç­®áâìî ε â ª, çâ®¡ë ¢¥à®ïâ­®áâì â ª®£® ®âª«®­¥­¨ï
¡ë«  ­¥ ¬¥­ìè¥ 1 − α, â® ¬¨­¨¬ «ì­ë© ®¡ê¥¬ ¢ë¡®àª¨, ª®â®àë©
®¡¥á¯¥ç¨â íâã â®ç­®áâì, ­ å®¤ïâ ¯® ä®à¬ã«¥ n = x2

α/2σ
2/ε2.

� áá¬®âà¨¬ ç¨á«®¢®© ¯à¨¬¥à. �à¥¤­¨© ¢¥á ¡ £ ¦  n = 36
¯ áá ¦¨à®¢ á®áâ ¢¨« �X = 14.3 ª£ á® áâ ­¤ àâ­ë¬ ®âª«®­¥­¨¥¬
σ = 2.5 ª£. � ©â¨ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¬ â¥¬ â¨ç¥áª®£®
®¦¨¤ ­¨ï, á®®â¢¥âáâ¢ãîé¨© 1 − α = 0.95, ¯à¥¤¯®« £ ï, çâ® ¢¥«¨-
ç¨­  ¢¥á  ¡ £ ¦  ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ ¯® ­®à¬ «ì­®¬ã § ª®­ã.

�¥è¥­¨¥. 2�(1.96) = 0.95. �­ ç¨â, xα/2 = 1.96,

ε =
xα/2σ√

n
= 1.96 · 2.5√

36
= 0.82,

�X − ε = 14.3− 0.82 = 13.48,

�X + ε = 14.3 + 0.82 = 15.12.
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�âáî¤  ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï m á ª®íää¨æ¨¥­â®¬ ¤®¢¥à¨ï
0.95 ¨¬¥¥â ¢¨¤ (13.48; 15.12).

�«ãç © 2. � áá¬®âà¨¬ á«ãç ©, ª®£¤  ¬ â¥¬ â¨ç¥áª®¥ ®¦¨-
¤ ­¨¥ θ ¨ ¤¨á¯¥àá¨ï σ2 ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥-
«¨ç¨­ë X ­ ¬ ­¥¨§¢¥áâ­ë.

� ¯®¬®éìî ¬¥â®¤  ¬ ªá¨¬ «ì­®£® ¯à ¢¤®¯®¤®¡¨ï ¬ë ãáâ ­®-
¢¨«¨, çâ® ¤«ï ¢ë¡®àª¨ ¨§ ­®à¬ «ì­®© á®¢®ªã¯­®áâ¨ ­ ¨«ãçè¥©
®æ¥­ª®© ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ï¢«ï¥âáï �X, ¯®íâ®¬ã, ª ª ¨
¢ á«ãç ¥ 1, ®æ¥­ª®© θ̂n ¡ã¤¥â á«ã¦¨âì �X. � ª ¨ ¢ á«ãç ¥ 1, ¯®
§ ¤ ­­®© ¤®¢¥à¨â¥«ì­®© ¢¥à®ïâ­®áâ¨ 1 − α ­ ©â¨ ¤®¢¥à¨â¥«ì­ë©
¨­â¥à¢ « ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï θ | íâ® §­ ç¨â ­ ©â¨
â ª®¥ ε, çâ®¡ë P (| �X − θ| < ε) = 1− α. � ª ª ª σ2 ­ ¬ ­¥¨§¢¥áâ­®,
â® § ¬¥­¨¬ ¥£® ­ ¨«ãçè¥© ®æ¥­ª®©,   ¨¬¥­­® ­¥á¬¥é¥­­®© ¢ë¡®-
à®ç­®© ¤¨á¯¥àá¨¥© �s2:

σ ≈ �s =

√√√√ 1
n− 1

n∑

i=1
(Xi − �X)2.

� ª ¡ë«® ¯®ª § ­® ¢ ¯à¥¤ë¤ãé¥© £« ¢¥, á«ãç ©­ ï ¢¥«¨ç¨­ 

T =
√

n( �X − θ)
�s

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  á n−1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �®íâ®-
¬ã ¤«ï ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¬ë ¬®¦¥¬ ¯à®¢¥áâ¨
â¥ ¦¥ á ¬ë¥ à ááã¦¤¥­¨ï, çâ® ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, â®«ìª® ¯à¨
¢ëç¨á«¥­¨¨ xα/2 ¢¬¥áâ® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¢§ïâì à á¯à¥-
¤¥«¥­¨¥ �âìî¤¥­â  á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë.

� ª¨¬ ®¡à §®¬, ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¬ â¥¬ â¨ç¥áª®-
£® ®¦¨¤ ­¨ï θ, ª®£¤  ¤¨á¯¥àá¨ï ­®à¬ «ì­® à á¯à¥¤¥«¥­­®© á«ã-
ç ©­®© ¢¥«¨ç¨­ë X ­ ¬ ­¥¨§¢¥áâ­ , â ª®¢:

(
�X − tα,n−1

�s√
n

, �X + tα,n−1
�s√
n

)
,

£¤¥, çâ®¡ë ¯®¤ç¥àª­ãâì, çâ® ¬ë ¯®«ì§ã¥¬áï à á¯à¥¤¥«¥­¨¥¬ �âìî-
¤¥­â  á n− 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë, xα/2 § ¬¥­¥­® ­  tα,n−1.

�à¨¬¥à 2.8. �¥­¥¤¦¥à ®¡­ àã¦¨«, çâ® n = 20 ª«¨¥­â®¢
¢­¥á«¨ ­  ¤¥¯®§¨â ¢ áà¥¤ã 28.3; 28.5; 28.1; 28.2; 28.4; 28.2; 27.9;
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28.4; 28.0; 28.1; 28.2; 28.0; 28.2; 28.1; 28.2; 28.3; 28.4; 27.9; 28.3; 28.1
äã­â®¢ áâ¥à«¨­£®¢. �à¥¤¯®« £ ï, çâ® ¢­¥á¥­­ë¥ áã¬¬ë à á¯à¥¤¥-
«¥­ë ¯® ­®à¬ «ì­®¬ã § ª®­ã, ­ ©â¨ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï
¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï θ.

�¬¥¥¬

�X = 1
20

20∑

i=1
Xi = 28.19, �s2 = 1

19

20∑

i=1
(Xi − 28.19)2 = 0.0283.

�­ ï 1 − α = 0.99 ¨ n − 1 = 19, ­ å®¤¨¬ ¨§ â ¡«¨æë tα,n−1 = 2.86.
�®«ãç ¥¬

ε = tα,n−1

√
�s2

n
= 2.86

√
0.0283

20 = 0.108,

  ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « à ¢¥­ (28.19− 0.108, 28.19 + 0.108) ¨«¨
(28.082, 28.298).

�®¢¥à¨â¥«ì­ ï ¢¥à®ïâ­®áâì 1 − α = 0.99 ãª §ë¢ ¥â, çâ® ¥á«¨
¯à®¨§¢¥¤¥­® ¤®áâ â®ç­® ¡®«ìè®¥ ç¨á«® ¢ë¡®à®ª, â® 99% ¨§ ­¨å
®¯à¥¤¥«ï¥â â ª¨¥ ¤®¢¥à¨â¥«ì­ë¥ ¨­â¥à¢ «ë, ¢ ª®â®àëå ¯ à ¬¥âà
θ ¤¥©áâ¢¨â¥«ì­® § ª«îç¥­; «¨èì ¢ 1% á«ãç ¥¢ ®­ ¬®¦¥â ¢ë©â¨ § 
£à ­¨æë ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « .

� ¬¥ç ­¨¥. �à¨ ­¥®£à ­¨ç¥­­®¬ ¢®§à áâ ­¨¨ ®¡ê¥¬  ¢ë¡®à-
ª¨ n à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  áâà¥¬¨âáï ª ­®à¬ «ì­®¬ã. �®íâ®¬ã
¯à¨ ¡®«ìè®¬ ç¨á«¥ ¨§¬¥à¥­¨© (¯à ªâ¨ç¥áª¨ n > 30) ¢¬¥áâ® à á¯à¥-
¤¥«¥­¨ï �âìî¤¥­â  ¬®¦­® ¯®«ì§®¢ âìáï ­®à¬ «ì­ë¬. � íâ®¬ á«ã-
ç ¥ ­¥¨§¢¥áâ­®¥ §­ ç¥­¨¥ σx ¬®¦­® ¯à¨¡«¨¦¥­­® § ¬¥­¨âì ®æ¥­-
ª®© �s ¨ ¤«ï ®¯à¥¤¥«¥­¨ï ε ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®© ε =

zα/2�s√
n

,
£¤¥ zα/2 ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï 2�(zα/2) = 1− α.

¡) �®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¤¨á¯¥àá¨¨ σ2 ­®à¬ «ì-
­®£® à á¯à¥¤¥«¥­¨ï. � ª ¬ë §­ ¥¬, á«ãç ©­ ï ¢¥«¨ç¨­ 

χ2
ν = (n− 1)�s2

σ2

¨¬¥¥â χ2-ª¢ ¤à â à á¯à¥¤¥«¥­¨¥ á ν = n − 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë.
�®íâ®¬ã ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ­ å®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬:
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1− α = P
(
χ2

ν,1−α/2 < χ2
ν < χ2

ν,α/2

)
=

= P
(

χ2
ν,1−α/2 <

(n− 1)�s2

σ2 <χ2
ν,α/2

)
=

= P

(
(n− 1)�s2

χ2
ν,α/2

<σ2 <
(n− 1)�s2

χ2
ν,1−α/2

)
,

¨ ¨¬¥¥â £à ­¨æë
(n− 1)�s2

χ2
ν,α/2

; (n− 1)�s2

χ2
ν,1−α/2

.

¢) �®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¯ à ¬¥âà  p ¡¨­®¬¨-
 «ì­®£® à á¯à¥¤¥«¥­¨ï. �ãáâì X1, . . . , Xn | ­¥§ ¢¨á¨¬ë¥ á«ã-
ç ©­ë¥ ¢¥«¨ç¨­ë, ¯à¨­¨¬ îé¨¥ §­ ç¥­¨¥ 1 á ­¥¨§¢¥áâ­®© ¢¥à®ïâ-
­®áâìî p ¨ §­ ç¥­¨¥ 0 á ¢¥à®ïâ­®áâìî 1− p. �®«®¦¨¬

νn =
n∑

i=1
Xi, p̂n = νn

n
.

� ª ¬ë §­ ¥¬, Eνn = np, Dνn = np(1 − p) ¨ á®®â¢¥âáâ¢¥­­®
Ep̂n = p, Dp̂n = p(1− p)/n.

�«ãç ©­ ï ¢¥«¨ç¨­ 
νn − np√
np(1− p)

=
√

n(p̂n − p)√
p(1− p)

á®£« á­® æ¥­âà «ì­®© ¯à¥¤¥«ì­®© â¥®à¥¬¥ ¨¬¥¥â ¯à¨ n → ∞ ¯à¥-
¤¥«ì­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥. �®íâ®¬ã, § ¬¥­ïï áâ ­¤ àâ-
­®¥ ®âª«®­¥­¨¥

√
p(1− p) ee ®æ¥­ª®©

√
p̂n(1− p̂n), ¯®«ãç ¥¬

P

(
−xα/2 <

n1/2(p̂n − p)√
p(1− p)

< xα/2

)
≈ 1− α.

� ááã¦¤ ï ª ª ¯à¨ ¢ë¢®¤¥ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ «  ¤«ï ¬ â¥¬ -
â¨ç¥áª®£® ®¦¨¤ ­¨ï ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï (§ ¬¥­ïï θ ­  p ¨
σ/
√

n ­ 
√

p̂n(1− p̂n)/√n), ­ å®¤¨¬ ¢¨¤ ¤®¢¥à¨â¥«ì­®£® ¨­â¥à¢ « 

p̂n − xα/2

√
p̂n(1− p̂n)

n
< p < p̂n + xα/2

√
p̂n(1− p̂n)

n
.
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� «   ¢   3
�������������� �������� �������

� ¯à®æ¥áá¥ á¢®¥© ¤¥ïâ¥«ì­®áâ¨ ¬¥­¥¤¦¥à ¯®áâ®ï­­® ¯à¨­¨¬ -
¥â à¥è¥­¨ï ­  ®á­®¢¥ ¯®áâã¯ îé¥© ª ­¥¬ã ¨­ä®à¬ æ¨¨. � ª ç¥-
áâ¢¥ §­ ç¨â¥«ì­®£®  à£ã¬¥­â  ¤«ï ¯®¤â¢¥à¦¤¥­¨ï á¢®¥£® à¥è¥­¨ï
®­ ç áâ® ¬®¦¥â ¨á¯®«ì§®¢ âì áâ â¨áâ¨ç¥áª¨©  ¯¯ à â, ­ §ë¢ ¥¬ë©
â¥®à¨¥© ¯à®¢¥àª¨ £¨¯®â¥§.

1. �ë¡®à ªà¨â¥à¨ï §­ ç¨¬®áâ¨

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ ï ¯®áâ ­®¢ª  § ¤ ç¨ ¯à®¢¥àª¨ £¨-
¯®â¥§ á®áâ®¨â ¢ á«¥¤ãîé¥¬. � ­  ¢ë¡®àª  ­¥§ ¢¨á¨¬ëå ­ ¡«î-
¤¥­¨© X1, . . . , Xn, ¨¬¥îé¨å äã­ªæ¨î à á¯à¥¤¥«¥­¨ï F (x, θ) á ­¥-
ª®â®àë¬ ­¥¨§¢¥áâ­ë¬ ¯ à ¬¥âà®¬ θ. � ¤® ¯à®¢¥à¨âì £¨¯®â¥§ã
H0 : θ ∈ �0, £¤¥ �0 | ¨­â¥à¥áãîé¥¥ ­ á ¬­®¦¥áâ¢® §­ ç¥­¨©
¯ à ¬¥âà  θ. � ¯à¨¬¥à, ¢ ª ç¥áâ¢¥ £¨¯®â¥§ H0 ¬®£ãâ ¡ëâì θ = θ0,
θ > θ0, θ < θ0 ¨ ¤àã£¨¥. � ª ç¥áâ¢¥  «ìâ¥à­ â¨¢ë H1 ¢ëáâã¯ ¥â
¯à®â¨¢®¯®«®¦­®¥ á®¡ëâ¨¥.

� áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à®¢ á«¥¤ãîé¨¥ § ¤ ç¨, ¢ ª®â®-
àëå ¯ à ¬¥âà θ ï¢«ï¥âáï ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬.

� ¤ ç  A1. �à®ï¢«¥­¨¥ ä®â®£à ä¨¨ ¯à¨ ¨§£®â®¢«¥­¨¨ ®¡ëç-
­® âà¥¡ã¥â 30 á. �ç¨â ¥âáï, çâ® ¨§¬¥­¥­¨¥ ¢à¥¬¥­¨ ãåã¤è ¥â ª -
ç¥áâ¢® ä®â®£à ä¨¨. �¥­¥¤¦¥à ª®à¯®à æ¨¨ ��� à¥è¨« ¯à®¢¥à¨âì
íâ® ãâ¢¥à¦¤¥­¨¥. � ª ç¥áâ¢¥ £¨¯®â¥§ë ¡¥à¥¬ H0: θ = θ0 = 30 á.

� ¤ ç  A2. �¥®¡å®¤¨¬® ¯à®¢¥à¨âì £¨¯®â¥§ã ® â®¬, çâ® à¥-
ª« ¬­ ï ª ¬¯ ­¨ï ã¢¥«¨ç¨«  á¯à®á ­  ¯à®¤ãªæ¨î. �ãáâì θ0 |
áà¥¤­¨© á¯à®á ­  ¯à®¤ãªæ¨î ¤® ¢ëå®¤  à¥ª« ¬ë. � ª ç¥áâ¢¥ £¨-
¯®â¥§ë ¡¥à¥¬ H0 : θ > θ0, â. ¥. á¯à®á ã¢¥«¨ç¨«áï,  «ìâ¥à­ â¨¢ 
H1 : θ ≤ θ0. �® ¤ ­­ë¬ ® ­ë­¥è­¥¬ á¯à®á¥ ¯à®¤ãªæ¨¨ ¯à®¢¥àï¥¬
£¨¯®â¥§ã H0.

� ¤ ç  A3. �ã¦­® ¯à®¢¥à¨âì £¨¯®â¥§ã ® â®¬, çâ® ¨§¬¥­¥­¨¥
â¥å­®«®£¨¨ ¯à¨¢¥«® ª ã¬¥­ìè¥­¨î áà¥¤­¨å § âà â θ ­  ¥¤¨­¨æã
¯à®¤ãªæ¨¨. � ª ç¥áâ¢¥ £¨¯®â¥§ë ¡¥à¥¬ H0 : θ < θ0, £¤¥ θ0 | ¯à¥¦-
­¨¥ áà¥¤­¨¥ § âà âë.

� ª ¯à®¢¥àï¥âáï ®¡ëç­® £¨¯®â¥§ ?
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� ¤ îâáï ­¥ª®â®à ï äã­ªæ¨ï ®â ­ ¡«î¤¥­¨©

T̂n = T̂ (X1, . . . , Xn),

­ §ë¢ ¥¬ ï â¥áâ®¢®© áâ â¨áâ¨ª®©, ¨ ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ C.
�á«¨ T̂n > C , â® ¯à¨­¨¬ ¥âáï  «ìâ¥à­ â¨¢ ,   ¢ ¯à®â¨¢­®¬ á«ã-
ç ¥ ¯à¨­¨¬ ¥âáï £¨¯®â¥§ . �ë¡®à §­ ç¥­¨ï C § ¢¨á¨â ®â ¬¥àë
¤®áâ®¢¥à­®áâ¨, á ª®â®à®© å®âïâ ¯à¨­ïâì £¨¯®â¥§ã.

� § ¤ ç å A1, A2 ¨ A3 ¢ ª ç¥áâ¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ ¥áâ¥-
áâ¢¥­­® ¢§ïâì ­®à¬¨à®¢ ­­®¥ ¢ë¡®à®ç­®¥ áà¥¤­¥¥ (¢à¥¬¥­¨ ¯à®-
ï¢«¥­¨ï ä®â®£à ä¨©, á¯à®á  ­  ¯à®¤ãªæ¨î ¨«¨ áâ®¨¬®áâ¨ ¥¤¨­¨-
æë ¯à®¤ãªæ¨¨).

� â¥¬ â¨ç¥áª¨ íâ® ¢á¥ ®¡« ç ¥âáï ¢ á«¥¤ãîéãî ä®à¬ã.
�¯à¥¤¥«ïîâáï ®¡« áâì ¤®¯ãáâ¨¬ëå §­ ç¥­¨©

D0 = {(X1, . . . , Xn) : T̂n < C},
¯à¨ ª®â®àëå ¯à¨­¨¬ ¥âáï £¨¯®â¥§ , ¨ ªà¨â¨ç¥áª ï ®¡« áâì ®âª«®-
­¥­¨ï £¨¯®â¥§ë

D1 = {(X1, . . . , Xn) : T̂n∈C}.

�à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë ¬ë ¬®¦¥¬ á®¢¥àè¨âì ®è¨¡ª¨ ¤¢®ïª®-
£® à®¤ :
| ®â¢¥à£­ãâì £¨¯®â¥§ã, ª®£¤  ®­  ¢¥à­ , | ®è¨¡ª  ¯¥à¢®£® à®¤ ,
| ¯à¨­ïâì £¨¯®â¥§ã, ª®£¤  ®­  ­¥ ¢¥à­ , | ®è¨¡ª  ¢â®à®£® à®¤ .

�¡®§­ ç¨¬ ¢¥à®ïâ­®áâì ®è¨¡ª¨ ¯¥à¢®£® à®¤  ç¥à¥§ α,   ¢¥à®-
ïâ­®áâì ®è¨¡ª¨ ¢â®à®£® à®¤  | ç¥à¥§ β.

�¡ëç­® ¢¥à®ïâ­®áâì α ®è¨¡ª¨ ¯¥à¢®£® à®¤  § ¤ ¥âáï ¨ ­ §ë-
¢ ¥âáï ãà®¢­¥¬ §­ ç¨¬®áâ¨. �® ¢¥à®ïâ­®áâ¨ α ¨ ¢ëç¨á«ï¥âáï ªà¨-
â¨ç¥áª®¥ §­ ç¥­¨¥ C = xα. �¡ëç­® ¡¥à¥âáï α = 0.1; 0.05; 0.001.
�à¨â¨ç¥áª¨¥ §­ ç¥­¨ï xα ­ å®¤ïâáï ¯® à á¯à¥¤¥«¥­¨î â¥áâ®¢®©
áâ â¨áâ¨ª¨ á ¯®¬®éìî â ¡«¨æ à á¯à¥¤¥«¥­¨ï ¨«¨ ¯ ª¥â®¢ áâ â¨-
áâ¨ç¥áª¨å ¯à®£à ¬¬. �¥à®ïâ­®áâ¨ β ®è¨¡ª¨ ¢â®à®£® à®¤  ã¤¥«ï-
¥âáï ­¥ áâ®«ì ¡®«ìè®¥ ¢­¨¬ ­¨¥. �­  ¨á¯®«ì§ã¥âáï ¤«ï  ­ «¨§ 
ª ç¥áâ¢  ¯à®æ¥¤ãàë ¯à®¢¥àª¨ £¨¯®â¥§ë.

� ª¨¬ ®¡à §®¬, à¥è îé ï ¯à®æ¥¤ãà , ­ §ë¢ ¥¬ ï ªà¨â¥à¨¥¬
¯à®¢¥àª¨ £¨¯®â¥§ë ¨¬¥¥â ¢¨¤:

K̂n = K(X1, . . . , Xn) = χ(T̂n > xα),
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£¤¥ χ(y > xα) | ¨­¤¨ª â®à­ ï äã­ªæ¨ï, ®¯à¥¤¥«ï¥¬ ï à ¢¥­áâ¢®¬

χ(y > xα) =
{

1, ¥á«¨ y > xα,
0, ¥á«¨ y < xα.

�á«¨ K̂n = 0 (â. ¥. T̂n < xα), â® ¯à¨­¨¬ ¥âáï £¨¯®â¥§  H0; ¥á«¨
K̂n = 1 (â. ¥. T̂n > xα), â® ¯à¨­¨¬ ¥âáï  «ìâ¥à­ â¨¢  H1 (â ª¨¬
®¡à §®¬, §­ ç¥­¨¥ K̂n á®¢¯ ¤ ¥â á ¨­¤¥ªá®¬ ¢¥«¨ç¨­ H0 ¨«¨ H1).

�¡ëç­® â¥áâ®¢ ï áâ â¨áâ¨ª  T̂n áâà®¨âáï ¯® ­¥ª®â®à®© ®æ¥­ª¥
θ̂n(X1, . . . , Xn). �¡à â¨¬áï ª ¯à¨¬¥à ¬.

�¥è¥­¨¥ § ¤ ç¨ A1. �ãáâì ¢ ¯à®æ¥áá¥ ¯à®¢¥àª¨ £¨¯®â¥§ë
θ0 = 30 ¯®«ãç¥­ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë. �à®ï¢«¥­¨¥ n = 25
ª ç¥áâ¢¥­­ëå ä®â®£à ä¨© ¯®âà¥¡®¢ «® ¢ áà¥¤­¥¬ �X = 31.8 á ¯à¨
áà¥¤­¥ª¢ ¤à â¨ç­®¬ ®âª«®­¥­¨¨ σ = 4 á. �ç¨â âì, çâ® ¢à¥¬ï ¯à®-
ï¢«¥­¨ï ä®â®£à ä¨© à á¯à¥¤¥«¥­® ¯® ­®à¬ «ì­®¬ã § ª®­ã, ¨ ãà®-
¢¥­ì §­ ç¨¬®áâ¨ ¢§ïâì α = 0.1.

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥âáï £¨¯®â¥§  H0 : θ = θ0 = 30
¯à®â¨¢  «ìâ¥à­ â¨¢ë θ 6= 30. � ª ç¥áâ¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ T̂n

¥áâ¥áâ¢¥­­® ¢§ïâì
T̂n =

√
n( �X − θ0)

σ
, (3.1)

â ª ª ª �X ï¢«ï¥âáï ­ ¨«ãçè¥© ®æ¥­ª®© ¯ à ¬¥âà  θ.
� ¤ ­­®© § ¤ ç¥ ­  ®âª«®­¥­¨¥ £¨¯®â¥§ë ¢«¨ïîâ ª ª ®ç¥­ì

¬ «ë¥, â ª ¨ ®ç¥­ì ¡®«ìè¨¥ áà®ª¨ ¯à®ï¢«¥­¨ï ä®â®£à ä¨¨. �®-
íâ®¬ã ¬ë ã¤ «ï¥¬ ª ª ¬ «ë¥, â ª ¨ ¡®«ìè¨¥ §­ ç¥­¨ï â¥áâ®¢®©
áâ â¨áâ¨ª¨ T̂n á à ¢­ë¬¨ ¢¥à®ïâ­®áâï¬¨ α/2. �®áª®«ìªã T̂n ¨¬¥-
¥â áâ ­¤ àâ­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥, â® ¥¥ ¯«®â­®áâì á¨¬-
¬¥âà¨ç­ , ¬ë ¡¥à¥¬ á ®¡¥¨å áâ®à®­ à ¢­ë¥ ªà¨â¨ç¥áª¨¥ §­ ç¥­¨ï
(à §­ë¥ ¯® §­ ªã) ¨ § ¤ ¥¬ ªà¨â¥à¨©

K̂n =
√

n| �X − θ0|
σ

> xα/2,

£¤¥

α/2 = 1√
2π

∫ −xα/2

−∞
exp{−t2/2}dt = 1√

2π

∫ ∞

xα/2

exp{−t2/2}dt. (3.2)

�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¯®«ãç ¥¬

T̂n =
√

n| �X − θ0|
σ

= 5(31.8− 30)
4 = 2.25 > xα/2 = x0.05 = 1.65,
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¨ £¨¯®â¥§  ®â¢¥à£ ¥âáï ¯à¨ α = 0.1.

� ¤ ç¨ ¯à®¢¥àª¨ £¨¯®â¥§ ® áà¥¤­¥¬ ­®à¬ «ì­®£® à á¯à¥¤¥«¥-
­¨ï ®¡ëç­® ¨¬¥îâ ®¤¨­ ¨§ âà¥å ¢¨¤®¢

H0 : θ = θ0; H1 : θ 6= θ0; K̂n = χ(|T̂n| > xα/2);

H0 : θ > θ0; H1 : θ ≤ θ0; K̂n = χ(T̂n < xα);

H0 : θ < θ0; H1 : θ ≥ θ0; K̂n = χ(T̂n > −xα).

� ª, ¥á«¨ ¯à¥¤¯®«®¦¨âì ¢ § ¤ ç¥ A2, çâ® ¯®á«¥ à¥ª« ¬­®©
ª ¬¯ ­¨¨ ¥¦¥¤­¥¢­ë© ®¡ê¥¬ ¯à®¤ ¦ ¡ë« X1, . . . , Xn, ¤¨á¯¥àá¨ï
¯à®¤ ¦ à ¢­  ¯à¨¬¥à­® σ2, ¨ ¤®¯ãáâ¨âì, çâ® ¢ë¡®àª  à á¯à¥¤¥-
«¥­  ¯® ­®à¬ «ì­®¬ã § ª®­ã, â® ¢ ª ç¥áâ¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨
¥áâ¥áâ¢¥­­® ¢§ïâì âã ¦¥ áâ â¨áâ¨ªã (3.1).

�à¨â¨ç¥áª ï ®¡« áâì à ¢­ 

D1 = {(X1, . . . , Xn) : T̂n < xα},
£¤¥ xα ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï

1− α = 1√
2π

∫ ∞

xα

exp{−t2/2}dt.

�à¨â¥à¨© §­ ç¨¬®áâ¨ K̂n ¨¬¥¥â ¢¨¤

K̂n = χ(T̂n < −xα),

£¤¥ äã­ªæ¨ï χ(Z) ®¡®§­ ç ¥â ¨­¤¨ª â®à á®¡ëâ¨ï Z, â. ¥. χ(Z) = 1,
¥á«¨ ¨¬¥¥â ¬¥áâ® á®¡ëâ¨¥ Z, ¨ χ(Z) = 0, ¥á«¨ Z ­¥ ¨¬¥¥â ¬¥áâ®.

� § ¤ ç¥ A3 ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ­ ¡«î¤¥­¨ï ¨¬¥îâ ­®à-
¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ á ¤¨á¯¥àá¨¥© σ2, â¥áâ®¢ ï áâ â¨áâ¨ª  T̂n

¨¬¥¥â ¢¨¤ (3.1), â. ¥. ¡ã¤¥â â ª®© ¦¥, ª ª ¨ ¢ § ¤ ç å A1 ¨ A2,  
ªà¨â¥à¨© §­ ç¨¬®áâ¨ | ¤àã£®©:

K̂n = χ(T̂n > 1− xα}),
£¤¥ xα ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢­¥­¨ï

α = 1√
2π

∫ −xα

−∞
exp{−t2/2}dt.
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� ª ã¦¥ ®â¬¥ç «®áì, ¯à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë ¢®§¬®¦­ë ®è¨¡-
ª¨ ¤¢ãå à®¤®¢ à®¤ : ®â¢¥à£­ãâì £¨¯®â¥§ã, ª®£¤  ®­  ¢¥à­  (®è¨¡ª 
¯¥à¢®£® à®¤ ), ¨ ¯à¨­ïâì £¨¯®â¥§ã, ª®£¤  ®­  ­¥ ¢¥à­  (®è¨¡ª 
¢â®à®£® à®¤ ).

�¥à®ïâ­®áâ¨ íâ¨å ®è¨¡®ª á®®â¢¥âáâ¢¥­­® à ¢­ë

αθ0 = Pθ0(K̂n = 1) = Pθ0(T̂n > xα),

βθ = Pθ(K̂n = 0) = Pθ(T̂n < xα).
� ª¨¬ ®¡à §®¬, ¢ ®¡®¨å á«ãç ïå ¬ë ®âª«®­ï¥¬ £¨¯®â¥§ã, ¥á«¨

â¥áâ®¢ ï áâ â¨áâ¨ª  T̂n ®ª §ë¢ ¥âáï ¢ ªà¨â¨ç¥áª®© ®¡« áâ¨, £¤¥
¢¥à®ïâ­®áâì ¯®ï¢«¥­¨ï ­ ¡«î¤¥­¨© ¯à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë
H0 ¬ « ,   ¯à¨ á¯à ¢¥¤«¨¢®áâ¨  «ìâ¥à­ â¨¢ë H1 ®­  áãé¥áâ¢¥­­®
¡®«ìè¥.

�à¨ ¤ ­­®¬ ªà¨â¥à¨¨ K̂n ®¯à¥¤¥«ï¥âáï ¬ ªá¨¬ «ì­® ¤®¯ãáâ¨-
¬ ï ®è¨¡ª  ¯¥à¢®£® à®¤ , ª®â®à ï ­ §ë¢ ¥âáï ãà®¢­¥¬ §­ ç¨¬®-
áâ¨.

�®á«¥ íâ®£® ® ª ç¥áâ¢¥ ªà¨â¥à¨ï áã¤ïâ ¯® §­ ç¥­¨ï¬ ¢¥à®ïâ-
­®áâ¥© ®è¨¡®ª ¢â®à®£® à®¤ .

�¨¯®â¥§  ¨  «ìâ¥à­ â¨¢  ¢ ¯à¨«®¦¥­¨ïå ¨£à îâ á®¢¥àè¥­­®
à §«¨ç­ãî à®«ì. �¥à®ïâ­®áâì ®è¨¡ª¨ ¯¥à¢®£® à®¤  | ®â¢¥à£­ãâì
£¨¯®â¥§ã ¯à¨ ¥¥ á¯à ¢¥¤«¨¢®áâ¨ | ¬ « . �¨¯®â¥§  ¯à¨ ¥¥ á¯à -
¢¥¤«¨¢®áâ¨ ®âª«®­ï¥âáï â®«ìª® ¯à¨ ®ç¥­ì ¬ «®¢¥à®ïâ­ëå á®¡ëâ¨-
ïå. �®íâ®¬ã ¯à¨­ïâ¨¥ £¨¯®â¥§ë ®§­ ç ¥â, çâ® ¢ ¯à¨­æ¨¯¥ § ¤ ç 
¬®¦¥â ¡ëâì ¯®¤¢¥à£­ãâ  ¤®¯®«­¨â¥«ì­®¬ã ¨áá«¥¤®¢ ­¨î (­ ¯à¨-
¬¥à, £¨¯®â¥§  ¬®¦¥â ¡ëâì ¯à¨­ïâ  ¨§-§  ­¥¤®áâ â®ç­®£® ®¡ê¥¬ 
¢ë¡®àª¨). � â® ¦¥ ¢à¥¬ï ®âª«®­¥­¨¥ £¨¯®â¥§ë ®¡ëç­® ­®á¨â ®ª®­-
ç â¥«ì­ë© å à ªâ¥à ¨ áç¨â ¥âáï, çâ® ¯à¨­ïâ ï  «ìâ¥à­ â¨¢  ­¥
­ã¦¤ ¥âáï ¢ ¤ «ì­¥©è¥¬ ¯®¤â¢¥à¦¤¥­¨¨. �¬¥­­® ¯®íâ®¬ã ¢ § -
¤ ç å A2 ¨ A3 ¬ë â ª¨¬ ®¡à §®¬ ¢§ï«¨  «ìâ¥à­ â¨¢ã ¨ £¨¯®â¥§ã.
�à¨­ïâ¨¥ £¨¯®â¥§ë ¡ã¤¥â ®§­ ç âì á®®â¢¥âáâ¢¥­­®, çâ® à¥ª« ¬­ ï
ª ¬¯ ­¨ï ­¥ ã¢¥«¨ç¨«  á¯à®á ­  â®¢ à ¨ áâ®¨¬®áâì ¬®«®ª  ¢®§à®-
á«  ¬¥­ìè¥, ç¥¬ ­  30%, çâ® âà ¤¨æ¨®­­® ¤«ï ­ è¥£® £®áã¤ àáâ¢ .
�­ «®£¨ç­® ¢ § ¤ ç å ¯à®¢¥àª¨ £¨¯®â¥§, çâ® «¥ª àáâ¢® íää¥ªâ¨¢-
­®, ¬ë ¡¥à¥¬ ¢ ª ç¥áâ¢¥ £¨¯®â¥§ë ¯à¥¤¯®«®¦¥­¨¥, çâ® «¥ª àáâ¢®
­¥íää¥ªâ¨¢­®. � ¢ áã¤¥¡­ëå íªá¯¥àâ¨§ å ­  ¢¨­®¢­®áâì ç¥«®¢¥ª 
¢ ª ç¥áâ¢¥ £¨¯®â¥§ë ¡¥à¥âáï, çâ® ç¥«®¢¥ª ­¥¢¨­®¢¥­.

� § ª«îç¥­¨¥ ®áâ ­®¢¨¬áï ¥é¥ ­  ®¤­®© ª« áá¨ä¨ª æ¨¨  «ì-
â¥à­ â¨¢ ¨ £¨¯®â¥§. �¨¯®â¥§  ¨  «ìâ¥à­ â¨¢  ¡ë¢ îâ ¯à®áâ®© ¨
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á«®¦­®©. �¨¯®â¥§  ¯à®áâ ï, ¥á«¨ ¯à®¢¥àï¥âáï, çâ® ¯ à ¬¥âà ¨¬¥-
¥â ®¤­® ª®­ªà¥â­®¥ §­ ç¥­¨¥. �á«¨ ¬­®¦¥áâ¢® ¢®§¬®¦­ëå §­ ç¥-
­¨© ¯ à ¬¥âà  ¡®«ìè¥ ®¤­®£®, â® £¨¯®â¥§  á«®¦­ ï. �­ «®£¨ç­®
|  «ìâ¥à­ â¨¢  ¯à®áâ ï, ¥á«¨ ¬­®¦¥áâ¢® ¥¥ ¢®§¬®¦­ëå §­ ç¥­¨©
á®áâ®¨â ¢á¥£® ¨§ ®¤­®© â®çª¨. � ¯à®â¨¢­®¬ á«ãç ¥  «ìâ¥à­ â¨¢ 
á«®¦­ ï.

2. �à®¢¥àª  £¨¯®â¥§ o ¯ à ¬¥âà å à á¯à¥¤¥«¥­¨ï

�®ª ¦¥¬, ª ª § ¤ çã A1 à¥è¨âì á ¯®¬®éìî ¤®¢¥à¨â¥«ì­®£®
®æ¥­¨¢ ­¨ï. �®áâà®¨¬ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¯ à ¬¥âà  θ:

(�x− xα/2σ/
√

n; �x + xα/2σ/
√

n) =
= (31.8− 1.64 · 4/5; 31.8 + 1.64 · 4/5) = (30.488; 33.112).

�¥«¨ç¨­  θ0 = 30, á®®â¢¥âáâ¢ãîé ï £¨¯®â¥§¥ H0, ­¥ ¯à¨­ ¤«¥¦¨â
¤ ­­®¬ã ¨­â¥à¢ «ã, ¯®íâ®¬ã ¬ë ®â¢¥à£ ¥¬ £¨¯®â¥§ã H0.

�¢«ï¥âáï «¨ ­¥¯à¨­ ¤«¥¦­®áâì ¯ à ¬¥âà  θ0 £¨¯®â¥§ë ¤®¢¥-
à¨â¥«ì­®¬ã ¨­â¥à¢ «ã ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ®â-
ª«®­¥­¨ï £¨¯®â¥§ë? �â¢¥â ãâ¢¥à¤¨â¥«ì­ë©. �¥©áâ¢¨â¥«ì­®, £¨¯®-
â¥§  ¯à¨ ¤ ­­®¬ ãà®¢­¥ §­ ç¨¬®áâ¨ α ¯à¨­¨¬ ¥âáï â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  §­ ç¥­¨¥ ¯ à ¬¥âà  θ0 ¯à¨­ ¤«¥¦¨â ¤®¢¥à¨â¥«ì­®¬ã
¨­â¥à¢ «ã á ãà®¢­¥¬ ¤®¢¥à¨ï 1− α.

�â® ¤®ª §ë¢ ¥âáï ¤®¢®«ì­® ¯à®áâ®. �à¨ § ¤ ­¨¨ xα/2 ¯® ãà®¢-
­î ¤®¢¥à¨ï 1− α ¬ë ¨áå®¤¨«¨ ¨§ ãà ¢­¥­¨ï

P
(√

n| �X − θ0|
σ

< xα/2

)
= 1− α

¨ ¯®ª §ë¢ «¨, çâ® á®®â­®è¥­¨¥

T̂n =
√

n| �X − θ0|
σ

< xα/2

íª¢¨¢ «¥­â­®

θ0 ∈ ( �X − xα/2σ/
√

n, �X + xα/2σ/
√

n).

�® ¢ëà ¦¥­¨¥ √n| �X− θ0|/σ § ¤ ¥â â¥áâ®¢ãî áâ â¨áâ¨ªã ªà¨â¥à¨ï
¯à®¢¥àª¨ £¨¯®â¥§ë H0: θ = θ0 ¯à®â¨¢  «ìâ¥à­ â¨¢ë H1: θ 6= θ0,
¯à¨ç¥¬ xα/2 § ¤ ¥âáï â¥¬ ¦¥ á ¬ë¬ ãà ¢­¥­¨¥¬ (3.2).
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� ª¨¬ ®¡à §®¬, ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ®¡é¨© ¯à¨­æ¨¯.
�á«¨ ¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ­ ªàë¢ ¥â §­ ç¥­¨¥ θ = θ0 £¨¯®-
â¥§ë, â® £¨¯®â¥§  ¯à¨­¨¬ ¥âáï. � ¯à®â¨¢­®¬ á«ãç ¥ £¨¯®â¥§ 
®âª«®­ï¥âáï.

� ª íâ®â ¯à¨­æ¨¯ ¤¥©áâ¢ã¥â ¢ á«ãç ¥ ®¤­®áâ®à®­­¨å  «ìâ¥à-
­ â¨¢? �ª §ë¢ ¥âáï, çâ® ¡ë¢ îâ ®¤­®áâ®à®­­¨¥ ¤®¢¥à¨â¥«ì­ë¥
¨­â¥à¢ «ë,   ¨¬¥­­® «¥¢ë© (−∞, �X + xασ/

√
n) á  «ìâ¥à­ â¨¢®©

H1: θ > θ0 ¨ ¯à ¢ë© ( �X−xασ/
√

n, ∞) á  «ìâ¥à­ â¨¢®© H1: θ < θ0.
� ª á«¥¤áâ¢¨¥, à ááã¦¤ ï  ­ «®£¨ç­®, ¬ë ¯®«ãç ¥¬ â¥áâ®¢ë¥

áâ â¨áâ¨ª¨ ¨ ¤«ï ¤àã£¨å § ¤ ç ¯à®¢¥àª¨ £¨¯®â¥§.
a) �à®¢¥àª  £¨¯®â¥§ë ® áà¥¤­¥¬ ­®à¬ «ì­®£® à á¯à¥-

¤¥«¥­¨ï á ­¥¨§¢¥áâ­®© ¤¨á¯¥àá¨¥©
�à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë H0: θ = θ0 ¯à®â¨¢  «ìâ¥à­ â¨¢ë H1:

θ 6= θ0 ªà¨â¥à¨© §­ ç¨¬®áâ¨ ¨¬¥¥â ¢¨¤

T̂n =
√

n| �X − θ0|
�s > tα/2,n−1,

£¤¥ tα/2,n−1 ­ å®¤¨âáï ¨§ â ¡«¨æ à á¯à¥¤¥«¥­¨ï �âìî¤¥­â  á n− 1
áâ¥¯¥­ï¬¨ á¢®¡®¤ë.

¡) �à®¢¥àª  £¨¯®â¥§ë ® ¢¥à®ïâ­®áâ¨ p ¡¨­®¬¨ «ì­®£®
à á¯à¥¤¥«¥­¨ï

�à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë H0: p = p0 ¯à®â¨¢  «ìâ¥à­ â¨¢ë H1:
p 6= p0 ªà¨â¥à¨© §­ ç¨¬®áâ¨ ¨¬¥¥â ¢¨¤

T̂n = |p̂n − p|√n√
p̂(1− p̂)

> xα/2,

£¤¥ xα/2 ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (3.2) ¨ ­ å®¤¨âáï ¨§ â ¡«¨æ
áâ ­¤ àâ­®£® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï.

¢) �à®¢¥àª  £¨¯®â¥§ë σ = σ0 ¯à®â¨¢  «ìâ¥à­ â¨¢ë
σ 6= σ0 ¢ á«ãç ¥ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï

�¨¯®â¥§  ¯à¨­¨¬ ¥âáï, ¥á«¨

χ2
ν,1−α/2 <

(n− 1)ŝ2

σ2
0

< χ2
ν,α/2.

�¥«¨ç¨­ë χ2
ν,α/2 ¨ χ2

ν,1−α/2, ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨î (2.11),
­ å®¤¨¬ á ¯®¬®éìî â ¡«¨æ χ2-à á¯à¥¤¥«¥­¨ï.
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�«ï ®¤­®áâ®à®­­¨å  «ìâ¥à­ â¨¢ ¢¨¤  θ > θ0 ªà¨â¥à¨¨ ®â«¨-
ç îâáï â®«ìª® â¥¬, çâ® ¢ â¥áâ®¢®© áâ â¨áâ¨ª¥ T̂n ã¡¨à ¥âáï ¬®¤ã«ì
¨ ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ xα/2 § ¬¥­ï¥âáï ­  xα.

�à¨ ¨á¯®«ì§®¢ ­¨¨ ¯ ª¥â®¢ áâ â¨áâ¨ç¥áª¨å ¯à®£à ¬¬ ®¡ëç­®
¨á¯®«ì§ã¥âáï ¯®­ïâ¨¥ p-§­ ç¥­¨ï (probability value) ¢¬¥áâ® ¯®­ï-
â¨ï ãà®¢­ï §­ ç¨¬®áâ¨. �¬¥­­® ®­® ®¡ëç­® ¯®ï¢«ï¥âáï ­  íªà ­¥
¬®­¨â®à .

p-§­ ç¥­¨¥ αp ï¢«ï¥âáï ­ ¨¡®«ìè¥© ¢¥à®ïâ­®áâìî ®è¨¡ª¨
¯¥à¢®£® à®¤ , ¯à¨ ª®â®à®© ¯à¨­¨¬ ¥âáï £¨¯®â¥§ .

� ª¨¬ ®¡à §®¬, ¯à ¢¨«® ¯à¨­ïâ¨ï £¨¯®â¥§ë â ª®¢®.
¢1) �á«¨ αp ¡®«ìè¥ ãà®¢­ï §­ ç¨¬®áâ¨ α ( αp > α), â® £¨¯®-

â¥§  H0 ¯à¨­¨¬ ¥âáï.
¢2) �á«¨ αp ¬¥­ìè¥ ãà®¢­ï §­ ç¨¬®áâ¨ α ( αp < α), â® £¨-

¯®â¥§  H0 ®â¢¥à£ ¥âáï.
�®ïá­¨¬ á¬ëá« p-§­ ç¥­¨ï. �® ¨áå®¤­ë¬ ¤ ­­ë¬ ¢ëç¨á«ï-

¥âáï §­ ç¥­¨¥ â¥áâ®¢®© áâ â¨áâ¨ª¨. �®¯ãáâ¨¬ ®­® à ¢­® t = T̂n.
�«ï íâ®£® t ­ å®¤¨¬ ¢¥à®ïâ­®áâì αp â ªãî, çâ®

P(T̂n > t) = αp. (3.3)

�â  ¢¥à®ïâ­®áâì αp ¨ ï¢«ï¥âáï p-§­ ç¥­¨¥¬.
� ª, ¢ ¯à¨¬¥à¥ A1 ¬ë ¯®«ãç¨«¨ t = 2.25, ®âáî¤ 

αp = P
(√

n
| �X − θ0|

σ
> 2.25

)
= 2√

2π

∫ ∞

2.25
exp{−s2/2}ds = 0.025.

� ª ª ª ¢ ãá«®¢¨¨ § ¤ ç¨ ãà®¢¥­ì §­ ç¨¬®áâ¨ α = 0.1 ¨, á«¥¤®¢ -
â¥«ì­®, α > αp, â® £¨¯®â¥§  H0 ®â¢¥à£ ¥âáï.

� ª ®¡®á­®¢ âì ãà ¢­¥­¨¥ (3.3), § ¤ îé¥¥ p-§­ ç¥­¨¥ αp? �«ï
íâ®£® ¤®áâ â®ç­® ®¡®á­®¢ âì ãâ¢¥à¦¤¥­¨ï ¢1) ¨ ¢2).

�§ ãà ¢­¥­¨ï
P(T̂n > xα) = α

¬ë ¢¨¤¨¬, çâ® ç¥¬ ¡®«ìè¥ xα, â¥¬ ¬¥­ìè¥ α, ¯®íâ®¬ã ¥á«¨
t = T̂n > xα, â® αp < α. � ¤àã£®© áâ®à®­ë, ­¥à ¢¥­áâ¢®
t = T̂n > xα ®§­ ç ¥â, çâ® §­ ç¥­¨¥ t â¥áâ®¢®© áâ â¨áâ¨ª¨ T̂n,
­ ©¤¥­­®¥ ¯® ¢ë¡®àª¥, ¯®¯ «® ¢ ªà¨â¨ç¥áªãî §®­ã, ¯®íâ®¬ã ¬ë
®â¢¥à£ ¥¬ £¨¯®â¥§ã ¨ â¥¬ á ¬ë¬ ¤®ª §ë¢ ¥¬ ¯ã­ªâ ¢2). �ã­ªâ ¢1)
¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
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£) �à®¢¥àª  £¨¯®â¥§ë ® à ¢¥­áâ¢¥ ¬ â¥¬ â¨ç¥áª¨å
®¦¨¤ ­¨© ¤¢ãå ­®à¬ «ì­® à á¯à¥¤¥«¥­­ëå á®¢®ªã¯­®áâ¥©

�®¢®«ì­® ç áâ® ¬¥­¥¤¦¥àã ¯à¨å®¤¨âáï áà ¢­¨¢ âì §­ ç¥­¨ï
áà¥¤­¨å ¤¢ãå ¢ë¡®à®ª, çâ®¡ë ¯à¨©â¨ ª ®¯à¥¤¥«¥­­®¬ã à¥è¥­¨î.
� ª, ­ ¯à¨¬¥à, ¢ § ¤ ç¥ A2, ¢ ¯à¨­æ¨¯¥, ¬ë ¤®«¦­ë ¡ë«¨ ¡ë áà ¢-
­¨¢ âì ç¨á«®¢ë¥ ¤ ­­ë¥ ® á¯à®á¥ ¤® ¨ ¯®á«¥ à¥ª« ¬­®© ª ¬¯ ­¨¨.
�àã£¨¬¨ ¯à¨¬¥à ¬¨ ï¢«ïîâáï ¯¥à¥ç¨á«¥­­ë¥ ­¨¦¥ § ¤ ç¨.

�¥©áâ¢¨â¥«ì­® «¨ ¢ ª®¬¯ ­¨¨ ¬ã¦ç¨­ë ¨ ¦¥­é¨­ë §  ®¤¨-
­ ª®¢ãî à ¡®âã ¨ ¯®«ãç îâ ®¤­ã ¨ âã ¦¥ § à ¡®â­ãî ¯« âã?

�¢«ï¥âáï «¨ ¯à®¤®«¦¨â¥«ì­®áâì ¦¨§­¨ ¯à®¤ãªæ¨¨ (â¥«¥¢¨§®-
à®¢, ª®¬¯ìîâ¥à®¢ ¨ â. ¯.) ¢ ¤¢ãå ª®¬¯ ­¨ïå ®¤¨­ ª®¢®©?

�¤¨­ ª®¢  «¨ ¢ áà¥¤­¥¬ áâ®¨¬®áâì ¯à®¤®¢®«ìáâ¢¥­­ëå â®¢ -
à®¢ ¢ ¤¢ãå ¬ £ §¨­ å ¨ â. ¯.?

�ãáâì ¤¢¥ ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë X ¨ Y à á¯à¥¤¥-
«¥­ë ­®à¬ «ì­® ¨ X ∈ N(mx, σ2

x), Y ∈ N(my, σ2
y). �ãáâì ¨¬¥îâáï

¤¢¥ ­¥§ ¢¨á¨¬ë¥ ¢ë¡®àª¨

X1, . . . , Xn1 , Y1, . . . , Yn2

®¡ê¥¬®¢ n1 ¨ n2 á®®â¢¥âáâ¢¥­­® ¤«ï X ¨ Y ¨

�X = 1
n1

n1∑

j=1
Xj , �Y = 1

n2

n2∑

j=1
Yj ,

s2
x = 1

n1

n1∑

j=1
(Xj − �X)2, s2

y = 1
n2

n2∑

j=1
(Yj − �Y )2.

�ã¦­® ¯à®¢¥à¨âì £¨¯®â¥§ã H0, á®áâ®ïéãî ¢ â®¬, çâ® EX = EY,
â. ¥.

H0 : mx = my.

�«ï ¯à®¢¥àª¨ £¨¯®â¥§ë H0 á«¥¤ã¥â ¢®á¯®«ì§®¢ âìáï à §«¨ç-
­ë¬¨ ªà¨â¥à¨ï¬¨ §­ ç¨¬®áâ¨ ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, ¨§¢¥áâ­ë ¨«¨
­¥ ¨§¢¥áâ­ë ¤¨á¯¥àá¨¨ á«ãç ©­ëå ¢¥«¨ç¨­ X ¨ Y. � áá¬®âà¨¬ ®¡ 
á«ãç ï.

£1) �ãáâì σx ¨ σy ¨§¢¥áâ­ë. � ª ª ª

�X ∈ N

(
mx,

σ2
x

n1

)
, �Y ∈ N

(
my,

σ2
y

n2

)
,
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  á«ãç ©­ë¥ ¢¥«¨ç¨­ë �X ¨ �Y ­¥§ ¢¨á¨¬ë, â®

σ2
( �X− �Y ) = D( �X − �Y ) = D �X + D �Y = σ2

x

n1
+

σ2
y

n2

(¤¨á¯¥àá¨ï à §­®áâ¨ à ¢­  áã¬¬¥ ¤¨á¯¥àá¨©, â ª ª ª ¯® á¢®©áâ¢ã
¤¨á¯¥àá¨© D(X) = D(−X)). �âáî¤  á«¥¤ã¥â, çâ®

�X − �Y ∈ N(mx −my, σ2( �X − �Y )).

�«ï ¯à®¢¥àª¨ £¨¯®â¥§ë H0 ¢ ª ç¥áâ¢¥ ªà¨â¥à¨ï à áá¬®âà¨¬ ¢¥«¨-
ç¨­ã

z =
�X − �Y√
σ2

x

n1
+

σ2
y

n2

. (3.4)

�á«¨ £¨¯®â¥§  H0 ¢¥à­  , â® z ∈ N(0, 1) ¨ ¢ ª ç¥áâ¢¥ ªà¨â¨ç¥áª®©
®¡« áâ¨ ¤«ï ¤¢ãáâ®à®­­¥©  «ìâ¥à­ â¨¢ë á«¥¤ã¥â ¢§ïâì ®¡« áâì
¡®«ìè¨å ¯® ¬®¤ã«î ®âª«®­¥­¨© z, â. ¥. |z| > xα/2, £¤¥ xα/2 ®¯à¥¤¥-
«ï¥âáï ¨§ (3.2),   α | ãà®¢¥­ì §­ ç¨¬®áâ¨.

�à¨¬¥à 3.1. �ãáâì �X = 18.4, �Y = 19 σ2
X = 1.2, σ2

Y = 3,
n1 = 20, n2 = 30. � ©¤¥¬ §­ ç¥­¨¥ ªà¨â¥à¨ï z:

z = 18.4− 19√
1.2/20 + 3/30

= −1.5.

�ãáâì α = 0.05, â®£¤  zα = 1.96, ¨ â ª ª ª |z| < zα(| − 1.5| < 1.96),
â® ¯à¨­¨¬ ¥¬ £¨¯®â¥§ã ® à ¢¥­áâ¢¥ ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨©.

�à¨¬¥à 3.2. �ãáâì �X = 18.4, �Y = 19, σ2
X = 24/25, σ2

Y = 12/5,
n1 = 20, n2 = 30. � íâ®¬ á«ãç ¥ z = 2.25 ¨ ¯à¨ α = 0.05, zα = 1.96
¯®«ãç ¥¬ |z| > zα ¨ ¯®íâ®¬ã £¨¯®â¥§ã H0 ®â¢¥à£ ¥¬.

£2) � áá¬®âà¨¬ £¨¯®â¥§ã H0: mx = my, ª®£¤  ¤¨á¯¥àá¨¨ σx

¨ σy ­¥ ¨§¢¥áâ­ë, ­® ¢ë¯®«­¥­® ãá«®¢¨¥

σ2
X = σ2

Y = σ2. (3.5)

�à¨ ¢ë¯®«­¥­¨¨ (3.5) ¢¥«¨ç¨­  z ¢ (3.4) ¯à¨­¨¬ ¥â ¢¨¤

ξ =
�X − �Y

σ

√
1
n1

+ 1
n2

, (3.6)
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¯à¨ç¥¬ ¯à¨ ¢ë¯®«­¥­¨¨ £¨¯®â¥§ë H0 á«ãç ©­ ï ¢¥«¨ç¨­ 
ξ ∈ N(0, 1). �®£« á­® ¯. 5£) £«. 2 á«ãç ©­ë¥ ¢¥«¨ç¨­ë η1 = n1s2

x/σ2

¨ η2 = n2s2
y/σ2 ¨¬¥îâ χ2-à á¯à¥¤¥«¥­¨¥ á®®â¢¥âáâ¢¥­­® á n1 − 1 ¨

n2 − 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë,   â ª ª ª X ¨ Y ­¥§ ¢¨á¨¬ë, â® η1 + η2
¨¬¥¥â χ2 { à á¯à¥¤¥«¥­¨¥ á n1 + n2 − 2 áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �®£¤ 
á ãç¥â®¬ ¯. 4¡) £«. 2 ¢¥«¨ç¨­ 

ξ
√

n1 + n2 − 2√
η1 + η1

(3.7)

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  á n1 + n2− 2 áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨
¥¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

t =
�X − �Y√

n1s2
x + n2s2

y

√
n1n2(n1 + n2 − 2)

n1 + n2
. (3.8)

� «¥¥ ¯®áâã¯ ¥¬ á«¥¤ãîé¨¬ ®¡à §®¬. � ¤ ¥¬ ãà®¢¥­ì §­ ç¨¬®áâ¨
α = 0.05; 0.01 ¨ â. ¤. ¨ § â¥¬ ¯® â ¡«¨æ¥ à á¯à¥¤¥«¥­¨ï �âìî¤¥­-
â  ­ å®¤¨¬ tα,k. �á«¨ §­ ç¥­¨ï |t| > tα,k, â® ®â¢¥à£ ¥¬ H0, ¥á«¨
|t| < tα,k, â® £®¢®à¨¬, çâ® £¨¯®â¥§  H0 ­¥ ¯à®â¨¢®à¥ç¨â ¤ ­­ë¬.

�à¨¬¥à 3.3. �ãáâì �X = 20.6, �Y = 21.6, α = 0.05,
σ2

X = 2.5, σ2
Y = 2, n1 = 10, n2 = 12. �ëç¨á«ï¥¬ ªà¨â¥à¨©

t = 1
7

√
10 · 20 · 12

22 ≈ 1.46,

­ å®¤¨¬ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë r = 10+12−2 = 20 ¨ ¯à¨ § ¤ ­­®¬
ãà®¢­¥ §­ ç¨¬®áâ¨ α = 0.05 ¯® â ¡«¨æ¥ à á¯à¥¤¥«¥­¨ï �âìî¤¥­â 
­ å®¤¨¬ t0.05,20 = 2.074. � ª ª ª |t| < t0.05,20, á«¥¤®¢ â¥«ì­®, ¢¥«¨-
ç¨­  t ¯®¯ ¤ ¥â ¢ ®¡« áâì ¤®¯ãáâ¨¬ëå §­ ç¥­¨©, ¨ ¬ë ¯à¨­¨¬ ¥¬
£¨¯®â¥§ã H0, â. ¥. áç¨â ¥¬, çâ® mx = my.

�à¨¬¥à 3.4. �ãáâì �X = 20.6, �Y = 21.6, q = 0.05, σ2
X =

0.625, σ2
Y = 0.4, n1 = 10, n2 = 12. �ëç¨á«ï¥¬ ªà¨â¥à¨© t = 2.92,

¨ â ª ª ª r = 20, t0.05,20 = 2.074, â® |t| > t0.05,20, ¯®íâ®¬ã £¨¯®â¥§ã
H0 ®â¢¥à£ ¥¬.
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¤) �à®¢¥àª  £¨¯®â¥§ë ® à ¢¥­áâ¢¥ ¤¨á¯¥àá¨© ¤¢ãå ­®à-
¬ «ì­® à á¯à¥¤¥«¥­­ëå á®¢®ªã¯­®áâ¥©

�ãáâì ã ­ á ¥áâì â  ¦¥ á ¬ ï ¯®áâ ­®¢ª  § ¤ ç¨, çâ® ¨ ¢ ¯à¥-
¤ë¤ãé¥¬ ¯ã­ªâ¥. � ­ë ¤¢¥ ¢ë¡®àª¨ ­¥§ ¢¨á¨¬ëå ­®à¬ «ì­® à á-
¯à¥¤¥«¥­­ëå á«ãç ©­ëå ¢¥«¨ç¨­ á ­¥¨§¢¥áâ­ë¬¨ ¬ â¥¬ â¨ç¥áª¨-
¬¨ ®¦¨¤ ­¨ï¬¨ ¨ ¤¨á¯¥àá¨ï¬¨. �â®¨â § ¤ ç  ¯à®¢¥àª¨ £¨¯®â¥§ë
® à ¢¥­áâ¢¥ ¤¨á¯¥àá¨©

H0 : σx = σy.

� ¤ ­­®© § ¤ ç¥ ¢ ª ç¥áâ¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ ¢®§ì¬¥¬

T̂n = s2
x/s2

y.

�â â¨áâ¨ª  T̂n ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �¨è¥à  á n1 − 1 ¨ n2 − 1 áâ¥-
¯¥­ï¬¨ á¢®¡®¤ë.

3. �à®¢¥àª  £¨¯®â¥§ë ® â¨¯¥ à á¯à¥¤¥«¥­¨ï

�® á¨å ¯®à ¬ë § ­¨¬ «¨áì ®æ¥­ª®© ¯ à ¬¥âà®¢ à á¯à¥¤¥«¥­¨ï
­¥ª®© á«ãç ©­®© ¢¥«¨ç¨­ë X, ¨¬¥ï n ­ ¡«î¤¥­¨© íâ®© ¢¥«¨ç¨­ë
X, ¨, ªà®¬¥ â®£®, ¢¨¤ à á¯à¥¤¥«¥­¨ï ­ ¬ ¡ë« ¨§¢¥áâ¥­. �  ¯à ª-
â¨ª¥ ¢®§­¨ª îâ § ¤ ç¨, ª®£¤  ¡ë¢ ¥â ­¥®¡å®¤¨¬® ¢ëï¢¨âì § ª®­
à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë X, ¨¬¥ï àï¤ ­ ¡«î¤¥­¨© íâ®©
¢¥«¨ç¨­ë X. �á«¨ § ª®­ à á¯à¥¤¥«¥­¨ï ­¥¨§¢¥áâ¥­, ­® ¥áâì ®á­®-
¢ ­¨ï ¯à¥¤¯®« £ âì, çâ® ®­ ¨¬¥¥â ®¯à¥¤¥«¥­­ë© ¢¨¤ (­ ¯à¨¬¥à
­®à¬ «ì­ë©), â® ¢ ª ç¥áâ¢¥ £¨¯®â¥§ë ¢ëáâã¯ ¥â ãâ¢¥à¦¤¥­¨¥ ® ¢¨-
¤¥ (­ ¯à¨¬¥à ­®à¬ «ì­®¬) à á¯à¥¤¥«¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë X.
� ª¨¬¨ ¦¥ ¯®«ì§ãîâáï ªà¨â¥à¨ï¬¨ ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë ® ¢¨¤¥
à á¯à¥¤¥«¥­¨ï ? �à¨­æ¨¯ ¯à¨¬¥­¥­¨ï ªà¨â¥à¨¥¢ á®£« á¨ï á®áâ®¨â
¢ á«¥¤ãîé¥¬: ¯® ¢ë¡®à®ç­ë¬ ¤ ­­ë¬ x1, x2, . . . áâà®¨âáï ­¥ª®â®-
à ï á«ãç ©­ ï ¢¥«¨ç¨­  v (¬¥à  à áå®¦¤¥­¨ï), å à ªâ¥à¨§ãîé ï
áâ¥¯¥­ì à áå®¦¤¥­¨ï â¥®à¥â¨ç¥áª®£® ¨ í¬¯¨à¨ç¥áª®£® à á¯à¥¤¥«¥-
­¨©. �â  á«ãç ©­ ï ¢¥«¨ç¨­  ¬®¦¥â ¡ëâì ¯®áâà®¥­  à §«¨ç­ë¬¨
á¯®á®¡ ¬¨, ¯à¨ç¥¬ ª ¦¤ë© á¯®á®¡ ¯®áâà®¥­¨ï ®§­ ç ¥â ¯à¨¬¥­¥-
­¨¥ â®£® ¨«¨ ¨­®£® ªà¨â¥à¨ï. � ª®­ à á¯à¥¤¥«¥­¨ï íâ®© á«ãç ©­®©
¢¥«¨ç¨­ë v § ¢¨á¨â ®â à á¯à¥¤¥«¥­¨ï ¨áª®¬®© ¢¥«¨ç¨­ë X ¨ ®â
®¡ê¥¬  ¢ë¡®àª¨ n.
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a) �à¨â¥à¨© χ2 (�¨àá®­ )
� ¨¡®«¥¥ ã¯®âà¥¡¨â¥«ì­®© ¬¥à®© à áå®¦¤¥­¨ï ï¢«ï¥âáï ¢¥-

«¨ç¨­  χ2,   ªà¨â¥à¨©, ¨á¯®«ì§ãîé¨© íâã ¢¥«¨ç¨­ã χ2, ­ §ë¢ îâ
á®®â¢¥âáâ¢¥­­® ªà¨â¥à¨¥¬ χ2 (å¨-ª¢ ¤à â).

�«ãç ©­ ï ¢¥«¨ç¨­  χ2 (¬¥à  à áå®¦¤¥­¨ï) ¯à¥¤áâ ¢«ï¥â á®-
¡®© áã¬¬ã ª¢ ¤à â®¢ à §­®áâ¥© ¬¥¦¤ã ­ ¡«î¤¥­­ë¬¨ ç áâ®â -
¬¨ ¨ ¨áâ¨­­ë¬¨ (¥á«¨ § ª®­ à á¯à¥¤¥«¥­¨ï § ¤ ­), ¤¥«¥­­ë¬¨ ­ 
¨áâ¨­­ë¥ ç áâ®âë :

χ2 =
k∑

i=1

(νi − npi)2

npi
. (3.9)

�¤¥áì ¢á¥ ¢ë¡®à®ç­ë¥ §­ ç¥­¨ï x1, x2, . . ., xn á£àã¯¯¨à®¢ ­ë
¢ k ¨­â¥à¢ «®¢, νi | ç¨á«® ­ ¡«î¤¥­¨© ¯®¯ ¢è¨å ¢ i-© ¨­â¥à¢ «,
  pi | ¢¥à®ïâ­®áâì ¯®¯ ¤ ­¨ï X ¢ i-© ¨­â¥à¢ « ¢ ¯à¥¤¯®«®¦¥­¨¨,
çâ® £¨¯®â¥§  H0 ¢¥à­ . �á«¨ §­ ç¥­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë «¥¦ â
¢ ¯à¥¤¥« å A ≤ X ≤ B, â® £à ­¨æë k ¨­â¥à¢ «®¢ § ¯¨è¥¬ ¢ ¢¨¤¥
(ei, ei+1), i = 1, 2, . . . , k, ¯à¨ç¥¬ e1 = A, ek+1 = B.

�¥à®ïâ­®áâì pi ¯®¯ ¤ ­¨ï á«ãç ©­®© ¢¥«¨ç¨­ë X, ¨¬¥îé¥©
¯«®â­®áâì à á¯à¥¤¥«¥­¨ï f(x), ¢ i-© ¨­â¥à¢ « á £à ­¨æ ¬¨
ei ÷ ei+1 ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

pi =
∫ ei+1

ei

f(x)dx ¨«¨ pi = F (ei+1)− F (ei),

£¤¥ F (x) | äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï X. � íâ®¬ á«ãç ¥ ¢¥«¨ç¨­ 
npi ¥áâì ­¥ çâ® ¨­®¥, ª ª \â¥®à¥â¨ç¥áª®¥ áà¥¤­¥¥" ç¨á«  ¯®¯ ¤ ­¨©
¢ i-© ¨­â¥à¢ « ¯à¨ n ­ ¡«î¤¥­¨ïå.

�­£«¨©áª¨¬ áâ â¨áâ¨ª®¬ �. �¨àá®¬ ¤®ª § ­®, çâ® ¯à¨ ¤®áâ -
â®ç­® ¡®«ìè®¬ n § ª®­ à á¯à¥¤¥«¥­¨ï íâ®© áã¬¬ë χ2 ¯à ªâ¨ç¥-
áª¨ ­¥ § ¢¨á¨â ­¨ ®â ¯à¥¤¯®« £ ¥¬®£® â¥®à¥â¨ç¥áª®£® § ª®­ , ­¨
®â ç¨á«  ­ ¡«î¤¥­¨© n ¨ ¯à¨ n →∞ ¯à¨¡«¨¦ ¥âáï ª ¨§¢¥áâ­®¬ã
¢ â¥®à¨¨ ¢¥à®ïâ­®áâ¥© § ª®­ã à á¯à¥¤¥«¥­¨ï χ2 á k − 1 áâ¥¯¥­ï¬¨
á¢®¡®¤ë.

�¨á«® áâ¥¯¥­¥© á¢®¡®¤ë r íâ®£® à á¯à¥¤¥«¥­¨ï χ2 à ¢­® à §-
­®áâ¨ ¬¥¦¤ã ç¨á«®¬ ¨­â¥à¢ «®¢ k ¨ ç¨á«®¬ ­¥§ ¢¨á¨¬ëå ãá«®¢¨©
(á¢ï§¥©). �¤­®© â ª®© á¢ï§ìî ¢á¥£¤  ï¢«ï¥âáï âà¥¡®¢ ­¨¥

p∗1 + p∗2 + · · ·+ p∗k = 1, £¤¥ p∗i = νi

n
.
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�á«¨ ¯à®¢¥àï¥¬ë© § ª®­ à á¯à¥¤¥«¥­¨ï § ¢¨á¨â ®â j ¯ à ¬¥-
âà®¢, â® ¨å ®æ¥­¨¢ îâ ­  ®á­®¢ ­¨¨ â®© ¦¥ ¢ë¡®àª¨, ¨ ¯à¨ íâ®¬
ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë ã¬¥­ìè ¥âáï ­  j ¨ à ¢­® k − 1− j.

� ¯à¨¬¥à, ¥á«¨ ¯à®¢¥àï¥âáï ¯à¨­ ¤«¥¦­®áâì ¢ë¡®àª¨ ª ­®à-
¬ «ì­®© á®¢®ªã¯­®áâ¨, â® á«¥¤ã¥â ­ ©â¨ ®æ¥­ª¨ ¬ â¥¬ â¨ç¥áª®£®
®¦¨¤ ­¨ï ¨ ¤¨á¯¥àá¨¨,   ¤«ï íâ®£®, ª ª ¨§¢¥áâ­®, ¨á¯®«ì§ãîâáï
¢ë¡®à®ç­®¥ áà¥¤­¥¥ �x ¨ ¢ë¡®à®ç­ ï ¤¨á¯¥àá¨ï s2.

�á«¨ ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ­ë ¢ ¢¨¤¥ â ¡«¨æë, ¢ ª®â®à®© ãª -
§ ­ë £à ­¨æë ei÷ei+1 ¨­â¥à¢ «®¢, ¨ νi, i = 1, . . . , k, | ª®«¨ç¥áâ¢®
­ ¡«î¤¥­¨©, ¯®¯ ¢è¨å ¢ íâ¨ ¨­â¥à¢ «ë, â® ¢ë¡®à®ç­ë¥ ®æ¥­ª¨ �x
¨ σ2 ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬

�x =
k∑

i=1
x∗i p

∗
i , s2 =

k∑

i=1
(x∗i − �x)2p∗i =

k∑

i=1
(x∗i )2p∗i − �x2,

£¤¥ x∗i | áà¥¤­¥¥ §­ ç¥­¨¥ i-£® ¨­â¥à¢ «  x∗i = (ei+1 +ei)/2. � íâ®¬
á«ãç ¥ ç¨á«® ¢á¥å á¢ï§¥© à ¢­® 3, ¯®íâ®¬ã ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë
r = k − 3.

�á­®, çâ® ¥á«¨ ¢ëç¨á«¥­­ ï ¬¥à  à áå®¦¤¥­¨ï ¡ã¤¥â á«¨è-
ª®¬ ¡®«ìè®©, â® ¢ë¡à ­­®¥ â¥®à¥â¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ­ ¢¥à­ï-
ª  ­¥ á®£« áã¥âáï á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨. �®¯à®á ® â®¬,
ª ª®© ¤®«¦­  ¡ëâì ¢¥«¨ç¨­  χ2, çâ®¡ë â¥®à¥â¨ç¥áª®¥ à á¯à¥¤¥-
«¥­¨¥ ¡ë«® á®£« á­® á íªá¯¥à¨¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨, § ¢¨á¨â ®â
¢ë¡à ­­®© ¤®¢¥à¨â¥«ì­®© ¢¥à®ïâ­®áâ¨ β (¨«¨ ãà®¢­ï §­ ç¨¬®áâ¨
α = 1 − β), ª®â®à ï ¢ë¡¨à ¥âáï ®¡ëç­® 0.95 (ãà®¢¥­ì §­ ç¨¬®áâ¨
0.05).

�ãáâì ãà®¢¥­ì §­ ç¨¬®áâ¨ § ¤ ­ α. �®£¤  ¯à¨¬¥­¥­¨¥ ªà¨â¥-
à¨ï �¨àá®­  § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. �¯à¥¤¥«ï¥¬ ç¨á«® áâ¥-
¯¥­¥© á¢®¡®¤ë r, ¯à¨ ãà®¢­¥ §­ ç¨¬®áâ¨ α ­ å®¤¨¬ ¯® â ¡«¨æ ¬
χ2-à á¯à¥¤¥«¥­¨ï §­ ç¥­¨¥ χ2

α,r, â ª®¥, çâ®

P (χ2 ≥ χ2
α,r) = α. (3.10)

�ëç¨á«ï¥¬ ¢¥«¨ç¨­ã χ2 ¯® ä®à¬ã«¥ (3.9). �á«¨ ®ª § «®áì, çâ®
χ2 ≥ χ2

α,r, â®, â ª ª ª íâ® á®¡ëâ¨¥ ¨¬¥¥â ¢¥à®ïâ­®áâì α (á¬. ä®à-
¬ã«ã (3.10)), ¬ë ®â¢¥à£ ¥¬ ¯à®¢¥àï¥¬ãî £¨¯®â¥§ã ¨ £®¢®à¨¬, çâ®
¢ë¡à ­­®¥ â¥®à¥â¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥ ­¥ á®£« áã¥âáï á íªá¯¥à¨-
¬¥­â «ì­ë¬¨ ¤ ­­ë¬¨.

�á«¨ ¦¥ χ2 ≤ χ2
α,r, â® ¯à¨­¨¬ ¥âáï £¨¯®â¥§  ® á®£« á®¢ ­­®áâ¨

â¥®à¥â¨ç¥áª®£® ¨ áâ â¨áâ¨ç¥áª®£® à á¯à¥¤¥«¥­¨©.
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�®§¬®¦¥­ ¤àã£®© ¯®¤å®¤ ª ¯®­ïâ¨î á®£« á®¢ ­­®áâ¨ â¥®à¥â¨-
ç¥áª®£® ¨ ¢ë¡®à®ç­®£® à á¯à¥¤¥«¥­¨©. �ëç¨á«¨¬ χ2 ¯® ä®à¬ã«¥
(3.9) ¨ ®¡®§­ ç¨¬ C = χ2, á®áç¨â ¥¬ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë r ¨
­ ©¤¥¬ ¯® â ¡«¨æ ¬ χ2-à á¯à¥¤¥«¥­¨ï p-§­ ç¥­¨¥ (αp), â ª®¥, çâ®

~F (C) = 1− αp.

�¤¥áì ~F (x) | χ2-à á¯à¥¤¥«¥­¨¥. �¥«¨ç¨­  αp ¡®«¥¥ â®ç­® ®âà ¦ -
¥â áâ¥¯¥­ì á®£« á¨ï â¥®à¥â¨ç¥áª®£® ¨ í¬¯¨à¨ç¥áª®£® § ª®­®¢. �à¨
αp ≥ α ¬ë ¯à¨­¨¬ ¥¬ ¯à®¢¥àï¥¬ãî £¨¯®â¥§ã, ¢ ¯à®â¨¢­®¬ á«ãç ¥
®â¢¥à£ ¥¬ ¥¥.

�«ï ¯à¨¬¥­¥­¨ï ªà¨â¥à¨ï �¨àá®­  ¢ ®¡é¥¬ á«ãç ¥ ­¥®¡å®¤¨-
¬®, çâ®¡ë ç¨á«® ­ ¡«î¤¥­¨© n ¡ë«® ¤®áâ â®ç­® ¢¥«¨ª® (¯à ªâ¨-
ç¥áª¨ n ≤ 50 ÷ 60) ¨ çâ®¡ë ç¨á«¥­­®áâì ª ¦¤®£® ¨­â¥à¢ «  ¡ë« 
­¥ ¬¥­ìè¥ 5. �á«¨ ¢ ª ª¨å-â® ¨­â¥à¢ « å ®ª ¦¥âáï ¬¥­ìè¥ 5 ­ -
¡«î¤¥­¨©, â® á«¥¤ã¥â ®¡ê¥¤¨­¨âì íâ¨ ¨­â¥à¢ «ë.

�à¨¬¥à 3.5. � â ¡«. 3.1 ¯à¨¢¥¤¥­ë ®âª«®­¥­¨ï ei ®â § ¤ ­-
­®£® à §¬¥à  n = 160 ¤¥â «¥©, ®¡à ¡®â ­­ëå ­  áâ ­ª¥. �à®¢¥-
à¨âì, ¨á¯®«ì§ãï ªà¨â¥à¨© χ2, £¨¯®â¥§ã ® á®£« á¨¨ ­ ¡«î¤¥­¨© á
§ ª®­®¬ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï, ¯à¨­ï¢ ãà®¢¥­ì §­ ç¨¬®áâ¨
à ¢­ë¬ α = 0, 05.

�   ¡ « ¨ æ   3.1

ei ÷ ei+1 νi li ÷ li+1 �(li) pi npi χ2
i

−15÷−10 10 −∞ ÷−1.66 −0.500 0.048 7.75 0.65
−10÷− 5 16 −1.66÷−0.99 −0.452 0.113 18.02 0.23
− 5÷ 0 32 −0.99÷−0.31 −0.339 0.221 35.36 0.32

0÷ 5 48 −0.31÷ 0.37 0.144 0.262 41.95 0.87
5÷ 10 28 0.37÷ 1.05 0.353 0.209 33.42 0.88

10÷ 15 20 1.05÷ 1.73 0.458 0.105 16.81 0.61
15÷ 20 6 1.73÷ ∞ 0.500 0.042 6.69 0.07∑

160 1.000 160 3.63

�¥è¥­¨¥. �ã¤¥¬ áç¨â âì, çâ® ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ â¥®-
à¥â¨ç¥áª®£® ­®à¬ «ì­®£® § ª®­  à ¢­® ¢ë¡®à®ç­®¬ã áà¥¤­¥¬ã �x,  
¤¨á¯¥àá¨ï | ¢ë¡®à®ç­®© ¤¨á¯¥àá¨¨ s2. � å®¤¨¬ ¨å ¯® ä®à¬ã« ¬
( x∗i | á¥à¥¤¨­  i-£® ¨­â¥à¢ « )

m ≈ �x =
7∑

i=1
x∗i p

∗
i = 2.265,

7∑

i=1
x∗i

2p∗i = 59.45, p∗i = νi

n
,
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σ2 ≈ s2 =
7∑

i=1
x∗i

2p∗i − �x2 = 54.32, σ = 7.37.

�­ ï ¯ à ¬¥âàë ­®à¬ «ì­®£® § ª®­  m = 2.265, σ = 7.37,
­ å®¤¨¬ ¢¥à®ïâ­®áâ¨ ¯®¯ ¤ ­¨ï ¢ ¨­â¥à¢ « ei ÷ ei+1 ¯® ä®à¬ã«¥

pi = �(li+1)− �(li), li = ei −m

σ
,

£¤¥ �(x) = 1√
2π

x∫
0

e−t2/2dt | äã­ªæ¨ï � ¯« á , ¯à¨ç¥¬ ¢¬¥áâ® ­ -
ç «  ¯¥à¢®£® ¨­â¥à¢ «  l1 ¢®§ì¬¥¬ −∞,   ¢¬¥áâ® ª®­æ  ¯®á«¥¤­¥£®
¨­â¥à¢ «  l8 ¢®§ì¬¥¬ ∞. �ëç¨á«¥­¨ï á¢®¤¨¬ ¢ â ¡«. 3.1.

�â ª, χ2 = 3.63. �¯à¥¤¥«¨¬ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë. �¨á«®
¨­â¥à¢ «®¢ k = 7,   ç¨á«® ¢á¥å á¢ï§¥© âà¨, â ª ª ª ¯® íªá¯¥à¨¬¥­-
â «ì­ë¬ ¤ ­­ë¬ ¬ë ®¯à¥¤¥«¨«¨ ¤¢  ¯ à ¬¥âà  (m ¨ σ) ¯«îá ¥é¥
®¤­® ®¡ï§ â¥«ì­®¥ ãá«®¢¨¥

7∑

i=1
p∗i = 1,

¯®íâ®¬ã r = 7 − 3 = 4. �® â ¡«¨æ¥ ¤«ï r = 4 ¯à¨ α = 0.05 ¯®«ã-
ç ¥¬ χ2

0.05, 4 = 9.5. � ª ª ª ¯®«ãç¥­­®¥ χ2 < χ2
0.05, 4, ¤¥©áâ¢¨â¥«ì­®

3.63 < 9.5, â® ¬ë ¯à¨­¨¬ ¥¬ ¯à®¢¥àï¥¬ãî £¨¯®â¥§ã, â. ¥. áç¨â ¥¬,
çâ® ¨áå®¤­ë¥ ¤ ­­ë¥ ¯à¨¬¥à  ¯®¤ç¨­ïîâáï ­®à¬ «ì­®¬ã § ª®­ã.

�®¦­® ­ ©â¨ αp, ª®â®à®¥ ®â¢¥ç ¥â ¯®«ãç¥­­®¬ã χ2 = 3.63, ®­®
à ¢­® αp = 0.46. � ª ª ª αp > α, â® ¯à®¢¥àï¥¬ãî £¨¯®â¥§ã ¯à¨­¨-
¬ ¥¬, ¨ ïá­®, çâ® á®£« á®¢ ­¨¥ ­®à¬ «ì­®£® § ª®­  á à¥§ã«ìâ â ¬¨
­ ¡«î¤¥­¨© å®à®è¥¥.

�®«ìè¨¬ ¯à¥¨¬ãé¥áâ¢®¬ à áá¬ âà¨¢ ¥¬®£® ¬¥â®¤  ï¢«ï¥âáï
â®, çâ® ®¤­¨ ¨ â¥ ¦¥ â ¡«¨ç­ë¥ §­ ç¥­¨ï ¨á¯®«ì§ãîâáï ¯à¨ «î¡®¬
n ¨ «î¡ëå ¢¥à®ïâ­®áâïå pi. �¤¨­áâ¢¥­­®© ¯¥à¥¬¥­­®© ï¢«ï¥âáï
ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë r. �à¨ íâ®¬ á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨-
¢¥¤¥­­ë¥ ¢ â ¡«¨æ¥ §­ ç¥­¨ï ­¥ ï¢«ïîâáï  ¡á®«îâ­® â®ç­ë¬¨ ¢®
¢á¥å á«ãç ïå: íâ® ¯à¨¡«¨¦¥­­ë¥ §­ ç¥­¨ï, á¯à ¢¥¤«¨¢ë¥ «¨èì
¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å §­ ç¥­¨ïå n. �®áâ â®ç­® ¡®«ìè¨¬¨ ¬®¦-
­® áç¨â âì â ª¨¥ §­ ç¥­¨ï n, ¤«ï ª®â®àëå «î¡®¥ ¨§ npi ­¥ ¬¥­ìè¥
5; ®¤­ ª®, çâ®¡ë ¯®¢ëá¨âì ­ ¤¥¦­®áâì ªà¨â¥à¨ï, «ãçè¥ ¡à âì npi

§­ ç¨â¥«ì­® ¡®«ìè¨¬¨. �á«¨ ¦¥ n § à ­¥¥ ®£à ­¨ç¥­®, â® ­¥«ì§ï
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¢ë¡¨à âì k á«¨èª®¬ ¡®«ìè¨¬, â ª ª ª â®£¤  ¡ã¤ãâ ¬ «ë¬¨ ¢¥«¨-
ç¨­ë npi ¨ ­¥ãáâ®©ç¨¢ë¬¨ §­ ç¥­¨ï χ2.

¡) �à¨â¥à¨© á®£« á¨ï �®«¬®£®à®¢  | �¬¨à­®¢ 
�ãáâì x1, x2, . . ., xn | ¢ë¡®àª . �®áâà®¨¬ í¬¯¨à¨ç¥áªãî

äã­ªæ¨î à á¯à¥¤¥«¥­¨ï F ∗n(x) = νn(x)/n, £¤¥ νn(x) à ¢­® ª®«¨-
ç¥áâ¢ã í«¥¬¥­â®¢ ¢ë¡®àª¨, ¬¥­ìè¨å ç¥¬ x. �à®¢¥à¨¬ £¨¯®â¥§ã
H0 ® â®¬, çâ® ¢ë¡®àª  ¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¡«î¤¥­¨ï á«ãç ©­®©
¢¥«¨ç¨­ë X á ­¥¯à¥àë¢­®© äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï F (x) , ª®â®-
à ï ­¥ á®¤¥à¦¨â ­¥¨§¢¥áâ­ëå ¯ à ¬¥âà®¢. �«ï ¯à®¢¥àª¨ £¨¯®â¥§ë
¢®á¯®«ì§ã¥¬áï áâ â¨áâ¨ª®© �®«¬®£®à®¢ 

Kn =
√

n sup
−∞<x<∞

|F ∗n(x)− F (x)|. (3.11)

�®¦­® ¯®ª § âì, çâ® ¤«ï «î¡®© ­¥¯à¥àë¢­®© äã­ªæ¨¨ à á¯à¥¤¥-
«¥­¨ï F (x)

lim
n→∞

P(Kn < x) = K(x), £¤¥ K(x) =
∞∑

k=−∞
(−1)ke−2x2k2

, x ≥ 0.

�¬¥îâáï â ¡«¨æë §­ ç¥­¨© äã­ªæ¨¨ K(x).
�à ¢¨«® ¯à®¢¥àª¨ £¨¯®â¥§ë á«¥¤ãîé¥¥. �ëç¨á«ï¥¬ Kn ¯®

ä®à¬ã«¥ (3.11). � ¤ ¥¬áï ãà®¢­¥¬ §­ ç¨¬®áâ¨ α ¨ ¯® â ¡«¨æ ¬
à á¯à¥¤¥«¥­¨ï K(x) ­ å®¤¨¬ λα, â ª®¥, çâ® K(λα) = 1 − α. �á«¨
­ ©¤¥­­ ï ¢¥«¨ç¨­  Kn â ª®¢ , çâ® Kn ≤ λα, â® à áå®¦¤¥­¨¥ ¬¥-
¦¤ã F ∗n(x) ¨ F (x) ¯à¨§­ ¥âáï ®¡ãá«®¢«¥­­ë¬ á«ãç ©­®áâìî ­ -
¡«î¤¥­¨©, ¨ ¯®íâ®¬ã £¨¯®â¥§  H0, á®áâ®ïé ï ¢ â®¬, çâ® § ª®­
à á¯à¥¤¥«¥­¨ï ­ ¡«î¤¥­¨© ¥áâì F (x), ¯à¨§­ ¥âáï á®£« á®¢ ­­ë¬
á íªá¯¥à¨¬¥­â®¬. � ¯à®â¨¢­®¬ á«ãç ¥ £¨¯®â¥§  H0 ®â¢¥à£ ¥âáï.

�­£«¨©áª¨¥  ­ «®£¨ àãááª¨å â¥à¬¨­®¢
¢ ®æ¥­¨¢ ­¨¨ ¨ ¯à®¢¥àª¥ £¨¯®â¥§

®æ¥­ª  | estimate, estimator,
á¬¥é¥­¨¥ | bias,
¤®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « | con�dence interval,
ãà®¢¥­ì ¤®¢¥à¨ï | con�dence level,
ãà®¢¥­ì §­ ç¨¬®áâ¨ | signi�cant level,
ª¢ ¤à â¨ç­ë© à¨áª | mean | squared error,
ª®­âà®«ì­ ï ª àâ  | control chart,
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£¨¯®â¥§  | hypothesis,
¯à®¢¥àª  £¨¯®â¥§ | hypothesis testing,
­ã«¥¢ ï £¨¯®â¥§  | null hypothesis,
 «ìâ¥à­ â¨¢  | alternative hypothesis,
®è¨¡ª  ¯¥à¢®£® à®¤  | type I error,
®è¨¡ª  ¢â®à®£® à®¤  | type II error,
®¤­®áâ®à®­­¨© ªà¨â¥à¨© | one-tailed test,
¤¢ãáâ®à®­­¨© ªà¨â¥à¨© | two-tailed test,
ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ | critical value,
p-§­ ç¥­¨¥ | probability value (p-value).

� «   ¢   4
��������� ���������� �������������

1. �¢®©áâ¢  ¤¢ã¬¥à­®£® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï

�â â¨áâ¨ª¨ à ¡®â îâ ¤®¢®«ì­® ç áâ® ­¥ â®«ìª® á ®¤­®¬¥à­ë-
¬¨ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨, ­® ¨ á ¬­®£®¬¥à­ë¬¨. �¤­ ª® ¯à¨ à -
¡®â¥ á ¬­®£®¬¥à­ë¬¨ ¤ ­­ë¬¨ ¢ëïá­ï¥âáï, çâ® ¨å ¬®¦­® à¥ «ì­®
®¯¨áë¢ âì ¤®¢®«ì­® ­¥¡®«ìè¨¬ ª« áá®¬ ¢¥à®ïâ­®áâ­ëå à á¯à¥¤¥-
«¥­¨© â ª¨¬ ®¡à §®¬, çâ®¡ë ¯ à ¬¥âàë à á¯à¥¤¥«¥­¨ï ®æ¥­¨¢ -
«¨áì ¤®¢®«ì­® â®ç­®.

�­®£®¬¥à­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ (���) ­ ¨¡®«¥¥ ç -
áâ® ¨á¯®«ì§ã¥âáï ¤«ï ®¯¨á ­¨ï ¬­®£®¬¥à­ëå á«ãç ©­ëå ¢¥«¨ç¨­.
�¥«® ¢ â®¬, çâ® ¢ ¬­®£®¬¥à­®¬ á«ãç ¥ ¤«ï ®¯¨á ­¨ï ¯«®â­®áâ¨ à á-
¯à¥¤¥«¥­¨ï ­ã¦­® £®à §¤® ¡®«ìè¥ ¯ à ¬¥âà®¢,  , á«¥¤®¢ â¥«ì­®,
¤«ï ®æ¥­ª¨ íâ¨å ¯ à ¬¥âà®¢ ¨ £®à §¤® ¡®«ìè¥ ­ ¡«î¤¥­¨©. � -
à ¬¥âàë ��� ï¢«ïîâáï ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¬¨­¨¬ «ì­ë¬ ­ ¡®-
à®¬ ¯ à ¬¥âà®¢, ®¯¨áë¢ îé¨¬ ®á­®¢­ë¥ å à ªâ¥à¨áâ¨ª¨ á«ãç ©-
­ëå ¢¥«¨ç¨­ (¯®«®¦¥­¨¥ | ¬ â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ­¨ï, à §¡à®á |
¤¨á¯¥àá¨¨, § ¢¨á¨¬®áâì | ª®àà¥«ïæ¨¨).

�­®£®¬¥à­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥ ®¡« ¤ ¥â ¨ ¤àã£¨¬
ã¤®¡­ë¬ á¢®©áâ¢®¬. �î¡®¥ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ A�ξ (A | ¬ -
âà¨æ ) ­®à¬ «ì­®£® ¢¥ªâ®à  �ξ ®áâ ¢«ï¥â à á¯à¥¤¥«¥­¨¥ ¢¥ªâ®à  A�ξ
­®à¬ «ì­ë¬.

�¥¯®áà¥¤áâ¢¥­­®¥ ¢å®¦¤¥­¨¥ ª®àà¥«ïæ¨¨ ¢ ¯ à ¬¥âàë ¬­®£®-
¬¥à­®£® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¤¥« ¥â ¥£® ­¥§ ¬¥­¨¬ë¬  ¯-
¯ à â®¬ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¨ ®¯¨á ­¨¨ å à ªâ¥à  § ¢¨á¨¬®áâ¨ á«ã-
ç ©­ëå ¢¥«¨ç¨­.
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�ë ¯®§­ ª®¬¨¬áï á ¤¢ã¬¥à­ë¬ ­®à¬ «ì­ë¬ à á¯à¥¤¥«¥­¨¥¬,
¯®áª®«ìªã ¬­®£®¬¥à­®¥ ¯à¨­æ¨¯¨ «ì­® ­¥ ®â«¨ç ¥âáï ®â ¤¢ã¬¥à-
­®£®.

�à¨¢¥¤¥¬ ®¤­ã ¨§ ¯à®æ¥¤ãà £à ä¨ç¥áª®£®  ­ «¨§  ¤¢ã¬¥à­ëå
­ ¡«î¤¥­¨©

(x1, y1), (x2, y2), . . . , (xn, yn).
�å ª®®à¤¨­ âë ­ ­®áïâáï ­  ¡ã¬ £ã. �®á«¥ íâ®£® ®æ¥­¨¢ ¥âáï ¨
­ ­®á¨âáï ­  ¡ã¬ £ã â®çª  ¯ à ¬¥âà  ¯®«®¦¥­¨ï. � â¥¬ ­  ¡ã-
¬ £¥ ¯® ¬¥à¥ ã¬¥­ìè¥­¨ï ª®­æ¥­âà æ¨¨ ­ ¡«î¤¥­¨© à¨áãîâáï «¨-
­¨¨ ãà®¢­ï, ¢­ãâà¨ ª®â®àëå «¥¦¨â § ¤ ­­ë© ¯à®æ¥­â ­ ¡«î¤¥-
­¨©. �â¬¥â¨¬, çâ® ç é¥ ¢á¥£® «¨­¨¨ ãà®¢­ï ¯®å®¦¨ ­  í««¨¯áë.
�¬¥­­® â ª¨¥ «¨­¨¨ ãà®¢­ï ã £à ä¨ª  ¯«®â­®áâ¨ ¤¢ã¬¥à­®£® ­®à-
¬ «ì­®£® à á¯à¥¤¥«¥­¨ï.

� ç­¥¬ á  ­ «¨§  ¯à®áâ¥©è¨å ¤¢ã¬¥à­ëå ­®à¬ «ì­ëå à á-
¯à¥¤¥«¥­¨© á ­ã«¥¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¨ ¥¤¨­¨ç­®©
ª®¢ à¨ æ¨®­­®© ¬ âà¨æ¥©.

�ãáâì ξ1, ξ2 | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¨¬¥îé¨¥
­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥, Eξ1 = Eξ2 = 0,Eξ2

1 = Eξ2
2 = 1. �®-

£¤  £®¢®àïâ, çâ® ¢¥ªâ®à �X = (ξ1, ξ2) ¨¬¥¥â ¤¢ã¬¥à­®¥ ­®à¬ «ì­®¥
à á¯à¥¤¥«¥­¨¥ á ­ã«¥¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¨ ¥¤¨­¨ç­®©
ª®¢ à¨ æ¨®­­®© ¬ âà¨æ¥©

R =
(

Eξ2
1 E(ξ1ξ2)

E(ξ1ξ2) Eξ2
2

)
=

(
1 0
0 1

)
.

�£® äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¢¨¤

P (ξ1 < x, ξ2 < y) = P (ξ1 < x)P (ξ2 < x) = �(x)�(y)

¨, á«¥¤®¢ â¥«ì­®, ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¥áâì ¯à®¨§¢¥¤¥­¨¥
¯«®â­®áâ¥©

φ1(x, y) = ∂2(�(x)�(y))
∂x∂y

= d�(x)
dx

d�(y)
dy

= 1
2π

exp
{
−x2

2 − y2

2

}
.

� ª¨¬ ®¡à §®¬, ¥á«¨ ­ à¨á®¢ âì £à ä¨ª ¯«®â­®áâ¨ z = φ1(x, y), â®
¬ë ¡ã¤¥¬ ¨¬¥âì â¥«® ¢à é¥­¨ï £à ä¨ª  z = 1

2π exp
{
−x2

2

}
®â­®á¨-

â¥«ì­® ®á¨ z. �¥©áâ¢¨â¥«ì­®, ¢ ¯«®áª®áâ¨ zx, ¨«¨, çâ® â® ¦¥ á ¬®¥,
y = 0, ¬ë ¨¬¥¥¬ £à ä¨ª z = 1

2π exp
{
−x2

2

}
(¯«®â­®áâì ­®à¬ «ì­®£®
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à á¯à¥¤¥«¥­¨ï 1√
2π

exp
{
−x2

2

}
, ã¬­®¦¥­­ ï ­  ¯®áâ®ï­­ãî 1√

2π
).

� á¥ç¥­¨¨ z = φ1(x, y) = const ¨¬¥¥¬ 1
2π exp

{
−x2

2 − y2

2

}
= const,

â. ¥. −x2

2 − y2

2 = const ¨«¨ x2 + y2 = const, çâ® ï¢«ï¥âáï ãà ¢­¥-
­¨¥¬ ®ªàã¦­®áâ¨. �âáî¤  ¨ á«¥¤ã¥â, çâ® £à ä¨ª ï¢«ï¥âáï â¥«®¬
¢à é¥­¨ï ®â­®á¨â¥«ì­® ®á¨ z.

�§ãç¨¬ â¥¯¥àì ª ª ¢ë£«ï¤¨â £à ä¨ª ¯«®â­®áâ¨ ¤¢ã¬¥à­®£®
­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï á ¤¨ £®­ «ì­®© ª®¢ à¨ æ¨®­­®© ¬ -
âà¨æ¥©.

�ãáâì ξ1, ξ2 | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¨¬¥îé¨¥
­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥, ­® à §­ë¥ ¤¨á¯¥àá¨¨:

Eξ1 = Eξ2 = 0, Eξ2
1 = σ2

1 , Eξ2
2 = σ2

2 .

�®£¤  £®¢®àïâ, çâ® ¢¥ªâ®à �X = (ξ1, ξ2) ¨¬¥¥â ¤¢ã¬¥à­®¥ ­®à¬ «ì-
­®¥ à á¯à¥¤¥«¥­¨¥ á ­ã«¥¢ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ ¨ ¤¨ -
£®­ «ì­®© ª®¢ à¨ æ¨®­­®© ¬ âà¨æ¥©

R =
(

Eξ2
1 E(ξ1ξ2)

E(ξ1ξ2) Eξ2
2

)
=

(
σ2

1 0
0 σ2

2

)
.

�®áª®«ìªã ¯«®â­®áâ¨ ξ1 ¨ ξ2 à ¢­ë á®®â¢¥âáâ¢¥­­®

1√
2πσ1

exp
{
− x2

2σ2
1

}
¨ 1√

2πσ2
exp

{
− y2

2σ2
2

}
,

â® ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï ¢¥ªâ®à  (ξ1, ξ2) à ¢­  ¯à®¨§¢¥¤¥­¨î
¨å ¯«®â­®áâ¥©:

φ2(X) = φ2(x, y) = 1
2πσ1σ2

exp
{
− x2

2σ2
1
− y2

2σ2
2

}
=

= 1
2π(det R)1/2 exp

{
−1

2XT R−1X

}
,

£¤¥ X | ¤¢ã¬¥à­ë© ¢¥ªâ®à á ª®®à¤¨­ â ¬¨ x, y ¨ XT | âà ­á¯®-
­¨à®¢ ­­ë© ¢¥ªâ®à X.

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¥áâì áâ ­¤ àâ­ ï § ¯¨áì ¯«®â­®áâ¨ ¤¢ã-
¬¥à­®£® ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¢ ¬ âà¨ç­®© ä®à¬¥. � ª «¥£-
ª® ¢¨¤¥âì, det R = σ2

1σ2
2 .
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� «î¡®¬ á¥ç¥­¨¨ £à ä¨ª  ¯«®â­®áâ¨ z = φ2(x, y), ¯¥à¯¥­¤¨-
ªã«ïà­®¬ ¯«®áª®áâ¨ xy, ¬ë ¡ã¤¥¬ ®¯ïâì ¯®«ãç âì ¯«®â­®áâì ­®à-
¬ «ì­®£® à á¯à¥¤¥«¥­¨ï (á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï),   ¢ á¥ç¥­¨ïå
z = φ2(x, y) = const ¬ë ¡ã¤¥¬ ¯®«ãç âì í««¨¯áë x2

σ2
1

+ y2

σ2
2

= const

(í««¨¯áë ¯®«ãç îâáï ¨§ ®ªàã¦­®áâ¨ x2 + y2 = const ¨§¬¥­¥­¨¥¬
¬ áèâ ¡  ¢ σ1 à § ¢¤®«ì ®á¨ x ¨ σ2 à § ¢¤®«ì ®á¨ y). �á¨ í««¨¯á®¢
­ ¯à ¢«¥­ë ¢¤®«ì ®á¥© x ¨ y á¨áâ¥¬ë ª®®à¤¨­ â.

� ®¡é¥¬ á«ãç ¥ ¤¢ã¬¥à­®¥ ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥
X = (ξ1, ξ2) § ¤ ¥âáï ¢¥ªâ®à®¬ d = (d1, d2) ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ -
­¨© Eξ1 = d1,Eξ2 = d2 ¨ ª®¢ à¨ æ¨®­­®© ¬ âà¨æ¥©

R =
(

E(ξ1 − d1)2 E(ξ1 − d1)(ξ2 − d2)
E(ξ1 − d1)(ξ2 − d2) E(ξ2 − d2)2

)
=

(
σ2

1 r12

r12 σ2
2

)
,

¨«¨ X ∈ N(d,R). �à¨¢¥¤¥¬ á­ ç «  ¢¨¤ ¥£® ¯«®â­®áâ¨, ª®£¤  ¬ -
â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ­¨ï à ¢­ë ­ã«î:

φ3(X) = φ3(x, y) = 1
2π(det R)1/2 exp

{
−1

2XT R−1X

}
=

= 1
2π(det R)1/2 exp

{
−1

2a11x
2 − a12xy − 1

2a22y
2
}

,

£¤¥ a11, a12, a22 | ª®íää¨æ¨¥­âë ¬ âà¨æë R−1:

R−1 =
(

a11 a12
a12 a22

)
.

�à ä¨ª ¯«®â­®áâ¨ z = φ3(x, y) ¬®¦­® ¯®«ãç¨âì ¨§ £à ä¨ª  ¯«®â-
­®áâ¨ z = φ2(x, y) ¯à®áâ® ¯®¢®à®â®¬ ®á¥© ª®®à¤¨­ â x ¨ y. � -
ª¨¬ ®¡à §®¬, ¢ á¥ç¥­¨ïå £à ä¨ª  z = φ4(x, y) ¯«®áª®áâï¬¨ ¯¥à-
¯¥­¤¨ªã«ïà­ë¬¨ ¯«®áª®áâ¨ xy (çâ® â® ¦¥ á ¬®¥, ¯à®å®¤ïé¨¬¨
ç¥à¥§ ®áì z), ¬ë ¨¬¥¥¬ £à ä¨ª¨ ¯«®â­®áâ¨ ­®à¬ «ì­®£® à á¯à¥-
¤¥«¥­¨ï (á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï),   ¢ á¥ç¥­¨ïå
z = φ3(x, y) = const { í««¨¯áë a11x2 + 2a12xy + a22y2 = const.
�®¢®à®â ®á¥© ¤ ­­ëå í««¨¯á®¢ ®â­®á¨â¥«ì­® ®á¥© ª®®à¤¨­ â x, y,
­  ®á­®¢¥ ª®â®à®£® ¯«®â­®áâì z = φ3(x, y) ¬®¦¥â ¯à¨®¡à¥áâ¨ ¢¨¤
z = φ2(x, y), ®¯¨áë¢ ¥â, ¯® áãé¥áâ¢ã, ¬¥àã § ¢¨á¨¬®áâ¨ á«ãç ©­ëå
¢¥«¨ç¨­. �  ­¥¥ ®â¢¥ç ¥â ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨

ρ = ρξ1ξ2 = Cov(ξ1, ξ2)√
D(ξ1)D(ξ2)

= Cov(ξ1, ξ2)
σ1σ2

.
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� á«ãç ¥ ­¥­ã«¥¢ëå ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© ¯«®â­®áâì à á¯à¥-
¤¥«¥­¨ï à ¢­ 

φ4(X) = φ4(x, y) = 1
2π(det R)1/2 exp

{
−1

2(X − d)T R−1(X − d)
}

=

= 1
2π(det R)1/2×

× exp
{
−1

2a11(x− d1)2 + a12(x− d1)(y − d2) + 1
2a22(y − d2)2]

}
,

£¤¥ ¢¥ªâ®à d ¨¬¥¥â ª®®à¤¨­ âë d1, d2. �¥ £à ä¨ª ¯®«ãç ¥âáï ¨§
£à ä¨ª  z = φ3(x, y) á¤¢¨£®¬ ¢ ¯«®áª®áâ¨ x, y ­  ¢¥ªâ®à d. � ª ª ª
r12 = ρσ1σ2, â®

R =
(

σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
,

det R = (1− ρ2)σ2
1σ2

2 , ®¡à â­ ï ¬ âà¨æ  R−1 ¨¬¥¥â í«¥¬¥­âë

a11 = 1
(1− ρ2)σ2

1
, a12 = − ρ

(1− ρ2)σ1σ2
, a22 = 1

(1− ρ2)σ2
2
,

¯®íâ®¬ã ¯«®â­®áâì φ4(X) ¬®¦­® § ¯¨á âì â ª¦¥ ¢ ¢¨¤¥

φ4(X) = 1
2πσ1σ2

√
1− ρ2

×

× exp
{
− 1

2(1− ρ2)

[ (x− d1)2

σ2
1

− 2ρ(x− d1)(y − d2)
σ1σ2

+ (y − d2)2

σ2
2

]}
.

� ¢¨á¨¬®áâì ¬¥¦¤ã ª®¬¯®­¥­â ¬¨ ξ1 ¨ ξ2 ¤¢ã¬¥à­®£® ­®à-
¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¨¬¥¥â ¯à®áâ®© ¨ ¥áâ¥áâ¢¥­­ë© ¢¨¤, ª®-
â®àë© áä®à¬ã«¨àã¥¬ ¢ ¢¨¤¥ â¥®à¥¬ë.

�¥®à¥¬ . �ãáâì (ξ1, ξ2) | ¤¢ã¬¥à­ë© ­®à¬ «ì­ë© á«ãç ©-
­ë© ¢¥ªâ®à. �®£¤  á«ãç ©­ ï ¢¥«¨ç¨­  ξ2 ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥-
­¨¥

ξ2 = ρξ1ξ2
σ2
σ1

ξ1 + ζ,

£¤¥ ­®à¬ «ì­ ï á«ãç ©­ ï ¢¥«¨ç¨­  ζ ­¥ § ¢¨á¨â ®â ¢¥ªâ®à  ξ1.
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�®ª § â¥«ìáâ¢®. � ª ¬ë ¢¨¤¨¬ ¨§ § ¤ ­¨ï ¯«®â­®áâ¨ φ2,
­®à¬ «ì­ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë ξ, η ­¥§ ¢¨á¨¬ë, ¥á«¨
Cov(ξ, η) = 0, â ª ª ª â®£¤  ª®¢ à¨ æ¨®­­ ï ¬ âà¨æ  ¤¨ £®­ «ì-
­ . � ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¯®ª § âì, çâ® Cov(ξ1, ζ) = 0. �®-
ª ¦¥¬ íâ® ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® Eξ1 = Eξ2 = 0,   á«¥¤®¢ â¥«ì­®,
¨ Eζ = 0. �¬¥¥¬

Cov(ξ1, ζ) = E(ξ1ζ) = Eξ1

(
ξ2 − ρξ1ξ2

σ2
σ1

ξ1

)
=

= Eξ1ξ2 − ρξ1ξ2
σ2
σ1

Eξ2
1 == σ1σ2ρξ1ξ2 − ρξ1ξ2

σ2
σ1

σ2
1 = 0.

�âáî¤  ¨ á«¥¤ã¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥­¨¥.
� ª¨¬ ®¡à §®¬, ¢áï ¬¥à  § ¢¨á¨¬®áâ¨ ξ2 ®â ξ1 á®áà¥¤®â®ç¥­  ¢

ª®íää¨æ¨¥­â¥ ª®àà¥«ïæ¨¨ ρξ1ξ2 ¨ íâ  § ¢¨á¨¬®áâì ¨¬¥¥â «¨­¥©­ë©
¢¨¤. �­ «®£¨ç­ë© ¢¨¤ ¨¬¥¥â ¨ § ¢¨á¨¬®áâì ξ1 ®â ξ2.

�§ â¥®à¥¬ë ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ á«¥¤áâ¢¨¥:

E(ξ2|ξ1 = x) = ρξ1ξ2
σ2
σ1

x + const.

�«¥¢  áâ®¨â ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ξ2 ¯à¨ ãá«®¢¨¨,
çâ® ξ1 = x. �® áãé¥áâ¢ã íâ® ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ á«ãç ©­®©
¢¥«¨ç¨­ë ξ2, ¥á«¨ ­ ¬ ¨§¢¥áâ­®, çâ® á«ãç ©­ ï ¢¥«¨ç¨­  ξ1 = x.
�â  ä®à¬ã«  ¤®¯ãáª ¥â â ª¦¥ á«¥¤ãîé¨¥ ­ £«ï¤­ë¥ ¨­â¥à¯à¥â -
æ¨¨: "áà¥¤­¥¥ §­ ç¥­¨¥ ξ2 ¯à¨ ãá«®¢¨¨, çâ® ¨§¢¥áâ­®, çâ® ξ1 = x"
¨ "áà¥¤­¨© ¯à®£­®§ §­ ç¥­¨ï ξ2 ¯à¨ ãá«®¢¨¨, çâ® ¨§¢¥áâ­®, çâ®
ξ1 = x".

2. �®áâà®¥­¨¥ ¤®¢¥à¨â¥«ì­®£® ¬­®¦¥áâ¢ 
¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�ãáâì ­ ¬ ¤ ­  ¢ë¡®àª  (x1, y1), . . . , (xn, yn) ­¥§ ¢¨á¨¬ëå ¤¢ã-
¬¥à­ëå á«ãç ©­ëå ¢¥«¨ç¨­, ¨¬¥îé¨å ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥
N(θ, R) (§¤¥áì θ = (θ1, θ2) | ¢¥ªâ®à).

� ª ç¥áâ¢¥ ®æ¥­ª¨ θ ¥áâ¥áâ¢¥­­® ¢§ïâì ¢¥ªâ®à �Z = (�x, �y), £¤¥

�x =
n∑

i=1
xi, �y =

n∑

i=1
yi.
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�®§­¨ª ¥â ¢®¯à®á, ª ª ­ ©â¨ ¯®£à¥è­®áâì ®æ¥­ª¨ �Z ¨ ¯®áâà®¨âì
¤®¢¥à¨â¥«ì­®¥ ¬­®¦¥áâ¢®, ­ ªàë¢ îé¥¥ ¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à -
¬¥âà  θ c § ¤ ­­ë¬ ãà®¢­¥¬ ¤®¢¥à¨ï 1−α. �§¢¥áâ­®, çâ® á«ãç ©-
­ë© ¢¥ªâ®à √

n( �Z − θ) = (√n(�x − θ1),√n(�y − θ2)) à á¯à¥¤¥«¥­ ¯®
­®à¬ «ì­®¬ã § ª®­ã N(0, R) ( ­ «®£¨ç­® ®¤­®¬¥à­®¬ã á«ãç î),  
á«ãç ©­ ï ¢¥«¨ç¨­  n( �Z − θ)T R−1( �Z − θ) ¨¬¥¥â χ2-à á¯à¥¤¥«¥­¨¥
á ¤¢ã¬ï áâ¥¯¥­ï¬¨ á¢®¡®¤ë.

�áâ¥áâ¢¥­­® ¢ ª ç¥áâ¢¥ ¤®¢¥à¨â¥«ì­®£® ¬­®¦¥áâ¢  θ á ãà®¢-
­¥¬ ¤®¢¥à¨ï 1− α ¢§ïâì ¬­®¦¥áâ¢®, £¤¥ ¯®ï¢«¥­¨¥ �Z ¢ ­¥ª®â®à®¬
á¬ëá«¥ "­ ¨¡®«¥¥ ¢¥à®ïâ­®", â. ¥. â ª®¥ ¬­®¦¥áâ¢®, ¤«ï ª®â®à®£®
¢ë¯®«­ï¥âáï ãá«®¢¨¥

N( �Z − θ)T R−1( �Z − θ) < χ2
α,2,

£¤¥ χ2
α,2 ­ å®¤¨âáï ¨§ â ¡«¨æ å¨-ª¢ ¤à â à á¯à¥¤¥«¥­¨ï á ¤¢ã¬ï

áâ¥¯¥­ï¬¨ á¢®¡®¤ë (¢¥à®ïâ­®áâì ¯®¯ ¤ ­¨ï √n( �Z−θ) ¢ íâ® ¬­®¦¥-
áâ¢® ¬ ªá¨¬ «ì­ , áà¥¤¨ ¢á¥å ¬­®¦¥áâ¢, ¨¬¥îé¨å § ¤ ­­ãî ¯«®-
é ¤ì).

�âáî¤  ¨ ­ å®¤¨¬ ¢¨¤ ¤®¢¥à¨â¥«ì­®£® ¬­®¦¥áâ¢  ¢¥ªâ®à  θ:


α = {θ∗ : n( �Z − θ∗)T R−1( �Z − θ∗) < χ2
α,2.

�®¢¥à¨â¥«ì­®¥ ¬­®¦¥áâ¢® 
α ­ §ë¢ îâ ¤®¢¥à¨â¥«ì­ë¬ í««¨-
¯á®¬ á ãà®¢­¥¬ ¤®¢¥à¨ï 1− α.

�á«¨ ª®¢ à¨ æ¨®­­ ï ¬ âà¨æ  R ­¥¨§¢¥áâ­ , â® ¥¥ ª®¬¯®­¥­-
âë ¢ § ¤ ­¨¨ ¤®¢¥à¨â¥«ì­®£® í««¨¯á  § ¬¥­ïîâ ¨å ®æ¥­ª¨. �æ¥­-
ª¨ ¤¨á¯¥àá¨© ¨¬¥îâ áâ ­¤ àâ­ë© ¢¨¤,   á ¬¥â®¤ ¬¨ ®æ¥­¨¢ ­¨ï
ª®¢ à¨ æ¨¨ ¬ë ¯®§­ ª®¬¨¬áï çãâì ¯®§¤­¥¥.

3. �à®¢¥àª  £¨¯®â¥§ë ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï

�ãáâì ¤«ï ¯à¥¤ë¤ãé¥© ¯®áâ ­®¢ª¨ § ¤ ç¨ ­ ¬ ­ ¤® ¯à®¢¥à¨âì
£¨¯®â¥§ã

H0 : θ = θ0

¯à®â¨¢  «ìâ¥à­ â¨¢
H1 : θ 6= θ0

á ªà¨â¥à¨¥¬ §­ ç¨¬®áâ¨ α.
�«ï ¯à®¢¥àª¨ £¨¯®â¥§ë ¨á¯®«ì§ã¥¬ â®â ¦¥ ªà¨â¥à¨©, çâ® ¨

¢ ®¤­®¬¥à­®¬ á«ãç ¥: ¥á«¨ ¤®¢¥à¨â¥«ì­®¥ ¬­®¦¥áâ¢® ­ ªàë¢ ¥â
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¨áâ¨­­®¥ §­ ç¥­¨¥ ¯ à ¬¥âà , â. ¥. n( �Z − θ)T R−1( �Z − θ) < χ2
α,2, â®

£¨¯®â¥§  ¯à¨­¨¬ ¥âáï. � ¯à®â¨¢­®¬ á«ãç ¥ ®­  ®â¢¥à£ ¥âáï.
� ª¨¬ ®¡à §®¬, ªà¨â¥à¨© ¨¬¥¥â ¢¨¤

Kn = χ
(
n( �Z − θ)T R−1( �Z − θ) > χ2

α,2
)
,

£¤¥ χ2
α,2 ­ å®¤¨âáï ¨§ â ¡«¨æ å¨-ª¢ ¤à â à á¯à¥¤¥«¥­¨ï á ¤¢ã¬ï

áâ¥¯¥­ï¬¨ á¢®¡®¤ë.

� «   ¢   5
�������������� � ������������� ������

�®àà¥«ïæ¨®­­ë© ¨ à¥£à¥áá¨®­­ë©  ­ «¨§ ï¢«ïîâáï áâ ­¤ àâ-
­ë¬¨ ¬¥â®¤ ¬¨  ­ «¨§  ¤«ï ¯®«ãç¥­¨ï ¨­ä®à¬ æ¨¨, ­¥®¡å®¤¨¬®©
¤«ï ¯à¨­ïâ¨ï à¥è¥­¨©. � ¡¨§­¥á¥ ¬¥­¥¤¦¥à à ¡®â ¥â á ¡®«ìè¨¬
ç¨á«®¬ ¯¥à¥¬¥­­ëå, ¨ ¥¬ã ­¥®¡å®¤¨¬® ¯®­¨¬ âì § ¢¨á¨¬®áâì ¬¥-
¦¤ã ­¨¬¨. � ¯à¨¬¥à:

� ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï | �¥§ ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï,
� §¬¥à ¤¨¢¨¤¥­¤®¢ | �à¨¡ë«ì ª®¬¯ ­¨¨,
� à¯« â  à ¡®â­¨ª  | �®§à áâ à ¡®â­¨ª ,
�â®¨¬®áâì ª®¬¯ ­¨¨ | �¥  ªâ¨¢ë,
�â®¨¬®áâì ª®¬¯ ­¨¨ | �¥ ¯à¨¡ë«ì,
�â®¨¬®áâì ª¢ àâ¨àë | �«®é ¤ì ª¢ àâ¨àë,
�®áâ áâ®¨¬®áâ¨  ªæ¨© | �®áâ ¨­¤¥ªá  ¡¨à¦¨.
� ª¨¬ ®¡à §®¬, §­ ç¥­¨¥ § ¢¨á¨¬®© ¯¥à¥¬¥­­®© ¬®¦¥â ¡ëâì

¢ ®¯à¥¤¥«¥­­®© ¬¥à¥ ¯à¥¤áª § ­® ¯® §­ ç¥­¨î ¤àã£®© ¯¥à¥¬¥­­®©,
­ §ë¢ ¥¬®© ­¥§ ¢¨á¨¬®©.

�®àà¥«ïæ¨®­­ë©  ­ «¨§ ¨§ãç ¥â ¬¥àë § ¢¨á¨¬®áâ¨ ¬¥¦¤ã
á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ (â ª¨¥, ª ª ª®¢ à¨ æ¨ï, ª®àà¥«ïæ¨ï ¨
â. ¯.).

�¥£à¥áá¨®­­ë©  ­ «¨§ ¨§ãç ¥â áâ â¨áâ¨ç¥áª¨¥ ¬¥â®¤ë, ¯®§¢®-
«ïîé¨¥ ¯® §­ ç¥­¨î ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© ®æ¥­¨âì §­ ç¥­¨¥
(á¤¥« âì ¯à®£­®§ §­ ç¥­¨ï) § ¢¨á¨¬®© ¯¥à¥¬¥­­®©.
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1. �®­ïâ¨¥ ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨.
�å ®æ¥­¨¢ ­¨¥

�á«¨ ¯à¥¦¤¥ ¬ë ¨§ãç «¨, ª ª ¨§¢«¥çì ¨­ä®à¬ æ¨î ® á«ãç ©-
­ëå ¢¥«¨ç¨­ å, â® á¥©ç á ¨§ãç¨¬ ¢®¯à®á, ª ª ¨§¢«¥çì ¨­ä®à¬ æ¨î
® § ¢¨á¨¬®áâ¨ ¬¥¦¤ã ­¨¬¨.

� ¯®¬­¨¬, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë X ¨ Y ­¥§ ¢¨á¨¬ë, ¥á«¨

P(X ∈ A, Y ∈ B)−P(X ∈ A)P(Y ∈ B) = 0

¤«ï «î¡ëå ¬­®¦¥áâ¢ A ¨ B.
�áâì â ª¦¥ ¤àã£®¥ ®¯à¥¤¥«¥­¨¥ ­¥§ ¢¨á¨¬®áâ¨

Ef(X)g(Y )−Ef(X)Eg(Y ) = 0 (5.1)

¤«ï «î¡ëå äã­ªæ¨© f ¨ g.
�®­ïâ­®, çâ® ¯® ª®­¥ç­®© ¢ë¡®àª¥ á«ãç ©­ëå ¢¥ªâ®à®¢

(x1, y1), . . . , (xn, yn)

¬ë ­¥ ¬®¦¥¬ ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (5.1) ¤®áâ â®ç­®
å®à®è® ¤«ï ¢á¥å äã­ªæ¨© f ¨ g. � á¯à®áâà ­¥­­ë© ®¡ê¥¬ ¢ë¡®àª¨
n = 50 { 100 ­ ¡«î¤¥­¨©.

�®íâ®¬ã ®¡ëç­® (5.1) ¯à®¢¥àïîâ â®«ìª® ¤«ï ®¤­®£® ­ ¡®à 
äã­ªæ¨© f(X) = X ¨ g(Y ) = Y . � ª¨¬ ®¡à §®¬, ¬ë ¯à¨å®¤¨¬ ª
¯®­ïâ¨ï¬ ª®¢ à¨ æ¨¨ ¨ ª®àà¥«ïæ¨¨ á«ãç ©­ëå ¢¥«¨ç¨­.

�®¢ à¨ æ¨¥© ¯ àë á«ãç ©­ëå ¢¥«¨ç¨­ (X,Y ) ­ §ë¢ ¥âáï ¢ë-
à ¦¥­¨¥

Cov(X, Y ) = E(X −EX)(Y −EY ),
ª®â®à®¥ ¬®¦­® â ª¦¥ § ¯¨á âì ¢ ¢¨¤¥

Cov(X,Y ) = EXY −EXEY.

�®íää¨æ¨¥­â®¬ ª®àà¥«ïæ¨¨ á«ãç ©­ëå ¢¥«¨ç¨­ X ¨ Y ­ §ë-
¢ ¥âáï

ρ = ρXY = Cov(X, Y )
σXσY

,

£¤¥ σ2
X = DX, σ2

Y = DY .
�®§­¨ª ¥â ¢®¯à®á | ­ áª®«ìª® ¥áâ¥áâ¢¥­­® ®æ¥­¨¢ âì § ¢¨á¨-

¬®áâì á«ãç ©­ëå ¢¥«¨ç¨­ ¢á¥£® «¨èì ®¤­¨¬ ­ ¡®à®¬ äã­ªæ¨© f ¨
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g. �®íâ®¬ã ®¡áã¤¨¬ á¢®©áâ¢  ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­â  ª®àà¥-
«ïæ¨¨.

�®¢ à¨ æ¨ï ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® á¤¢¨£ , â. ¥.

Cov(X + c, Y + d) = Cov(X,Y )

¤«ï «î¡ëå c ¨ d,   ª®àà¥«ïæ¨ï ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® á¤¢¨£ 
¨ ¬ áèâ ¡ , â. ¥.

ρXY = Cov(X, Y )
D1/2(X)D1/2(Y ) = Cov(aX + c, bY + d)

D1/2(aX + c)D1/2(bY + d)

¤«ï «î¡ëå a 6= 0, b 6= 0, c, d.
� ª¨¬ ®¡à §®¬, ¯® áãé¥áâ¢ã á ¯®¬®éìî ª®¢ à¨ æ¨¨ ¨ ª®íä-

ä¨æ¨¥­â  ª®àà¥«ïæ¨¨ ¬ë ®æ¥­¨¢ ¥¬ § ¢¨á¨¬®áâì ¤«ï ­¥áª®«ìª®
¡®«¥¥ è¨à®ª¨å ª« áá®¢ äã­ªæ¨© f ¨ g (f(x) = x + c, g(y) = y + d ¨
f(x) = ax + c, g(y) = by + d ¤«ï ª®¢ à¨ æ¨¨ ¨ ª®àà¥«ïæ¨¨ á®®â¢¥â-
áâ¢¥­­®).

�®¦­® ¯®ª § âì, çâ® −1 ≤ ρXY ≤ 1, ¯à¨ç¥¬ ¥á«¨ ρXY = ±1,
â® á«ãç ©­ë¥ ¢¥«¨ç¨­ë X ¨ Y «¨­¥©­® § ¢¨á¨¬ë, â. ¥.
Y = β0 + β1X.

�®­ïâ¨¥ ª®¢ à¨ æ¨¨ ¨ ª®àà¥«ïæ¨¨ â¥á­® á¢ï§ ­® á «¨­¥©­®©
§ ¢¨á¨¬®áâìî á«ãç ©­ëå ¢¥«¨ç¨­. �á«¨ ¬ë à áá¬®âà¨¬ § ¤ çã
¬¨­¨¬¨§ æ¨¨ áà¥¤­¥ª¢ ¤à â¨ç­ëå ®âª«®­¥­¨© ¢¨¤ 

min
β0,β1

E(Y − β0 − β1X)2,

â® ¯®«ãç¨¬, çâ® ¢ë¡®à®¬ β0 ¨ β1 ï¢«ïîâáï

β̂1 = ρX,Y
σY

σX
= Cov(X, Y )

σ2
X

, (5.2)

β̂0 = EY − β̂1EX. (5.3)
�â ª, á ¯®¬®éìî ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨ ρXY ¬ë ¯®«ãç ¥¬
­ ¨«ãçè¥¥ «¨­¥©­®¥ ¯à¨¡«¨¦¥­¨¥ β0 + β1X ¢ á¬ëá«¥ áà¥¤­¥ª¢ -
¤à â¨ç­®£® ®âª«®­¥­¨ï.

� áª®«ìª® ¥áâ¥áâ¢¥­­  â ª ï ¯®áâ ­®¢ª  § ¤ ç¨? � áá¬®âà¨¬
¡®«¥¥ ¯à®áâãî ¯®áâ ­®¢ªã

min
β0

E(Y − β0)2 = min
β0

(EY 2 − 2β0EY + β2
0).
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�¨ää¥à¥­æ¨àãï ¯® β0 ¨ ¯à¨à ¢­¨¢ ï ¯à®¨§¢®¤­ãî ª ­ã«î, ¯®«ã-
ç ¥¬

d

dβ0
(EY 2 − 2β0EY + β2

0) = −2EY + 2β0 = 0,

â. ¥. β0 = EY . �«¥¤®¢ â¥«ì­®,

min
β0

E(Y − β0)2 = E(Y −EY )2.

�á­®, çâ®

min
β0

E(Y − β0)2 ≥ min
β0,β1

E(Y − β0 − β1X)2.

� ª¨¬ ®¡à §®¬, á ¯®¬®éìî ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨ ¬ë ¯®«ãç -
¥¬ á«¥¤ãîé¨© ¡®«¥¥ â®ç­ë© ¯à®£­®§ β1X+β0 á«ãç ©­®© ¢¥«¨ç¨­ë
Y ¯®á«¥ ¡®«¥¥ £àã¡®£® ¯à®£­®§ , à ¢­®£® EY .

�àã£ ï ¨­â¥à¯à¥â æ¨ï â¥á­® á¢ï§ ­  á § ¢¨á¨¬®áâìî ­®à¬ «ì-
­ëå á«ãç ©­ëå ¢¥«¨ç¨­. �á«¨ (X,Y ) | ¤¢ã¬¥à­ë© ­®à¬ «ì­ë©
á«ãç ©­ë© ¢¥ªâ®à, â® Y ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥

Y = ρXY
σY

σX
X + ξ,

£¤¥ ξ | ­®à¬ «ì­ ï á«ãç ©­ ï ¢¥«¨ç¨­ , ­¥ § ¢¨áïé ï ®â X, ¨

Eξ = EY − ρXY
σY

σX
EX, Dξ = σ2

Y (1− ρ2
XY ).

� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ ­®à¬ «ì­®£® á«ãç ©­®£® ¢¥ªâ®à  (X, Y )
ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ ­¥á¥â ¢áî ¨­ä®à¬ æ¨î ® § ¢¨á¨¬®áâ¨
á«ãç ©­ëå ¢¥«¨ç¨­ X ¨ Y .

� ª ®æ¥­¨âì §­ ç¥­¨¥ ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­â  ª®àà¥«ï-
æ¨¨ ¯® ¢ë¡®àª¥ ¯ à á«ãç ©­ëå ¢¥«¨ç¨­

(X1, Y1), (X2, Y2), . . . , (Xn, Yn) ?

�ç¥­ì ¯à®áâ®. �ë ¯à¨¯¨áë¢ ¥¬ ª ¦¤®© ¯ à¥ á«ãç ©­ëå ¢¥«¨ç¨­
(Xi, Yi), 1 ≤ i ≤ n ¢¥à®ïâ­®áâì 1/n ¨ ­ å®¤¨¬ á®®â¢¥âáâ¢ãîé¨¥
§­ ç¥­¨ï ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨.

�â ª, ®æ¥­ª ¬¨ ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨ ï¢-
«ïîâáï á®®â¢¥âáâ¢¥­­®

sXY = 1
n

n∑

i=1
(Xi − �X)(Yi − �Y ) = 1

n

n∑

i=1
XiYi − �X �Y , (5.4)
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r = rXY = sXY

sXsY
, (5.5)

£¤¥
�X = 1

n

n∑

i=1
Xi, �Y = 1

n

n∑

i=1
Yi,

s2
X = 1

n

n∑

i=1
(Xi − �X)2, s2

Y = 1
n

n∑

i=1
(Yi − �Y )2. (5.6)

2. �à®¢¥àª  £¨¯®â¥§ë
®¡ ®âáãâáâ¢¨¨ ª®àà¥«ïæ¨®­­®© á¢ï§¨

�á«¨ á«ãç ©­ë¥ ¢¥«¨ç¨­ë X, Y ¨¬¥îâ ­®à¬ «ì­®¥ à á¯à¥¤¥-
«¥­¨¥ ¨ ¨å ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ à ¢¥­ ­ã«î, â® ®­¨ ­¥§ ¢¨-
á¨¬ë. � ®¡é¥¬ á«ãç ¥ ¯à®¨§¢®«ì­ëå á«ãç ©­ëå ¢¥«¨ç¨­ X,Y à -
¢¥­áâ¢® ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨ ­ã«î ï¢«ï¥âáï ®¤­¨¬ ¨§ ¯à¨-
§­ ª®¢ ¨å ­¥§ ¢¨á¨¬®áâ¨.

�ãáâì ¨¬¥îâáï á®¢¬¥áâ­ë¥ ­ ¡«î¤¥­¨ï ¤¢ãå á«ãç ©­ëå ¢¥-
«¨ç¨­ Y ¨ X

(X1, Y1), (X2, Y2), . . . , (Xn, Xn), (5.7)
o ª®â®àëå ¬ë ¯à¥¤¯®« £ ¥¬ ¨§¢¥áâ­ë¬, çâ® ®­¨ ¨¬¥îâ ­®à¬ «ì­®¥
à á¯à¥¤¥«¥­¨¥.

�ã¦­® ¯à®¢¥à¨âì £¨¯®â¥§ã ®¡ ®âáãâáâ¢¨¨ ª®àà¥«ïæ¨®­­®©
á¢ï§¨, ¨­ ç¥ £®¢®àï: H0: ρXY = 0 ¯à¨  «ìâ¥à­ â¨¢¥ H1: ρXY 6= 0.

�®¦­® ¯®ª § âì, çâ® ¥á«¨ £¨¯®â¥§  H0 ¢¥à­ , â® á«ãç ©­ ï
¢¥«¨ç¨­ 

t = r
√

n− 2/
√

1− r2,

¢ ª®â®à®© r | ¢ë¡®à®ç­ë© ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ (5.5), ¨¬¥-
¥â à á¯à¥¤¥«¥­¨¥ �âìî¤¥­â  á n − 2 áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨ ¬®¦¥â
á«ã¦¨âì â¥áâ®¢®© áâ â¨áâ¨ª®© ¯à¨ ¯à®¢¥àª¥ £¨¯®â¥§ë H0. �ã¦­®
¢ë¡à âì ãà®¢¥­ì §­ ç¨¬®áâ¨ α, ­ ©â¨ tq,n−2 ¯® â ¡«¨æ ¬ à á¯à¥-
¤¥«¥­¨ï �âìî¤¥­â  á n− 2 áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �á«¨

|t| > tq,n−2, (5.8)

§­ ç¨â ¬ë ¯®¯ ¤ ¥¬ ¢ ªà¨â¨ç¥áªãî ®¡« áâì ¨ ¤®«¦­ë ®â¢¥à£­ãâì
£¨¯®â¥§ã H0 ¨, á«¥¤®¢ â¥«ì­®, áç¨â ¥¬, çâ® ¨¬¥¥âáï ª®àà¥«ïæ¨®­-
­ ï á¢ï§ì ¬¥¦¤ã á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨ Y ¨ X. �á«¨ |t| < tq,n−2,

69



â® £®¢®à¨¬, çâ® ¤ ­­ë¥ ­¥ ¯à®â¨¢®à¥ç â £¨¨¯®â¥§¥ H0, â. ¥. ª®àà¥-
«ïæ¨®­­ ï á¢ï§ì ¬¥¦¤ã Y ¨ X ®âáãâáâ¢ã¥â.

�¥à ¢¥­áâ¢® (5.8) íª¢¨¢ «¥­â­® á«¥¤ãîé¥¬ã:

|r| > tq,n−2√
t2q,n−2 + n− 2

, (5.9)

¨ ¥á«¨ ®­® ¢ë¯®«­¥­®, â® á«¥¤ã¥â ®â¢¥à£­ãâì £¨¯®â¥§ã H0.

3. �¡é ï ¯®áâ ­®¢ª  § ¤ ç¨ «¨­¥©­®£®
à¥£à¥áá¨®­­®£®  ­ «¨§ 

� àã "§ ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï Y ¨ ­¥§ ¢¨á¨¬ ï ¯¥à¥¬¥­­ ï
X" ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª ¤¢ã¬¥à­ë© á«ãç ©­ë© ¢¥ªâ®à (Y,X).
�¥«ì à¥£à¥áá¨®­­®£®  ­ «¨§  ¯® ­ ¡«î¤¥­¨ï¬ (Y1, X1), . . . , (Yn, Xn)
á«ãç ©­®£® ¢¥ªâ®à  (Y,X) | ®æ¥­¨âì §­ ç¥­¨¥ Y , ¥á«¨ ¨§¢¥áâ­®,
çâ® X = x. �«ãç ©­ ï ¢¥«¨ç¨­  Y ¯à¨ ä¨ªá¨à®¢ ­­®¬ X = x
ï¢«ï¥âáï ®¤­®¬¥à­®© á«ãç ©­®© ¢¥«¨ç¨­®©, ¨ ¬ë ¬®¦¥¬ ®¯à¥-
¤¥«¨âì ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ Y ¯à¨ ãá«®¢¨¨, çâ® ¨§¢¥áâ­®
X = x. � ª®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ­ §ë¢ ¥âáï ¢ â¥®à¨¨ ¢¥-
à®ïâ­®áâ¥© ãá«®¢­ë¬ ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬ Y ¯à¨ ãá«®¢¨¨
X = x ¨ ®¡®§­ ç ¥âáï E(Y |X = x).

�á­®, çâ®
E(Y |X = x) = f(x)

ï¢«ï¥âáï ­¥ª®â®à®© äã­ªæ¨¥©, § ¢¨áïé¥© ®â x. �â  äã­ªæ¨ï ­ -
§ë¢ ¥âáï äã­ªæ¨¥© à¥£à¥áá¨¨. �¬¥­­® ®æ¥­¨¢ ­¨¥¬ äã­ªæ¨¨ à¥-
£à¥áá¨¨ ª ª ¯à®£­®§  §­ ç¥­¨ï Y ¯® §­ ç¥­¨î X = x § ­¨¬ ¥âáï
à¥£à¥áá¨®­­ë©  ­ «¨§.

�ç¥¢¨¤­®, çâ® ¥á«¨ Y = f(X), â® E(f(X)|X = x) = f(x),  
¥á«¨ Y ¨ X ­¥§ ¢¨á¨¬ë, â® E(Y |X = x) = EY.

�á«¨
Y = f(X) + ξ, (5.10)

£¤¥ ξ | á«ãç ©­ ï ¢¥«¨ç¨­ , ­¥ § ¢¨áïé ï ®â X ¨ Eξ = 0, â®

E(Y |X = x) = f(x) + E(ξ|X = x) = f(x) + Eξ = f(x).

�®­ïâ¨¥ à¥£à¥áá¨ï ¡ë«® ¢¢¥¤¥­®  ­£«¨©áª¨¬ ãç¥­ë¬ � «ìâ®­®¬.
� 1875 £. ®­ ¯®á ¤¨« £®à®è¨­ë à §«¨ç­ëå à §¬¥à®¢ ¨ ®¡­ àã¦¨«,
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çâ® ¨§ ¡®«¥¥ ªàã¯­ëå £®à®è¨­ ¢ëà®á«¨ ¡®«¥¥ ¬¥«ª¨¥,   ¨§ ¡®«¥¥
¬¥«ª¨å | ¡®«¥¥ ªàã¯­ë¥. �â® ï¢«¥­¨¥ � «ìâ®­ ­ §¢ « à¥£à¥áá¨¥©.

� ª áâà®£® ®¯à¥¤¥«¨âì ãá«®¢­®¥ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥
E(Y |X = x)? �à¥¤¯®«®¦¨¬, çâ® ã á«ãç ©­®£® ¢¥ªâ®à  (Y,X) cã-
é¥áâ¢ã¥â ¯«®â­®áâì p(y, x). �®£¤ 

E(Y |X = x) =
∫

y p(y|X = x) dy,

£¤¥ p(y|X = x) | ãá«®¢­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï Y ¯à¨ ãá«®-
¢¨¨ X = x.

�á«®¢­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï Y ¯à¨ ãá«®¢¨¨ X = x ®¯à¥-
¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

F (y|X = x) = P(Y < y|X = x),

­®, â ª ª ª ¢¥à®ïâ­®áâì ãá«®¢¨ï P (X = x) à ¢­  ­ã«î, ¬ë à á-
á¬ âà¨¢ ¥¬ F (y|X = x) ª ª ¯à¥¤¥« ®â­®è¥­¨ï ¢¥à®ïâ­®áâ¥©

P(Y < y, x < X < x + δx)
P(x < X < x + δx)

¤«ï ¬ «ëå ®ªà¥áâ­®áâ¥© (x, x + δx) â®çª¨ x. � å®¤¨¬

F (y|X = x) = lim
δx→0

P(Y < y, x < X < x + δx)
P(x < X < x + δx) =

= lim
δx→0

1
δx

∫ y

−∞
ds

∫ x+δx

x

p(s, t)dt

1
δx

∫ ∞

−∞
ds

∫ x+δx

x

p(s, t)dt

=

∫ y

−∞
p(s, x)ds

∫ ∞

−∞
p(s, x)ds

.

�á«®¢­ ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï à ¢­ 

p(y|X = x) = ∂F (y|X = x)
∂y

= p(y, x)∫ ∞

−∞
p(s, x)ds

.
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4. �à®áâ ï «¨­¥©­ ï à¥£à¥áá¨ï

� áá¬®âà¨¬ § ¢¨á¨¬®áâì â¨¯  (5.10), £¤¥

f(x) = β0 + β1x (5.11)

¨ β0, β1 | ®æ¥­¨¢ ¥¬ë¥ ¯®áâ®ï­­ë¥. �®£¤  ­ ¡«î¤¥­¨ï Yi,
1 ≤ i ≤ n, ¯à¨ § ¤ ­­ëå Xi, 1 ≤ i ≤ n, ¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥

Yi = β0 + β1Xi + ξi, (5.12)

  ξi | ®è¨¡ª¨ ¨§¬¥à¥­¨©, ¯à¥¤¯®« £ îâáï ­¥§ ¢¨á¨¬ë¬¨ ®¤¨­ -
ª®¢® à á¯à¥¤¥«¥­­ë¬¨ á«ãç ©­ë¬¨ ¢¥«¨ç¨­ ¬¨, ¯à¨ç¥¬

Eξi = 0, Dξi = σ2, (5.13)

¨, ª ª ¯à ¢¨«®, ¯à¥¤¯®« £ ¥âáï, çâ® ξi ∈ N(0, σ2). �¨á«® β1 ­ §ë-
¢ ¥âáï ª®íää¨æ¨¥­â®¬ à¥£à¥áá¨¨ ¨«¨ ­ ª«®­®¬.

� à¥ «ì­ëå íª®­®¬¨ç¥áª¨å § ¤ ç å ¯à¥¤¯®«®¦¥­¨ï ® à á¯à¥-
¤¥«¥­¨¨ á«ãç ©­ëå ¢¥«¨ç¨­ ξi ç áâ® ­ àãè îâáï. �­¨ ¡ë¢ îâ
§ ¢¨á¨¬ë¬¨, ¨¬¥îâ à §­ë¥ ¤¨á¯¥àá¨¨, ­¥ â®«ìª® ­¥ ¯®¤ç¨­ïîâáï
­®à¬ «ì­®¬ã § ª®­ã, ­® ¨ ¨¬¥îâ ¤ ¦¥  á¨¬¬¥âà¨ç­ãî ¯«®â­®áâì
à á¯à¥¤¥«¥­¨ï. �ç¥â ¨  ­ «¨§ ¢á¥å íâ¨å ä ªâ®à®¢ ¯à¥¤áâ ¢«ï¥â
¡®«ìèãî âàã¤­®áâì ¢ áâ â¨áâ¨ç¥áª¨å ¨áá«¥¤®¢ ­¨ïå.

�¥«¨ç¨­ë Xi ®¡ëç­® ï¢«ïîâáï á«ãç ©­ë¬¨ (¨­®£¤  ¡ë¢ îâ
¤¥â¥à¬¨­¨à®¢ ­­ë¬¨). � á¯à®áâà ­¥­­®¥ ¯à¥¤¯®«®¦¥­¨¥ ® ­®à-
¬ «ì­®áâ¨ Xi ¢¬¥áâ¥ á ¯à¥¤¯®«®¦¥­¨¥¬ ® ­®à¬ «ì­®áâ¨ ξi ®§­ ç -
¥â, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë Yi â®¦¥ à á¯à¥¤¥«¥­ë ¯® ­®à¬ «ì­®¬ã
§ ª®­ã. �®«¥¥ â®£®, (Yi, Xi) ¨¬¥îâ ¤¢ã¬¥à­®¥ ­®à¬ «ì­®¥ à á¯à¥-
¤¥«¥­¨¥, ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨î (5.12), ¢ ª®â®à®¬

β1 = rxyσy

σx
, β0 = EY − β1EX, Eξ = 0, Dξ = (1− r2

xy)σ2
y.

�â¬¥â¨¬, çâ® ¬®¤¥«ì ¯à®áâ®© «¨­¥©­®© à¥£à¥áá¨¨ ï¢«ï¥âáï
¯à®áâ¥©è¥©. � ¯à ªâ¨ç¥áª¨å ¯à¨«®¦¥­¨ïå ç áâ® ¢áâà¥ç ¥âáï ¬­®-
£®¬¥à­ ï «¨­¥©­ ï à¥£à¥áá¨ï (áâ®¨¬®áâì  ªæ¨¨ § ¢¨á¨â ®â  ªâ¨-
¢®¢, ¯à¨¡ë«¨, ®¡®à®â  ª®¬¯ ­¨¨ ¨ â. ¤.). � íâ®¬ á«ãç ¥ ¬ë ­ ¡«î-
¤ ¥¬ ¢¥«¨ç¨­ë

Yi, X1i, . . . , Xki, i = 1, . . . , n,
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á¢ï§ ­­ë¥ «¨­¥©­®© § ¢¨á¨¬®áâìî

Yi = β0 + β1X1i + β2X2i + . . . + βkXki + ξi, (5.14)

£¤¥ ®è¨¡ª¨ ξi à á¯à¥¤¥«¥­ë â ª ¦¥, ª ª ¢ ä®à¬ã« å (5.13).
� áâ® ¢áâà¥ç îâáï ¨ ¬®¤¥«¨ ­¥«¨­¥©­®© à¥£à¥áá¨¨, ­¥ª®â®à®¥

¯à¥¤áâ ¢«¥­¨¥ ® ª®â®àëå ¬ë ¯®«ãç¨¬ ¯®§¤­¥¥.

5. �æ¥­ª  ¯ à ¬¥âà®¢ «¨­¥©­®© à¥£à¥áá¨¨
¯® ¬¥â®¤ã ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢

�à¥¤¯®«®¦¨¬, çâ® ­ ¡«î¤¥­¨ï (Yi, Xi), 1 ≤ i ≤ n, ã¤®¢«¥â¢®-
àïîâ ¬®¤¥«¨ ¯à®áâ®© «¨­¥©­®© à¥£à¥áá¨¨ (5.12) ¨ ­ ¬ ­ ¤® ®æ¥­¨âì
ª®íää¨æ¨¥­âë β0 ¨ β1.

�æ¥­ª ¬¨ ¯ à ¬¥âà®¢ β0 ¨ β1, ­ ©¤¥­­ëå ¯® ¬¥â®¤ã ­ ¨¬¥­ì-
è¨å ª¢ ¤à â®¢, ï¢«ïîâáï ¢¥«¨ç¨­ë β̂0 ¨ β̂1, ª®â®àë¥ ¬¨­¨¬¨§¨àã-
îâ ª¢ ¤à â¨ç­ë¥ ®âª«®­¥­¨ï ­ ¡«î¤¥­¨© Yi ®â «¨­¨¨ à¥£à¥áá¨¨
(5.11). �­ ç¥ £®¢®àï, ­ ¨«ãçè¨¥ ®æ¥­ª¨ β̂0 ¨ β̂1 | â¥, ¯à¨ ª®â®àëå
áã¬¬  ª¢ ¤à â¨ç­ëå ®âª«®­¥­¨©

Q =
n∑

i=1
(Yi − β0 − β1Xi)2

¤®áâ¨£ ¥â ¬¨­¨¬ã¬ .
�§ï¢ ¯à®¨§¢®¤­ë¥ ®â Q ¯® β0 ¨ β1 ¨ ¯à¨à ¢­ï¢ ¨å ª ­ã«î,

¯®«ãç¨¬ á¨áâ¥¬ã ¤¢ãå «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® β̂0 ¨ β̂1.
�¥è¨¢ ¨å, ­ å®¤¨¬ ®æ¥­ª¨

β̂1 =
∑n

i=1 YiXi − n �Y �X∑n
i=1(Xi − �X)2 , (5.15)

β̂0 = �Y − β̂1 �X. (5.16)
�à ¢­¥­¨¥ à¥£à¥áá¨¨ ¯®«ãç ¥¬ ¢ ¢¨¤¥

Ŷx = β̂0 + β̂1x. (5.17)

�à®¬¥ ¯ à ¬¥âà®¢ β1 ¨ β0, á«¥¤ã¥â ­ ©â¨ ®æ¥­ªã σ̂2 ¯ à ¬¥âà  σ2

| ¤¨á¯¥àá¨¨ ®è¨¡®ª ξi. �­  ¨¬¥¥â ¢¨¤

σ̂2 = 1
n− 2

n∑

i=1
(yi − β̂0 − β̂1xi)2. (5.18)
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�¥«¨ç¨­  σ̂ ­ §ë¢ ¥âáï ®æ¥­ª®© áâ ­¤ àâ­®© ®è¨¡ª¨ σ ¨ à á-
á¬ âà¨¢ ¥âáï ª ª ¬¥à  ®âª«®­¥­¨ï ­ ¡«î¤¥­¨© ®â «¨­¨¨ à¥£à¥á-
á¨¨. �¥«¨ç¨­ë yi − β̂0 − β̂1xi ­ §ë¢ îâáï ®áâ âª ¬¨.

6. �®íää¨æ¨¥­â ¯à®áâ®© ¤¥â¥à¬¨­ æ¨¨

� áâ® ¢®§­¨ª ¥â ¢®¯à®á, ­ áª®«ìª® áãé¥áâ¢¥­­  ¨­ä®à¬ æ¨ï,
¯®«ãç ¥¬ ï §  áç¥â ¢¢¥¤¥­¨ï ¬®¤¥«¨ «¨­¥©­®© à¥£à¥áá¨¨. � íâ®©
á¨âã æ¨¨ ¥áâ¥áâ¢¥­­® áà ¢­¨âì áã¬¬ã ª¢ ¤à â¨ç­ëå ®âª«®­¥­¨©
(sums of squares due to errors), ¢ë§¢ ­­ëå ®è¨¡ª ¬¨ ¯à®£­®§ 

SSE = min
β0,β1

n∑

i=1
(Yi − β0 − β1Xi)2 =

n∑

i=1
(Yi − Ŷi)2

¢ ¬®¤¥«¨ «¨­¥©­®© à¥£à¥áá¨¨ á áã¬¬®© ª¢ ¤à â®¢ ®âª«®­¥­¨© ­ -
¡«î¤¥­¨© Yi ®â­®á¨â¥«ì­® ­¥ª®â®à®© â®çª¨. �à¨ íâ®¬ ¢ ª ç¥áâ¢¥
æ¥­âà , ®â­®á¨â¥«ì­® ª®â®à®£® ¨§¬¥àï¥âáï ª¢ ¤à â¨ç­ë© à §¡à®á
Yi, ¢®§ì¬¥¬ �Y , ¯®áª®«ìªã

ns2
y = SST =

n∑

i=1
(Yi − �Y )2 = min

β

n∑

i=1
(Yi − β)2. (5.19)

� §®¢¥¬ SST ®¡é¥© áã¬¬®© ª¢ ¤à â®¢ (total sums of squares).
�â­®è¥­¨¥ à §­®áâ¨ SST − SSE áã¬¬ ª¢ ¤à â¨ç­ëå à §¡à®-

á®¢ íâ¨å ¬®¤¥«¥© ª ®¡é¥¬ã à §¡à®áã SST ­ §ë¢ ¥âáï ª®íää¨æ¨¥­-
â®¬ ¯à®áâ®© ¤¥â¥à¬¨­ æ¨¨. �­ ®¡®§­ ç ¥âáï R2 ¨ à ¢¥­

R2 = SST − SSE

SST
= 1−

∑n
i=1(Yi − β̂0 − β̂1Xi)2

∑n
i=1(Yi − �Y )2 . (5.20)

�®íää¨æ¨¥­â ¯à®áâ®© ¤¥â¥à¬¨­ æ¨¨ ¯®ª §ë¢ ¥â âã ¬¥àã ¯®£à¥è-
­®áâ¨, ª ªãî ã¤ ¥âáï ®âá¥çì §  áç¥â ¨á¯®«ì§®¢ ­¨ï ¢ ª ç¥áâ¢¥ ¯à®-
£­®§  äã­ªæ¨¨ à¥£à¥áá¨¨ Ŷ = β̂0 + β̂1X ¯® áà ¢­¥­¨î á ¯à®£­®§®¬
¢¨¤  Ŷ = β̂0 = �Y .

�á¯®«ì§ã¥¬®¥ ®¡®§­ ç¥­¨¥ R2 | ­¥ á«ãç ©­®¥ á®¢¯ ¤¥­¨¥, â ª
ª ª ¯à ¢ ï ç áâì (5.20) à ¢­  ª¢ ¤à âã ¢ë¡®à®ç­®£® ª®íää¨æ¨¥­-
â  ª®àà¥«ïæ¨¨ (á¬. ¯. 9.2)

R2 = r2 = r2
xy. (5.21)
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�¥«¨ç¨­ã R2 ¬®¦­® ¢ëç¨á«¨âì ¨ ¯® ¤àã£®© ä®à¬ã«¥:

R2 =
∑n

i=1(Ŷi − �Y )2
∑n

i=1(Yi − �Y )2 , (5.22)

â ª ª ª
n∑

i=1
(Yi − �Y )2 =

n∑

i=1
(Yi − Ŷi)2 +

n∑

i=1
(Ŷi − �Y )2. (5.23)

�®ª § â¥«ìáâ¢® à ¢¥­áâ¢ (5.21) ¨ (5.23) á¬. ¢ ¯. 9.
� ª¨¬ ®¡à §®¬, ®¡é ï áã¬¬  ª¢ ¤à â®¢ SST à ¢­  "­¥®¡êïá-

­¥­­®©" áã¬¬¥ ª¢ ¤à â®¢ ®è¨¡®ª SSE ¯«îá áã¬¬  ª¢ ¤à â®¢ SSR
®è¨¡®ª (sums of squares due to regression), "®¡êïá­¥­­ëå" §  áç¥â
¢¢¥¤¥­¨ï äã­ªæ¨¨ à¥£à¥áá¨¨:

SSR =
n∑

i=1
(Ŷi − �Y )2.

� ¬¥â¨¬, çâ® â®¦¤¥áâ¢® (5.23) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

SST = SSE + SSR.

"�¡êïá­¥­­ ï" áã¬¬  SSR ¯à¥¤áâ ¢«ï¥â á®¡®© áã¬¬ã ª¢ ¤à -
â®¢ ®âª«®­¥­¨© §­ ç¥­¨© ŷi «¨­¨¨ à¥£à¥áá¨¨ ¢ â®çª å ­ ¡«î¤¥­¨©
xi ®â ¢ë¡®à®ç­®£® áà¥¤­¥£® �y. �¬¥­­® ®­  ¯®ª §ë¢ ¥â, ª ª®¥ ª®«¨-
ç¥áâ¢® ª¢ ¤à â¨ç­®£® à §¡à®á  s2

Y ­ ¡«î¤¥­¨© yi ®â �y ¬ë â¥àï¥¬
§  áç¥â ¢¢¥¤¥­¨ï ¨å  ¯¯à®ªá¨¬ æ¨¨ «¨­¨¥© à¥£à¥áá¨¨. �®á«¥ ­®à-
¬¨à®¢ª¨ íâ®© ¨­ä®à¬ æ¨¨ ¤¥«¥­¨¥¬ ­  SST = ns2

Y ¬ë ¯®«ãç ¥¬
ª®íää¨æ¨¥­â ¤¥â¥à¬¨­ æ¨¨ R2.

�á«¨ R2 = 1, â® â®çª¨ (Xi, Yi) «¥¦ â ­  ¯àï¬®© Y = β̂0 + β̂1X.
� àï¤ã á ª®íää¨æ¨¥­â®¬ ¤¥â¥à¬¨­ æ¨¨ R2 ¢ áâ â¨áâ¨ç¥áª¨å

¨áá«¥¤®¢ ­¨ïå ¨á¯®«ì§ãîâ ®âà¥£ã«¨à®¢ ­­ë© (adjusted) ª®íää¨-
æ¨¥­â ¤¥â¥à¬¨­ æ¨¨ �R2. �á¯®«ì§ãï â®â ä ªâ, çâ® ¤à®¡ì

SSE/(n− 2)
SST/(n− 1)

¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �¨è¥à  á n − 2 ¨ n − 1 áâ¥¯¥­ï¬¨ á¢®¡®¤ë,
¯®« £ îâ

�R2 = 1− SSE/(n− 2)
SST/(n− 1) .
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� ª¨¬ ®¡à §®¬, à á¯à¥¤¥«¥­¨¥ �R2 «¥£ª® ¯®«ãç ¥âáï ¨§ áâ ­¤ àâ-
­®£® à á¯à¥¤¥«¥­¨ï �¨è¥à  ¨ ¬®¦¥â ¡ëâì «¥£ª® ¨§ãç¥­®.

7. �à®£­®§ §­ ç¥­¨ï Yx0 ¢ â®çª¥ x0

� ¤ ç¨ ¯à®£­®§  ¢®§­¨ª îâ ¢ ¡¨§­¥á¥ ¨ ä¨­ ­á å ¤®¢®«ì­®
ç áâ®. � ¯à¨¬¥à, ¨§¢¥áâ­ë ¤®å®¤ë ª®¬¯ ­¨¨ §  ¯ïâì «¥â, ¨ ­ -
¤® ¤ âì ¯à®£­®§ ­  á«¥¤ãîé¨© £®¤ ¨«¨ ­¥®¡å®¤¨¬® ¤ âì ¯à®£­®§
à®áâ   ªæ¨© ­  ¡¨à¦¥. �áâ¥áâ¢¥­­®, çâ® íâ¨ § ¤ ç¨ ¯®¬¨¬® ä ª-
â®à®¢, ®¯¨áë¢ ¥¬ëå ¬ â¥¬ â¨ç¥áª¨, á®¤¥à¦ â æ¥«ë© àï¤ ¨ ¤àã£¨å
ä ªâ®à®¢.

�¨­¨ï à¥£à¥áá¨¨ (5.17) ¬®¦¥â á«ã¦¨âì ¯à®£­®§®¬ ¢ «î¡®©
â®çª¥ x0, ¨ ¯à®£­®§ ¡ã¤¥â ¨¬¥âì ¢¨¤

Ŷx0 = β̂0 + β̂1x0.

�®¢¥à¨â¥«ì­ë© ¨­â¥à¢ « ¤«ï ¡ã¤ãé¥£® ­ ¡«î¤¥­¨ï Yx0 ¢ â®çª¥ x0
¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

β̂0 + β̂1x0 ± tα,n−2σ̂√
n− 2

√
1 + n(x0 − �x)2

∑n
i=1 x2

i − n�x2 , (5.24)

£¤¥ tα,n−2 ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî à á¯à¥¤¥«¥­¨ï �âìî¤¥­â  á
n− 2 áâ¥¯¥­ï¬¨ á¢®¡®¤ë ¨ ãà®¢­¥¬ §­ ç¨¬®áâ¨ α.

�à¨¬¥à 5.1. �ãáâì §  5 «¥â ä¨à¬  ¨¬¥«  á«¥¤ãîé¨© ¤®å®¤:

Xi = i . . . 1 2 3 4 5
Yi . . . 2.1 2.7 3.5 4.1 4.9

�® ä®à¬ã« ¬ (5.15) ¨ (5.16) ¯®«ãç ¥¬ β̂0 = 1.36, β̂1 = 0.7,
¨ ¯àï¬ ï à¥£à¥áá¨¨ (5.17), ª®â®à ï ¬®¦¥â á«ã¦¨âì ¯à®£­®§®¬ ¢
â®çª¥ x, ¯à¨®¡à¥â ¥â ¢¨¤ Ŷx = 1.36 + 0.7 · x. �à¨ x0 = 6 ¢¥«¨ç¨­ 
Ŷ6, ï¢«ïîé ïáï ¯à®£­®§®¬ ¢ á«¥¤ãîé¥¬ ¯®á«¥ ­ ¡«î¤¥­¨© £®¤ã,
à ¢­  Ŷ6 = 5.56.

� «¥¥ ®¯à¥¤¥«ï¥¬ ç¨á«® áâ¥¯¥­¥© á¢®¡®¤ë n − 2 = 3 ¨ ¯à¨
α = 0.05 ¯® â ¡«¨æ ¬ �âìî¤¥­â  ­ å®¤¨¬ t0.05,3 = 3.18, § â¥¬
¯® ä®à¬ã«¥ (5.18) σ̂ = 0.05 ¨ ®ª®­ç â¥«ì­® ¯®«ãç ¥¬ ¤®¢¥à¨â¥«ì-
­ë© ¨­â¥à¢ « ¤«ï ¡ã¤ãé¥£® ­ ¡«î¤¥­¨ï ¢ â®çª¥ x0 = 6 ¢ ¢¨¤¥
5.56± 0.21.
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8. �à®¢¥àª  £¨¯®â¥§ë
® à ¢¥­áâ¢¥ ­ã«î ª®íää¨æ¨¥­â  ­ ª«®­  β1

� §«¨ç îâ ¤¢¥ ¯®áâ ­®¢ª¨ § ¤ ç¨, ª®£¤  ­ ¡«î¤¥­¨ï xi ­¥
á«ãç ©­ë ¨ ª®£¤  ®­¨ á«ãç ©­ë.

�á«¨ Xi ­¥ á«ãç ©­ë, â® à ¢¥­áâ¢® ­ã«î β1 ï¢«ï¥âáï ®¤­¨¬
¨§ ¯à¨§­ ª®¢ ¨å ®¤¨­ ª®¢®© à á¯à¥¤¥«¥­­®áâ¨. � ç áâ­®áâ¨, ¥á«¨
¯¥à¥¬¥­­ ï X ï¢«ï¥âáï ¢à¥¬¥­­®©, â® íâ® ï¢«ï¥âáï ¯à¨§­ ª®¬ ­¥-
§ ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï Yi.

�á«¨ Xi | á«ãç ©­ë¥ ¢¥«¨ç¨­ë, â®, ¯®áª®«ìªã β1 = ρXY
σY

σX
,

£¨¯®â¥§  β1 = 0 íª¢¨¢ «¥­â­  £¨¯®â¥§¥ ® ­¥ª®àà¥«¨à®¢ ­­®áâ¨ á«ã-
ç ©­ëå ¢¥«¨ç¨­ X ¨ Y , ¨ ¯à®¢¥àªã ¨å ­¥ª®àà¥«¨à®¢ ­­®áâ¨ ¬®¦­®
®áãé¥áâ¢¨âì á ¯®¬®éìî ªà¨â¥à¨ï (5.2).

�á«¨ xi ­¥ á«ãç ©­ë ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ¢à¥¬ï, â® à ¢¥­-
áâ¢® β1 = 0 ï¢«ï¥âáï ¯à¨§­ ª®¬ ­¥§ ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨ ¬ â¥-
¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï Y . �à ¢­¥­¨¥ à¥£à¥áá¨¨ ¨¬¥¥â ¢¨¤

E(Y/X) = β0.

�á«¨ ¢ ¢ë¡®àª¥ (5.7) ¯¥à¥¬¥­­ë¥ Xi | ­¥ á«ãç ©­ë¥ ¢¥«¨ç¨-
­ë,   Yi à á¯à¥¤¥«¥­ë ­®à¬ «ì­®, â® ¯®«ãç¥­­ ï ¢ ä®à¬ã«¥ (5.15)
®æ¥­ª  β̂1 ¨¬¥¥â ­®à¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥, ¯à¨ç¥¬

β̂1 ∼ N

(
β1,

σ2
∑n

i=1(xi − �x)2

)
.

�à¨â¥à¨¥¬ ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë H0: β1 = 0 á ãà®¢­¥¬
§­ ç¨¬®áâ¨ q ï¢«ï¥âáï ­¥à ¢¥­áâ¢®

∣∣∣ β̂1
sβ̂1

∣∣∣ > tq/2,n−2, (5.25)

£¤¥ ¢ë¡®à®ç­®¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ ®âª«®­¥­¨¥ sβ̂1
áâ â¨áâ¨ª¨

β̂1 ¨¬¥¥â ¢¨¤
sβ̂1

=
√

nσ̂√
(n− 2)

∑n
i=1(xi − �x)2

, (5.26)

  ¢¥«¨ç¨­  σ̂ ­ å®¤¨âáï ¯® ä®à¬ã«¥ (5.18). �­ ç¥­¨¥ tq/2,n−2 ¯®-
«ãç ¥¬, ¨á¯®«ì§ãï â ¡«¨æë à á¯à¥¤¥«¥­¨ï �âìî¤¥­â  á n− 2 áâ¥-
¯¥­ï¬¨ á¢®¡®¤ë.
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�á«¨ ­¥à ¢¥­áâ¢® (5.25) ¤«ï ­ è¥© ¢ë¡®àª¨ ¡ã¤¥â ¢ë¯®«­¥­®,
â® £¨¯®â¥§  ®â¢¥à£ ¥âáï. � ¯à®â¨¢­®¬ á«ãç ¥ ®­  ¯à¨­¨¬ ¥âáï.

�à¨ ¢ë¯®«­¥­¨¨ £¨¯®â¥§ë H0 ãà ¢­¥­¨¥ à¥£à¥áá¨¨ (5.17) ¯à¥-
¢à é ¥âáï ¢ Ŷx = β̂0, â. ¥. ¯à¨ «î¡®¬ X ¢¥«¨ç¨­  Ŷx ï¢«ï¥âáï
¯®áâ®ï­­®©.

9. �®ª § â¥«ìáâ¢® ®á­®¢­ëå ä®à¬ã«
¯à®áâ®£® à¥£à¥áá¨®­­®£®  ­ «¨§ 

9.1. �ë¢®¤ ®æ¥­®ª ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ ¤«ï ª®íää¨æ¨¥­â®¢
¯à®áâ®© «¨­¥©­®© à¥£à¥áá¨¨. �¡®§­ ç¨¬

H(β0, β1) =
n∑

i=1
(Yi − β0 − β1Xi)2.

�®£¤  min H(β0, β1) ¤®áâ¨£ ¥âáï ¤«ï §­ ç¥­¨© β0, β1, ¤«ï ª®â®àëå




∂

∂β0
H(β0, β1) = 0,

∂

∂β1
H(β0, β1) = 0.

(5.27)

�¬¥¥¬
∂

∂β0
H(β0, β1) =

n∑

i=1

∂

∂β0
(Yi − β0 − β1Xi)2 =

= −2
n∑

i=1
(Yi − β0 − β1Xi) = −2n( �Y − β0 − β1 �X) = 0

¨, á«¥¤®¢ â¥«ì­®,
β̂0 = �Y − β̂1 �X. (5.28)

�á¯®«ì§ãï ¢â®à®¥ ãà ¢­¥­¨¥ (5.27) ¨ ¯®¤áâ ¢«ïï ¢ ¯à®æ¥áá¥ ¢ëç¨-
á«¥­¨© β0 = β̂0, ¨¬¥¥¬

∂

∂β1
H(β0, β1) =

n∑

i=1

∂

∂β1
(Yi − β0 − β1Xi)2 =

= −2
n∑

i=1
Xi(Yi−β0−β1Xi) = −2

n∑

i=1
XiYi +2β0

n∑

i=1
Xi +2β1

n∑

i=1
X2

i =
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= −2
n∑

i=1
XiYi + 2n( �Y − β̂1 �X) �X + 2β1

n∑

i=1
X2

i =

= −2
(

n∑

i=1
XiYi − n �X �Y

)
+ 2β1

(
n∑

i=1
X2

i − n �X2
)

= 0. (5.29)

�âáî¤  ¯®«ãç ¥¬ ®æ¥­ªã

β̂1 =
∑n

i=1 XiYi − n �X �Y∑n
i=1 X2

i − n �X2 ,

ª®â®àãî ¬®¦­® § ¯¨á âì â ª¦¥ ¢ ¢¨¤¥

β̂1 = sXY

s2
X

= rXY
sY

sX
,

â ª ª ª

sXY = 1
n

n∑

i=1
XiYi − �X �Y , s2

X = 1
n

n∑

i=1
X2

i − �X2.

9.2. �®ª § â¥«ìáâ¢® â®¦¤¥áâ¢ 

SST = SSE + SSR. (5.30)

�¬¥¥¬

SST =
n∑

i=1
[(Yi− Ŷi)+(Ŷi− �Y )]2 = SSE+SSR+2

n∑

i=1
(Yi− Ŷi)(Ŷi− �Y ).

� ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¤®ª § âì, çâ®
n∑

i=1
(Yi − Ŷi)(Ŷi − �Y ) = 0. (5.31)

� ª ª ª Ŷi = β̂0 + β̂1Xi,   �Y = β̂0 + β̂1 �X, â® «¥¢ ï ç áâì (5.31) à ¢­ 
n∑

i=1
(Yi − Ŷi)(β̂0 + β̂1Xi − β̂0 − β̂1 �X) = β̂1

n∑

i=1
(Yi − Ŷi)(Xi − �X) =
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= β̂1

n∑

i=1
(Yi − Ŷi)Xi − β̂1

n∑

i=1
(Yi − Ŷi) �X, (5.32)

¨ ®áâ ¥âáï ¯®ª § âì, çâ® ª ¦¤®¥ ¨§ á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ (5.32)
à ¢­® ­ã«î. � á¨«ã (5.29)

n∑

i=1
(Yi − Ŷi)Xi =

n∑

i=1
Xi(Yi − β̂0 − β̂1Xi) = 0. (5.33)

�áâ «®áì ¯à®¢¥à¨âì, çâ®

�X
n∑

i=1
(Yi − Ŷi) = 0, (5.34)

­®
n∑

i=1
Ŷi =

n∑

i=1
(β̂0 + β̂1Xi) = nβ̂0 + nβ̂1 �X, (5.35)

  ¨§ à ¢¥­áâ¢  (5.28) á«¥¤ã¥â, çâ®
n∑

i=1
Yi = n �Y = nβ̂0 + nβ̂1 �X, (5.36)

¯®íâ®¬ã ¨§ à ¢¥­áâ¢ (5.35) ¨ (5.36) ¯®«ãç ¥¬ (5.34).
� ª¨¬ ®¡à §®¬, ¨§ à ¢¥­áâ¢ (5.31){(5.36) á«¥¤ã¥â â®¦¤¥áâ¢®

(5.30).

9.3. �®ª § â¥«ìáâ¢® à ¢¥­áâ¢  R2 = r2. �¬¥¥¬

SSR =
n∑

i=1
(Ŷi − �Y )2 =

n∑

i=1
(β̂0 + β̂1Xi − β̂0 − β̂1 �X)2 =

= β̂2
1

n∑

i=1
(Xi − �X)2 = nβ̂2

1s2
X = nr2s2

Y .

�«¥¤®¢ â¥«ì­®,
R2 = SSR

ns2
Y

= r2.
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� «   ¢   6
����������������� ������ ����������

1. � ­£®¢ë¥ ªà¨â¥à¨¨ ¤«ï ¯à®¢¥àª¨
£¨¯®â¥§ë ®¤­®à®¤­®áâ¨

�ãáâì ã ­ á ¥áâì ¤¢¥ ¢ë¡®àª¨ ¨ ¬ë å®â¨¬ ¯à®¢¥à¨âì £¨¯®â¥-
§ã, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë ¢ ­¨å ¨¬¥îâ ®¤­ã ¨ âã ¦¥ äã­ªæ¨î
à á¯à¥¤¥«¥­¨ï ¯à®â¨¢  «ìâ¥à­ â¨¢ë, çâ® "á«ãç ©­ë¥ ¢¥«¨ç¨­ë ¢
®¤­®© ¢ë¡®àª¥ ®¡ëç­® ¯à¨­¨¬ îâ ¡®«ìè¨¥ §­ ç¥­¨ï, ç¥¬ ¢ ¤àã-
£®©". � ª ï ¯®áâ ­®¢ª  ¢®§­¨ª ¥â, ­ ¯à¨¬¥à, ¯à¨ ¯à®¢¥àª¥ £¨¯®-
â¥§ë, çâ®

®¤­® «¥ª àáâ¢® «ãçè¥ ¤àã£®£®,
®¤¨­ á®àâ ª®ä¥ «ãçè¥ ¤àã£®£®,
®¤­  ¬ àª   ¢â®¬®¡¨«ï «ãçè¥ ¤àã£®©.

�¬¥­­® ¤«ï ¯à®¢¥àª¨ â ª¨å £¨¯®â¥§ ¨ ¯à¨¬¥­ïîâáï à ­£®¢ë¥
ªà¨â¥à¨¨, ¯®áª®«ìªã ®­¨ ¥áâ¥áâ¢¥­­® ¯à¨á¯®á®¡«¥­ë ª ¤ ­­®© ¯®-
áâ ­®¢ª¥ § ¤ ç¨. �¤­¨¬ ¨§ ¤®áâ®¨­áâ¢ à ­£®¢ëå ªà¨â¥à¨¥¢ ï¢«ï-
¥âáï ¢®§¬®¦­®áâì ¨å ¯à¨¬¥­¥­¨ï ª ª ª ª®«¨ç¥áâ¢¥­­ë¬, â ª ¨ ª
ª ç¥áâ¢¥­­ë¬ ¤ ­­ë¬. � ç áâ­®áâ¨, à ­£®¢ë¥ ªà¨â¥à¨¨ ­ å®¤ïâ
è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ íªá¯¥àâ­ëå ®æ¥­ª å. � ­£®¢ë¥ ªà¨â¥à¨¨
áç¨â îâáï ­¥¯ à ¬¥âà¨ç¥áª¨¬¨, ¯®áª®«ìªã ¨å ¨á¯®«ì§®¢ ­¨¥ ­¥
¯à¥¤¯®« £ ¥â ¨§¢¥áâ­ë¬ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï ­ ¡«î¤¥­¨© ¤ -
¦¥ á â®ç­®áâìî ¤® ¯ à ¬¥âà®¢.

2. � ­£®¢ë¥ ªà¨â¥à¨¨ �¨«ª®ªá®­  ¨ � ­­ |�¨â­¨

� ç­¥¬ à áá¬®âà¥­¨¥ á ª®­ªà¥â­®© § ¤ ç¨.
� ¤ ç  6.1. �« ¤¥«¥æ ª®¬¯ ­¨¨ ¯à®å« ¤¨â¥«ì­ëå ­ ¯¨âª®¢

à¥è¨« ã«ãçè¨âì ª ç¥áâ¢® ¯à®¤ãªæ¨¨. �ë« ¨§£®â®¢«¥­ ­®¢ë© ­ -
¯¨â®ª, ¨ ¯ïâì íªá¯¥àâ®¢ (¤¥£ãáâ â®à®¢) ®æ¥­¨¢ «¨ ª ç¥áâ¢® ­®¢®£®
¨ áâ ­¤ àâ­®£® ­ ¯¨âª®¢ ¢ ¯ïâ¨¡ ««ì­®© èª «¥. �â ­¤ àâ­ë© ­ -
¯¨â®ª ¯®«ãç¨« á«¥¤ãîé¨¥ ¡ ««ë :

2, 5, 4, 1, 4, (6.1)

  ­®¢ë© :
3, 4, 2, 2, 1. (6.2)

81



� ª ­  ®á­®¢¥ § ª«îç¥­¨© íªá¯¥àâ®¢ ¯à®¢¥à¨âì £¨¯®â¥§ã, çâ® ­®-
¢ë© ­ ¯¨â®ª ­¥ «ãçè¥ áâ ­¤ àâ­®£®?

�¥è¥­¨¥. � ­ è¥¬ á«ãç ¥ £¨¯®â¥§  H0 á®®â¢¥âáâ¢ã¥â â®¬ã,
çâ® ­®¢ë© ¨ áâ àë© ­ ¯¨âª¨ ­¥ à §«¨ç îâáï ¬¥¦¤ã á®¡®©. �¡ê-
¥¤¨­¨¬ á®¢®ªã¯­®áâ¨ ¡ ««®¢ (6.1), (6.2) ¨ § ¯¨è¥¬ ¨å ¢ ¯®àï¤ª¥
¢®§à áâ ­¨ï:

1, 1, 2, 2, 2, 3, 4, 4, 4, 5. (6.3)
� ¦¤®¬ã ¨§ ç¨á¥« ¢ àï¤ã (6.3) á®¯®áâ ¢¨¬ ¥£® à ­£, ª®â®àë© ®¯à¥-
¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �á«¨ ¢ àï¤ã (6.3) ¤ ­­®¥ ç¨á«®, ­ -
¯à¨¬¥à 5, ¢áâà¥ç ¥âáï ®¤¨­ à §, â® à ­£ íâ®£® ç¨á«  à ¢¥­ ¯®àï¤-
ª®¢®¬ã ­®¬¥àã íâ®£® ç¨á«  ¢ àï¤ã (6.3). � ª, æ¨äà  5 ¢ àï¤ã (6.3)
áâ®¨â ­  ¤¥áïâ®¬ ¬¥áâ¥, ¯®íâ®¬ã ¥¥ à ­£ à ¢¥­ 10.

�á«¨ ¢ àï¤ã (6.3) ª ª®¥-«¨¡® ç¨á«® ¢áâà¥ç ¥âáï ­¥áª®«ìª® à §,
â® ¤«ï ¯®¤áç¥â  ¥£® à ­£  ­ã¦­® ¯à®áã¬¬¨à®¢ âì ¯®àï¤ª®¢ë¥ ­®-
¬¥à  íâ®£® ç¨á«  ¨ ¯®«ãç¥­­ãî áã¬¬ã à §¤¥«¨âì ­  ¨å ª®«¨ç¥-
áâ¢®. � ¯à¨¬¥à, æ¨äà  4 ¢ àï¤ã (6.3) ¯à¨áãâáâ¢ã¥â âà¨¦¤ë ¨ áâ®-
¨â ­  ¬¥áâ å 7, 8, 9, á«¥¤®¢ â¥«ì­®, à ­£ ç¥â¢¥àª¨ à ¢¥­ (7+8+9)/3
= 8, à ­£ ¤¢®©ª¨ à ¢¥­ (3+4+5)/3 = 4,   à ­£ ¥¤¨­¨æë à ¢¥­
(1+2)/2=1.5.

� ­£¨ àï¤  (6.3) ¡ã¤ãâ ¨¬¥âì ¢¨¤

1.5, 1.5, 4, 4, 4, 6, 8, 8, 8, 10. (6.4)

� ¯¨è¥¬ àï¤ë à ­£®¢ íªá¯¥àâ­ëå ®æ¥­®ª (6.1) ¨ (6.2):

4, 10, 8, 1.5, 8, (6.5)

6, 8, 4, 4, 1.5. (6.6)
�ë ¡ã¤¥¬ áã¤¨âì ® ª ç¥áâ¢¥ ­ ¯¨âª®¢ ­¥ ¯® ¡ «« ¬ íªá¯¥àâ®¢,

  ¯® ¨å à ­£ ¬. �®áâ®¨­áâ¢® â ª®£® à ­£®¢®£® ¯®¤å®¤  á®áâ®¨â
¢ â®¬, çâ® ¯à¨ ¨§¬¥­¥­¨¨ èª «ë (­ ¯à¨¬¥à, ­  á¥¬¨¡ ««ì­ãî)
¡ ««ë íªá¯¥àâ®¢ ¤«ï ª ¦¤®£® ¨§ ­ ¯¨âª®¢ áãé¥áâ¢¥­­® ¨§¬¥­ïâáï,
¢ â® ¢à¥¬ï ª ª à ­£¨ ¬¥­ïîâáï ­¥ áâ®«ì §­ ç¨â¥«ì­®.

� ©¤¥¬ áã¬¬ë à ­£®¢ áâ ­¤ àâ­®£® ¨ ­®¢®£® ­ ¯¨âª®¢:

4 + 10 + 6 + 1.5 + 8 = 31.5, (6.7)

4 + 8 + 8 + 4 + 1.5 = 23.5, (6.8)
¨ ¡ã¤¥¬ ®áãé¥áâ¢«ïâì ¯à®¢¥àªã £¨¯®â¥§ë ¯® áã¬¬ ¬ (6.7), (6.8).
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� ª®© ¯®¤å®¤ ª ¯à®¢¥àª¥ £¨¯®â¥§ ¯à¥¤«®¦¨« �¨«ª®ªá®­. �®-
íâ®¬ã á®®â¢¥âáâ¢ãîé¨© ªà¨â¥à¨© ¨ ­ §ë¢ ¥âáï ªà¨â¥à¨¥¬ �¨«-
ª®ªá®­ .

�®áª®«ìªã áã¬¬  à ­£®¢ ­®¢®£® ­ ¯¨âª  (23.5) ¬¥­ìè¥, ç¥¬ ã
áâ ­¤ àâ­®£® (31.5), ­®¢ë© ­ ¯¨â®ª ­¥ «ãçè¥ áâ ­¤ àâ­®£®.

�â¬¥â¨¬, çâ® 31.5 + 23.5 = 55 ¨ íâ® ç¨á«® à ¢­® áã¬¬¥ à ­£®¢
àï¤  (6.4), â. ¥. áã¬¬¥ ç¨á¥« ®â 1 ¤® 10. �®íâ®¬ã ¤«ï ¯à®¢¥àª¨ £¨-
¯®â¥§ë ¢ ª ç¥áâ¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ W ¤®áâ â®ç­® ¢§ïâì â®«ìª®
®¤­ã ¨§ áã¬¬ (6.7) ¨«¨ (6.8), ª ª ¯à ¢¨«® ¡¥àãâ ¬ ªá¨¬ «ì­ãî. �
­ è¥¬ á«ãç ¥ W = 31.5.

�â â¨áâ¨ª  W ¨ ¯®à®¦¤ ¥â ªà¨â¥à¨© �¨«ª®ªá®­ . �à¨ ¬ -
«ëå ®¡ê¥¬ å ¢ë¡®àª¨ n < 25 ¨ ãà®¢­¥ §­ ç¨¬®áâ¨ α (0 < α < 0.5)
¤«ï ªà¨â¥à¨ï �¨«ª®ªá®­  ¢¥àå­¥¥ ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ Wα, £¤¥

P{W ≥ Wα} ≤ α, (6.9)

­ å®¤¨âáï ¨§ â ¡«¨æ à á¯à¥¤¥«¥­¨ï �¨«ª®ªá®­ .
�®§ì¬¥¬ α = 0.1. �®£¤  W0.1 = 37. �®áª®«ìªã W = 31.5 <

W0.1 = 37, â® ¬ë ¯à¨­¨¬ ¥¬ £¨¯®â¥§ã H0. �â ª, ª ª ã¦¥ ®â¬¥ç -
«®áì, ­®¢ë© ­ ¯¨â®ª ­¥ «ãçè¥ áâ à®£®, ­® ¨ ­¥ áãé¥áâ¢¥­­® åã¦¥
¥£®.

� à áá¬®âà¥­­®© § ¤ ç¥ ¬ë áâ®«ª­ã«¨áì á ­®¢®© èª «®© ¨§-
¬¥à¥­¨© ¤ ­­ëå. � ­¥© ¬ë ­¥ ¬®¦¥¬ ¤ âì â®ç­ãî ç¨á«®¢ãî å à ª-
â¥à¨áâ¨ªã ®¡ê¥ªâã,   ¬®¦¥¬ â®«ìª® áª § âì | ¡®«ìè¥ ¨«¨ ¬¥­ìè¥
å à ªâ¥à¨áâ¨ª  ¤ ­­®£® ®¡ê¥ªâ , ç¥¬ ¤àã£®£®. �ãé¥áâ¢¥­¥­ â®«ì-
ª® ¢§ ¨¬­ë© ¯®àï¤®ª §­ ç¥­¨© ¨§¬¥à¥­¨©,   ­¥ ¨å â®ç­ë¥ ç¨á«®-
¢ë¥ ¢ëà ¦¥­¨ï. � íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® ­ ¡«î¤¥­¨ï ¤ ­ë ¢
¯®àï¤ª®¢®© ¨«¨ ®à¤¨­ à­®© èª «¥.

3. �à¨â¥à¨© �¨«ª®ªá®­ . �¡é¨© á«ãç ©

�ãáâì ¤ ­ë ¤¢¥ ­¥§ ¢¨á¨¬ëå ¢ë¡®àª¨

X1, . . . , Xn ¨ Y1, . . . , Ym,

¨¬¥îé¨¥ äã­ªæ¨¨ à á¯à¥¤¥«¥­¨ï F ¨ G á®®â¢¥âáâ¢¥­­®.
� ¯®¬®éìî ªà¨â¥à¨ï �¨«ª®ªá®­  ¯à®¢¥àï¥âáï £¨¯®â¥§ , § -

ª«îç îé ïáï ¢ â®¬, çâ® ®¡¥ ¢ë¡®àª¨ ¨§¢«¥ç¥­ë ¨§ ®¤­®© á®¢®-
ªã¯­®áâ¨, â. ¥. ¨¬¥îâ ®¤­ã ¨ âã ¦¥ äã­ªæ¨î à á¯à¥¤¥«¥­¨ï

H0 : F = G,
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H1 : P(X < x) = F (x) ≥ G(x) = P(Y < x) ¤«ï ¢á¥å x, ­® F 6= G.
(6.10)

�á«¨ ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  (6.10), â® £®¢®àïâ, çâ® X áâ®å áâ¨-
ç¥áª¨ ¬¥­ìè¥ Y . � ª®¬ã â¥à¬¨­ã ¬®¦­® ¤ âì á«¥¤ãîé¥¥ ®¡êïá­¥-
­¨¥. �á«¨ ¨¬¥¥â ¬¥áâ® (6.10), â® ¯à¨ «î¡®¬ x á ¢¥à®ïâ­®áâìî ¡®«ì-
è¥, ç¥¬ 1/2, ¢ ¢ë¡®àª¥ ®â­®á¨â¥«ì­ ï ç áâ®â  á«ãç ©­ëå ¢¥«¨ç¨­
Xi, â ª¨å, çâ® Xi < x, ¡®«ìè¥ ®â­®á¨â¥«ì­®© ç áâ®âë á«ãç ©­ëå
¢¥«¨ç¨­ Yi, â ª¨å, çâ® Yi < x.

�¥à ¢¥­áâ¢® (6.10) ¨¬¥¥â ¬¥áâ®, ­ ¯à¨¬¥à, ¥á«¨ á«ãç ©­ë¥ ¢¥-
«¨ç¨­ë X1, . . . , Xn ¨ Y1, . . . , Yn ¨¬¥îâ ­®à¬ «ì­ë¥ à á¯à¥¤¥«¥­¨ï
N(θ1, σ2), N(θ2, σ2) á®®â¢¥âáâ¢¥­­®, ¨ θ1 < θ2 ¨«¨ ¢ ¡®«¥¥ ®¡é¥¬
á«ãç ¥ ®­¨ ¨¬¥îâ à á¯à¥¤¥«¥­¨ï F (x) = H(x − θ1),
G(x) = H(x − θ2) ¨ θ1 < θ2. �¤¥áì H | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï
à á¯à¥¤¥«¥­¨ï. �¥©áâ¢¨â¥«ì­®, ¯à¨ «î¡®¬ x

F (x) = P(X < x) = H(x− θ1) ≥ G(x) = P(Y < x) = H(x− θ2),

â ª ª ª x− θ1 > x− θ2.
�¡®§­ ç¨¬

Z1 = X1, Z2 = X2, . . . , Zn = Xn, Zn+1 = Y1, . . . , Zn+m = Ym

(6.11)
¨ à á¯®«®¦¨¬ Z1, . . . , Zn+m ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï :

Z(1) ≤ Z(2) ≤ . . . ≤ Z(n+m). (6.12)

� ©¤¥¬ à ­£¨ ç¨á¥« ¯®á«¥¤®¢ â¥«ì­®áâ¨ (6.12), áç¨â ï, ª ª ¨ ¯à¥-
¦¤¥, à ­£®¬ ç¨á«  Z(i) ¥£® ¯®àï¤ª®¢ë© ­®¬¥à i «¨¡® ãáà¥¤­¥­­ë©
¯®àï¤ª®¢ë© ­®¬¥à, ¥á«¨ â ª¨å ç¨á¥« ¢ àï¤ã (6.12) ­¥áª®«ìª®.

� ª¨¬ ®¡à §®¬, à ­£ Rj ­ ¡«î¤¥­¨ï Zj , 1 ≤ j ≤ n + m, § ¤ -
¥âáï à ¢¥­áâ¢®¬ Zj = Z(Rj). �á«¨ 1 ≤ j ≤ n, â® Xj = Z(Rj), ¨ ¥á«¨
n < j ≤ n + m, â® Yj−n = Z(Rj).

�¨¯®â¥§  ¯à®¢¥àï¥âáï ­  ®á­®¢¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ �¨«ª®ª-
á®­ 

W =
n∑

i=1
Ri, (6.13)

à ¢­®© áã¬¬¥ à ­£®¢ ­ ¡«î¤¥­¨© Xj , 1 ≤ j ≤ n. �  ª ª®¬ ¯à¨­æ¨-
¯¥ ®á­®¢ ­  ¯à®¢¥àª  £¨¯®â¥§ á ¯®¬®éìî ªà¨â¥à¨ï �¨«ª®ªá®­ ?
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�á«¨ £¨¯®â¥§  H0 ¢¥à­ , â® á«ãç ©­ë¥ ¢¥«¨ç¨­ë X1, . . . , Xn

¨ Y1, . . . , Ym ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë ¨, á«¥¤®¢ â¥«ì­®, ®¤¨­ ª®¢®
à á¯à¥¤¥«¥­ë ¨ ¨å à ­£¨, ¯à¨­¨¬ îé¨¥ §­ ç¥­¨ï 1, . . . ,m + n á
à ¢­®© ¢¥à®ïâ­®áâìî 1/(m + n). �­ ç¥­¨ï à ­£®¢ R1, . . . , Rn+m

¯à¥¤áâ ¢«ïîâ á®¡®© ¯¥à¥áâ ­®¢ªã ç¨á¥« 1, 2, . . . , n + m ¨ ¢á¥ â -
ª¨¥ ¯¥à¥áâ ­®¢ª¨ ¨¬¥îâ ®¤¨­ ª®¢ãî ¢¥à®ïâ­®áâì 1/(n + m)!, £¤¥
(n + m)! = 1 · 2 · 3 · . . . · (n + m).

� ª¨¬ ®¡à §®¬, ¯à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë ¬ë §­ ¥¬ à á-
¯à¥¤¥«¥­¨¥ à ­£®¢ ¨ ¬®¦¥¬ ¢ëç¨á«¨âì à á¯à¥¤¥«¥­¨¥ áâ â¨áâ¨ª¨
�¨«ª®ªá®­ ,   á ­¨¬ ­ ©â¨ ¨ ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ Wα. � ç áâ­®-
áâ¨, áã¬¬  à ­£®¢ ¢ àï¤ã (6.12) à ¢­ 

1 + 2 + . . . + (m + n) = (m + n)(m + n + 1)
2 ,

á«¥¤®¢ â¥«ì­®, ¯®áª®«ìªã ¢á¥ à ­£¨ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë:

ERi = 1
n + m

n+m∑

j=1
ERj = 1

n + m

n+m∑

j=1
Rj = m + n + 1

2 ,

EW =
n∑

j=1
ERj = n(m + n + 1)

2 .

�àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ­ å®¤¨âáï â ª¦¥, çâ®

DW = mn(m + n + 1)
12 . (6.14)

�à¨ á¯à ¢¥¤«¨¢®áâ¨  «ìâ¥à­ â¨¢ë H1 à ­£¨ Rj , 1 ≤ j ≤ n,
¨ Rj , n < j ≤ n+m, â ª¦¥ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë ¯® ®â¤¥«ì­®áâ¨
¤«ï ­ ¡«î¤¥­¨© X1, . . . , Xn ¨ Y1, . . . , Ym.

� ª ã¦¥ £®¢®à¨«®áì, ¯à¨ «î¡®¬ x ®â­®á¨â¥«ì­ ï ç áâ®â  á®-
¡ëâ¨© Xj < x, 1 ≤ j ≤ n, ¡®«ìè¥ ®â­®á¨â¥«ì­®© ç áâ®âë á®¡ëâ¨©
Yi < x, 1 ≤ i ≤ m, á ¢¥à®ïâ­®áâìî ­¥ ¬¥­ìè¥ 1/2,   ¯à¨ ­¥ª®â®àëå
x áâà®£® ¡®«ìè¥ 1/2. �â® ®§­ ç ¥â, çâ®

P(Rj > Rn+i) > 1/2

¨, á«¥¤®¢ â¥«ì­®,

ERj = 1
n

n∑

j=1
ERj > ERn+i = 1

m

m∑

i=1
ERn+i. (6.15)
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�®áª®«ìªã ¨¬¥îâ ¬¥áâ® áå®¤¨¬®áâ¨ ¯® ¢¥à®ïâ­®áâ¨

1
n

n∑

j=1
Rj

P−→ ERj ¯à¨ n →∞,

1
m

m∑

i=1
Rn+i

P−→ ERn+i ¯à¨ m →∞,

â® ¨¬¥­­® ­¥à ¢¥­áâ¢® (6.15) ¤®ª §ë¢ ¥â, çâ® ¯à¨ á¯à ¢¥¤«¨¢®áâ¨
 «ìâ¥à­ â¨¢ë  «ìâ¥à­ â¨¢  ¨ £¨¯®â¥§  à §«¨ç¨¬ë.

� ¬¥â¨¬, çâ® ¥á«¨ ªà¨â¥à¨© W ¨á¯®«ì§ã¥âáï ¤«ï áà ¢­¥­¨ï
¤¢ãå â¨¯®¢ ¨§¤¥«¨© ¨ ¢ëá®ª¨¥ ®æ¥­ª¨ íªá¯¥àâ®¢ £®¢®àïâ ® «ãçè¥¬
¨å ª ç¥áâ¢¥, â® ¯®¯ ¤ ­¨¥ W ¢ ®¡« áâì

(m + n)(m + n + 1)
2 −Wα < W < Wα

ãª §ë¢ ¥â ­  â®, çâ® ¨§¤¥«¨ï X ¨ Y ¤àã£ ®â ¤àã£  áãé¥áâ¢¥­­® ­¥
®â«¨ç îâáï.

�á«¨ ¤«ï W ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

W > Wα, (6.16)

â® íâ® ®§­ ç ¥â, çâ® ¨§¤¥«¨ï â¨¯  X áãé¥áâ¢¥­­® «ãçè¥, ç¥¬ Y ,  
¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

W <
(m + n)(m + n + 1)

2 −Wα, (6.17)

â® ­ ®¡®à®â, çâ® ¨§¤¥«¨ï â¨¯  Y áãé¥áâ¢¥­­® «ãçè¥, ç¥¬ X.

�à¨ m,n ≤ 25 ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ Wα, ®¯à¥¤¥«ï¥¬®¥ á®®â-
­®è¥­¨¥¬ (6.9), ­ å®¤¨¬ ¯® â ¡«¨æ ¬ à á¯à¥¤¥«¥­¨ï �¨«ª®ªá®­ .

�à¨ ¡®«ìè¨å m ¨ n áâ â¨áâ¨ª  W à á¯à¥¤¥«¥­  ¯à¨¡«¨¦¥­­®
­®à¬ «ì­® á ¯ à ¬¥âà ¬¨, ®¯à¥¤¥«¥­­ë¬¨ ä®à¬ã« ¬¨ (6.14), ¯®-
íâ®¬ã ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë H0 á«¥¤ã¥â ¨á¯®«ì§®¢ âì ªà¨â¥à¨©

∣∣∣W −EW√
DW

∣∣∣ > xα,

£¤¥ xα ­ å®¤¨¬ ¯® â ¡«¨æ ¬ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï.
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�à¨â¥à¨© �¨«ª®ªá®­  â¥á­® á¢ï§ ­ á ªà¨â¥à¨¥¬
� ­­ |�¨â­¨. �¥áâ®¢ ï áâ â¨áâ¨ª  � ­­ |�¨â­¨ ¢ëà ¦ ¥â-
áï ­¥¯®áà¥¤áâ¢¥­­® ç¥à¥§ áâ â¨áâ¨ªã �¨«ª®ªá®­  ¨ à ¢­ 

U = nm + n(n + 1)
2 −W.

�á«¨ £¨¯®â¥§  H0 ¢¥à­ , â®

EU = nm

2 , DU = mn(m + n + 1)
12 .

4. �­ ª®¢ë© ªà¨â¥à¨© �¨«ª®ªá®­ 

� áá¬®âà¨¬ ­¥áª®«ìª® ¨­ãî ¯®áâ ­®¢ªã § ¤ ç¨ 6.1. �«ï ¢« -
¤¥«ìæ  ª®¬¯ ­¨¨ ¡ë«® ¡ë ¡®«¥¥ ¥áâ¥áâ¢¥­­® ¯®¯à®á¨âì áà ¢­¨¢ âì
ª ç¥áâ¢® ­ ¯¨âª®¢ ®¤­¨å ¨ â¥å ¦¥ íªá¯¥àâ®¢. �áâ¥áâ¢¥­­®, ¯à¨
íâ®¬ ®æ¥­ª¨ ª ç¥áâ¢  ­ ¯¨âª®¢ ®¤­®£® ¨ â®£® ¦¥ íªá¯¥àâ  ¡ë«¨
¡ë § ¢¨á¨¬ë, ¨, çâ®¡ë á®¡«î¤ âì ¢áî áâà®£®áâì áà ¢­¥­¨ï, ­ ¬
­ ¤® ¬¥­ïâì ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¢¨¤ â¥áâ®¢®© áâ â¨áâ¨ª¨.

�ãáâì ¤ ­ë ¯ àë ­¥§ ¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­

(X1, Y1), . . . , (Xn, Yn).

� ¡«î¤¥­¨ï Xi ¬®¦­® à áá¬ âà¨¢ âì ª ª ®æ¥­ª¨ áâ à®£® ­ ¯¨âª ,
  Yi | ª ª ®æ¥­ª¨ ­®¢®£® ­ ¯¨âª . �¯à¥¤¥«¨¬ á«ãç ©­ë¥ ¢¥«¨ç¨-
­ë

Z1 = X1 − Y1, . . . , Zn = Xn − Yn

¨ ¡ã¤¥¬ ®á­®¢ë¢ âì ­ è¨ § ª«îç¥­¨ï ­  §­ ç¥­¨ïå íâ¨å á«ãç ©-
­ëå ¢¥«¨ç¨­. �¡®§­ ç¨¬ H(z) äã­ªæ¨î à á¯à¥¤¥«¥­¨ï á«ãç ©­ëå
¢¥«¨ç¨­ Zi:

H(z) = P(Zi < z).
�á­®, çâ® ¥á«¨ ­®¢ë© ­ ¯¨â®ª «ãçè¥, ç¥¬ áâ àë©, â® ¥áâ¥-

áâ¢¥­­® ®¦¨¤ âì, çâ®

P(Zi < 0) = P(Xi − Yi < 0) > 1/2.

�  íâ®¬ ¨ ®á­®¢ ­ ªà¨â¥à¨© §­ ª®¢. �£® â¥áâ®¢ ï áâ â¨áâ¨ª  à ¢­ 

S =
n∑

j=1
s(Zi),
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£¤¥
s(Zi) =

{
1, ¥á«¨ Zi > 0,
0, ¥á«¨ Zi ≤ 0.

� ª¨¬ ®¡à §®¬, â¥áâ®¢ ï áâ â¨áâ¨ª  ªà¨â¥à¨ï §­ ª®¢ à ¢­  ç¨á«ã
¯®«®¦¨â¥«ì­ëå §­ ç¥­¨© Zi, 1 ≤ i ≤ n.

�á­®, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë s(Z1), . . . , s(Zn) ­¥§ ¢¨á¨¬ë,
¨¬¥îâ ¡¨­®¬¨ «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¨ ¢ á¨«ã § ª®­  ¡®«ìè¨å ç¨á¥«

1
n

n∑

j=1
s(Zi) P−→ P(Zi > 0)

¯à¨ n →∞.
� ª¨¬ ®¡à §®¬, ªà¨â¥à¨© §­ ª®¢ ¯à®¢¥àï¥â £¨¯®â¥§ã

H0 : P(Zi > 0) = 1/2

¯à®â¨¢  «ìâ¥à­ â¨¢ë

H1 : P(Zi > 0) > 1/2.

�à¨â¨ç¥áª¨¥ §­ ç¥­¨ï ªà¨â¥à¨ï §­ ª®¢ ­ å®¤ïâáï ¨§ â ¡«¨æ ¡¨­®-
¬¨ «ì­®£® à á¯à¥¤¥«¥­¨ï.

�­ ª®¢ë© ªà¨â¥à¨© �¨«ª®ªá®­  ¯à®¢¥àï¥â ¡®«¥¥ á«®¦­ãî £¨-
¯®â¥§ã. �á­®, çâ® ¥á«¨ ª ç¥áâ¢® ­ ¯¨âª®¢ ®¤¨­ ª®¢®, â® ¥áâ¥áâ¢¥­-
­® ®¦¨¤ âì, çâ® ¯à¨ «î¡®¬ z > 0

H0 : P(Zi < −z) = P(Yi −Xi < −z) = P(Xi − Yi < −z) =

= P(−Zi < −z) = P(Zi > z),
â. ¥. Zi = Xi − Yi ¨¬¥¥â á¨¬¬¥âà¨ç­®¥ à á¯à¥¤¥«¥­¨¥.

�á«¨ ¦¥ ­®¢ë© ­ ¯¨â®ª «ãçè¥ áâ à®£®, â® ¬®¦­® ®¦¨¤ âì,
çâ®

H1 : P(Zi < −z) = P(Yi −Xi < −z) < P(Xi − Yi < −z) =

= P(−Zi < −z) = P(Zi > z).
� ª¨¬ ®¡à §®¬, ¬ë ¡ã¤¥¬ ¯à®¢¥àïâì £¨¯®â¥§ã á¨¬¬¥âà¨¨

H0 : H(−z) = 1−H(z) ¤«ï ¢á¥å z > 0
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H1 : H(−z) < 1−H(z) ¤«ï ¢á¥å z > 0.

�¯®àï¤®ç¨¬ á«ãç ©­ë¥ ¢¥«¨ç¨­ë |Z1|, . . . , |Zn| ¢ ¯®àï¤ª¥ ¢®§-
à áâ ­¨ï ¨ ®¡®§­ ç¨¬ ¨å à ­£¨ R1, . . . , Rn. �à®¢¥àªã £¨¯®â¥§ë
¡ã¤¥¬ ®áãé¥áâ¢«ïâì ­  ®á­®¢¥ §­ ª®¢®© â¥áâ®¢®© áâ â¨áâ¨ª¨ �¨«-
ª®ªá®­ 

W =
n∑

i=1
Ris(Zi),

£¤¥
s(Zi) =

{
1, ¥á«¨ Zi > 0,
0, ¥á«¨ Zi ≤ 0.

� ª¨¬ ®¡à §®¬, ¢ W ¬ë áã¬¬¨àã¥¬ â®«ìª® à ­£¨ |Xi − Yi|, ¤«ï
ª®â®àëå Xi > Yi.

�á«¨ £¨¯®â¥§  H0 ¢¥à­ , â® íâ® ®§­ ç ¥â, çâ® ª ç¥áâ¢® ­ ¯¨â-
ª®¢ ®¤¨­ ª®¢®. �®£¤  á«ãç ©­ë¥ ¢¥«¨ç¨­ë Zi = Xi − Yi ¨¬¥îâ
á¨¬¬¥âà¨ç­ãî ®â­®á¨â¥«ì­® ­ã«ï ¯«®â­®áâì à á¯à¥¤¥«¥­¨ï, â ª
ª ª Zi = Xi − Yi ¨ −Zi = Yi − Xi ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë. �â®
®§­ ç ¥â, çâ® ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë Ris(Zi) ¨ Ris(−Zi),   §­ -
ç¨â, ®¤¨­ ª®¢® à á¯à¥¤¥«¥­ë áâ â¨áâ¨ª¨

W =
n∑

i=1
Ris(Zi)

¨
W1 =

n∑

i=1
Ris(−Zi)

¨, á«¥¤®¢ â¥«ì­®, ¨¬¥îâ ®¤¨­ ª®¢ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ­¨ï:
EW = EW1. �®áª®«ìªã

n∑

i=1
Ri = W + W1 =

n∑

i=1
i = n(n + 1)

2 ,

â®
EW = E

n∑

i=1
Ris(Zi) = E

n∑

i=1
Ris(−Zi) = n(n + 1)

4 .
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�àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¯®«ãç ¥¬

DW = 1
2DR = n3 − n

24 .

�âáî¤  â¥áâ®¢ãî áâ â¨áâ¨ªã ¬®¦­® ­®à¬¨à®¢ âì á«¥¤ãîé¨¬
®¡à §®¬: (

W − n(n + 1)
4

)√
24

√
n3 − n

. (6.18)

�à¨ n > 30 ¬®¦­® áç¨â âì à á¯à¥¤¥«¥­¨¥ â¥áâ®¢®© áâ â¨áâ¨ª¨
(6.18) áâ ­¤ àâ­ë¬ ­®à¬ «ì­ë¬.

�á«¨ n ≤ 30, â® ¢ë¡¨à îâ ¬¥­ìè¥¥ ¨§ ç¨á¥« W ¨ W1 ¨ áà ¢­¨-
¢ îâ ¥£® á ªà¨â¨ç¥áª¨¬ Wα, §­ ç¥­¨ï ª®â®à®£® ¯à¨ ãà®¢­ïå §­ -
ç¨¬®áâ¨ α = 0.05 ¨ α = 0.1 ¯à¨¢¥¤¥­ë ¢ â ¡«. 6.1. �á«¨

Wα ≤ min(W, W1), (6.19)

â® ¯à¨­¨¬ ¥âáï £¨¯®â¥§  H0, ¢ ¯à®â¨¢­®¬ á«ãç ¥ £¨¯®â¥§  H0 ®â-
¢¥à£ ¥âáï.

�   ¡ « ¨ æ   6.1

n α = .05 α = .1 n α = .05 α = .1
5 1 18 40 47
6 1 2 19 46 54
7 2 4 20 52 60
8 4 6 21 59 63
9 6 8 22 66 75

10 8 11 23 73 83
11 11 14 24 81 92
12 14 17 25 90 101
13 17 21 26 98 110
14 21 26 27 107 120
15 25 30 28 117 130
16 30 36 29 127 141
17 35 41 30 137 152

� ¤ ç  6.2. �ãáâì, ª ª ¨ ¢ § ¤ ç¥ 6.1, ª ç¥áâ¢® áâ ­¤ àâ­®£®
¨ ­®¢®£® ­ ¯¨âª®¢ ¡ë«® ®æ¥­¥­® á«¥¤ãîé¨¬¨ n = 9 ¯ à ¬¨ ¡ ««®¢:

(1, 4), (2, 3), (5, 3), (2, 5), (2, 1), (1, 3), (4, 3), (3, 4), (3, 2).
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�  ®á­®¢ ­¨¨ íªá¯¥àâ­ëå ®æ¥­®ª á ãà®¢­¥¬ §­ ç¨¬®áâ¨ α = 0.05
¯à®¢¥à¨âì £¨¯®â¥§ã H0: ª ç¥áâ¢® ­ ¯¨âª®¢ ®¤¨­ ª®¢®¥.

�¥è¥­¨¥. � ª ª ª n < 30, â® ¯à®¢¥àªã á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥-
§ë ®áãé¥áâ¢¨¬ á ¯®¬®éìî ­¥à ¢¥­áâ¢  (6.19). � §­®áâ¨ Zi à ¢­ë

−3, −1, 2, −3, 1, −2, 1, −1, 1.

�®¤ã«¨ Zi à ¢­ë

3, 1, 2, 3, 1, 2, 1, 1, 1,

¨å à ­£¨
8.5, 3, 6.5, 8.5, 3, 6.5, 3, 3, 3.

� å®¤¨¬ §­ ª®¢ë¥ áâ â¨áâ¨ª¨ �¨«ª®ªá®­ 

W = 6.5 + 3 + 3 + 3 = 15.5,

W1 = 8.5 + 3 + 8.5 + 6.5 + 3 = 29.5.

� ª ª ª W < W1, â® ¯à®¢¥àªã £¨¯®â¥§ë H0 ®áãé¥áâ¢¨¬, áà ¢­¨¢ ï
W = 15.5 á Wα = 6. � ª ª ª Wα < W , â® áç¨â ¥¬, çâ® íªá¯¥àâ­ë¥
¤ ­­ë¥ ­¥ ¯à®â¨¢®à¥ç â £¨¯®â¥§¥ H0, ¨, á«¥¤®¢ â¥«ì­®, ­ ¯¨âª¨
¨¬¥îâ ®¤¨­ ª®¢®¥ ª ç¥áâ¢®.

5. � ­£®¢ë¥ ªà¨â¥à¨¨ ­¥§ ¢¨á¨¬®áâ¨

� ­£®¢ë¥ ªà¨â¥à¨¨ ¤«ï ¯à®¢¥àª¨ ­¥§ ¢¨á¨¬®áâ¨ ®¡ëç­® ¨á-
¯®«ì§ãîâáï ¯à¨ à ¡®â¥ á ¤ ­­ë¬¨, ¨§¬¥à¥­¨ï ª®â®àëå ¯à®¢¥¤¥­ë
¢ ¯®àï¤ª®¢®© èª «¥. �à¨¬¥à ¬¨ â ª¨å § ¤ ç ï¢«ïîâáï:

¥áâì «¨ § ¢¨á¨¬®áâì ¬¥¦¤ã æ¥­®©  ¢â®¬®¡¨«ï ¨ ¥£® ª ç¥áâ¢®¬,
­ áª®«ìª® áâ ¦ á®âàã¤­¨ª  ¢«¨ï¥â ­  ª ç¥áâ¢® ¥£® à ¡®âë,
¥áâì «¨ â¥á­ ï § ¢¨á¨¬®áâì ¬¥¦¤ã ®æ¥­ª ¬¨ ¤¢ãå íªá¯¥àâ®¢.

� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¬ ï¢«ï¥âáï ªà¨â¥à¨©, ®á­®¢ ­­ë©
­  à ­£®¢®¬ ª®íää¨æ¨¥­â¥ ª®àà¥«ïæ¨¨ �¯¨à¬¥­ .

�ãáâì ¤ ­ë ¯ àë ­¥§ ¢¨á¨¬ëå ­ ¡«î¤¥­¨©

(X1, Y1), . . . , (Xn, Yn). (6.20)

�ãáâì S1, . . . , Sn | à ­£¨ ­ ¡«î¤¥­¨© X1, . . . , Xn ¨ R1, . . . , Rn |
à ­£¨ Y1, . . . , Yn.
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�®£¤  à ­£®¢ë© ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ �¯¨à¬¥­  à ¢¥­
¢ë¡®à®ç­®© ª®àà¥«ïæ¨¨ ¯ à à ­£®¢ ­ ¡«î¤¥­¨©

(S1, R1), (S2, R2), . . . . . . , (Sn, Rn).

�­ ç¥, à ­£®¢ë© ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ �¯¨à¬¥­  ¬®¦­® ®¯à¥-
¤¥«¨âì á«¥¤ãîé¨¬ ®¡à §®¬.

�¯®àï¤®ç¨¬ ¯ àë (6.20) ¯® ¢®§à áâ ­¨î X :

X(1) ≤ X(2) ≤ . . . ≤ X(n), (6.21)

á®®â¢¥âáâ¢¥­­® ¢â®àë¥ ª®¬¯®­¥­âë ¢ (6.20) § ¯¨è¥¬ ¢ ¢¨¤¥

Y (1), Y (2), . . . , Y (n). (6.22)

�­ ç «  à áá¬®âà¨¬ ¢ à¨ ­â, ª®£¤  ¢ àï¤ã (6.21) ¨¬¥îâ ¬¥áâ®
áâà®£¨¥ ­¥à ¢¥­áâ¢ 

X(1) < X(2) < . . . < X(n), (6.23)

¨ àï¤ã (6.23) ¯à¨¯¨è¥¬ à ­£¨ 1, 2, . . . , n. �¡®§­ ç¨¬ ç¥à¥§
R1, R2, . . . , Rn à ­£¨ àï¤  (6.22).

�ëç¨á«¨¬ ¤«ï ¯ à à ­£®¢

(1, R1), (2, R2), . . . , (n,Rn) (6.24)

ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ �¯¨à¬¥­ :

rs =

1
n

n∑

i=1
iRi −

(1
2(n + 1)

)2

1
12(n2 − 1)

, (6.25)

â ª ª ª áà¥¤­¥¥ ¨ ¤¨á¯¥àá¨ï ¯¥à¢ëå n ­ âãà «ì­ëå ç¨á¥« à ¢­ë
(n + 1)/2 ¨ (n2 − 1)/12 á®®â¢¥âáâ¢¥­­®. �ëà ¦¥­¨¥ (6.25) ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥

rs = 1− 6
n(n2 − 1)

n∑

i=1
(Ri − i)2. (6.26)

�â â¨áâ¨ª  rs ¨¬¥¥â ¢ë¡®à®ç­®¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ ®âª«®­¥­¨¥

sr =
√

1− r2
s

n− 2 . (6.27)
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�á«¨ á«ãç ©­ë¥ ¢¥«¨ç¨­ë Xi ¨ Yi ­¥§ ¢¨á¨¬ë, â® ¯à¨ n > 10
à á¯à¥¤¥«¥­¨¥ t-áâ â¨áâ¨ª¨ ¢¨¤ 

t = rs

sr
(6.28)

å®à®è®  ¯¯à®ªá¨¬¨àã¥âáï à á¯à¥¤¥«¥­¨¥¬ �âìî¤¥­â  á n−2 áâ¥¯¥-
­ï¬¨ á¢®¡®¤ë. �à¨â¥à¨¥¬ ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë ­¥§ ¢¨á¨¬®áâ¨
H0 ï¢«ï¥âáï ­¥à ¢¥­áâ¢®

|t| > tα,n−2, (6.29)

£¤¥ tα,n−2 ®¯à¥¤¥«ï¥âáï á ¯®¬®éìî à á¯à¥¤¥«¥­¨ï �âìî¤¥­â  ¯à¨
ãà®¢­¥ §­ ç¨¬®áâ¨ α.

�á«¨ n > 30, â® rs à á¯à¥¤¥«¥­® ¯à¨¡«¨¦¥­­® ­®à¬ «ì­®, ¨
¥á«¨ £¨¯®â¥§  H0 ¢¥à­ , â®

Ers = 0, Drs = 1
n− 1 .

�à¨â¥à¨¥¬ ¯à®¢¥àª¨ £¨¯®â¥§ë H0 ï¢«ï¥âáï ­¥à ¢¥­áâ¢®
∣∣√n− 1 rs

∣∣ > xα, (6.30)

£¤¥ xα ­ å®¤¨¬ á ¯®¬®éìî ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï. �á«¨ ¤«ï
¨áå®¤­ëå ¤ ­­ëå ª®íää¨æ¨¥­â rs ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã
(6.29) ¨«¨ (6.30), â® ®â¢¥à£ ¥¬ £¨¯®â¥§ã H0 ® ­¥§ ¢¨á¨¬®áâ¨ ¯à¨-
§­ ª®¢ X ¨ Y . � ¯à®â¨¢­®¬ á«ãç ¥ ¯à¨­¨¬ ¥¬ íâã £¨¯®â¥§ã.

� ¬¥ç ­¨¥. �á«¨ ­¥à ¢¥­áâ¢  (6.23) ­¥ ¢ë¯®«­¥­ë, â. ¥. áà¥-
¤¨ X ¥áâì ®¤¨­ ª®¢ë¥ ¢¥«¨ç¨­ë, â® ®¡ëç­ë¬ á¯®á®¡®¬ á«¥¤ã¥â
­ ©â¨ à ­£¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ (6.23). �ãáâì Z1, Z2, . . . , Zn | íâ¨
à ­£¨, â®£¤  rs ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

rs =

n∑

i=1

(
Zi − n + 1

2

)(
Ri − n + 1

2

)

n∑

i=1

(
i− n + 1

2

)2 .

� ¤ ç  6.3. � ¤¢ãå £®à®¤ å ¯à®¨§¢®¤¨âáï ¯à®¤ ¦  å®«®¤¨«ì-
­¨ª®¢ 10 â¨¯®¢. �®¦­® «¨ áª § âì, çâ® á¯à®á ­  å®«®¤¨«ì­¨ª¨
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à §«¨ç­ëå â¨¯®¢ ¢ íâ¨å £®à®¤ å ­¥§ ¢¨á¨¬, ®¯¨à ïáì ­  á«¥¤ãî-
é¨¥ ¨áå®¤­ë¥ ¤ ­­ë¥:

Xi . . . 50 40 30 19 15 12 10 8 7 4
Yi . . . 60 35 8 30 10 30 20 15 31 19

£¤¥ ¯à¨¢¥¤¥­® ç¨á«® å®«®¤¨«ì­¨ª®¢ à §­ëå â¨¯®¢, ¯à®¤ ­­ëå ¢
â¥ç¥­¨¥ ­¥ª®â®à®£® ¢à¥¬¥­¨?

�¥è¥­¨¥. �¨¯®â¥§  H0: Ers = 0 | íâ® ­¥§ ¢¨á¨¬®áâì á¯à®á .
�®áâ ¢¨¬ â ¡«¨æã à ­£®¢ íâ¨å àï¤®¢ :

i . . . 1 2 3 4 5 6 7 8 9 10
Ri . . . 4 8 3 5 6.5 2 6.5 1 9 10
i−Ri . . . −3 −6 0 −1 −1.5 4 0.5 7 0 0

�® ä®à¬ã« ¬ (6.26){(6.28) ­ å®¤¨¬ rs = 0.34, sr = 0.33,
t = 1.03. �à¨ α = 0.05 ¨§ â ¡«¨æ ­ å®¤¨¬ tα = 2.3. � ª ª ª t < tα,
â® ¯à¨­¨¬ ¥¬ £¨¯®â¥§ã H0, § ª«îç îéãîáï ¢ â®¬, çâ® á¯à®á ­ 
å®«®¤¨«ì­¨ª¨ à §«¨ç­ëå â¨¯®¢ ¢ íâ¨å £®à®¤ å ­¥§ ¢¨á¨¬.

� «   ¢   7
������������� ������

�¨á¯¥àá¨®­­ë©  ­ «¨§ ¯à¥¤áâ ¢«ï¥â á®¡®© á®¢®ªã¯­®áâì áâ -
â¨áâ¨ç¥áª¨å ¬¥â®¤®¢, à §¢¨âëå ¤«ï § ¤ ç ¯à®¢¥àª¨ £¨¯®â¥§ ® à -
¢¥­áâ¢¥ áà¥¤­¨å, ª®£¤  ç¨á«® £¥­¥à «ì­ëå á®¢®ªã¯­®áâ¥© ¡®«ìè¥
¤¢ãå. �¥â®¤ë ¯à®¢¥àª¨ £¨¯®â¥§ ®á­®¢ ­ë ­  áà ¢­¥­¨¨ ®æ¥­®ª
ª¢ ¤à â¨ç­ëå ®âª«®­¥­¨© áà¥¤­¨å, â. ¥., £àã¡® £®¢®àï, ¨å ®æ¥­®ª
¤¨á¯¥àá¨©. �âáî¤  ¨ ¢®§­¨ª«® ­ §¢ ­¨¥ ¤¨á¯¥àá¨®­­ë©  ­ «¨§.

�¥å­¨ª  ¤¨á¯¥àá¨®­­®£®  ­ «¨§  ¯®§¢®«ï¥â ­¥ â®«ìª® ¯à®¢¥-
àïâì £¨¯®â¥§ã ® à ¢¥­áâ¢¥ áà¥¤­¨å §­ ç¥­¨©, ­® ¨ ¢ëï¢«ïâì ª ª¨¥
áà¥¤­¨¥ §­ ç¥­¨ï à §«¨ç­ë.

� ¤ ç¨ ¤¨á¯¥àá¨®­­®£®  ­ «¨§  ¤®¢®«ì­® ç áâ® ¢®§­¨ª îâ ­ 
¯à ªâ¨ª¥. �à¨¢¥¤¥¬ ¨å ¯à¨¬¥àë.

1. � ¢¨á¨â «¨ á¯à®á ­  â®¢ à ®â à ©®­  £®à®¤ , ­ æ¨®­ «ì-
­®áâ¨ ¯®ªã¯ â¥«ï, ¢¨¤  à¥ª« ¬­®© ª ¬¯ ­¨¨, § à ¡®â­®© ¯« âë ¨
â. ¯.?

2. � ¢¨á¨â «¨ § à ¡®â­ ï ¯« â  ®â áâ ¦  à ¡®âë, á¯¥æ¨ «ì-
­®áâ¨ ¨ â. ¯.?
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3. � ¢¨á¨â «¨ ãà®¦ © ­  ãç áâª¥ ®â ¢¨¤  ã¤®¡à¥­¨ï ?
4. � ¢¨á¨â «¨ §¤®à®¢ì¥ §ã¡®¢ ®â ¨á¯®«ì§ã¥¬®© §ã¡­®© ¯ áâë ?
� ª¨¬ ®¡à §®¬, ¢ à ¬ª å ¤¨á¯¥àá¨®­­®£®  ­ «¨§  ç áâ® ¢áâ -

¥â § ¤ ç  ¯à®¢¥àª¨ £¨¯®â¥§ ® â®¬, ¢«¨ï¥â «¨ ®¯à¥¤¥«¥­­ë© ä ªâ®à
­  áà¥¤­¥¥ §­ ç¥­¨¥.

1. �¤­®ä ªâ®à­ë© ¤¨á¯¥àá¨®­­ë©  ­ «¨§
�¤­®ä ªâ®à­ ï ¬®¤¥«ì ¤¨á¯¥àá¨®­­®£®  ­ «¨§  ¨§ãç ¥â ¢«¨-

ï­¨¥ ­  áà¥¤­¥¥ §­ ç¥­¨¥ ®¤­®£® ä ªâ®à  (­ ¯à¨¬¥à, ¢ ¯¥à¢®¬ ¯à¨-
¬¥à¥ | ­ æ¨®­ «ì­®áâ¨, à¥£¨®­  ¨«¨ § à¯« âë).

�«ï ä ªâ®à  ãáâ ­ ¢«¨¢ îâáï ®¯à¥¤¥«¥­­ë¥ ãà®¢­¨
i = 1, 2, . . . ,m, ¯®¤ ª®â®àë¬¨ ¯®¤à §ã¬¥¢ ¥âáï ®¯à¥¤¥«¥­­ ï ¬¥-
à  ¨«¨ á®áâ®ï­¨¥ ä ªâ®à  (­ ¯à¨¬¥à, ª®­ªà¥â­ ï ­ æ¨®­ «ì­®áâì,
à¥£¨®­ ¨«¨ ãà®¢¥­ì § à ¡®â­®© ¯« âë). �«ï ª ¦¤®£® ãà®¢­ï
i, 1 ≤ i ≤ m, á®¡¨à îâáï ­ ¡«î¤¥­¨ï xi1, . . . , xini ¨ ­  ¨å ®á­®-
¢¥ ¯à®¢¥àï¥âáï £¨¯®â¥§ 

H0 : µ1 = µ2 = . . . = µm = µ

® à ¢¥­áâ¢¥ áà¥¤­¨å µi ¤«ï ¢á¥å ãà®¢­¥© i, 1 ≤ i ≤ m, ä ªâ®à 
¯à®â¨¢  «ìâ¥à­ â¨¢ë

H1 : µi 6= µj

å®âï ¡ë ¤«ï ¤¢ãå à §«¨ç­ëå ãà®¢­¥© i 6= j.
�ã¤¥â ¯à¥¤¯®« £ âìáï, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë xij ,

1 ≤ i ≤ m, 1 ≤ ni, ¤®¯ãáª îâ á«¥¤ãîé¥¥ ¢¥à®ïâ­®áâ­®¥ ¯à¥¤-
áâ ¢«¥­¨¥:

xij = µ + τi + ξij ,

£¤¥ µ | ®¡é¥¥ áà¥¤­¥¥ §­ ç¥­¨¥, ®â­®á¨â¥«ì­® ª®â®à®£® ¯à®¢¥àï-
¥âáï £¨¯®â¥§ , τi | ®âª«®­¥­¨¥ ®â áà¥¤­¥£® §­ ç¥­¨ï µ, ®¡ãá«®-
¢«¥­­®¥ ¢«¨ï­¨¥¬ i-£® ãà®¢­ï, â. ¥. Exij = µ + τi, ξij | á«ãç ©­ ï
ª®¬¯®­¥­â , Eξij = 0.

� íâ¨å ®¡®§­ ç¥­¨ïå £¨¯®â¥§  ¬®¦¥â ¡ëâì ¯¥à¥¯¨á ­  ¢ ¢¨¤¥

H0 : τ1 = τ2 = . . . = τm = 0.

�á­®¢­®¥ ¯à¥¤¯®«®¦¥­¨¥ ¤¨á¯¥àá¨®­­®£®  ­ «¨§  ¢ë§¢ ­® ­¥-
®¡å®¤¨¬®áâìî ¤¥©áâ¢®¢ âì ¢ à ¬ª å ­®à¬ «ì­®© ¬®¤¥«¨ ¨ ¯®«ã-
ç¨âì à á¯à¥¤¥«¥­¨¥ â¥áâ®¢®© áâ â¨áâ¨ª¨ ¢ ¢¨¤¥ ®¤­®£® ¨§ áâ ­¤ àâ-
­ëå à á¯à¥¤¥«¥­¨©,   ¨¬¥­­® à á¯à¥¤¥«¥­¨ï �¨è¥à . �­® á®áâ®¨â
¢ á«¥¤ãîé¥¬.
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C«ãç ©­ë¥ ¢¥«¨ç¨­ë ξij , 1 ≤ i ≤ m, 1 ≤ j ≤ ni, ­¥§ ¢¨á¨-
¬ë ¨ à á¯à¥¤¥«¥­ë ¢ á®®â¢¥âáâ¢¨¨ á ®¤­¨¬ ¨ â¥¬ ¦¥ ­®à¬ «ì­ë¬
à á¯à¥¤¥«¥­¨¥¬ N(0, σ2).

� ª¨¬ ®¡à §®¬, Eξij = 0 ¨ ¢á¥ ξij ¨¬¥îâ ®¤­ã ¨ âã ¦¥ ¤¨á¯¥-
àá¨î Dξij = σ2.

�ëç¨á«¨â¥«ì­ãî ¯à®æ¥¤ãàã ®¤­®ä ªâ®à­®£® ¤¨á¯¥àá¨®­­®£®
 ­ «¨§  ®¯¨è¥¬ ¤«ï á«ãç ï à ¢­ëå ®¡ê¥¬®¢ ­ ¡«î¤¥­¨© ¤«ï ª -
¦¤®£® ¨§ ä ªâ®à®¢, â. ¥. n1 = n2 = . . . = nm. �­  á®áâ®¨â ¢
á«¥¤ãîé¥¬.

�ëç¨á«ïîâáï áà¥¤­¨¥

�xi· = 1
n

n∑

j=1
xij , 1 ≤ i ≤ m,

­ ¡«î¤¥­¨© ¤«ï ª ¦¤®£® ¨§ ä ªâ®à®¢,   â ª¦¥ ­ å®¤¨âáï ®¡é¥¥
áà¥¤­¥¥ ­ ¡«î¤¥­¨©

�x·· = 1
nm

m∑

i=1

n∑

j=1
xij .

�®á«¥ íâ®£® áà ¢­¨¢ îâáï áà¥¤­¥ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥

SSG = n

m∑

i=1
(�xi· − �x··)2

£àã¯¯®¢ëå áà¥¤­¨å �xi· ®â ®¡é¥£® áà¥¤­¥£® �x·· á® áà¥¤­¥ª¢ ¤à â¨ç-
­ë¬ ®âª«®­¥­¨¥¬

SSE =
m∑

i=1

n∑

j=1
(xij − �xi·)2 =

m∑

i=1

n∑

j=1
(ξij − �ξi·)2, �ξi· = 1

n

n∑

j=1
ξij ,

¢á¥å ­ ¡«î¤¥­¨© xij ®â ¨å áà¥¤­¨å �xi· ¯® ãà®¢­ï¬. �®ç­¥¥ £®¢®àï,
¢ëç¨á«ï¥âáï áâ â¨áâ¨ª 

F = SSG/(m− 1)
SSE/(n− 1)m.

�®¦­® ¯®ª § âì, çâ® ¯à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë á«ãç ©­ë¥ ¢¥-
«¨ç¨­ë SSG, SSE ­¥§ ¢¨á¨¬ë ¨ ¨¬¥îâ å¨-ª¢ ¤à â à á¯à¥¤¥«¥­¨ï
á m−1 ¨ (n−1)m áâ¥¯¥­ï¬¨ á¢®¡®¤ë á®®â¢¥âáâ¢¥­­®. � ª¨¬ ®¡à -
§®¬, áâ â¨áâ¨ª  F ¨¬¥¥â à á¯à¥¤¥«¥­¨¥ �¨è¥à  á m− 1 ¨ (n− 1)m
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áâ¥¯¥­ï¬¨ á¢®¡®¤ë. �â® ¯®§¢®«ï¥â «¥£ª® ­ å®¤¨âì ¯® â ¡«¨æ ¬
ªà¨â¨ç¥áª¨¥ §­ ç¥­¨ï ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë.

� áª®«ìª® ¢ë¡®à â ª®© áâ â¨áâ¨ª¨ F å®à®è ¤«ï ¯à®¢¥àª¨ £¨-
¯®â¥§ë?

� ç¨á«¨â¥«¥ F áâ®¨â áã¬¬  ª¢ ¤à â®¢ ®âª«®­¥­¨© ®æ¥­®ª �xi·
¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨© áà¥¤­¨å ¯® ãà®¢­ï¬ ®â ®æ¥­ª¨ �x·· ¬ â¥-
¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ®¡é¥£® áà¥¤­¥£® µ.

�­ ¬¥­ â¥«ì SSE/(n−1)m ¬®¦­® à áá¬ âà¨¢ âì ª ª ­¥ª®â®-
àãî ­®à¬¨à®¢ªã. � á«ãç ¥ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë ®­ ¯à¥¤áâ -
¢«ï¥â á®¡®© ®æ¥­ªã ¤¨á¯¥àá¨¨ σ2, ª®â®à ï ®¡ëç­® ­¥¨§¢¥áâ­ .

�¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ SSG ­¥á¥â ¢ á¥¡¥ âã ¦¥ ¨­ä®à¬ -
æ¨î ®¡ ®âª«®­¥­¨¨ áà¥¤­¨å �xi· ¯® ãà®¢­ï¬ ®â ®¡é¥£® áà¥¤­¥£® �x··,
çâ® ¨ ®¡é¥¥ ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥

SS =
m∑

i=1

n∑

j=1
(xij − �x··)2.

�ª §ë¢ ¥âáï, çâ® à §­®áâì SS−SSG ­¥ § ¢¨á¨â ®â ¬ â¥¬ â¨ç¥áª¨å
®¦¨¤ ­¨© µi ¨ µ,   § ¢¨á¨â â®«ìª® ®â á«ãç ©­ëå ¢¥«¨ç¨­ ξij .

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«ïï áâ â¨áâ¨ªã SSG, ¬ë á®åà ­ï¥¬ ¢
­¥© ¢¥áì ¢ª« ¤ τi = µi − µ ¢ ª¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ SS, ¢ë-
§¢ ­­ë© ¢«¨ï­¨¥¬ ä ªâ®à®¢, ­® ¢ â® ¦¥ ¢à¥¬ï ã¤ «ï¥¬ ¨§ SS
cãé¥áâ¢¥­­®¥ ª¢ ¤à â¨ç­®¥ á« £ ¥¬®¥, ¢ë§¢ ­­®¥ á«ãç ©­ë¬¨ ¢¥-
«¨ç¨­ ¬¨ ξij .

�¡®á­®¢ ­¨¥¬ íâ®£® ãâ¢¥à¦¤¥­¨ï ï¢«ï¥âáï á«¥¤ãîé¥¥ à ¢¥­-
áâ¢®:

SS = SSG + SSE. (7.29)
�®ª ¦¥¬ íâ® à ¢¥­áâ¢®. �¬¥¥¬

SS =
m∑

i=1

n∑

j=1
[(xij − �xi·) + (�xi· − �x··)]2 = SSE + SSG + 2 I, (7.30)

£¤¥

I =
m∑

i=1

n∑

j=1
(xij−�xi·)(�xi·−�x··) =

m∑

i=1
(�xi·−�x··)

n∑

j=1
(xij−�xi·) = 0, (7.31)

â ª ª ª
n∑

j=1
(xij − �xi·) = n�xi· − n�xi· = 0.
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�§ (7.30) ¨ (7.31) á«¥¤ã¥â (7.29).
�ëç¨á«¨¬ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ E(SSG), çâ®¡ë ¥é¥ à §

ã¡¥¤¨âìáï, çâ® â¥áâ®¢ ï áâ â¨áâ¨ª  F ¯®§¢®«ï¥â à §«¨ç âì £¨¯®-
â¥§ã ¨  «ìâ¥à­ â¨¢ã. �¬¥¥¬

1
n
E(SSG) = E

m∑

i=1
(�xi· − �x··)2 = E

m∑

i=1
(τi + �ξi· − �ξ··)2 =

=
m∑

i=1
τ2
i + 2

m∑

i=1
τiE(�ξi· − �ξ··) +

m∑

i=1
E(�ξi· − �ξ··)2 =

=
m∑

i=1
τ2
i +

m∑

i=1
E(�ξi· − �ξ··)2 =

m∑

i=1
τ2
i + (m− 1)σ2

n
,

â ª ª ª
m∑

i=1
E(�ξi· − �ξ··)2 = mE(�ξi· − �ξ··)2 = mE �ξ2

i· − 2mE(�ξi· �ξ··) + mE �ξ2
·· =

= m
σ2

n
− 2σ2

n
+ σ2

n
= (m− 1)σ2

n
.

� ¬¥â¨¬, çâ® ¯à¨ «î¡®¬ i

E
1

n− 1

n∑

j=1
(ξij − �ξi·)2 = σ2,

¯®íâ®¬ã E(SSE) = m(n− 1)σ2 ¨, á«¥¤®¢ â¥«ì­®,

E(SS) = E(SSG) + E(SSE) =
m∑

i=1
τ2
i + (m− 1)σ2

n
+ m(n− 1)σ2.

(7.32)

2. �¢ãåä ªâ®à­ë© ¤¨á¯¥àá¨®­­ë©  ­ «¨§

�¢ãåä ªâ®à­ë© ¤¨á¯¥àá¨®­­ë©  ­ «¨§ ®áãé¥áâ¢«ï¥â ¯à®¢¥à-
ªã £¨¯®â¥§ë, çâ® áà §ã ¤¢  ä ªâ®à  ­¥ ¢«¨ïîâ ­  áà¥¤­¥¥ §­ ç¥­¨¥.

�à¨¢¥¤¥¬ ¯à¨¬¥àë â ª¨å £¨¯®â¥§:
1) § à¯« â  ¢ë¯ãáª­¨ª®¢ ­¥ § ¢¨á¨â ®â à¥£¨®­ , ¢ ª®â®àë© ®­¨ ¡ë-
«¨ à á¯à¥¤¥«¥­ë,   â ª¦¥ ®â á¯¥æ¨ «ì­®áâ¨ (¡ãå£ «â¥àáª®© ãç¥â,
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¬ àª¥â¨­£, ¬¥­¥¤¦¬¥­â);
2) ¤®å®¤­®áâì ¢ ¢ë¡à ­­ëå ¨­¢¥áâ¨æ¨®­­ëå ä®­¤ å ­¥ § ¢¨á¨â ®â
ä®­¤  ¨ ®â £®¤  ¥£® à ¡®âë;
3) áâà å®¢ãî ª ¬¯ ­¨î ¨­â¥à¥áã¥â, § ¢¨á¨â «¨ ãà®¢¥­ì  ¢ à¨©­®-
áâ¨ «¥£ª®¢ëå ¬ è¨­ ®â ¬ àª¨  ¢â®¬®¡¨«ï ¨ à¥£¨®­ .

�«ï à¥è¥­¨ï § ¤ ç¨ ¬ë à §¡¨¢ ¥¬ ä ªâ®àë ­  ãà®¢­¨ ¨ á®-
®â­®á¨¬ ­ ¡«î¤¥­¨ï ãà®¢­ï¬ íâ¨å ä ªâ®à®¢:

Xijk, 1 ≤ i ≤ I, 1 ≤ j ≤ J, 1 ≤ k ≤ K,

£¤¥ i | ­®¬¥à ãà®¢­ï ¯¥à¢®£® ä ªâ®à  | i-ï £àã¯¯ , j | ­®¬¥à
ãà®¢­ï ¢â®à®£® ä ªâ®à  | j-© ¡«®ª, k | ­®¬¥à ­ ¡«î¤¥­¨ï ¢ i-©
£àã¯¯¥ ¨ j-¬ ¡«®ª¥.

3. �¢ãåä ªâ®à­ë© ¤¨á¯¥àá¨®­­ë©  ­ «¨§
¡¥§ ¯®¢â®à¥­¨©

� íâ®© ¬®¤¥«¨ ¯à¥¤¯®« £ ¥âáï ¤®¯®«­¨â¥«ì­®, çâ® ¢§ ¨¬®¤¥©-
áâ¢¨¥ ¤¢ãå à áá¬ âà¨¢ ¥¬ëå ä ªâ®à®¢ ­¥ ¢«¨ï¥â ­  áà¥¤­¥¥ §­ -
ç¥­¨¥. �®£¤  ¬®¤¥«ì ¬®¦­® ã¯à®áâ¨âì, ¢§ï¢ ¢¬¥áâ® á«ãç ©­ëå
¢¥«¨ç¨­ Xijk ¨å áà¥¤­¨¥ ¯® k §­ ç¥­¨ï

Xij = 1
K

K∑

k=1
Xijk

¨ à¥è âì § ¤ çã ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¢ ª ¦¤®© ïç¥©ª¥ ij, á®®â¢¥â-
áâ¢ãîé¥© ãà®¢­î i ¯¥à¢®£® ä ªâ®à  ¨ ãà®¢­î j ¢â®à®£®, ­ å®¤¨âáï
à®¢­® ®¤­® ­ ¡«î¤¥­¨¥.

�â® ¨ ¥áâì ¬®¤¥«ì ¤¢ãåä ªâ®à­®£® ¤¨á¯¥àá¨®­­®£®  ­ «¨§ 
¡¥§ ¯®¢â®à¥­¨©.

�à¥¤¯®« £ ¥âáï, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë Xij ¤®¯ãáª îâ
¯à¥¤áâ ¢«¥­¨¥

Xij = µ + λi + τj + ξij ,

£¤¥ ξij | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë ¨¬¥îé¨¥ ­®à¬ «ì­®¥
à á¯à¥¤¥«¥­¨¥ N(0, σ2), µ | ®¡é¥¥ áà¥¤­¥¥, λi | ¢«¨ï­¨¥ i-© £àã¯-
¯ë ­  áà¥¤­¥¥, τj | ¢«¨ï­¨¥ j-£® ¡«®ª  ­  áà¥¤­¥¥.

�¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

EXij = µ + τj + λi,
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1
I

I∑

i=1
EXij = µ·j = µ + τj ,

1
J

J∑

j=1
EXij = µi· = µ + λi,

£¤¥
J∑

j=1
τj =

J∑

j=1
(µ− µ·j) = Jµ−

J∑

j=1
µ·j = 0, (7.33)

I∑

j=1
λi =

I∑

i=1
(µ− µi·) = Jµ−

I∑

i=1
µi· = 0. (7.34)

� ª¨¬ ®¡à §®¬, µ·j ¥áâì ®¡é¥¥ áà¥¤­¥¥ ¤«ï ¬ â¥¬ â¨ç¥áª¨å ®¦¨-
¤ ­¨© ¤«ï j-£® ¡«®ª ,   µi· | ®¡é¥¥ áà¥¤­¥¥ ¤«ï ¬ â¥¬ â¨ç¥áª¨å
®¦¨¤ ­¨© ¤«ï i-© £àã¯¯ë.

� ª ¯®ª §ë¢ îâ ä®à¬ã«ë (7.33), (7.34), ®¡é¥¥ áà¥¤­¥¥ ¢ë¡à -
­® â ª, çâ® ¢«¨ï­¨¥ £àã¯¯ ¨ ¡«®ª®¢ ¢ áà¥¤­¥¬ à ¢­® ­ã«î.

�¨¯®â¥§  H0 á®áâ®¨â ¢ â®¬, çâ®

τ1 = τ2 = · · · = τJ = 0 (7.35)

¨
λ1 = λ2 = · · · = λI = 0, (7.36)

â. ¥. çâ® ®¡  ä ªâ®à  ­¥ ¢«¨ïîâ ­  áà¥¤­¥¥.
�«ìâ¥à­ â¨¢  § ª«îç ¥âáï ¢ â®¬, çâ® å®âï ¡ë ®¤­® ¨§ à -

¢¥­áâ¢ ¢ (7.35), (7.36) ­¥ ¨¬¥¥â ¬¥áâ . �â® ¨ ®§­ ç ¥â, çâ® ¯® ªà ©-
­¥© ¬¥à¥ ®¤¨­ ¨§ ä ªâ®à®¢ ¢«¨ï¥â ­  áà¥¤­¥¥ §­ ç¥­¨¥.

�ëç¨á«¨â¥«ì­ ï ¯à®æ¥¤ãà  § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬.
�ëç¨á«ïîâáï áà¥¤­¨¥ ¯® £àã¯¯ ¬ ¨ ¡«®ª ¬

�Xi· = 1
J

J∑

j=1
Xij , E �Xi· = µi·,

�X·j = 1
I

I∑

i=1
Xij , E �X·j = µ·j ,

  â ª¦¥ ®¡é¥¥ áà¥¤­¥¥

�X·· = 1
IJ

I∑

i=1

J∑

j=1
Xij , E �X·· = µ.
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�®á«¥ íâ®£® ­ å®¤ïâáï ª¢ ¤à â¨ç­ë¥ ®âª«®­¥­¨ï áà¥¤­¨å ¯® £àã¯-
¯ ¬

SSG = J

I∑

i=1
( �Xi· − �X··)2

¨ áà¥¤­¨å ¯® ¡«®ª ¬

SSB = I

J∑

j=1
( �X·j − �X··)2

®â ®¡é¥£® áà¥¤­¥£®. �à®¬¥ â®£®, ­ å®¤ïâáï ®¡é ï áã¬¬  ª¢ ¤à â®¢

SST =
I∑

i=1

J∑

j=1
(Xij − �X··)2

¨ áã¬¬  ª¢ ¤à â®¢ ®áâ âª®¢

SSE =
I∑

i=1

J∑

j=1
(Xij − �Xi· − �X·j + �X··)2.

�áâ âª¨ �Xij − �Xi· − �X·j + �X·· ®¯à¥¤¥«ïîâáï ¨áå®¤ï ¨§ á«¥¤ãîé¨å
á®®¡à ¦¥­¨©. �è¨¡ª  ξij ­ ¡«î¤¥­¨© à ¢­ 

ξij = Xij−τi−λj−µ = Xij−(µi·−µ)−(µ·j−µ)−µ = Xij−µi·−µ·j +µ

¨ �Xi·, �X·j , �X·· ï¢«ïîâáï ­¥á¬¥é¥­­ë¬¨ ®æ¥­ª ¬¨ µi·, µ·j ¨ µ á®®â-
¢¥âáâ¢¥­­®. � ª¨¬ ®¡à §®¬, §­ ç¥­¨ï ®áâ âª®¢ ­¥ § ¢¨áïâ ®â §­ -
ç¥­¨© λi ¨ τj .

�­ «®£¨ç­® á«ãç î ®¤­®ä ªâ®à­®£® ¤¨á¯¥àá¨®­­®£®  ­ «¨§ 
¤®ª §ë¢ ¥âáï á¯à ¢¥¤«¨¢®áâì â®¦¤¥áâ¢ 

SST = SSG + SSB + SSE.

�®¦­® ¯®ª § âì, çâ® á«ãç ©­ë¥ ¢¥«¨ç¨­ë SSB, SSG, SSE ­¥§ -
¢¨á¨¬ë ¨ ¨¬¥îâ å¨-ª¢ ¤à â à á¯à¥¤¥«¥­¨¥ á® á«¥¤ãîé¨¬¨ áâ¥¯¥-
­ï¬¨ á¢®¡®¤ë:

SSG | I − 1 câ¥¯¥­¥© á¢®¡®¤ë,
SSB | J − 1 câ¥¯¥­¥© á¢®¡®¤ë,
SSE | (I − 1)(J − 1) câ¥¯¥­¥© á¢®¡®¤ë.
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�§ íâ¨å á®®¡à ¦¥­¨© ¯®  ­ «®£¨¨ á ®¤­®ä ªâ®à­ë¬ ¤¨á¯¥àá¨-
®­­ë¬  ­ «¨§®¬ áâà®ïâáï ¤¢¥ â¥áâ®¢ë¥ áâ â¨áâ¨ª¨

FG = SSG/(I − 1)
MSE

,

FB = SSB/(J − 1)
MSE

,

£¤¥
MSE = SSE

(I − 1)(J − 1) .

�® áãé¥áâ¢ã §­ ¬¥­ â¥«ì MSE ï¢«ï¥âáï ®æ¥­ª®© ¤¨á¯¥àá¨¨ σ2.
�¥áâ®¢ ï áâ â¨áâ¨ª  FG ¯à®¢¥àï¥â £¨¯®â¥§ã ® ¢«¨ï­¨¨ ¯¥à¢®£®

ä ªâ®à ,   FB | ¢â®à®£®.
�à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë áâ â¨áâ¨ª¨ FG ¨ FB ¨¬¥îâ à á-

¯à¥¤¥«¥­¨¥ �¨è¥à  á I − 1, (I − 1)(J − 1) ¨ J − 1, (I − 1)(J − 1) áâ¥-
¯¥­ï¬¨ á¢®¡®¤ë. �â® ¨ ¨á¯®«ì§ã¥âáï ¤«ï ¢ëç¨á«¥­¨ï p-§­ ç¥­¨©
¨ ­ å®¦¤¥­¨ï ªà¨â¨ç¥áª¨å §­ ç¥­¨© ªà¨â¥à¨¥¢.

�â¬¥â¨¬, çâ® ¤ ­­ ï ¬®¤¥«ì ¨á¯®«ì§ã¥âáï ¨ ¤«ï ¯à®¢¥àª¨ £¨-
¯®â¥§ë ® ¢«¨ï­¨¨ â®«ìª® ®¤­®£® ¨§ ä ªâ®à®¢, ª®£¤  ¢«¨ï­¨¥¬ ¤àã-
£®£® ä ªâ®à  ­¥«ì§ï ¯à¥­¥¡à¥çì, ¯®áª®«ìªã ®â ¥£® ãà®¢­¥© á¨«ì­®
§ ¢¨áïâ §­ ç¥­¨ï ­ ¡«î¤¥­¨©. �­ ï¢«ï¥âáï ¬¥è îé¨¬. � ¯à¨-
¬¥à, ¢ § ¤ ç¥ § ¢¨á¨â «¨ § à¯« â  ¢ë¯ãáª­¨ª®¢ ®â ¢ë¡à ­­®© á¯¥-
æ¨ «ì­®áâ¨ ¢ ª ç¥áâ¢¥ ¬¥è îé¥£® ä ªâ®à  ¥áâ¥áâ¢¥­­® ãç¨âë¢ âì
ãá¯¥¢ ¥¬®áâì ãç¥­¨ª®¢.

4. �¢ãåä ªâ®à­ë© ¤¨á¯¥àá¨®­­ë©  ­ «¨§
á ¯®¢â®à¥­¨ï¬¨

� ­­ ï ¬®¤¥«ì ¤®¯®«­¨â¥«ì­® ¯à®¢¥àï¥â £¨¯®â¥§ã ® â®¬, çâ®
¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã ¤¢ã¬ï ä ªâ®à ¬¨ ­¥ ¢«¨ï¥â ­  áà¥¤­¥¥ §­ -
ç¥­¨¥. �â® ¨ ®¡ãá«®¢«¨¢ ¥â ¢á¥ à §«¨ç¨ï ¢ ¢ëç¨á«¨â¥«ì­®© ¯à®-
æ¥¤ãà¥, ¯®áª®«ìªã ¤«ï ¯à®¢¥àª¨ íâ®© £¨¯®â¥§ë ¢¢®¤¨âáï ¤®¯®«­¨-
â¥«ì­ ï â¥áâ®¢ ï áâ â¨áâ¨ª .

� â¥¬ â¨ç¥áª ï ¬®¤¥«ì á®áâ®¨â ¢ á«¥¤ãîé¥¬.
�¥§ ¢¨á¨¬ë¥ ­ ¡«î¤¥­¨ï Xijk ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨¥

Xijk = µ + λi + τj + γij + ξijk,

£¤¥ ξijk | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¨¬¥îé¨¥ ­®à¬ «ì-
­®¥ à á¯à¥¤¥«¥­¨¥ N(0, σ2); µ | ®¡é¥¥ áà¥¤­¥¥; λi | ¢«¨ï­¨¥ i-©
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£àã¯¯ë ­  áà¥¤­¥¥; τj | ¢«¨ï­¨¥ j-£® ¡«®ª  ­  áà¥¤­¥¥; γij | ¢«¨-
ï­¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï i-© £àã¯¯ë ¨ j-£® ä ªâ®à .

� ª¨¬ ®¡à §®¬,

EXijk = µ + τj + λi + γij ,

£¤¥
I∑

i=1
λi = 0,

J∑

j=1
τj = 0

¨
I∑

i=1
γij = 0,

J∑

j=1
γij = 0,

¯à¨ç¥¬ ¯®á«¥¤­¨¥ ¤¢  à ¢¥­áâ¢  ¨¬¥îâ ¬¥áâ® ¤«ï «î¡ëå 1 ≤ i ≤ I
¨ 1 ≤ j ≤ J .

�¥®¡å®¤¨¬® ¯à®¢¥à¨âì £¨¯®â¥§ã

λi = 0, τj = 0, γij = 0

¤«ï «î¡ëå 1 ≤ i ≤ I, 1 ≤ j ≤ J ¯à®â¨¢  «ìâ¥à­ â¨¢ë, çâ® ®¤­® ¨§
íâ¨å à ¢¥­áâ¢ ­ àãè¥­®.

�ëç¨á«¨â¥«ì­ ï ¯à®æ¥¤ãà  á®áâ®¨â ¢ á«¥¤ãîé¥¬.
�ëç¨á«ïîâáï áà¥¤­¨¥

�X··· = 1
IJK

I∑

i=1

J∑

j=1

K∑

k=1
Xijk, E �X··· = µ,

�Xi·· = 1
JK

J∑

j=1

K∑

k=1
Xijk, E �Xi·· = µi· = µ + λi,

�X·j· = 1
IK

I∑

i=1

K∑

k=1
Xijk, E �X·j· = µ·j = µ + τj ,

�Xij· = 1
K

K∑

k=1
Xijk, E �Xijj· = µij = µ + λi + τj + γij ,
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ï¢«ïîé¨¥áï ®æ¥­ª ¬¨ á¢®¨å ¬ â¥¬ â¨ç¥áª¨å ®¦¨¤ ­¨©. �®á«¥
íâ®£® ­ å®¤ïâáï ª¢ ¤à â¨ç­ë¥ ®âª«®­¥­¨ï

SST =
I∑

i=1

J∑

j=1

K∑

k=1
(Xijk − �X···)2,

SSG = JK

I∑

i=1
( �Xi·· − �X···)2,

SSB = IK

J∑

j=1
( �X·j· − �X···)2,

SSI =
I∑

i=1

J∑

j=1
(Xij· − �Xi·· − �X·j· + �X···)2,

SSE =
I∑

i=1

J∑

j=1

K∑

k=1
(Xijk − �Xij·)2.

�ã¬¬  ª¢ ¤à â®¢ SSI ®æ¥­¨¢ ¥â ª¢ ¤à â¨ç­ë¥ ®âª«®­¥­¨ï ¢ë-
§¢ ­­ë¥ ¢§ ¨¬®¤¥©áâ¢¨¥¬ (interaction) ä ªâ®à®¢, â ª ª ª

E(Xij· − �Xi·· − �X·j· + �X···) = µij − µi· − µ·j + µ =

(µ + λi + τj + γij)− (µ + λi)− (µ + τj) + µ = γij .

�¢ ¤à â¨ç­®¥ ®âª«®­¥­¨¥ SSE ­¥ § ¢¨á¨â ®â ¯ à ¬¥âà®¢ µ, λi, τj ,
γij ¨ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­® ¤«ï ®æ¥­ª¨ ¤¨á¯¥àá¨¨ σ2.

�á­®¢­ë¬ â®¦¤¥áâ¢®¬ ¤¢ãåä ªâ®à­®£® ¤¨á¯¥àá¨®­­®£®  ­ -
«¨§  á ¯®¢â®à¥­¨ï¬¨ ï¢«ï¥âáï

SST = SSG + SSB + SSI + SSE.

�â â¨áâ¨ª¨ SSG, SSB, SSI, SSE ­¥§ ¢¨á¨¬ë, ¨¬¥îâ å¨-ª¢ ¤à â
à á¯à¥¤¥«¥­¨¥ á® á«¥¤ãîé¨¬¨ áâ¥¯¥­ï¬¨ á¢®¡®¤ë:

SSG | I − 1 câ¥¯¥­¥© á¢®¡®¤ë,
SSB | J − 1 câ¥¯¥­¥© á¢®¡®¤ë,
SSI | (I − 1)(J − 1) câ¥¯¥­¥© á¢®¡®¤ë,
SSE | IJ(K − 1) câ¥¯¥­¥© á¢®¡®¤ë.
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� ª¨¬ ®¡à §®¬, ¬ë ¬®¦¥¬ ®¯à¥¤¥«¨âì â¥áâ®¢ë¥ áâ â¨áâ¨ª¨
¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ ¢«¨ï­¨ï ¯¥à¢®£®, ¢â®à®£® ä ªâ®à®¢ ¨ ¢§ ¨-
¬®¤¥©áâ¢¨ï ä ªâ®à®¢ á®®â¢¥âáâ¢¥­­®:

FG = SSG/(I − 1)
MSE

,

FB = SSB/(J − 1)
MSE

,

FI = SSI/(I − 1)(J − 1)
MSE

,

£¤¥ MSE = SSE
IJ(K−1) .

�à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë áâ â¨áâ¨ª¨ ¨¬¥îâ à á¯à¥¤¥«¥-
­¨ï �¨è¥à  á® á«¥¤ãîé¨¬¨ áâ¥¯¥­ï¬¨ á¢®¡®¤ë:

FG | I − 1 ¨ IJ(K − 1) câ¥¯¥­¥© á¢®¡®¤ë,
FB | J − 1 ¨ IJ(K − 1) câ¥¯¥­¥© á¢®¡®¤ë,
FI | (I − 1)(J − 1) ¨ IJ(K − 1) câ¥¯¥­¥© á¢®¡®¤ë.

�â® ¨á¯®«ì§ã¥âáï ¤«ï ¢ëç¨á«¥­¨ï ¨å p-§­ ç¥­¨© ¨ ªà¨â¨ç¥-
áª¨å §­ ç¥­¨©.

� «   ¢   8
�������������� �������� ��������

1. �¢¥¤¥­¨¥

�ëá®ª®¥ ª ç¥áâ¢® ®¡á«ã¦¨¢ ­¨ï ®á­®¢ë¢ ¥âáï ­  ¢ëá®ª®¬ ª -
ç¥áâ¢¥ ¯à®¤ãªæ¨¨. �à®¢¥àª  ª ç¥áâ¢  ¯à®¤ãªæ¨¨ ­¥®¡å®¤¨¬  ¯à¨
¨§£®â®¢«¥­¨¨ â®¢ à  ¨ ¯®áâã¯«¥­¨¨ ¥£® ¢ ¯à®¤ ¦ã. �¥¬ à ­ìè¥
¡ã¤ãâ ¢ëï¢«ïâìáï ®âª«®­¥­¨ï ®â ­®à¬ë, â¥¬ ¬¥­ìè¥ § âà âë ­ 
ã«ãçè¥­¨¥ ª ç¥áâ¢  â®¢ à  ¨ â¥¬ ¬¥­ìè¥ ¨§¤¥à¦ª¨ ¯à®¨§¢®¤áâ¢ .
�­ ç «  à áá¬®âà¨¬ ¢¨¤ë ª®­âà®«ï §  â¥å­®«®£¨ç¥áª¨¬¨ ¯à®æ¥á-
á ¬¨, ª®â®àë¥ âà¥¡ãîâ ¯à®¢¥àª¨ ª®«¨ç¥áâ¢¥­­ëå ¨ ª ç¥áâ¢¥­­ëå
¯à¨§­ ª®¢.

� §®¢¥¬ ­¥ª®â®àë¥ ¢¨¤ë â¥å­®«®£¨ç¥áª¨å ¯à®æ¥áá®¢:
1) à §«¨¢ äàãªâ®¢®£® á®ª  ¯® ã¯ ª®¢ª ¬;
2) ­ à¥§ª  ¬¥â ««¨ç¥áª¨å áâ¥à¦­¥©;
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3) ã¯ ª®¢ª  ªàã¯ë ¢ à áä á®¢®ç­ë¥ ¯ ª¥âë;
4) ¨§£®â®¢«¥­¨¥ áâ¥ª«ï­­®© ¯®áã¤ë;
5) á¡®àª  â¥«¥¢¨§®à®¢.

�¥à¢ë¥ âà¨ ¢ à¨ ­â  âà¥¡ãîâ ¯à®¢¥àª¨ ª®«¨ç¥áâ¢¥­­ëå, ¯®-
á«¥¤­¨¥ ¤¢  | ª ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢. � áá¬®âà¨¬ á¯®á®¡ë ¯à®-
¢¥àª¨ ª ¦¤®£® ¨§ íâ¨å ¢¨¤®¢ ¯à¨§­ ª®¢.

� ¨¡®«¥¥ ¯à®áâ®© ¨ ¤®áâã¯­ë© ¢¨¤ ¯à®¢¥àª¨ ¯à®¨§¢®¤¨¬®©
¯à®¤ãªæ¨¨ ¬®¦¥â ¡ëâì ®áãé¥áâ¢«¥­ á ¯®¬®éìî ª®­âà®«ì­ëå ª àâ,
ª®â®àë¥ ¡ë«¨ ¯à¥¤«®¦¥­ë �ãå àâ®¬ (Shewhart) ¢ 20-¥ £®¤ë.

2. �®­âà®«ì­ë¥ ª àâë ª®«¨ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢
¯à¨ ¨§¢¥áâ­ëå µ ¨ σ

�áâ¥áâ¢¥­­® ¯à¥¤¯®«®¦¨âì, çâ® ¢á¥ ¢¥«¨ç¨­ë, ¯®¤«¥¦ é¨¥
¯à®¢¥àª¥, ¨¬¥îâ á¢®¨ ­®à¬ â¨¢­ë¥ §­ ç¥­¨ï µ, â¥å­®«®£¨ç¥áª¨©
¯à®æ¥áá ¨å ¨§£®â®¢«¥­¨ï ¢­®á¨â áâ ­¤ àâ­ãî ®è¨¡ªã σ,   ¨å à á-
á¥¨¢ ­¨¥ ¯®¤ç¨­ï¥âáï ­®à¬ «ì­®¬ã § ª®­ã. �®íâ®¬ã ¥á«¨ X |
í«¥¬¥­â £¥­¥à «ì­®© á®¢®ªã¯­®áâ¨, ¯®¤«¥¦ é¥© ¯à®¢¥àª¥, â®

X ∈ N(µ, σ). (8.1)

�ãáâì X1, X2, . . . , Xn | ¢ë¡®àª  ®¡ê¥¬  n, Xi ∈ N(µ, σ).
�®­âà®«ì­ë¥ ª àâë ¡ã¤ãâ ¯®áâà®¥­ë ­  ®á­®¢¥ áà¥¤­¨å  à¨ä¬¥-
â¨ç¥áª¨å

X = 1
n

n∑

k=1
Xk

¨ à §¬ å  ¢ë¡®àª¨

R = max(X1, . . . , Xn)−min(X1, . . . , Xn).

a) �®­âà®«ì­ ï ª àâ  áà¥¤­¨å  à¨ä¬¥â¨ç¥áª¨å
�§¢¥áâ­®, çâ® ¥á«¨ ¢ë¯®«­¥­® á®®â­®è¥­¨¥ (8.1), â®

P(µ− 2σ < X < µ + 2σ) = 0.95, (8.2)

P(µ− 3σ < X < µ + 3σ) = 0.998. (8.3)
�¢¨¤ã á¨¬¬¥âà¨ç­®áâ¨ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ¨§ á®®â­®-

è¥­¨ï (8.2) á«¥¤ã¥â, çâ® ¢ëå®¤ §  ª ¦¤ãî ¨§ £à ­¨æ µ± 2σ ¨¬¥¥â
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¢¥à®ïâ­®áâì 0.025, â. ¥. ¢ áà¥¤­¥¬ ®¤­® ¨§ 40 ¡ã¤¥â ¡®«ìè¥ µ + 2σ ¨
®¤­® ¬¥­ìè¥ µ− 2σ.

�§ á®®â­®è¥­¨ï (8.3) á«¥¤ã¥â, çâ® ª ¦¤®¥ ¨§ á®¡ëâ¨©
X > µ + 3σ ¨ X < µ − 3σ ¨¬¥¥â ¢¥à®ïâ­®áâì 0.001, â. ¥. ¢ áà¥¤-
­¥¬ ­  ª ¦¤ãî âëáïçã ¯à¨å®¤¨âáï ¯® ®¤­®¬ã ã¤®¢«¥â¢®àïîé¥¬ã
íâ¨¬ ­¥à ¢¥­áâ¢ ¬.

�ë¡®à®ç­®¥ áà¥¤­¥¥ X ¨¬¥¥â EX = µ, DX = σ2/n, ªà®¬¥ â®£®,
X ∈ N(µ, σ2/n), ¯®íâ®¬ã ¤«ï ­¥£® ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï,
 ­ «®£¨ç­ë¥ (8.2) ¨ (8.3):

P
(

µ− 2 σ√
n

< X < µ + 2 σ√
n

)
= 0.95, (8.4)

P
(

µ− 3 σ√
n

< X < µ + 3 σ√
n

)
= 0.998, (8.5)

¨ ¨¬¥­­® ­  ­¨å ®á­®¢ ­® ¯®áâà®¥­¨¥ ª®­âà®«ì­®© ª àâë.
�¥àå­ïï ¨ ­¨¦­ïï 95% £à ­¨æë ¤«ï ¢ë¡®à®ç­®£® áà¥¤­¥£® X,

®¯à¥¤¥«ï¥¬ë¥ á®®â­®è¥­¨¥¬ (8.4), à ¢­ë
(

µ− 2 σ√
n

, µ + 2 σ√
n

)
¨

­ §ë¢ îâáï ¯à¥¤ã¯à¥¦¤ îé¨¬¨ £à ­¨æ ¬¨,   á®®â­®è¥­¨¥ (8.5)
¤ ¥â 98% £à ­¨æë

(
µ− 3 σ√

n
, µ + 3 σ√

n

)
, ª®â®àë¥ ­ §ë¢ îâáï £à -

­¨æ ¬¨ à¥£ã«¨à®¢ ­¨ï.
�®áâà®¥­¨¥ ª àâë á®áâ®¨â ¨§ è £®¢:
1. �ë¡¨à ¥âáï ¢¥«¨ç¨­  n ®¡ê¥¬  ¢ë¡®àª¨.
2. �¥à¥§ à ¢­ë¥ ¯à®¬¥¦ãâª¨ ¢à¥¬¥­¨ ¯à®¨§¢®¤¨âáï á«ãç ©-

­ ï ¢ë¡®àª  ®¡ê¥¬  n.
3. �à¥¤­¥¥ X ­ ­®á¨âáï ­  ª àâã ¢ á®®â¢¥âáâ¢¨¨ á ­®¬¥à®¬

¢ë¡®àª¨.
4. �á«¨ ®ç¥à¥¤­®¥ X ¢ëå®¤¨â §  ¯à¥¤¥«ë £à ­¨æ à¥£ã«¨à®¢ -

­¨ï, â® ®áâ ­ ¢«¨¢ ¥âáï â¥å­®«®£¨ç¥áª¨© ¯à®æ¥áá ¤«ï ¢ëï¢«¥­¨ï
­¥á«ãç ©­ëå ¯à¨ç¨­ ¢ à¨ æ¨¨.

5. �á«¨ X ¯®¯ ¤ îâ ¬¥¦¤ã ¯à¥¤ã¯à¥¦¤ îé¥© £à ­¨æ¥© ¨
£à ­¨æ¥© à¥£ã«¨à®¢ ­¨ï, â® á«¥¤ãîé ï ¢ë¡®àª  ¯à®¨§¢®¤¨âáï áà -
§ã ¦¥, ­¥ ¤®¦¨¤ ïáì ¬®¬¥­â  ®ç¥à¥¤­®© ¢ë¡®àª¨. �á«¨ ¤¢  ¯®á«¥-
¤®¢ â¥«ì­® ¯®«ãç¥­­ëå §­ ç¥­¨ï X ¯®¯ ¤ îâ ¬¥¦¤ã íâ¨¬¨ £à ­¨-
æ ¬¨, â® ®áâ ­ ¢«¨¢ ¥âáï â¥å­®«®£¨ç¥áª¨© ¯à®æ¥áá ¤«ï ¢ëï¢«¥­¨ï
­¥¨á¯à ¢­®áâ¥©.

6. �á«¨ â®çª¨ ­  £à ä¨ª¥ ®¡à §ãîâ ¢®§à áâ îé¨© ¨«¨ ã¡ë-
¢ îé¨© âà¥­¤, â® íâ® ¬®¦¥â ¡ëâì á¨¬¯â®¬®¬ à §« ¤ª¨.
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�®­âà®«ì­ ï ª àâ  ¢ë¡®à®ç­®£® áà¥¤­¥£® ¨¬¥¥â á«¥¤ãîé¨¥
«¨­¨¨:

�¥­âà «ì­ ï «¨­¨ï µ

�¥àå­ïï ¯à¥¤ã¯à¥¦¤ îé ï £à ­¨æ  µ + 2σ/
√

n

�¨¦­ïï ¯à¥¤ã¯à¥¦¤ îé ï £à ­¨æ  µ− 2σ/
√

n

�¥àå­ïï £à ­¨æ  à¥£ã«¨à®¢ ­¨ï µ + 3σ/
√

n

�¨¦­ïï £à ­¨æ  à¥£ã«¨à®¢ ­¨ï µ− 3σ/
√

n

�¨á. 8.1. �®­âà®«ì­ë¥ ª àâë X.

�¨á. 8.1 ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢¥ ª®­âà®«ì­ëå ª àâë, ­  ª -
¦¤®© ¨§ ª®â®àëå æ¥­âà «ì­®© «¨­¨¥© ï¢«ï¥âáï §­ ç¥­¨¥ µ ¨ ¯à¨
§ ¤ ­­®¬ ®¡ê¥¬¥ ¢ë¡®àª¨ n ­ ­¥á¥­ë 95% ¨ 98% £à ­¨æë ¤«ï X.
�àã¦®çª ¬¨ ¯®¬¥ç¥­ë áà¥¤­¨¥ X ¢ á¥¬¨ ¢ë¡®àª å. �  «¥¢®© ª à-
â¥ ¢á¥ áà¥¤­¨¥ X ­¥ ¢ëå®¤ïâ §  ¯à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë. � 
ª àâ¥ á¯à ¢  áà¥¤­¥¥ §­ ç¥­¨¥ ç¥â¢¥àâ®© ¢ë¡®àª¨ ¢ëè«® §  ¢¥àå-
­îî ¯à¥¤ã¯à¥¦¤ îéãî £à ­¨æã, á«¥¤ãîé¨¥ ¤¢  §­ ç¥­¨ï «¥¦ â
¢ ¯à¥¤¥« å ­®à¬ë,   áà¥¤­¥¥ á¥¤ì¬®© ¢ë¡®àª¨ ¢ëè«® §  ­¨¦­îî
£à ­¨æã à¥£ã«¨à®¢ ­¨ï, ¯®íâ®¬ã ¯à®æ¥áá ¡ë« ®áâ ­®¢«¥­.

� ªâ¨ç¥áª¨ ª®­âà®«ì­ ï ª àâ  ¤ ¥â ¢®§¬®¦­®áâì ¯à®¢¥à¨âì
£¨¯®â¥§ã H0, á®áâ®ïéãî ¢ â®¬, çâ® â¥å­®«®£¨ç¥áª®¥ ¯à®¨§¢®¤áâ¢®
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­ « ¦¥­®, â. ¥. £¥­¥à «ì­ ï á®¢®ªã¯­®áâì á«ãç ©­ëå ¢¥«¨ç¨­ ¯®¤-
ç¨­ï¥âáï ­®à¬ «ì­®¬ã § ª®­ã,   ¨¬¥­­® ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥
(8.1). �á«¨ X «¥¦¨â §  ¯à¥¤ã¯à¥¦¤ îé¨¬¨ £à ­¨æ ¬¨, â® £¨¯®â¥-
§  H0 ®âª«®­ï¥âáï ¯à¨ 5%-­®¬ ãà®¢­¥ §­ ç¨¬®áâ¨. �á«¨ X ¢ëå®-
¤¨â §  ¯à¥¤¥«ë £à ­¨æ à¥£ã«¨à®¢ ­¨ï, â® ¬ë ®âª«®­ï¥¬ £¨¯®â¥§ã
H0 ¯à¨ 2%-­®¬ ãà®¢­¥ §­ ç¨¬®áâ¨.

�à¨¬¥à 8.1. �à®¨§¢®¤¨âáï à áä á®¢ª  ª®ä¥ ¢ ã¯ ª®¢ª¨ ¢¥-
á®¬ ¯® 200 £. �§¢¥áâ­®, çâ® ä á®¢®ç­ë© áâ ­®ª à ¡®â ¥â á® áâ ­-
¤ àâ­ë¬ ®âª«®­¥­¨¥¬ σ = 0.25 £. �¥à¥§ ª ¦¤ë¥ ¯®«ç á  ¯à®¨§¢®-
¤¨âáï á«ãç ©­ ï ¢ë¡®àª  ®¡ê¥¬®¬ 5 ã¯ ª®¢®ª. � ¦¤ãî ã¯ ª®¢ªã
¢§¢¥è¨¢ îâ. � â ¡«. 8.1 ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë 6 ¯®á«¥¤®¢ â¥«ì-
­ëå ¢ë¡®à®ª ¨ ¨å áà¥¤­¨¥ §­ ç¥­¨ï X. �®áâà®¨âì ª®­âà®«ì­ãî
ª àâã  à¨ä¬¥â¨ç¥áª®£® áà¥¤­¥£®.

�   ¡ « ¨ æ   8.1
�®¬¥à

¢ë¡®àª¨ 1 2 3 4 5 6
�¥á 200.2 199.8 199.7 200.4 199.4 200.1

200.4 199.4 199.9 200.7 199.7 199.8
199.7 200.1 200.2 199.8 200.6 199.7
199.8 200.3 200.4 199.7 200.5 200.1
200.1 199.5 200.6 200.6 200.7 200.4

X 200.04 199.82 200.20 200.24 200.18 200.02

�¥è¥­¨¥. �¥­âà «ì­ ï «¨­¨ï á®®â¢¥âáâ¢ã¥â ãà®¢­î µ = 200 £.
�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë:

µ± 2 σ√
n

= 200± 20.25√
5

,

â. ¥. 199.776 ¨ 200.224 £.
�à ­¨æë à¥£ã«¨à®¢ ­¨ï:

µ± 3 σ√
n

= 200± 30.25√
5

,

â. ¥. 199.664 ¨ 200.336 £.
� ­¥á¥¬ áà¥¤­¨¥ §­ ç¥­¨ï ­  ª®­âà®«ì­ãî ª àâã. �ë¡®à®ç-

­®¥ áà¥¤­¥¥ 4-© ¢ë¡®àª¨ ¯à¥¢ëá¨«® ¢¥àå­îî ¯à¥¤ã¯à¥¦¤ îéãî
£à ­¨æã, ®¤­ ª® áà¥¤­¨¥ ¯®á«¥¤ãîé¨å ¢ë¡®à®ª «¥¦ â ¢ ®¡« áâ¨
¤®¯ãáâ¨¬ëå §­ ç¥­¨©, çâ® ãª §ë¢ ¥â ­  á«ãç ©­®áâì ¢ë¡à®á .
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¡) �®­âà®«ì­ ï ª àâ  ¨§¬¥­ç¨¢®áâ¨ â¥å­®«®£¨ç¥áª®£®
¯à®æ¥áá , ®á­®¢ ­­ ï ­  à §¬ å¥ R ¢ë¡®àª¨

�à¨ ­¥ª®â®à®¬ ¢¨¤¥ à §« ¤ª¨ â¥å­®«®£¨ç¥áª®£® ¯à®æ¥áá  ¢ë-
¡®à®ç­®¥ áà¥¤­¥¥ X ¡ã¤¥â ã¤®¢«¥â¢®à¨â¥«ì­ë¬,   á ¬¨ ­ ¡«î¤¥-
­¨ï ¡ã¤ãâ á¨«ì­® ®âª«®­ïâìáï ¢ ®¡¥ áâ®à®­ë ®â áà¥¤­¥£®, çâ® å -
à ªâ¥à­® ¯à¨ ã¢¥«¨ç¥­¨¨ áâ ­¤ àâ­®£® ®âª«®­¥­¨ï. �«ï ¯à®¢¥àª¨
â ª®£® â¨¯  à §« ¤ª¨ ¨á¯®«ì§ã¥âáï ª®­âà®«ì­ ï ª àâ  à §¬ å  R,
ª®â®à ï á®áâ®¨â ¢ ¯à®¢¥àª¥ ¯à¥¢ëè¥­¨ï à §¬ å®¬ ®¯à¥¤¥«¥­­ëå
£à ­¨æ. �«¨èª®¬ ¬ «ë© à §¬ å á¢¨¤¥â¥«ìáâ¢ã¥â «¨¡® ®¡ ã«ãç-
è¥­¨¨ â¥å­®«®£¨ç¥áª®£® ¯à®æ¥áá , «¨¡® ® ­ «¨ç¨¨ ¨§¬¥à¨â¥«ì­®©
®è¨¡ª¨, ¯à¨¢®¤ïé¥© ª § ­¨¦¥­¨î £à ­¨æ ¢ ª®­âà®«ì­®© ª àâ¥.

�á«¨ ¤«ï ª ¦¤®£® ¨§ í«¥¬¥­â®¢ X £¥­¥à «ì­®© á®¢®ªã¯­®áâ¨
¢ë¯®«­¥­® á®®â­®è¥­¨¥ (8.1), â® á«ãç ©­ ï ¢¥«¨ç¨­  R/σ ­¥ § ¢¨-
á¨â ®â µ ¨ σ, ¨ ¬®¦­® ­ ©â¨ ¥¥ à á¯à¥¤¥«¥­¨¥,   â ª¦¥ ¢¥«¨ç¨­ë
dn, rw ¨ r�, â ª¨¥, çâ®

E
(

R

σ

)
= dn, ER = σdn, (8.6)

P
(

R

σ
> rw

)
= P(R > rwσ) = 0.025, (8.7)

P
(

R

σ
> r�

)
= P(R > r�σ) = 0.01. (8.8)

�¥«¨ç¨­ë dn, rw ¨ r� ¢ § ¢¨á¨¬®áâ¨ ®â n = 2, 3, . . . , 20 ¯à¨¢¥¤¥-
­ë ¢ â ¡«. 8.2. �â¨ ¢¥«¨ç¨­ë ãç áâ¢ãîâ ¢ ¯®áâà®¥­¨¨ ª®­âà®«ì­®©
ª àâë à §¬ å .

�   ¡ « ¨ æ   8.2

n dn rw r� n dn rw r�
2 1.128 3.17 4.65 12 3.258 4.92 6.09
3 1.169 3.68 5.06 13 3.336 4.99 6.14
4 2.059 3.98 5.31 14 3.407 5.04 6.19
5 2.326 4.20 5.48 15 3.472 5.09 6.23
6 2.534 4.36 5.62 16 3.532 5.14 6.27
7 2.704 4.49 5.73 17 3.588 5.18 6.31
8 2.847 4.61 5.82 18 3.640 5.22 6.35
9 2.970 4.70 5.90 19 3.689 5.26 6.38

10 3.077 4.79 5.97 20 3.735 5.30 6.41
11 3.173 4.86 6.04
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�®­âà®«ì­ ï ª àâ  à §¬ å  R á®áâ®¨â ¨§ á«¥¤ãîé¨å ¯àï¬ëå:

�¥­âà «ì­ ï «¨­¨ï dnσ

�¥àå­ïï ¯à¥¤ã¯à¥¦¤ îé ï rwσ 2.5% §­ ç¥­¨© à §¬ å 
£à ­¨æ  ¯à¥¢ëè îâ £à ­¨æã

�¥àå­ïï £à ­¨æ  r�σ 1% §­ ç¥­¨© à §¬ å 
à¥£ã«¨à®¢ ­¨ï ¯à¥¢ëè îâ £à ­¨æã

�®­âà®«ì­ãî ª àâã à §¬ å  R áâà®ïâ ¯à¨ ®¡ê¥¬¥ ¢ë¡®àª¨ ­¥
¡®«ìè¥ 20.

� ¬¥â¨¬, çâ® ¯à®¢¥àª  ¯à®¤ãªæ¨¨ ¤®«¦­  ®áãé¥áâ¢«ïâìáï á
¯®¬®éìî ®¡¥¨å ª®­âà®«ì­ëå ª àâ.

�à¨¬¥à 8.2. �® ¤ ­­ë¬ ¯à¨¬¥à  8.1 ¢ëç¨á«¨âì ãà®¢­¨ «¨-
­¨© ª®­âà®«ì­®© ª àâë à §¬ å .

�¥è¥­¨¥. �¡ê¥¬ ¢ë¡®àª¨ n = 5, áâ ­¤ àâ­®¥ ®âª«®­¥­¨¥ σ =
0.25 £. �§ â ¡«. 8.2 ­ å®¤¨¬:

dn = d5 = 2.326, rw = 4.20, r� = 5.45,

¨ ¯® ­¨¬ £à ­¨æë ¢ ª®­âà®«ì­®© ª àâ¥:

�¥­âà «ì­ ï «¨­¨ï dn σ = 2.33× 0.25 = 0.58 £
�¥àå­ïï ¯à¥¤ã¯à¥¦¤. £à ­¨æ  rw σ = 4.20× 0.25 = 1.05 £
�¥àå­ïï £à ­¨æ  à¥£ã«¨à®¢ ­¨ï r� σ = 5.45× 0.25 = 1.36 £

�«ï ¨áå®¤­ëå ¤ ­­ëå ¯à¨¬¥à  8.1 ¯à¨¢¥¤¥¬ ¢¥«¨ç¨­ã à §¬ -
å  ª ¦¤®© ¢ë¡®àª¨.

�   ¡ « ¨ æ   8.3

�®¬¥à ¢ë¡®àª¨ 1 2 3 4 5 6
� §¬ å ¢ë¡®àª¨ 0.7 0.9 0.9 1.0 1.3 0.7
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� ¡«¨æ  8.3 ¯®ª §ë¢ ¥â, çâ® ¢ ¯ïâ®© ¢ë¡®àª¥ §­ ç¥­¨¥ à §¬ å 
¯à¥¢ëè ¥â ¢¥àå­îî ¯à¥¤ã¯à¥¦¤ îéãî £à ­¨æã, ­® ¢ á«¥¤ãîé¥©
¢ë¡®àª¥ à §¬ å ­ å®¤¨âáï ¢ ­®à¬¥, á«¥¤®¢ â¥«ì­®, ­¥â ®á­®¢ ­¨©
¤«ï ¡¥á¯®ª®©áâ¢ .

¢) �®­âà®«ì­ë¥ ª àâë ª®«¨ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢ ¯à¨
­¥¨§¢¥áâ­ëå µ ¨ σ

� ¯ à £à ä¥ 8.2 ãª § ­ á¯®á®¡ ¯®áâà®¥­¨ï ª®­âà®«ì­ëå ª àâ
¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ã £¥­¥à «ì­®© á®¢®ªã¯­®áâ¨ ¨§¢¥áâ­ë µ ¨
σ. �á«¨ ®­¨ ­ ¬ ­¥ ¨§¢¥áâ­ë, â®, ª ª ¯à¨­ïâ® ¢ áâ â¨áâ¨ª¥, ¨å
á«¥¤ã¥â § ¬¥­¨âì á®®â¢¥âáâ¢ãîé¨¬¨ ®æ¥­ª ¬¨.

�«ï ®æ¥­ª¨ ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï µ ¨á¯®«ì§ã¥âáï áà¥¤-
­¥¥ X ®â ­ ©¤¥­­ëå à ­¥¥ ¢ë¡®à®ç­ëå áà¥¤­¨å, â. ¥.

µ ≈ X = 1
M

M∑
m=1

X(m), (8.9)

£¤¥ X(m) | ¢ë¡®à®ç­®¥ áà¥¤­¥¥ m-© ¢ë¡®àª¨, M | ç¨á«® ¢ë¡®-
à®ª.

�á«¨ ¢¥«¨ç¨­  σ ­¥¨§¢¥áâ­ , â® ¥¥ ®æ¥­¨¢ îâ á ¯®¬®éìî áà¥¤-
­¥£® §­ ç¥­¨ï à §¬ å®¢ R ¢ë¡®à®ª, ª®â®à®¥ ¯®¤ç¨­ï¥âáï ãà ¢­¥-
­¨î (8.8). �¡®§­ ç ï R(m) à §¬ å m-© ¢ë¡®àª¨, m = 1, . . . , M ,
¯®«ãç ¥¬ ®æ¥­ªã ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ER ¢ ¢¨¤¥

ER = dnσ ≈ R = 1
M

M∑
m=1

R(m). (8.10)

�§ á®®â­®è¥­¨© (8.10) á«¥¤ã¥â, çâ® ¤«ï ®æ¥­ª¨ σ ¬®¦­® ¨á-
¯®«ì§®¢ âì ä®à¬ã«ã

σ̂ ≈ R

dn
. (8.11)

�à¨ ­¥¨§¢¥áâ­ëå µ ¨ σ ¬®¦­® ¨á¯®«ì§®¢ âì ª®­âà®«ì­ë¥ ª à-
âë, ¯®«ãç¥­­ë¥ ¯à¨ ¨§¢¥áâ­ëå µ ¨ σ, § ¬¥­¨¢ ¢ ­¨å µ ¨ σ á®®â-
¢¥âáâ¢¥­­® ¯® ä®à¬ã« ¬ (8.9) ¨ (8.11). �®£¤  ª®­âà®«ì­ ï ª àâ 
¢ë¡®à®ç­®£® áà¥¤­¥£® ¨¬¥¥â á«¥¤ãîé¨¥ «¨­¨¨:
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�¥­âà «ì­ ï «¨­¨ï X

�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë X ± 2√
n

R

dn

�à ­¨æë à¥£ã«¨à®¢ ­¨ï X ± 3√
n

R

dn

� ª®­âà®«ì­®© ª àâ¥ à §¬ å®¢:

�¥­âà «ì­ ï «¨­¨ï R

�¥àå­ïï ¯à¥¤ã¯à¥¦¤ îé ï £à ­¨æ  rw
R

dn

�¥àå­ïï £à ­¨æ  à¥£ã«¨à®¢ ­¨ï r�
R

dn

�à¨¬¥à 8.3. �á¯®«ì§ãï ¤ ­­ë¥ ¯à¨¬¥à  8.1, ª á îé¨¥áï
à áä á®¢ª¨ ª®ä¥, ®æ¥­¨âì µ ¨ σ ¯® 6 ¢ë¡®àª ¬. �®áâà®¨âì ª àâë
áà¥¤­¥£® X ¨ à §¬ å  R.

� â ¡«. 8.1 ¯à¨¢¥¤¥­ë áà¥¤­¨¥ §­ ç¥­¨ï X(m) ¨ ¢ â ¡«. 8.3
| à §¬ å¨ R(m) íâ¨å 6 ¢ë¡®à®ª. �à¥¤­¥¥ §­ ç¥­¨¥ ¢á¥å ¢ë¡®à®ª
à ¢­® X = 1/6 × 1000.5 = 200.08 £,   ¨å áà¥¤­¨© à §¬ å à ¢¥­
R=1/6× 5.5=0.91.

�®­âà®«ì­ ï ª àâ  áà¥¤­¥£®:
�¥­âà «ì­ ï «¨­¨ï | 200.08.
�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë |

200.08± 2 0.91
2.326

√
5

= 200.08± 0.35 = (199.73; 200.43).

�à ­¨æë à¥£ã«¨à®¢ ­¨ï |

200.08± 3 0.91
2.326

√
5

= 200.08± 0.52 = (199.56; 200.60).
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�®­âà®«ì­ ï ª àâ  à §¬ å :
�¥­âà «ì­ ï «¨­¨ï | 0.91.
�¥àå­ïï ¯à¥¤ã¯à¥¦¤ îé ï £à ­¨æ  | 4.2 · 0.91/2.326 = 1.64.
�¥àå­ïï £à ­¨æ  à¥£ã«¨à®¢ ­¨ï | 5.48 · 0.91/2.326 = 2.14.

�æ¥­¨âì ¤¨á¯¥àá¨î σ2 ¬®¦­® ­¥ â®«ìª® á ¯®¬®éìî à §¬ å ,
­® ¨ á ¯®¬®éìî ¢ë¡®à®ç­®© ¤¨á¯¥àá¨¨

s2 = 1
n− 1

∑
(Xi −X)2.

�á«¨ ¯à®¨§¢¥¤¥­® M ¢ë¡®à®ª, â® ¤«ï ®æ¥­ª¨ σ2 ¬®¦­® ¨á¯®«ì-
§®¢ âì ãáà¥¤­¥­­ãî ¢¥«¨ç¨­ã s2 =

∑
s2(m)/M , £¤¥ s2(m) | ¢ë-

¡®à®ç­ ï ¤¨á¯¥àá¨ï m-© ¢ë¡®àª¨. �à¨ n > 25 à á¯à¥¤¥«¥­¨¥√
n(X − µ)/s ¡«¨§ª® ª ­®à¬ «ì­®¬ã, ¯®íâ®¬ã ª®­âà®«ì­ ï ª àâ 

X ¨¬¥¥â ¢¨¤:

�¥­âà «ì­ ï «¨­¨ï X

�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë X ± 2 s√
n

�à ­¨æë à¥£ã«¨à®¢ ­¨ï X ± 3 s√
n

3. �®­âà®«ì­ë¥ ª àâë ª ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢

�à®¢¥àª  ª ç¥áâ¢  ¯à®¤ãªæ¨¨ ­¥ ¢á¥£¤  ®£à ­¨ç¨¢ ¥âáï ª®-
«¨ç¥áâ¢¥­­ë¬¨ ¯à¨§­ ª ¬¨, ã ­¥ª®â®àëå ¢¨¤®¢ ¯à®¤ãªæ¨¨ ­¥®¡-
å®¤¨¬® ®æ¥­¨¢ âì ª ç¥áâ¢¥­­ë¥ ¯à¨§­ ª¨. �â® ¬®£ãâ ¡ëâì ¤¥ä¥ª-
âë ¯à¨ á¡®àª¥ â¥«¥¢¨§®à®¢, à §«¨ç­ë¥ ¤¥ä¥ªâë áâ¥ª«ï­­®© ¨«¨
ª¥à ¬¨ç¥áª®© ¯®áã¤ë. � ¤ ç  ª®­âà®«ï á®áâ®¨â ¢ â®¬, çâ®¡ë ¢ë-
ï¢¨âì ¯à¥¢ëè¥­¨¥ ¤®«¨ ¡à ª  ¯à®¤ãªæ¨¨ ¯® áà ¢­¥­¨î á ­®à¬ -
â¨¢­®©. �®­âà®«ì­ë¥ ª àâë ª ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢ á¯®á®¡áâ¢ã-
îâ ¢ëï¢«¥­¨î â ª¨å ®âª«®­¥­¨©.

�ë à áá¬®âà¨¬ ª®­âà®«ì­ë¥ ª àâë ª ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢
á ¯®¬®éìî p-ª àâ, ¢ ª®â®àëå ®æ¥­¨¢ ¥âáï ¤®«ï ¡à ª®¢ ­­ëå ¨§¤¥-
«¨© ª ®¡é¥¬ã ç¨á«ã ¨§¤¥«¨©. �  ®á­®¢ ­¨¨ ­¥áª®«ìª¨å ¢ë¡®à®ª
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á«¥¤ã¥â ®æ¥­¨âì p | ¤®«î ¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ £¥­¥à «ì­®©
á®¢®ªã¯­®áâ¨. �á­®, çâ® ­ ¨«ãçè ï ®æ¥­ª  p | íâ® ¢¥«¨ç¨­  p,
à ¢­ ï ®â­®è¥­¨î ®¡é¥£® ç¨á«  ¡à ª  ¢® ¢á¥å ¢ë¡®àª å ª ®¡é¥¬ã
ç¨á«ã ¨§¤¥«¨©, ¯®¤¢¥à£è¨åáï ¯à®¢¥àª¥.

� ª ¦¤®© ®â¤¥«ì­®© ¢ë¡®àª¥ ®¡ê¥¬  n ¤®«î ¡à ª®¢ ­­ëå ¨§-
¤¥«¨© ®¡®§­ ç îâ p̂, ¨ p̂ = r/n, £¤¥ r | ç¨á«® ¡à ª®¢ ­­ëå ¨§¤¥«¨©
¢ ¢ë¡®àª¥.

� áá¬®âà¨¬ á«ãç ©­ãî ¢¥«¨ç¨­ã ξ, ¯à¥¤áâ ¢«ïîéãî ç¨á«®
¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¢ë¡®àª¥ ®¡ê¥¬  n, ®­  ¯à¨­¨¬ ¥â §­ ç¥­¨ï
r = 0, 1, . . . , n ¨ ¯®¤ç¨­ï¥âáï ¡¨­®¬¨ «ì­®¬ã § ª®­ã:

P(ξ = r) = Cr
nprqn−r, r = 0, 1, . . . , n, q = 1− p,

  p | ¤®«ï ¡à ª  ¢ £¥­¥à «ì­®© á®¢®ªã¯­®áâ¨. �§¢¥áâ­®, çâ®
Eξ = np, Dξ = npq.

A priori ¤®«ï �p ¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¢ë¡®àª¥ ï¢«ï¥âáï á«ã-
ç ©­®© ¢¥«¨ç¨­®©, íª¢¨¢ «¥­â­®© ξ/n. �«ãç ©­ ï ¢¥«¨ç¨­  �p, ª ª
¨ ξ/n, ¯à¨­¨¬ ¥â §­ ç¥­¨ï p̂ = r/n ¨ ¨¬¥¥â ¯ à ¬¥âàë

E�p = p, D�p = pq

n
, σ(�p) =

√
pq

n
.

�¨­®¬¨ «ì­ë© § ª®­  ¯¯à®ªá¨¬¨àã¥âáï § ª®­®¬ �ã áá®­ ,
¥á«¨ n > 30, p < 0.1, np ≤ 5, ¨ ­®à¬ «ì­ë¬ § ª®­®¬, ¥á«¨ n > 30,
0.1 < p < 0.9, np > 5 ¨ n(1− p) > 5.

� ª ª ª ¢¥à®ïâ­®áâì p ¡à ª  £¥­¥à «ì­®© á®¢®ªã¯­®áâ¨, ª ª
¯à ¢¨«®, ­¥¨§¢¥áâ­ ,   íâ  ¢¥«¨ç¨­  ï¢«ï¥âáï æ¥­âà «ì­®© «¨­¨-
¥© ª®­âà®«ì­®© ª àâë, â® ¢¬¥áâ® p ¨á¯®«ì§ãîâ p, ¯®«ãç¥­­ãî ¯®
¡®«ìè®¬ã ç¨á«ã ¢ë¡®à®ª ãáà¥¤­¥­¨¥¬ ¤®«¥© ¡à ª  ¢ ­¨å.

a) �¯¯à®ªá¨¬ æ¨ï ­®à¬ «ì­ë¬ § ª®­®¬
� ª ª ª ­®à¬ «ì­ë© § ª®­ á¨¬¬¥âà¨ç¥­, â® ª®­âà®«ì­ ï ª à-

â  ª ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢ ¨¬¥¥â á«¥¤ãîé¨¥ «¨­¨¨:

�¥­âà «ì­ ï «¨­¨ï p

�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë p± 2
√

pq

n

�à ­¨æë à¥£ã«¨à®¢ ­¨ï p± 3
√

pq

n

115



�à¨¬¥à 8.4. �®¬¯ ­¨ï ¯à®¨§¢®¤¨â ­¥ª®â®àë¥ ¨§¤¥«¨ï. �à¨
å®à®è¥© ­ « ¤ª¥ ®¡®àã¤®¢ ­¨ï ¡ë«® ¯à®¨§¢¥¤¥­® 20 ¢ë¡®à®ª, ª -
¦¤ ï ®¡ê¥¬®¬ ¢ 100 ¥¤¨­¨æ. � â ¡«. 8.4 ¯à¨¢¥¤¥­ë à¥§ã«ìâ -
âë ¯à®¢¥àª¨ ª®«¨ç¥áâ¢  ¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ª ¦¤®© ¢ë¡®àª¥.
�ã¦­® ¯®áâà®¨âì ª®­âà®«ì­ãî ª àâã ¤«ï ¯à®¢¥àª¨ â¥å­®«®£¨ç¥-
áª®£® ¯à®æ¥áá .

�   ¡ « ¨ æ   8.4

�®¬¥à �¨á«® �®¬¥à �¨á«®
¢ë¡®àª¨ ¡à ª®¢ ­­ëå ¢ë¡®àª¨ ¡à ª®¢ ­­ëå

¨§¤¥«¨© ¨§¤¥«¨©
1 4 11 5
2 2 12 3
3 5 13 5
4 7 14 6
5 3 15 8
6 8 16 5
7 7 17 2
8 6 18 4
9 4 19 7

10 7 20 6

�¥è¥­¨¥. �¡é¥¥ ç¨á«® ¡à ª®¢ ­­ëå ¨§¤¥«¨© à ¢­® 104, á«¥-
¤®¢ â¥«ì­®,

p = 104
20× 100 = 0.052.

� ª ª ª np = 5.2, â® ¯à¨ à¥è¥­¨¨ § ¤ ç¨  ¯¯à®ªá¨¬¨à®¢ âì ¬®¦­®
­®à¬ «ì­ë¬ ¨ ¯ã áá®­®¢áª¨¬ à á¯à¥¤¥«¥­¨¥¬.

�ã¤¥¬  ¯¯à®ªá¨¬¨à®¢ âì ¤®«î ¡à ª  ­®à¬ «ì­ë¬ à á¯à¥¤¥-
«¥­¨¥¬. �ëç¨á«¨¬ ¯à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë

0.052± 2
√

0.052(1− 0.052)
100 , â. ¥. 0.008, ¨ 0.096,

¨ £à ­¨æë à¥£ã«¨à®¢ ­¨ï

0.052± 3
√

0.052(1− 0.052)
100 , â. ¥. − 0.014 ¨ 0.118.

� ª ª ª ¤®«ï ¡à ª®¢ ­­ëå ¨§¤¥«¨© ­¥ ¬®¦¥â ¡ëâì ®âà¨æ â¥«ì­®©,
â® ­¨¦­îî £à ­¨æã à¥£ã«¨à®¢ ­¨ï ¯®« £ ¥¬ à ¢­®© ­ã«î.

�®­âà®«ì­ ï ª àâ  ¯à®¢¥àª¨ ¤®«¨ ¡à ª :
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�¥­âà «ì­ ï «¨­¨ï 0.052
�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë 0.008 ¨ 0.096
�à ­¨æë à¥£ã«¨à®¢ ­¨ï 0.000 ¨ 0.118

¡) �¯¯à®ªá¨¬ æ¨ï ¤®«¨ ¡à ª  ¯ã áá®­®¢áª¨¬ à á¯à¥-
¤¥«¥­¨¥¬

�ã áá®­®¢áª®¥ à á¯à¥¤¥«¥­¨¥ ­¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç­ë¬, ¯®-
íâ®¬ã ¯®áâà®¥­¨¥ ª®­âà®«ì­®© ª àâë ®â«¨ç ¥âáï ®â ­®à¬ «ì­®£®
á«ãç ï.

�ãáâì á«ãç ©­ ï ¢¥«¨ç¨­  η ¨¬¥¥â ¯ã áá®­®¢áª®¥ à á¯à¥¤¥-
«¥­¨¥ á ¯ à ¬¥âà®¬ λ = np, ¯à¥¤áâ ¢«ïîé¨¬ á®¡®© áà¥¤­¥¥ ç¨á«®
¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¢ë¡®àª¥ ®¡ê¥¬  n. �¥à®ïâ­®áâì â®£®, çâ®
¢ ¢ë¡®àª¥ r ¡à ª®¢ ­­ëå ¨§¤¥«¨©, à ¢­ 

P(η = r) = λr

r! e−λ = (np)r

r! e−np. (8.12)

�®«î ¡à ª  ¢ ¢ë¡®àª¥ ®¡ê¥¬®¬ n ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ �p = η/n,
®âáî¤ 

P(η = r) = P
( η

n
= r

n

)
= P

(
�p = r

n

)
= (np)r

r! e−np.

�«ï ­ å®¦¤¥­¨ï £à ­¨æ ¢ ª®­âà®«ì­®© ª àâ¥ ­ã¦­® ¯®áâà®-
¨âì â ¡«. 8.5, ¢ ª®â®à®© ¯à¨¢®¤ïâáï §­ ç¥­¨ï r, p̂, P (η = r) ¨
ªã¬ã«ïâ¨¢­ë¥ (áã¬¬ à­ë¥) ¢¥à®ïâ­®áâ¨ Pr:

Pr = P(η ≤ r) =
r∑

k=0

(np)k

k! e−np. (8.13)

�¥¯¥àì ¢¢®¤¨¬ ¢ à áá¬®âà¥­¨¥ ¤¢¥ ¯ àë ãà®¢­¥© ¢¥à®ïâ­®áâ¥©
p0.001 = 0.001, p0.999 = 0.999 ¨ p0.025 = 0.025, p0.975 = 0.975, ª®â®àë¬
®â¢¥ç îâ ­¨¦­ïï ¨ ¢¥àå­ïï £à ­¨æë à¥£ã«¨à®¢ ­¨ï : x0.001, x0.999,
¨ ­¨¦­ïï ¨ ¢¥àå­ïï ¯à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë: x0.025, x0.975.
�à®¢¥­ì ¢¥à®ïâ­®áâ¨, ­ ¯à¨¬¥à, p0.975 = 0.975 á¢ï§ ­ á á®®â¢¥â-
áâ¢ãîé¥© £à ­¨æ¥© x0.975 á®®â­®è¥­¨¥¬

P(�p ≤ x0.975) ≥ p0.975 = 0.975.

� «¥¥, çâ®¡ë ®¯à¥¤¥«¨âì ¢¥«¨ç¨­ã £à ­¨æë, ­ ¯à¨¬¥à, x0.025, ®â-
¢¥ç îéãî ¢¥à®ïâ­®áâ¨ p0.025, ­ å®¤ïâ r, â ª®¥, çâ®

r∑

k=0

(np)k

k! e−np < p0.025 <

r+1∑

k=0

(np)k

k! e−np,
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â. ¥. Pr < p0.025 < Pr+1, ¨ ¯®« £ îâ x0.025 = (r + 1/2)/n, â. ¥. x0.025
à ¢­® á¥à¥¤¨­¥ ¨­â¥à¢ «  (r/n; (r + 1)/n).

�¥à®ïâ­®áâì â®£®, çâ® ¡à ª  ­¥â (r = 0), à ¢­  P(η = 0) =
P0 = e−np. �á«¨ ®ª ¦¥âáï, çâ® ãà®¢¥­ì ¢¥à®ïâ­®áâ¨, ­ ¯à¨¬¥à,
p0.001 ¬¥­ìè¥ ¢¥à®ïâ­®áâ¨ P0 ®âáãâáâ¢¨ï ¡à ª , â®£¤  ¯®« £ îâ
x0.001 = 0, â ª ª ª à¥£ã«¨àãîé ï £à ­¨æ  ¡à ª  ­¥ ¬®¦¥â ¡ëâì
®âà¨æ â¥«ì­®©.

� ©¤¥¬ §­ ç¥­¨ï ¯àï¬ëå ¢ ª®­âà®«ì­®© ª àâ¥ ¤«ï ¯à¨¬¥à 
8.4 ¯à¨  ¯¯à®ªá¨¬ æ¨¨ ¯ã áá®­®¢áª¨¬ à á¯à¥¤¥«¥­¨¥¬ á n = 100,
np = 5.2. � â ¡«. 8.5 ¤«ï à á¯à¥¤¥«¥­¨ï �ã áá®­  á ¯ à ¬¥âà®¬
λ = 5.2, ï¢«ïîé¨¬áï áà¥¤­¨¬ ç¨á«®¬ ¡à ª  ¢ ¢ë¡®àª¥, ¯à¥¤áâ -
¢«¥­ë ¢¥«¨ç¨­ë r, r/n, P (r) ¨ Pr.

� ª ª ª p0.001 < P0, â® x0.001 = 0. �¥«¨ç¨­  p0.025 = 0.025
¯®¯ ¤ ¥â ¬¥¦¤ã P0 ¨ P1, á«¥¤®¢ â¥«ì­®, x0.025 = (1/2)/n = 0.005.
� «¥¥ P9 < p0.975 = 0.975 < P10, á«¥¤®¢ â¥«ì­®,
x0.975 = (9 + 1/2)/n = 0.095; P12 < p0.999 < P13, á«¥¤®¢ â¥«ì­®,
x0.999 = (12 + 1/2)/n = 0.125.

�®­âà®«ì­ ï ª àâ  ¨¬¥¥â ¢¨¤:
�¥­âà «ì­ ï «¨­¨ï | p̂ = 0.049.
�à¥¤ã¯à¥¦¤ îé¨¥ £à ­¨æë | x0.025 = 0.005 ¨ x0.975 = 0.095.
�à ­¨æë à¥£ã«¨à®¢ ­¨ï | x0.001 = 0 ¨ x0.999 = 0.125.

�à¨¬¥à 8.5. �  ¦¥ ª®¬¯ ­¨ï ¯® â®© ¦¥ â¥å­®«®£¨¨ ¢ë¯ãá-
ª ¥â ­®¢ãî ¯à®¤ãªæ¨î. � â ¡«. 8.6 ¯à¥¤áâ ¢«¥­  ¨­ä®à¬ æ¨ï ®
ç¨á«¥ ¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ 15 ¯®á«¥¤®¢ â¥«ì­ëå ¢ë¡®àª å ¯®
100 èâãª.

�«ï ¯à®¢¥àª¨ ª ç¥áâ¢  ¢ë¯ãáª ¥¬®© ¯à®¤ãªæ¨¨ ¢®á¯®«ì§ã¥¬-
áï ª®­âà®«ì­ë¬¨ ª àâ ¬¨, ¯®«ãç¥­­ë¬¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥.
�®«ï ¡à ª  ¢ 11-© ¢ë¡®àª¥ ¯à¥¢ëè ¥â ¯à¥¤ã¯à¥¦¤ îéãî £à ­¨-
æã, ®¤­ ª® 12-ï ¢ë¡®àª , ª®â®à ï ¯à®¨§¢®¤¨âáï áà §ã ¯®á«¥ íâ®£®
¢ë¡à®á , ¨ ¯®á«¥¤ãîé¨¥ «¥¦ â ¢ ­ã¦­ëå ¯à¥¤¥« å. �â® £®¢®à¨â
® á«ãç ©­®áâ¨ ¡®«ìè®© ¤®«¨ ¡à ª  ¢ 11-© ¢ë¡®àª¥. � ª ª ª ¢
¡®«ìè¥© ç áâ¨ ¢ë¡®à®ª ¤®«ï ¡à ª  ¬¥­ìè¥ p̂ = 0.049, â® íâ® á¢¨-
¤¥â¥«ìáâ¢® ã«ãçè¥­¨ï â¥å­®«®£¨¨.
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�   ¡ « ¨ æ   8.5

�¨á«® �®«ï �¥à®ïâ­®áâì �ã¬ã«ïâ¨¢­ ï
¡à ª®¢ ­­ëå ¡à ª®¢ ­­ëå P (r) ¢¥à®ïâ­®áâì

¨§¤¥«¨© r ¨§¤¥«¨© p̂ Pr

0 0 0.0055 0.0055
1 0.01 0.0287 0.0342
2 0.02 0.0746 0.1088
3 0.03 0.1293 0.2381
4 0.04 0.1681 0.4061
5 0.05 0.1748 0.5809
6 0.06 0.1515 0.7324
7 0.07 0.1125 0.8449
8 0.08 0.0731 0.9181
9 0.09 0.0423 0.9603
10 0.10 0.0220 0.9823
11 0.11 0.0104 0.9927
12 0.12 0.0045 0.9972
13 0.13 0.0018 0.9990
14 0.14 0.0007 0.9997
15 0.15 0.0002 0.9999

�   ¡ « ¨ æ   8.6

�®¬¥à �¨á«® �®«ï �®¬¥à �¨á«® �®«ï
¢ë¡®àª¨ ¡à ª. ¡à ª  ¢ë¡®àª¨ ¡à ª. ¡à ª 

¨§¤¥«¨© ¨§¤¥«¨©
1 7 0.07 9 3 0.03
2 4 0.04 10 4 0.04
3 2 0.02 11 10 0.16
4 1 0.01 12 5 0.05
5 5 0.05 13 7 0.07
6 6 0.06 14 2 0.02
7 3 0.03 15 1 0.01
8 5 0.05
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4. �â â¨áâ¨ç¥áª¨© ¯à¨¥¬®ç­ë© ª®­âà®«ì ª ç¥áâ¢ 
­¥ª®«¨ç¥áâ¢¥­­ëå ¯à¨§­ ª®¢

�® á¨å ¯®à à áá¬ âà¨¢ «áï ª®­âà®«ì, ª®â®àë© á¯®á®¡áâ¢®¢ «
ã«ãçè¥­¨î â¥å­®«®£¨ç¥áª®£® ¯à®æ¥áá . �¤­®ª® ¯à®¢¥àª¥ ¤®«¦-
­ë ¯®¤¢¥à£ âìáï £®â®¢ë¥ ª ®â¯à ¢ª¥ ¨§¤¥«¨ï,   â ª¦¥ ¯à®¤ãªæ¨ï,
¯®áâã¯ îé ï ®â ¤àã£¨å ¯®áâ ¢é¨ª®¢. � íâ®¬ á«ãç ¥ ç áâ® ¨á-
¯®«ì§ã¥âáï á«¥¤ãîé¨© ¯à¨¥¬. � ¤ îâáï à §¬¥à ¢ë¡®àª¨ n ¨ ¬ ª-
á¨¬ «ì­® ¤®¯ãáâ¨¬®¥ ¢ ­¥© ª®«¨ç¥áâ¢® c ¡à ª®¢ ­­ëå ¨§¤¥«¨©.
�«ãç ©­ë¬ ®¡à §®¬ ¯à®¨§¢®¤¨âáï ¢ë¡®àª  ®¡ê¥¬  n. �á«¨ ç¨á«®
¡à ª®¢ ­­ëå ¨§¤¥«¨© ­¥ ¯à¥¢®áå®¤¨â c, â® ¯ àâ¨ï â®¢ à  ¯à¨­¨-
¬ ¥âáï, ¢ ¯à®â¨¢­®¬ á«ãç ¥ ®­  ¡à ªã¥âáï.

�á­®, çâ® ¢ë¡®à ¯ à ¬¥âà®¢ n ¨ c ¤®«¦¥­ § ¢¨á¥âì ®â ¤®«¨
¡à ª®¢ ­­ëå ¨§¤¥«¨©, ª®â®àãî ¤®¯ãáª ¥â ª«¨¥­â. � ªá¨¬ «ì­®
¤®¯ãáâ¨¬ ï ¤®«ï ¡à ª®¢ ­­ëå ¨§¤¥«¨©, ª®â®àãî ¡ã¤¥¬ ®¡®§­ ç âì
p0, ­ §ë¢ ¥âáï ¤®¯ãáâ¨¬ë¬ ãà®¢­¥¬ ª ç¥áâ¢ .

�à¨ ¤®«¥ ¡à ª  ¢ ¯ àâ¨¨ à ¢­®© p0 ¬®¦¥â ®ª § âìáï, çâ® ¢
á«ãç ©­®© ¢ë¡®àª¥ ¤®«ï ¡à ª  ¢ëè¥ p0, ¯®íâ®¬ã ¯®áâ ¢é¨ª ¢¢®-
¤¨â ¥é¥ ®¤­ã £à ­¨æã p00, ­ §ë¢ ¥¬ãî ¤®¯ãáâ¨¬ë¬ ¯à®æ¥­â®¬
¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¯ àâ¨¨. � àâ¨ï ¡à ªã¥âáï, ¥á«¨ ¤®«ï ¡à -
ª  ¢ ¢ë¡®àª¥ ¡®«ìè¥ ¨«¨ à ¢­  p00. �à®¢¥àª  ¤®«¦­  ¡ëâì â ª®©,
çâ®¡ë á ¡®«ìè®© ¢¥à®ïâ­®áâìî £ à ­â¨à®¢ âì ­ «¨ç¨¥ ¤®«¨ ¡à ª 
­¥ ¡®«¥¥, ç¥¬ p0.

�ë¡®à ªà¨â¥à¨ï ¤®«¦¥­ à¥è¨âì ¯® ªà ©­¥© ¬¥à¥ ¤¢¥ ¯à®¡«¥-
¬ë. �®-¯¥à¢ëå, ã¬¥­ìè¨âì ¢¥à®ïâ­®áâì α ®â¢¥à£­ãâì ¯ àâ¨î, ¥á«¨
ã ­¥¥ ¤®«ï ¡à ª  ­¥ ¡®«ìè¥ p0. �¥à®ïâ­®áâì α ­ §ë¢ ¥âáï à¨áª®¬
¯à®¨§¢®¤¨â¥«ï, â ª ª ª ¯à¨ ¤®«¥ ¡à ª  p0 ¯ àâ¨ï ¤®«¦­  ¡ëâì
¯à¨­ïâ ,   ®­  ®â¢¥à£ ¥âáï.

�®-¢â®àëå, ã¬¥­ìè¨âì ¢¥à®ïâ­®áâì β ¯à¨­ïâì ¯ àâ¨î, ¥á«¨ ã
­¥¥ ¢¥à®ïâ­®áâì ¡à ª  à ¢­  p00. �¥à®ïâ­®áâì β ­ §ë¢ ¥âáï à¨á-
ª®¬ ¯®âà¥¡¨â¥«ï, â ª ª ª ¯ àâ¨ï ¯à¨­¨¬ ¥âáï ¢ â® ¢à¥¬ï, ª ª
¤®«ï ¡à ª  ¢ ­¥© §­ ç¨â¥«ì­® ¢ëè¥ ­®à¬ë p0 ¨ à ¢­  p00.

� àâ¨ï, ª®â®à ï ¯®¤¢¥à£ ¥âáï ¯à®¢¥àª¥, ª ª ¯à ¢¨«®, á®¤¥à-
¦¨â ¡®«ìè®¥ ª®«¨ç¥áâ¢® â®¢ à , â ª ª ª ¨­ ç¥ ª ¦¤ë© ¯à¥¤¬¥â
¬®¦­® ¡ë«® ¡ë ¯à®¢¥à¨âì ®â¤¥«ì­®. �®íâ®¬ã ¯à¨ § ¤ ­­ëå ¢¥à®-
ïâ­®áâïå ¡à ª  p ¨ à §¬¥à¥ ¢ë¡®àª¨ n á ¯®¬®éìî ¡¨­®¬¨ «ì­®£®
à á¯à¥¤¥«¥­¨ï ¬®¦­® ­ ©â¨ ¢¥à®ïâ­®áâ¨ ¯à¨­ïâì ¨«¨ § ¡à ª®¢ âì
¯ àâ¨î.
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�® ä®à¬ã«¥ ¡¨­®¬¨ «ì­®£® à á¯à¥¤¥«¥­¨ï ­ å®¤¨¬ ¢¥à®ïâ-
­®áâì ­ «¨ç¨ï r ¡à ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¢ë¡®àª¥ ®¡ê¥¬  n:

P (r) = Cr
nprqn−r, q = 1− p, r = 0, 1, . . . , n.

� àâ¨ï ¯à¨­¨¬ ¥âáï, ¥á«¨ ç¨á«® ¡à ª®¢ ­­ëå ¨§¤¥«¨© ­¥ ¯à¥¢®á-
å®¤¨â c á ¢¥à®ïâ­®áâìî β, ¯®íâ®¬ã à¨áª ¯®âà¥¡¨â¥«ï á«¨èª®¬ ¢¥-
«¨ª ¨ ®­ ¬¥­ìè¥ ¯à¨ ¯®«ì§®¢ ­¨¨ áå¥¬®© B.

�â¨ ¤¢  ¢ à¨ ­â  ¯®ª §ë¢ îâ,çâ® ç¥¬ ¡®«ìè¥ ®¡ê¥¬ ¢ë¡®àª¨,
â¥¬ ¬¥­ìè¥ à¨áª ¯®âà¥¡¨â¥«ï, á«¥¤®¢ â¥«ì­®, ¤«ï ã¤®¢«¥â¢®à¨-
â¥«ì­®£® à¥è¥­¨ï ¯à®¡«¥¬ë ­¥®¡å®¤¨¬® ã¢¥«¨ç¨âì ®¡ê¥¬ ¢ë¡®à-
ª¨. �à¨ ®¡ê¥¬¥ ¢ë¡®àª¨ ¡®«ìè¥ 30 ¬®¦­® ¯®«ì§®¢ âìáï ­®à¬ «ì-
­ë¬ ¯à¨¡«¨¦¥­¨¥¬.

� áá¬®âà¨¬  ¯¯à®ªá¨¬ æ¨î ­®à¬ «ì­ë¬ § ª®­®¬.
�ãáâì ξ | á«ãç ©­ ï ¢¥«¨ç¨­ , ¯à¥¤áâ ¢«ïîé ï ç¨á«® ¡à -

ª®¢ ­­ëå ¨§¤¥«¨© ¢ ¢ë¡®àª¥ ®¡ê¥¬®¬ n ¨ à á¯à¥¤¥«¥­­ ï ¯® ¡¨­®-
¬¨ «ì­®¬ã § ª®­ã. � ª ª ª ¡¨­®¬¨ «ì­®¥ à á¯à¥¤¥«¥­¨¥  ¯¯à®ª-
á¨¬¨àã¥âáï ­®à¬ «ì­ë¬ á ¬ â¥¬ â¨ç¥áª¨¬ ®¦¨¤ ­¨¥¬
Eξ = np, Dξ = npq, â® ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå n á«ãç ©­ ï ¢¥-
«¨ç¨­  ξ − np√

npq
ε N(0, 1), ¨

P
(

ξ − np√
npq

≤ xγ

)
= 1√

2π

∫ xγ

−∞
e−t2/2dt = γ. (8.14)

�¥«¨ç¨­ë xγ ¯® γ ¨, ­ ®¡®à®â, γ ¯® xγ ­ å®¤ïâáï ¨§ â ¡«¨æ ­®à-
¬ «ì­®£® à á¯à¥¤¥«¥­¨ï.

� ¤ ¤¨¬ ¢¥à®ïâ­®áâ¨ p0 ¨ p00. � è  § ¤ ç  ­ ©â¨ n ¨ c, â ª¨¥,
çâ®¡ë ¢ë¯®«­ï«¨áì ¤¢  ãá«®¢¨ï :

1. �¥à®ïâ­®áâì ¯à¨­ïâì ¯ àâ¨î, ¥á«¨ p = p0, à ¢­  1−α, â. ¥.

P(ξ ≤ c|p = p0) = P
(

ξ − np0√
np0q0

≤ c− np0√
np0q0

)
= 1− α. (8.15)

2. �¥à®ïâ­®áâì ¯à¨­ïâì ¯ àâ¨î, ¥á«¨ p = p00, à ¢­  β, â. ¥.

P(ξ ≤ c|p = p00) = P
(

ξ − np00√
np00q00

≤ c− np00√
np00q00

)
= β. (8.16)

121



�§ à ¢¥­áâ¢ (8.15) ¨ (8.16) á ãç¥â®¬ á®®â­®è¥­¨ï (8.14) ¯®«ãç ¥¬

c− np0√
np0q0

= x1−α,
c− np00√
np00q00

= xβ , (8.17)

£¤¥ ¢¥«¨ç¨­ë x1−α ¨ xβ ­ å®¤ïâáï ¨§ â ¡«¨æ ­®à¬ «ì­®£® à á¯à¥-
¤¥«¥­¨ï á ¯®¬®éìî à ¢¥­áâ¢  (8.15).

� ª ª ª ¢ ®¡®¨å ãà ¢­¥­¨ïå (8.17) ¢¥«¨ç¨­ë n ¨ c ®¤­¨ ¨ â¥
¦¥, â® íâ® ¤ ¥â ¢®§¬®¦­®áâì ­ ©â¨ ¨å. �ãáâì n ¨ c | à¥è¥­¨¥
íâ¨å ãà ¢­¥­¨©,   ¨¬¥­­®

n = (x1−α
√

p0q0 − xβ
√

p00q00)2

(p00 − p0)2 , (8.18)

c = np0 + x1−α
√

np0q0. (8.19)
�á­®, çâ® n ¨ c ­¥ ï¢«ïîâáï æ¥«ë¬¨ ç¨á« ¬¨,   ¯® áãé¥áâ¢ã ¤®«¦-
­ë ¡ëâì æ¥«ë¬¨, ¯®íâ®¬ã n ¨ c á«¥¤ã¥â ®ªàã£«¨âì ¤® ¡«¨¦ ©è¨å
æ¥«ëå n0 ¨ c0, ¯à¨ç¥¬

n0 > n, c0 > c. (8.20)

�¥«¨ç¨­ë n0 ¨ c0 | íâ® ¬¨­¨¬ «ì­ë¥ æ¥«ë¥, ¤«ï ª®â®àëå ¢ë¯®«-
­¥­ë ­¥à ¢¥­áâ¢  (8.20).

�â ª, ¢ íªá¯¥à¨¬¥­â¥ ­ã¦­® ¡à âì ®¡ê¥¬ ¢ë¡®àª¨ n0,   ¬ ª-
á¨¬ «ì­® ¤®¯ãáâ¨¬®¥ ª®«¨ç¥áâ¢® ¡à ª  ¢ ­¥© c0.

� ª¨¥ ¦¥ ¢¥à®ïâ­®áâ¨ à¨áª  ¯à®¨§¢®¤¨â¥«ï α1 ¨ à¨áª  ¯®âà¥-
¡¨â¥«ï β1 á®®â¢¥âáâ¢ãîâ ¢¥«¨ç¨­ ¬ n0 ¨ c0? �â®¡ë ®â¢¥â¨âì ­ 
íâ®â ¢®¯à®á, ­ ©¤¥¬

x1−α1 = c0 − n0p0√
n0p0q0

, xβ1 = c0 − n0p00√
n0p00q00

(8.21)

¨, ¢®á¯®«ì§®¢ ¢è¨áì â ¡«¨æ ¬¨ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï, ®¯à¥-
¤¥«¨¬ α1 ¨ β1.

�à¨¬¥à 8.6. �ãáâì p0 = 0.05, p00 = 0.15, α = 0.05, β = 0.05.
� ©â¨ n ¨ c, ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (8.15) ¨ (8.16).

�¥è¥­¨¥. �® â ¡«¨æ ¬ ­®à¬ «ì­®£® à á¯à¥¤¥«¥­¨ï ­ å®¤¨¬
x1−α = x0.95 = 1.64, xβ = x0.05 = −1.64. �§ à ¢¥­áâ¢ (8.18) ¨ (8.19)
¯®«ãç ¥¬ n = 88.93, c = 7.8,   ãç¨âë¢ ï (8.20), n0 = 89, c0 = 8.
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�¥¯¥àì ­ ©¤¥¬ ¢¥à®ïâ­®áâ¨ à¨áª  ¯à®¨§¢®¤¨â¥«ï α1 ¨ à¨á-
ª  ¯®âà¥¡¨â¥«ï β1 ¤«ï æ¥«ëå n0 ¨ c0. �§ à ¢¥­áâ¢ (8.21) ­ å®¤¨¬
x1−α1 = 1.73, xβ1 = −1.59, ¨ ¨¬ á®®â¢¥âáâ¢ãîâ (¨§ â ¡«¨æ ­®à¬ «ì-
­®£® à á¯à¥¤¥«¥­¨ï) α1 = 0.042, β1 = 0.056.

�â ª, ¯à¨ ¢ë¡®àª¥ ®¡ê¥¬®¬ n0 = 89 ¨ ¬ ªá¨¬ «ì­® ¤®¯ãáâ¨-
¬®¬ ¢ ­¥© ª®«¨ç¥áâ¢¥ c0 = 8 ¡à ª®¢ ­­ëå ¨§¤¥«¨© ®¡  ¢¨¤  à¨áª®¢
¯à®¨§¢®¤¨â¥«ï α1 = 0.042 ¨ ¯®âà¥¡¨â¥«ï β1 = 0.056 ¯®«ãç¨«¨áì
¡«¨§ª¨¬¨ ª ¨áå®¤­ë¬.

�à¨¬¥à 8.7. �ãáâì p0 = 0.01, p00 = 0.05, α = 0.01, β = 0.05.
� ©â¨ n ¨ c, ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (8.15) ¨ (8.16).

�¥è¥­¨¥. �®«ãç ¥¬: x1−α = 2.33, xβ = −1.65. �® ä®à¬ã« ¬
(8.18) ¨ (8.19) ­ å®¤¨¬ n = 217.02, c = 5.58, ¯®íâ®¬ã n0 = 218, c0 =
6, ¨ xα1 = 2.49, xβ1 = 1.52,   α1 = 0.005, β1 = 0.066.

�à¨¬¥à 8.8. �ãáâì p0 = 0.01, p00 = 0.05, α = 0.01, β = 0.01.
� ©â¨ n ¨ c, ¤«ï ª®â®àëå ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (8.15) ¨ (8.16).

�¥è¥­¨¥. �®«ãç ¥¬: x1−α = 2.33, xβ = −2.33. � ©¤¥¬ n ¯®
ä®à¬ã«¥ (8.19) n0 = 342, c0 = 8, xα1 = 2.49, xβ1 = −2.33 α1 = 0.006,
β1 = 0.012.

� «   ¢   9
������ ��������� �����

� ¦¤ ï ª®¬¯ ­¨ï ­¥¯à¥àë¢­® á«¥¤¨â §  ®á­®¢­ë¬¨ ¯®ª § -
â¥«ï¬¨ á¢®¥© ¤¥ïâ¥«ì­®áâ¨, ª®­âà®«¨àãï ¨å ª ¦¤ë© ¬¥áïæ, ª¢ à-
â «, £®¤. �à¨¬¥à ¬¨ â ª¨å ¯®ª § â¥«¥© ï¢«ïîâáï  ªâ¨¢ë, ¯ áá¨-
¢ë, ¯à¨¡ë«ì, ç¨á«® á«ã¦ é¨å, áà¥¤­ïï § à ¡®â­ ï ¯« â , ¤®«ï ¢
àë­ª¥ ¯à®¨§¢®¤¨¬®© ¯à®¤ãªæ¨¨, ª®«¨ç¥áâ¢® ¯à®¤ ­­®© ¯à®¤ãªæ¨¨
¨ â. ¯. �­¨ ï¢«ïîâáï ®á­®¢­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ä¨­ ­á®¢®£®
¡« £®¯®«ãç¨ï ª®¬¯ ­¨¨. �® íâ®© ¯à¨ç¨­¥ âé â¥«ì­®¥ ­ ¡«î¤¥­¨¥
§  ­¨¬¨ ¨ ¨å  ­ «¨§ ï¢«ïîâáï ª«îç¥¢ë¬¨ í«¥¬¥­â ¬¨ ¬¥­¥¤¦¬¥­-
â  «î¡®© ª®¬¯ ­¨¨. �«ï áâ â¨áâ¨ç¥áª®£®  ­ «¨§  ¤ ­­ë¥ ¯®ª § -
â¥«¨ âà ªâãîâáï ª ª ¢à¥¬¥­­ë¥ àï¤ë, â. ¥. ­ ¡«î¤¥­¨ï, ã¯®àï¤®-
ç¥­­ë¥ ¢® ¢à¥¬¥­¨.
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1. �¥ª®¬¯®§¨æ¨ï ¢à¥¬¥­­®£® àï¤ 

�¥å­¨ª  ¤¥ª®¬¯®§¨æ¨¨ ¯à¥¤­ §­ ç¥­  ¤«ï ¢ë¤¥«¥­¨ï ¨§ ¢à¥-
¬¥­­®£® àï¤  ¤¥â¥à¬¨­¨à®¢ ­­®© ª®¬¯®­¥­âë, ®æ¥­ª¨ ¥£® ¬ â¥-
¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï ¨ à §«®¦¥­¨ï íâ®© ª®¬¯®­¥­âë ¢ ¢¨¤¥ ­¥-
áª®«ìª¨å ª®¬¯®­¥­â, ¨¬¥îé¨å á®¤¥à¦ â¥«ì­ãî íª®­®¬¨ç¥áªãî ¨­-
â¥à¯à¥â æ¨î.

� ª¨¬ ®¡à §®¬, ¯à¨ ®¯¥à æ¨¨ ¤¥ª®¬¯®§¨æ¨¨ ¢à¥¬¥­­®£® àï¤ 
Yt, t = 0,±1,±2, . . . ¬ë ¯®«ãç ¥¬ ¥£® § ¤ ­¨¥ ¢ ¢¨¤¥

Yt = Dt ∗ It,

£¤¥ Dt | ¤¥â¥à¬¨­¨à®¢ ­­ ï ª®¬¯®­¥­â , It | ­¥à¥£ã«ïà­ ï á«ã-
ç ©­ ï ª®¬¯®­¥­â . �¯¥à æ¨ï ∗ ¬®¦¥â ¡ëâì ª ª á«®¦¥­¨¥¬, â ª
¨ ã¬­®¦¥­¨¥¬. �®¤¥«ì ã¬­®¦¥­¨ï á®®â¢¥âáâ¢ã¥â ¢ íª®­®¬¨ª¥ ¬®-
¤¥«ï¬ ­ ç¨á«¥­¨ï á«®¦­®£® ¯à®æ¥­â  (¢¥«¨ç¨­  ª ¯¨â « , ¯®«®-
¦¥­­®£® ¢ ¡ ­ª, ¨§ £®¤  ¢ £®¤ à áâ¥â íªá¯®­¥­æ¨ «ì­®).

�¥â¥à¬¨­¨à®¢ ­­ãî ª®¬¯®­¥­âã Dt ¢ á¢®î ®ç¥à¥¤ì à §« £ îâ
­  ª®¬¯®§¨æ¨î âà¥­¤  Tt ¨ ¯¥à¨®¤¨ç¥áª®© ª®¬¯®­¥­âë �t, â. ¥.

Dt = Tt ∗�t.

�à¥­¤ Tt ¯à¥¤áâ ¢«ï¥â á®¡®© ¤®«£®áà®ç­ãî ¤¥â¥à¬¨­¨à®¢ ­­ãî
ª®¬¯®­¥­âã, ¯®ª §ë¢ îéãî ®¡éãî â¥­¤¥­æ¨¨ à §¢¨â¨ï ä¨à¬ë.
�  ¯à ªâ¨ª¥ ®­ ç áâ® ¡ë¢ ¥â ¬®­®â®­­®© äã­ªæ¨¥©.

�¥à¨®¤¨ç¥áª ï ª®¬¯®­¥­â  �t ®¡ëç­®, ¢ á¢®î ®ç¥à¥¤ì, ¯à¥¤-
áâ ¢«ï¥âáï ª ª ª®¬¯®§¨æ¨ï ¤¢ãå ª®¬¯®­¥­â:

St | á¥§®­­®© ª®¬¯®­¥­âë, ãç¨âë¢ îé¥© ª®«¥¡ ­¨ï ¢­ãâà¨
£®¤  (­ ¯à¨¬¥à, ®¡ê¥¬ ¯à®¤ ¦ èã¡ ¨ ªã¯ «ì­¨ª®¢ § ¢¨á¨â ®â ¢à¥-
¬¥­¨ £®¤ ),

Ct | æ¨ª«¨ç¥áª®© ª®¬¯®­¥­âë, ãç¨âë¢ îé¥© ¤®«£®áà®ç­ë¥
ª®«¥¡ ­¨ï íª®­®¬¨ª¨ (íª®­®¬¨ç¥áª¨¥ æ¨ª«ë ¯à®¤®«¦¨â¥«ì­®áâìî
2{3 £®¤  ¨ ¡®«¥¥).

�â ª,
�t = Ct ∗ St.

� ª¨¬ ®¡à §®¬, ®¡é ï ¬®¤¥«ì ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

Yt = Tt ∗ St ∗ Ct ∗ It. (9.1)

�â¬¥â¨¬, çâ® âà¨ ª®¬¯®­¥­âë T , C ¨ S ¢ ¤ ­­®¬ à §«®¦¥­¨¨ ¬®¦-
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­® áç¨â âì ¤¥â¥à¬¨­¨à®¢ ­­ë¬¨ ¨ â®«ìª® ®¤­ã I | á«ãç ©­®©.
� íª®­®¬¨ª¥ ç é¥ ¨á¯®«ì§ãîâ ¬ã«ìâ¨¯«¨ª â¨¢­ãî ¬®¤¥«ì,

â. ¥. Y = T · S · C · I, å®âï à áá¬ âà¨¢ îâáï ¨  ¤¤¨â¨¢­ë¥ ¬®¤¥«¨
Y = T + S + C + I.

2. �æ¥­¨¢ ­¨¥ ª®¬¯®­¥­â ¢à¥¬¥­­®£® àï¤ .
� à ¬¥âà¨ç¥áª®¥ ®æ¥­¨¢ ­¨¥ âà¥­¤ 

� ª ç¥áâ¢¥ ¬®¤¥«¨  ¯¯à®ªá¨¬¨àãîé¥© äã­ªæ¨¨ âà¥­¤  T ç -
é¥ ¢á¥£® ¢ë¡¨à îâ ®¤­ã ¨§ ¬®¤¥«¥© ¯ à ¬¥âà¨ç¥áª®© à¥£à¥áá¨¨:

 ) «¨­¥©­ãî à¥£à¥áá¨î («¨­¥©­ë© âà¥­¤)

Tβ(t) = β0 + β1 t, β = (β0, β1),

¡) ¯®«¨­®¬¨ «ì­ë© âà¥­¤

Tβ(t) = β0 + β1 t + β2 t2 + . . . ,

¢) íªá¯®­¥­æ¨ «ì­ë© âà¥­¤

Tβ(t) = β0e
β1 t.

�æ¥­¨¢ ­¨¥ ¯ à ¬¥âà®¢ ®áãé¥áâ¢«ï¥âáï ç é¥ ¢á¥£® ¬¥â®¤®¬
­ ¨¬¥­ìè¨å ª¢ ¤à â®¢

min
β

∑

i

(Tβ(ti)− Yi)2 =
∑

i

(Tβ̂(ti)− Yi)2,

£¤¥ Yi = Y (ti) | §­ ç¥­¨ï ¢à¥¬¥­­®£® àï¤  ¢ â®çª¥ ti.

3. �¥¯ à ¬¥âà¨ç¥áª®¥ ®æ¥­¨¢ ­¨¥ âà¥­¤ .
�£« ¦¨¢ ­¨¥

�­®£¤  ­¥ ã¤ ¥âáï ¯®¤®¡à âì ¯à®áâãî äã­ªæ¨î ¢ ª ç¥áâ¢¥
âà¥­¤ , ­® ¢ â® ¦¥ ¢à¥¬ï ­¥®¡å®¤¨¬® ®æ¥­¨âì â¥­¤¥­æ¨î ¤ ­­ëå.
�®£¤  ¨á¯®«ì§ãîâ ¬¥â®¤ á£« ¦¨¢ ­¨ï ¢à¥¬¥­­®£® àï¤ .

�à¥­¤ ¢ â®çª¥ t ®¡®§­ ç ¥¬ Y ∗
t ¨ ­ å®¤¨¬ ª ª ¢§¢¥è¥­­®¥ áà¥¤-

­¥¥ ¢¥«¨ç¨­

Yt−k, Yt−k−1, Yt−k−2, . . . , Yt, Yt+1, . . . , Yt+k−1, Yt+k
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¯® ä®à¬ã«¥

Y ∗
t =

k∑

j=−k

cjYt+j , k + 1 ≤ t ≤ N − k, c−j = cj ,

k∑

j=−k

cj = 1.

(9.2)
� ª á«¥¤ã¥â ¨§ ä®à¬ã«ë (9.2), ¢ íâ®¬ á«ãç ¥ âà¥­¤ ­¥ ¬®¦¥â ¡ëâì
­ ©¤¥­ ¤«ï k ¯¥à¢ëå ¨ k ¯®á«¥¤­¨å ­ ¡«î¤¥­¨©.

� ç áâ­®¬ á«ãç ¥, ª®£¤  ¢á¥ cj à ¢­ë ¬¥¦¤ã á®¡®©, ¯®«ãç ¥¬
cj = 1/(2k + 1). �®£¤  âà¥­¤ ¢ â®çª¥ t ï¢«ï¥âáï  à¨ä¬¥â¨ç¥áª¨¬
áà¥¤­¨¬ á®á¥¤­¨å 2k + 1 ­ ¡«î¤¥­¨©

Y ∗
t = 1

2k + 1

k∑

j=−k

Yt+j . (9.3)

�à¨  ­ «¨§¥ á¥§®­­ëå ª®«¥¡ ­¨© (á¬. ¯. 4 )) ¨á¯®«ì§ãîâáï
§­ ç¥­¨ï

c−k = ck = 1
4k

, cj = 1
2k

¯à¨ − k + 1 ≤ j ≤ k − 1.

� ª®¥ á£« ¦¨¢ ­¨¥ ¯®¤ ¢«ï¥â á¥§®­­ãî ª®¬¯®­¥­âã St ¨ ®á« -
¡«ï¥â ¢ª« ¤ ­¥à¥£ã«ïà­®© ª®¬¯®­¥­âë It.

�¥©áâ¢¨â¥«ì­®, à áá¬®âà¨¬ á«ãç ©  ¤¤¨â¨¢­®© ¬®¤¥«¨
Y = T + S + C + I. �®£¤  ¥á«¨ §­ ç¥­¨ï It á« ¡® § ¢¨á¨¬ë, â®
¢ á¨«ã § ª®­  ¡®«ìè¨å ç¨á¥«

1
4k

(It−k + It+k) + 1
2k

k−1∑

j=−k+1
Ij ≈ 0

¯à¨ ¡®«ìè¨å k.
�á«¨ äã­ªæ¨ï St ¯¥à¨®¤¨ç¥áª ï á ¯¥à¨®¤®¬ l, â ª¨¬, çâ® k

¤¥«¨âáï ­  l ¨ St−l = −St, â®

1
4k

(St−k + St+k) + 1
2k

k−1∑

j=−k+1
Sj = 0.

�à¨  ­ «¨§¥ ¬ã«ìâ¨¯«¨ª â¨¢­®© ¬®¤¥«¨ ¥¥ ¨­®£¤  á¢®¤ïâ ª  ¤¤¨-
â¨¢­®©, à áá¬ âà¨¢ ï ¢à¥¬¥­­®© àï¤ ln Yt, t = 0,±1,±2, . . .

�æ¥­ª  âà¥­¤  á ¯®¬®éìî á£« ¦¨¢ ­¨ï, ª ª ¯à ¢¨«®, ­¥ ¯à¨-
¬¥­ï¥âáï ¤«ï ¯à®£­®§ , ¯®áª®«ìªã íâ®â ¬¥â®¤ ­¥ ­ å®¤¨â ¢¥«¨ç¨­ã
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âà¥­¤  ¢ ¯®á«¥¤­¨å k â®çª å. �£« ¦¨¢ ­¨¥ ¤ ¥â ®¡éãî â¥­¤¥­æ¨î
¨§¬¥­¥­¨ï ­ ¡«î¤ ¥¬®£® àï¤ .

4. �¥§®­­ë¥ ª®«¥¡ ­¨ï

� áá¬®âà¨¬ á­ ç «  áå¥¬ã, ­¥ á®¤¥à¦ éãî æ¨ª«¨ç¥áª®© ª®¬-
¯®­¥­âë, ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® á«ãç ©­ë© ¯à®æ¥áá Yt ¬®¦¥â
¡ëâì ¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥

Yt = Tr(t) · S(t) · I(t), (9.4)

£¤¥ Tr(t) | âà¥­¤; S(t) | á¥§®­­ ï ª®¬¯®­¥­â ; I(t) | á«ãç ©­ ï
ª®¬¯®­¥­â , ¯à¨ç¥¬ Tr(t) > 0, S(t) > 0, I(t) > 0.

�à¥¤¯®« £ ¥âáï, çâ® ­ ¡«î¤¥­¨ï

Y1, Y2, . . . YN (9.5)

¢¥«¨áì ¢ â¥ç¥­¨¥ L «¥â m à § ¢ £®¤ã ¨ ®¡é¥¥ ç¨á«® ­ ¡«î¤¥­¨©
à ¢­® N = Lm.

�áå®¤­ë¥ ¤ ­­ë¥ Yt, ª ª ¨ ¨å ª®¬¯®­¥­âë ¢ ä®à¬ã«¥ (9.4),
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

Yt = Yij , S(t) = Sij , t = i + (j − 1)m,

1 ≤ i ≤ m, 1 ≤ j ≤ L, 1 ≤ t ≤ N = Lm,
(9.6)

£¤¥ i | ­®¬¥à ¬¥áïæ  ¯à¨ m = 12 ¨«¨ ª¢ àâ «  ¯à¨ m = 4,   j |
­®¬¥à £®¤ .

�¥à¥©¤¥¬ ª ®æ¥­ª¥ á®áâ ¢«ïîé¨å (9.6). � ª ª ª m | ç¥â­®¥
ç¨á«®, â® ¯®« £ ¥¬ m = 2k.

 ) � ¯®¬®éìî ¯®¤¢¨¦­ëå áà¥¤­¨å

Y ∗
t = 1

2m
[Yt−k +2(Yt−k−1 + . . .+Yt+k−1)+Yt+k], k +1 ≤ t ≤ N −k,

(9.7)
¯®«ãç ¥¬ àï¤ Y ∗

t , ¢ ª®â®à®¬ ¯à®¢¥¤¥­® ®áà¥¤­¥­¨¥ §  £®¤. � à¥-
§ã«ìâ â¥ ¢ Y ∗

t á¥§®­­ë¥ ª®«¥¡ ­¨ï ®ª §ë¢ îâáï ¨áª«îç¥­­ë¬¨.
�à¨ m = 12 (¥¦¥¬¥áïç­ë¥ ¤ ­­ë¥) ä®à¬ã«ë (9.7) ¯à¨­¨¬ îâ

¢¨¤

Y ∗
t = 1

24[Yt−6 + 2(Yt−5 + Yt−4 + . . . + Yt+5) + Yt+6], 7 ≤ t ≤ N − 6,

(9.8)
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  ¯à¨ m = 4 (¥¦¥ª¢ àâ «ì­ë¥ ¤ ­­ë¥) | ¢¨¤

Y ∗
t = 1

8[Yt−2 + 2(Yt−1 + Yt + Yt+1) + Yt+2], 3 ≤ t ≤ N − 2. (9.9)

¡) �ëç¨á«ï¥¬ë¥ ¢ ¯à®æ¥­â å ¯à¥¤¢ à¨â¥«ì­ë¥ ®æ¥­ª¨ S∗(t)
á¥§®­­®áâ¨ ­ å®¤¨¬ ¯® ä®à¬ã«¥

S∗(t) = Yt

Y ∗
t

· 100%, k + 1 ≤ t ≤ N − k, k = m/2. (9.10)

�®«ì§ãïáì ¯à¨¥¬®¬ (9.6), ¢¥«¨ç¨­ë S∗(t), ¯®«ãç¥­­ë¥ ¢ ä®à-
¬ã«¥ (9.10), ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ S∗ij , £¤¥ i | ­®¬¥à ¬¥áïæ  ¨«¨
ª¢ àâ « , j | ­®¬¥à £®¤ .

� â ¡«. 9.1 ¯à¨¢¥¤¥­ë ¢¥«¨ç¨­ë Yt, Y ∗
t , S∗(t), ¯à¥¤áâ ¢«ïî-

é¨¥ á®¡®© ª¢ àâ «ì­ë© ¤®å®¤ ­¥ª®â®à®© ä¨à¬ë ¢ ¬¨««¨®­ å ¤®«-
« à®¢. �â¨ ¤ ­­ë¥ ¨ ­¥ª®â®àë¥ ¤àã£¨¥ ¢§ïâë ¨§ ª­¨£¨ [1].

�   ¡ « ¨ æ   9.1

�®¤ �¢. t Yt Y ∗
t S∗(t) ~Yt T̂ r(t) Ît

1985 1 1 1.441 1.389 1.366 101.64
2 2 1.209 1.366 1.358 100.59
3 3 1.526 1.371 111.32 1.352 1.350 100.12
4 4 1.321 1.365 96.79 1.393 1.342 103.79

1986 1 5 1.414 1.348 104.93 1.363 1.334 102.13
2 6 1.187 1.316 90.18 1.341 1.326 101.13
3 7 1.411 1.283 109.98 1.250 1.318 94.82
4 8 1.185 1.259 94.12 1.250 1.310 95.38

1987 1 9 1.284 1.262 101.78 1.237 1.302 95.01
2 10 1.125 1.273 88.40 1.271 1.294 98.22
3 11 1.493 1.279 116.74 1.322 1.286 102.82
4 12 1.192 1.281 93.03 1.257 1.278 98.34

1988 1 13 1.327 1.275 104.04 1.279 1.270 100.67
2 14 1.102 1.275 86.42 1.245 1.262 98.65
3 15 1.469 1.301 1.254 103.75
4 16 1.213 1.279 1.246 102.64
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¢) �¡®§­ ç¨¬ á¨¬¢®«®¬ �S∗i ãáà¥¤­¥­­ë¥ ¯® £®¤ ¬ á¥§®­­ë¥
¨­¤¥ªáë S∗ij :

�S∗i = 1
L− 1

∑

j

S∗ij , 1 ≤ i ≤ m. (9.11)

�®íää¨æ¨¥­â ¢ ä®à¬ã«¥ (9.11) à ¢¥­ 1/(L−1), â ª ª ª ®¡é¥¥ ç¨á«®
á¥§®­­ëå ¨­¤¥ªá®¢ ¢ ä®à¬ã«¥ (9.10) à ¢­® (L− 1)m.

£) � ª ª ª á¥§®­­ë¥ ª®¬¯®­¥­âë (¢ ª®«¨ç¥áâ¢¥ m) ¢ëç¨á«ï-
îâáï ¢ ¯à®æ¥­â å, â® ïá­®, çâ® áã¬¬  ¨å §  £®¤ ¤®«¦­  ¡ëâì à ¢­ 
m ·100%, ¯®íâ®¬ã ®ª®­ç â¥«ì­ãî ®æ¥­ªã á¥§®­­®© ª®¬¯®­¥­âë ¯®-
«ãç ¥¬ ¢ ¢¨¤¥

Ŝi =
�S∗i

m∑

i=1

�S∗i
·m · 100%, 1 ≤ i ≤ m, (9.12)

¨ ¤«ï ­¨å ¢ë¯®«­¥­® à ¢¥­áâ¢®
m∑

i=1
Ŝi = m · 100%. (9.13)

� «î¡®© â®çª¥ t ­®¬¥à á¥§®­­®© ª®¬¯®­¥­âë S(t) ¨«¨ ¥¥ ®æ¥­-
ª¨ Ŝ(t) ¡ã¤¥¬ ®¡®§­ ç âì {t},   ®¯à¥¤¥«ï¥âáï ®­ ¡ã¤¥â á«¥¤ãîé¨¬
®¡à §®¬:

{t} =





m, ¥á«¨ t

m
| æ¥«®¥ ç¨á«® ,

t−
[

t

m

]
m, ¥á«¨ t

m
| ­¥ æ¥«®¥ ç¨á«® .

(9.14)

�¤¥áì ¢ëà ¦¥­¨¥ [A] ®¡®§­ ç ¥â æ¥«ãî ç áâì A. �á­®, çâ® ¤«ï
«î¡®£® t ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® 1 ≤ {t} ≤ m.

� ¤ «ì­¥©è¥¬ ¤«ï ®¡®§­ ç¥­¨ï S(t) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â ª-
¦¥ ¢ëà ¦¥­¨¥ S{t}, ¯à¨ç¥¬ ­®¬¥à {t} ¡ã¤¥â ®¯à¥¤¥«ï¥âáï ¯® ä®à-
¬ã«¥ (9.14). �®£« á­® ä®à¬ã«¥ (9.14) ¥á«¨ m = 12, â®
{30} = 6, {5} = 5, {60} = 12, {45} = 9,   ¥á«¨ m = 4, â®
{9} = 1, {12} = 4, {35} = 3.

� â ¡«. 9.2 ¯à¨¢¥¤¥­ë ¯à®¬¥¦ãâ®ç­ë¥ S∗ij , �S∗i ¨ ®ª®­ç â¥«ì-
­ë¥ Ŝi ®æ¥­ª¨ á¥§®­­ëå ª®¬¯®­¥­â Si.
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�   ¡ « ¨ æ   9.2

�¢. S∗ij �S∗i Ŝi

1 104.93 101.78 104.04 103.58 103.78
2 90.18 88.40 86.42 88.33 88.50
3 111.32 109.98 116.74 112.68 112.89
4 96.79 94.12 93.03 94.65 94.83

¤) �«ï àï¤  (9.5) ­ ©¤¥¬ ¯® ¬¥â®¤ã ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ á
¨á¯®«ì§®¢ ­¨¥¬ ä®à¬ã« (5.8) ®æ¥­ªã âà¥­¤  ¢ ¢¨¤¥

T̂ r(t) = β̂0 + β̂1t. (9.15)

¥) �§ ¨áå®¤­ëå ¤ ­­ëå (9.5), ¨¬¥îé¨å ¢¨¤ (9.4), ¨áª«îç ¥¬
á¥§®­­ë¥ ª®¬¯®­¥­âë

~Yij = Yij

Ŝi

100%, 1 ≤ i ≤ m, 1 ≤ j ≤ L. (9.16)

¦) �§ ¯®«ãç¥­­ëå ¢¥«¨ç¨­ ~Yij , § ¯¨á ­­ëå ¢ ä®à¬¥ ~Yt, ¨á-
ª«îç ¥¬ âà¥­¤

Ît =
~Yt

T̂ r(t)
100%, 1 ≤ t ≤ N. (9.17)

� à¥§ã«ìâ â¥ ­ ©¤¥­ë ®æ¥­ª¨ ¢á¥å ª®¬¯®­¥­â ¯à®æ¥áá  ¢¨¤ 
(9.4). � ¬¥â¨¬, çâ® ¯à¨ ®æ¥­¨¢ ­¨¨ á¥§®­­ëå ª®¬¯®­¥­â ¢¥«¨ç¨­ë
S∗(t), �S∗(t), Ŝ(t) ¨ Ît ¢ëç¨á«ïîâáï ¢ ¯à®æ¥­â å.

�â ª, á¥§®­­®áâì ¥áâì ¯à®æ¥­â­®¥ ®â­®è¥­¨¥ §­ ç¥­¨ï ¯à®æ¥á-
á  ¢ ª ª®©-«¨¡® â®çª¥ ª áà¥¤­¥¬ã §  £®¤ ¢ íâ®© â®çª¥.

5. �à®£­®§ ¯à®æ¥áá 

�¡®§­ ç¨¬ ¯à®£­®§ ¯à®æ¥áá  Yt ¢¨¤  (9.4) ®â ¬®¬¥­â  t = N
­  t0 è £®¢ ¢¯¥à¥¤ ç¥à¥§ Ŷ (N, t0). �®£¤ 

Ŷ (N, t0) = T̂ r(N + t0)Ŝ{N+t0}I/104, I = 1
N

N∑
t=1

Ît, (9.18)
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£¤¥ Ŝ{N+t0} | á¥§®­­®áâì ¢ â®çª¥ N + t0.
�à¨¬¥à 9.1. � ¯à¥¤¯®«®¦¥­¨¨, çâ® ¨áå®¤­ë¥ ¤ ­­ë¥ Yt, ¯à¨-

¢¥¤¥­­ë¥ ¢ â ¡«. 9.2, ¯®¤ç¨­ïîâáï ¬®¤¥«¨ (9.4), ­ ©¤¥¬ ®æ¥­ª¨
á®®â¢¥âáâ¢ãîé¨å ª®¬¯®­¥­â.

� â ¡«. 9.2 ¯à¨¢¥¤¥­ë á¥§®­­ë¥ (ª¢ àâ «ì­ë¥) ®æ¥­ª¨ Ŝ{i},
i = 1, 2, 3, 4, ¢ëç¨á«¥­­ë¥ ¯® ä®à¬ã« ¬ (9.12),   â ª¦¥ ¨å ¯à¥¤-
¢ à¨â¥«ì­ë¥ ®æ¥­ª¨ S∗ij , S

∗
i . �æ¥­ª  âà¥­¤  Tr(t) ¯à®¨§¢®¤¨âáï á

¯®¬®éìî ä®à¬ã« (5.8) ¯® ¨áå®¤­ë¬ ¤ ­­ë¬ Yt ¨ à ¢­ 

T̂ r(t) = 1.374− 0.008t.

� â ¡«. 9.2 ¯à¨¢¥¤¥­ë ®áâ âª¨ Ît. �å áà¥¤­¥¥ à ¢­® I = 99.98.
�¥âëà¥ ®æ¥­ª¨ á¥§®­­®áâ¨ â ª®¢ë:

Ŝ{1} = 103.8, Ŝ{2} = 88.5, Ŝ{3} = 112.9, Ŝ{4} = 94.8.

� ©¤¥¬ ¯à®£­®§ ­  ¯¥à¢ë¥ ç¥âëà¥ ª¢ àâ «  ®â ¬®¬¥­â 
t = N = 16 ¯à¨ t0 = 1, 2, 3, 4. �à¨ t0 = 1 ¯®«ãç ¥¬

Ŷ (16, 1) = T̂ r(16 + 1)Ŝ{16+1}I/104 =

= (1.374− 0.008(16 + 1)) · 103.779 · 99.981/104 = 1.285.

� «¥¥, ¥á«¨ t0 = 2, â®

Ŷ (16.2) = T̂ r(16 + 2)Ŝ{16+2}I/104 =

= (1.374− 0.008 · 18) · 88.502 · 99.981/104 = 1.089,

¯à¨ t0 = 3 ¨ t0 = 4 ¯®«ãç ¥¬ á®®â¢¥âáâ¢¥­­® Ŷ (16.3) = 1.380 ¨
Ŷ (16.4) = 1.151.

�à¨¬¥à 9.2. � ¯à¥¤¯®«®¦¥­¨¨, çâ® ¨áå®¤­ë¥ ¤ ­­ë¥ Yt,
¯à¨¢¥¤¥­­ë¥ ¢ â ¡«. 9.3, ¨¬¥îâ ¢¨¤ (9.4), ­ ©¤¥¬ ®æ¥­ª¨ á®®â¢¥â-
áâ¢ãîé¨å ª®¬¯®­¥­â. �  à¨á. 9.1 ¯à¥¤áâ ¢«¥­ £à ä¨ª á¥§®­­ëå
ª®¬¯®­¥­â. � â ¡«. 9.4 ¯à¨¢¥¤¥­ë á¥§®­­ë¥ (¬¥áïç­ë¥) ®æ¥­ª¨
Ŝ{i}, i = 1, 2, . . . , 12, ¢ëç¨á«¥­­ë¥ ¯® ä®à¬ã« ¬ (9.12),   â ª¦¥ ¨å
¯à¥¤¢ à¨â¥«ì­ë¥ ®æ¥­ª¨ S∗ij , S

∗
i .

�¥«¨ç¨­ë S∗ij ¯®«ãç¥­ë ¯® ä®à¬ã« ¬ (9.10). � ©¤¥¬ ®æ¥­ªã
S
∗
i , ­ ¯à¨¬¥à, ¯à¨ i = 2, S

∗
2 = (80.6 + 95.4 + 90.7 + 89.5 + 76.7 +

131



93.6)/6 = 87.7 �æ¥­ª  âà¥­¤  Tr(t) ¯à®¨§¢®¤¨âáï á ¯®¬®éìî ä®à-
¬ã« (5.8) ¯® ¨áå®¤­ë¬ ¤ ­­ë¬ Yt ¨ à ¢­ 

T̂ r(t) = 701.081 + 2.899 · t.
�à¥¤­¥¥ ®áâ âª®¢ Ît à ¢­® I = 99.939. �®«ãç¨¬ ¯à®£­®§ë ­  ï­¢ àì
¨ ¨î­ì, â. ¥. ¯à¨ t0 = 1.6. �à¨ t0 = 1 ¨­¤¥ªá á¥§®­­®áâ¨ ¢ â®çª¥
t = N + t0 = 84 + 1 à ¢¥­ t = 84 + 1 = 1, ¨ á®£« á­® ä®à¬ã«¥ (9.18)
¯®«ãç ¥¬ ¯à®£­®§

Ŷ (N, 1) = T̂ r(N + 1) · S∗1 · I =
= (701.081 + 2.899 · (84 + 1)) · 91.4 · 99.937 = 865.455.

�¨á. 9.1. �à ä¨ª á¥§®­­ëå ª®¬¯®­¥­â.

�   ¡ « ¨ æ   9.3

�¥á. 1982 1983 1984 1985 1986 1987 1988

1 509 595 747 781 913 800 774
2 546 569 782 790 822 671 810
3 626 725 835 927 848 829 919
4 672 728 837 936 906 895 852
5 708 773 886 912 918 830 874
6 717 869 928 923 1012 963 981
7 626 789 903 949 934 899 883
8 627 773 852 926 894 903 901
9 625 735 874 1105 1149 955 937

10 655 757 834 973 948 819 807
11 678 701 816 828 719 718 764
12 765 910 823 849 902 901 896
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�   ¡ « ¨ æ   9.4

�¥á. S∗ij �S∗i Ŝi

1 85.9 92.1 90.2 99.2 91.3 89.3 91.3 91.4
2 81 95 91 90 77 94 88 88
3 101 101 105 92 96 106 100 100
4 100 100 104 98 105 98 101 101
5 106 105 101 100 98 101 102 102
6 118 110 102 111 114 113 111 111
7 96 105 107 104 103 106 104 104
8 96 101 101 101 100 106 101 101
9 95 94 103 120 129 111 109 109

10 98 96 97 106 107 95 100 100
11 101 88 94 91 81 83 90 90
12 112 113 95 93 102 104 103 103

� ¬¥ç ­¨¥ 2. �áå®¤­ë© ¯à®æ¥áá ¬®¦¥â á®¤¥à¦ âì æ¨ª«¨ç¥-
áªãî ª®¬¯®­¥­âã C(t) ¨ ¨¬¥âì ¢¨¤

Yt = Tr(t) · S(t) · C(t) · I(t). (9.19)

�®£¤  ¯®¬¨¬® ¢ë¯®«­¥­¨ï ¯ã­ªâ®¢  ) { ¦) á«¥¤ã¥â ¨§ Ît ¢ë¤¥«¨âì
æ¨ª«¨ç¥áªãî ª®¬¯®­¥­âã Ĉt á ¯¥à¨®¤®¬ m1 6= m â¥¬ ¦¥ á¯®á®¡®¬,
çâ® ¨ á¥§®­­ë¥ ª®¬¯®­¥­âë, ¨«¨ ¬¥â®¤®¬ áª®«ì§ïé¥£® áà¥¤­¥£®.
�¨ª«¨ç¥áªãî ª®¬¯®­¥­âã ¯à¨­ïâ® ¢ëà ¦ âì ¢ ¯à®æ¥­â å. � «¥¥
á«¥¤ã¥â ¨áª«îç¨âì æ¨ª«¨ç¥áªãî ª®¬¯®­¥­âã

I∗t = Ît/Ĉ{t},

£¤¥ Ĉ{t} | ¢¥«¨ç¨­  æ¨ª«¨ç¥áª®© ¯¥à¥¬¥­­®© ¢ â®çª¥ t,   {t} |
­®¬¥à æ¨ª«¨ç¥áª®© ª®¬¯®­¥­âë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, ª®â®àë© ®¯à¥-
¤¥«ï¥âáï ¯® ä®à¬ã«¥ (9.14) á § ¬¥­®© m ­  m1.

�à®£­®§ ¯à®æ¥áá  (9.19) ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

Ŷ (N, t0) = T̂ r(N + t0)Ŝ{N+t0}Ĉ{N+t0} �I∗/106, �I∗ = 1
N

N∑
t=1

I∗t .
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� «   ¢   10
������������ ��������� ����.

������ �������������

1. �æ¥­ª   ¢â®ª®àà¥«ïæ¨®­­®© äã­ªæ¨¨

� áá¬®âà¨¬ ¢à¥¬¥­­ë¥ àï¤ë Xt, ¢ ª®â®àëå ®âáãâáâ¢ã¥â âà¥­¤
(¥á«¨ ¢ ¨áå®¤­®¬ àï¤¥ ®­ ¡ë«, â® ¨áª«îç¥­ á ¯®¬®éìî ®¯¨á ­­ëå
¢ëè¥ ¬¥â®¤®¢) ¨ ª®â®àë¥ ¨¬¥îâ ¤®áâ â®ç­® ãáâ®©ç¨¢ë© ª®«¥¡ -
â¥«ì­ë© å à ªâ¥à ¢®ªàã£ áà¥¤­¥£®. �â® áâ æ¨®­ à­ë¥ ¢à¥¬¥­­ë¥
àï¤ë, ®­¨ ¬®£ãâ ¡ëâì ¤¢ãå ¢¨¤®¢.

�à¥¬¥­­®© àï¤ Xt ­ §ë¢ ¥âáï áâ æ¨®­ à­ë¬ ¢ è¨à®ª®¬ á¬ë-
á«¥, ¥á«¨ ¯à¨ ¢á¥å t

EXt = µ, E|Xt|2 < ∞,

  ª®¢ à¨ æ¨®­­ ï äã­ªæ¨ï R(t, s) § ¢¨á¨â â®«ìª® ®â à §­®áâ¨ t−s
 à£ã¬¥­â®¢, â. ¥.

R(t, s) = E(XtXs)−EXt EXs = R(t− s).

�§ áâ æ¨®­ à­®áâ¨ ¯à®æ¥áá  á«¥¤ã¥â, çâ® ¯à¨ «î¡®¬ h

EXt+h = EXt = µ, E(XtXs) = E(Xt+hXs+h) = R(t− s) + µ2.

�à¥¬¥­­®© àï¤ Xt ­ §ë¢ ¥âáï áâ æ¨®­ à­ë¬ ¢ ã§ª®¬ á¬ëá«¥,
¥á«¨ á®¢¬¥áâ­ ï äã­ªæ¨ï à á¯à¥¤¥«¥­¨ï ¢¥«¨ç¨­ Xt+k1 , . . . , Xt+km

­¥ § ¢¨á¨â ®â á¤¢¨£  ¯® ¢à¥¬¥­¨ t ¤«ï «î¡ëå k1, . . . , km.
�«ï ¯®áâà®¥­¨ï áâ ­¤ àâ­ëå ®æ¥­®ª ª®¢ à¨ æ¨¨, ª®àà¥«ï-

æ¨¨, ä®à¬ã« ¯à®£­®§  ®¡ëç­® ¤®áâ â®ç­® ¯à¥¤¯®«®¦¥­¨ï áâ æ¨-
®­ à­®áâ¨ ¢à¥¬¥­­®£® àï¤  ¢ è¨à®ª®¬ á¬ëá«¥. �¤­ ª® ¤«ï ¡®-
«¥¥ â®­ª®£®  ­ «¨§ : ¯®áâà®¥­¨ï ¤®¢¥à¨â¥«ì­ëå ¨­â¥à¢ «®¢ ¤«ï
¯à®£­®§ , ¤«ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ­¨ï, ¤«ï ª®¢ à¨ æ¨¨ ¨ ª®à-
à¥«ïæ¨¨ ¯à¨å®¤¨âáï ¯à¨¡¥£ âì ª ¯à¥¤¯®«®¦¥­¨î ® ­®à¬ «ì­®áâ¨
¢à¥¬¥­­®£® àï¤  ¨«¨ ¥£® áâ æ¨®­ à­®áâ¨ ¢ ã§ª®¬ á¬ëá«¥.

� ¤® ®â¬¥â¨âì, çâ® ¢ íª®­®¬¨ç¥áª¨å § ¤ ç å áâ æ¨®­ à­®áâì
¤ «¥ª® ­¥ ¢á¥£¤   ¤¥ª¢ â­® ®¯¨áë¢ ¥â ¤¨­ ¬¨ªã ¯à®æ¥áá®¢, ¯®íâ®-
¬ã ¤®¢®«ì­® ç áâ® ¨á¯®«ì§ãîâáï ¤àã£¨¥ ª« ááë ¯à®æ¥áá®¢.

� ª, ­ ¯à¨¬¥à, ç áâ® ¨á¯®«ì§ãîâáï ¢à¥¬¥­­ë¥ àï¤ë Yt á® áâ -
æ¨®­ à­ë¬¨ ¯à¨à é¥­¨ï¬¨, ¤«ï ª®â®àëå ¯à¨à é¥­¨ï

Xt = Yt+1 − Yt
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¯à¥¤áâ ¢«ïîâ á®¡®© áâ æ¨®­ à­ë© ¢à¥¬¥­­®© àï¤. �à¥¤¯®«®¦¥-
­¨¥ áâ æ¨®­ à­®áâ¨ ¯à¨à é¥­¨© ¥áâ¥áâ¢¥­­® ¤«ï ¢à¥¬¥­­ëå àï-
¤®¢, ®¯¨áë¢ îé¨å ¯à®æ¥ááë á® áâ ¡¨«ì­®© ¤¨­ ¬¨ª®© à §¢¨â¨ï.

� ¤® ®â¬¥â¨âì, çâ® ¤«ï  ­ «¨§  ¯à®æ¥áá®¢, ¯à®¨áå®¤ïé¨å ¢
ä¨­ ­á å, ç áâ® ¨á¯®«ì§ãîâáï ®ç¥­ì á«®¦­ë¥ ¨ á¯¥æ¨ «ì­ë¥ ¬®-
¤¥«¨ ¢à¥¬¥­­ëå àï¤®¢.

�®áª®«ìªã µ = const, â®, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¬®¦­®
áç¨â âì EXt = µ = 0, â ª ª ª ¨­ ç¥ ¬®¦­® à áá¬®âà¥âì ¯à®æ¥áá
Xt − µ, ã ª®â®à®£® E(Xt − µ) = 0.

�ãáâì Xt | áâ æ¨®­ à­ë© á«ãç ©­ë© ¯à®æ¥áá á

EXt = 0. (10.1)

�¡®§­ ç¨¬ R(k) ¨ ρk | ª®¢ à¨ æ¨¨ ¨ ª®íää¨æ¨¥­âë ª®àà¥«ïæ¨©
¯à®æ¥áá  Xt á®®â¢¥âáâ¢¥­­® :

R(k) = EXt+kXt, ρk = R(k)
R(0) , k = 0, 1, 2, . . .

�­¨ ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ ¬

R(k) = R(−k), ρk = ρ−k, k = 0, 1, 2, . . .

�ãáâì
X1, X2, . . . , XT (10.2)

| à¥ «¨§ æ¨ï á«ãç ©­®£® ¯à®æ¥áá  Xt. �«ï ®æ¥­ª¨ R(k) ¨ ρk ¢
¯à¥¤¯®«®¦¥­¨¨ (10.1) ¨á¯®«ì§ãîâáï ¢ë¡®à®ç­ë¥ äã­ªæ¨¨ R̂(k) ¨
rk, ®¯à¥¤¥«ï¥¬ë¥ à ¢¥­áâ¢ ¬¨

R̂(k) = R̂(−k) = 1
T − k

T−k∑

j=1
Xj+kXj , rk = r−k = R̂(k)

R̂(0)
, (10.3)

£¤¥ l < T − 1, k = 0, 1, . . . , l. �æ¥­ª  R̂(k) ï¢«ï¥âáï ­¥á¬¥é¥­­®©,
¢ ç¥¬ ¬ë ã¡¥¦¤ ¥¬áï ¨§ à ¢¥­áâ¢ 

ER̂(k) = 1
T − k

T−k∑

j=1
EXj+kXj = R(k).
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�á«¨ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ EXt = m = const ­¥¨§¢¥áâ­®,
â® R(t) ®æ¥­¨¢ îâ äã­ªæ¨¥©

R∗(k) = R∗(−k) = 1
T − k

T−k∑

j=1
(Xj+k −X)(Xj −X),

£¤¥ X | ¢ë¡®à®ç­®¥ áà¥¤­¥¥ ­ ¡«î¤¥­¨©

X = 1
T

T∑

j=1
Xj . (10.4)

�á«¨ ç¨á«® ­ ¡«î¤¥­¨© T ¤®áâ â®ç­® ¢¥«¨ª®, â® ª®íää¨æ¨-
¥­âë ª®àà¥«ïæ¨¨ rk à á¯à¥¤¥«¥­ë ¯® ­®à¬ «ì­®¬ã § ª®­ã á ¯ à -
¬¥âà ¬¨

Erk = ρk, Drk = 1/T.

2. �à®¢¥àª  ­¥§ ¢¨á¨¬®áâ¨ ¢à¥¬¥­­®£® àï¤ 

�à¨ áâ â¨áâ¨ç¥áª®© ®¡à ¡®âª¥ ¢à¥¬¥­­ëå àï¤®¢ (10.3) ¨­®-
£¤  ¢®§­¨ª ¥â ­¥®¡å®¤¨¬®áâì ¯à®¢¥àª¨ ­¥§ ¢¨á¨¬®áâ¨ ¤ ­­ëå. �ë
§­ ¥¬, çâ® ¯à¨ íâ®¬ ¯¥à¢ë© ª®íää¨æ¨¥­â ª®àà¥«ïæ¨¨ ρ1 ¨áå®¤­®-
£® ¯à®æ¥áá  Xt ¤®«¦¥­ ¡ëâì à ¢¥­ ­ã«î. � ¯®¬®éìî ¢ë¡®à®ç­®£®
ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨¨ r1, ï¢«ïîé¥£®áï ®æ¥­ª®© ρ1, ¬ë ¬®-
¦¥¬ ¯à®¢¥à¨âì £¨¯®â¥§ã H0: ρ1 = 0. �«ìâ¥à­ â¨¢­ ï £¨¯®â¥§  H1:
ρ1 6= 0.

�à¨â¥à¨¥¬ ¤«ï ¯à®¢¥àª¨ £¨¯®â¥§ë H0 á ãà®¢­¥¬ §­ ç¨¬®áâ¨
α ï¢«ï¥âáï ­¥à ¢¥­áâ¢®

|r1| > 1√
T

zα,
1√
2π

∫ zα

−zα

e−
λ2
2 dλ = 1− α. (10.5)

�á«¨ ¤«ï ¢ë¡®à®ç­®£® ª®íää¨æ¨¥­â  ª®àà¥«ïæ¨© r1 ­¥à ¢¥­áâ¢®
(10.5) ¨¬¥¥â ¬¥áâ®, â® á ¢¥à®ïâ­®áâìî 1−α ¬ë ®â¢¥à£ ¥¬ £¨¯®â¥§ã
H0 ® ­¥§ ¢¨á¨¬®áâ¨ ­ ¡«î¤¥­¨©, â ª ª ª ¢¥«¨ç¨­  r1 ¯®¯ «  ¢
ªà¨â¨ç¥áªãî ®¡« áâì.

�à¨¬¥à 10.1. �ãáâì T = 16, r1 = 0.6, α = 0.05. �®£¤ 
zα = 1.96,   ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (10.5) à ¢­  0.49. � ª ª ª
r1 > 0.49, â® ¬ë ®â¢¥à£ ¥¬ £¨¯®â¥§ã H0 ® ­¥§ ¢¨á¨¬®áâ¨ ¤ ­­ëå ¨
áç¨â ¥¬, çâ® ¤ ­­ë¥ § ¢¨á¨¬ë.
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3. �à®æ¥áá  ¢â®à¥£à¥áá¨¨ ¯®àï¤ª  n (��(n))

�¯à¥¤¥«¥­¨¥. �à®æ¥áá®¬  ¢â®à¥£à¥áá¨¨ ¯®àï¤ª  n ­ §ë¢ -
¥âáï áâ æ¨®­ à­ë© á«ãç ©­ë© ¯à®æ¥áá Xt, ª®â®àë© ã¤®¢«¥â¢®àï¥â
à §­®áâ­®¬ã ãà ¢­¥­¨î

Xt + a1Xt−1 + . . . + anXt−n = βξt, (10.6)

§¤¥áì ξt | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¯à¨ç¥¬

Eξt = 0, Dξt = 1, Eξtξs = 0 ¯à¨ t 6= s. (10.7)

�®®â­®è¥­¨¥ (10.6) ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬:
¯à®æ¥áá Xt (¢ ¬®¬¥­â ¢à¥¬¥­¨ t) ®¯à¥¤¥«ï¥âáï ¯à¥¤ë¤ãé¨¬¨ n §­ -
ç¥­¨ï¬¨ Xt−1, Xt−2, . . . , Xt−n ¯à®æ¥áá  ¨ á«ãç ©­®© ¤®¡ ¢ª®© ξt,
ª®â®à ï ¯®ï¢«ï¥âáï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, â. ¥.

Xt = −a1Xt−1 − a2Xt−2 − . . .− anXt−n + βξt,

� ¯à®æ¥áá®¬ (10.6) á¢ï§ë¢ îâ å à ªâ¥à¨áâ¨ç¥áª¨© ¯®«¨­®¬

ϕ(z) = a0 + a1z + · · ·+ anzn = 0, a0 = 1. (10.8)

�®«¨­®¬ (10.8) ¨¬¥¥â áâ¥¯¥­ì n ¨, á«¥¤®¢ â¥«ì­®, ¤®«¦¥­ ¨¬¥âì
n ª®à­¥©. �à®æ¥áá (10.6) ï¢«ï¥âáï áâ æ¨®­ à­ë¬ â®«ìª® ¢ â®¬
á«ãç ¥, ª®£¤  ¢á¥ ª®à­¨ ¯®«¨­®¬  ϕ(z) ¯® ¬®¤ã«î ¡®«ìè¥ ¥¤¨­¨æë.

� ª ª ª á«ãç ©­ë¥ ¢¥«¨ç¨­ë ξt ­¥§ ¢¨á¨¬ë, â® ®­¨ ­¥ § ¢¨áïâ
®â ¯à¥¤ëáâ®à¨¨ ¨, ¢ ç áâ­®áâ¨, ®â Xt−k, k = 1, 2, . . .,   ®âáî¤ 
á«¥¤ã¥â:

EXt−kEξt = 0 ¯à¨ k = 1, 2, . . . . (10.9)
�¬­®¦¨¬ (10.6) ­  Xt−k ¨ ¢®§ì¬¥¬ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ®â
®¡¥¨å ç áâ¥© à ¢¥­áâ¢ :

EXtXt−k +a1EXt−1Xt−k +. . .+anEXt−nXt−k = βEξtXt−k. (10.10)

�à¨ k ≥ 1 ¢ á¨«ã à ¢¥­áâ¢ (10.9) ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥ ¯à ¢®©
ç áâ¨ (10.10) à ¢­® ­ã«î,   «¥¢ ï ç áâì ¯à¨ k = 1, 2, . . . , n á ãç¥â®¬
â®£®, çâ® R(k) = R(−k), ¯à¨¢®¤¨â ª á¨áâ¥¬¥ à ¢¥­áâ¢

a0R(1) + a1R(0) + a2R(1) + . . . + anR(n− 1) = 0,
a0R(2) + a1R(1) + a2R(0) + . . . + anR(n− 2) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
a0R(n) + a1R(n− 1) + a2R(n− 2) + . . . + anR(0) = 0.

(10.11)
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�®®â­®è¥­¨ï (10.11) ­ §ë¢ îâáï ãà ¢­¥­¨ï¬¨ �« |�®ª¥à .
�­¨ á¢ï§ë¢ îâ ª®íää¨æ¨¥­âë  ¢â®à¥£à¥áá¨¨

a0, a1, . . . , an (10.12)

á ª®àà¥«ïæ¨ï¬¨ ¯à®æ¥áá 

R(0), R(1), . . . , R(n). (10.13)

�á«¨ ¨§¢¥áâ­ë ª®àà¥«ïæ¨¨ (10.13), â® ¬®¦­® ­ ©â¨ ª®íää¨æ¨¥­âë
 ¢â®à¥£à¥áá¨¨ (10.12) ¯ãâ¥¬ à¥è¥­¨ï á¨áâ¥¬ë ãà ¢­¥­¨© (10.11)
®â­®á¨â¥«ì­® a1, . . . , an (a0 = 1).

� ¬¥ç ­¨¥ 2.1. �®ª ¦¥¬, ª ª ­ ©â¨ ª®íää¨æ¨¥­â β. �¬­®-
¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (10.6) ­  ξt ¨ ¢®§ì¬¥¬ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ®â ®¡¥¨å ç áâ¥© à ¢¥­áâ¢ :

EXtξt + a1EXt−1ξt + · · ·+ anEXt−nξt = βEξ2
t .

�®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ á ãç¥â®¬ (10.9) ¨ (10.7) ¨ ¯à¨ ¨áª«îç¥­¨¨
­ã«¥¢ëå á« £ ¥¬ëå ¯à¨¢®¤¨âáï ª ¢¨¤ã

EXtξt = β. (10.14)

�¥¯¥àì (10.6) ã¬­®¦¨¬ ­  Xt ¨ ¢®§ì¬¥¬ ¬ â¥¬ â¨ç¥áª®¥ ®¦¨¤ ­¨¥
®â ®¡¥¨å ç áâ¥© à ¢¥­áâ¢ :

EX2
t + a1EXt−1Xt + · · ·+ anEXt−nXt = βEξtXt.

�â® à ¢¥­áâ¢® á ãç¥â®¬ (10.14) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

R(0) + a1R(1) + . . . + anR(n) = β2.

�âáî¤ 
β = (R(0) + a1R(1) + . . . + anR(n))1/2. (10.15)

4. �æ¥­ª  ¯ à ¬¥âà®¢ ¯à®æ¥áá   ¢â®à¥£à¥áá¨¨

�ë ¯®ª ¦¥¬, ª ª ¤«ï àï¤  ­ ¡«î¤¥­¨© (10.2) ¯®¤®¡à âì ¬®-
¤¥«ì  ¢â®à¥£à¥áá¨¨ ¨ ®æ¥­¨âì ¥¥ ¯ à ¬¥âàë. � ©¤¥¬ ¢ë¡®à®ç­ë¥
ª®àà¥«ïæ¨¨ àï¤  (10.2) ¯® ä®à¬ã« ¬ (10.3):

R̂(0), R̂(1), . . . , R̂(n).
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� ª ¨§¢¥áâ­®, ¯à®æ¥áá  ¢â®à¥£à¥áá¨¨ ¯®àï¤ª  n | íâ® áâ æ¨®­ à-
­ë© á«ãç ©­ë© ¯à®æ¥áá Xt, ª®â®àë© ã¤®¢«¥â¢®àï¥â à §­®áâ­®¬ã
ãà ¢­¥­¨î (10.6).

�§¢¥áâ­®, çâ® ãà ¢­¥­¨ï �«  | �®ª¥à  (10.11) á¢ï§ë¢ îâ ª®-
íää¨æ¨¥­âë  ¢â®à¥£à¥áá¨¨ (10.12) á ª®àà¥«ïæ¨ï¬¨ ¯à®æ¥áá  (10.13),
çâ® ¤ ¥â ¢®§¬®¦­®áâì ®æ¥­¨âì íâ¨ ¯ à ¬¥âàë, ¨á¯®«ì§ãï ¢ë¡®à®ç-
­ë¥ ª®àà¥«ïæ¨¨.

� ¯¨è¥¬ ãà ¢­¥­¨ï �«  | �®ª¥à , ¢ ª®â®àëå ¢¬¥áâ® ª®àà¥-
«ïæ¨© R(k) ¯®¤áâ ¢¨¬ ¨å ®æ¥­ª¨ R̂(k):

a0R̂(1) + a1R̂(0) + a2R̂(1) + . . . + anR̂(n− 1) = 0,

a0R̂(2) + a1R̂(1) + a2R̂(0) + . . . + anR̂(n− 2) = 0,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

a0R̂(n) + a1R̂(n− 1) + a2R̂(n− 2) + . . . + anR̂(0) = 0.

�¥è¨¢ íâã á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® ª®íä-
ä¨æ¨¥­â®¢ (10.12), ¯®«ãç¨¬ ¨å ®æ¥­ª¨

â0, â1, · · · , ân, â0 = 1.

� «¥¥ á«¥¤ã¥â ®æ¥­¨âì ª®íää¨æ¨¥­â b0, ¨á¯®«ì§ãï à ¢¥­áâ¢®
(10.15):

b̂0 = (R̂(0) + â1R̂(1) + . . . + ânR̂(n))1/2.

�â ª, ª ¨áå®¤­ë¬ ¤ ­­ë¬ (10.2) ¬ë ¯®¤®¡à «¨ ¯à®æ¥áá  ¢â®à¥£à¥á-
á¨¨

Xt + â1Xt−1 + · · ·+ ânXt−n = b̂0ξt.

� ª®­¥æ, á«¥¤ã¥â ã¤®áâ®¢¥à¨âìáï, çâ® ¯®«ãç¥­­ë© ¯à®æ¥áá
ï¢«ï¥âáï áâ æ¨®­ à­ë¬,   ¤«ï íâ®£® ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ®
ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ¯®«¨­®¬ 

â0 + â1z + · · ·+ ânzn = 0, â0 = 1.

¯® ¬®¤ã«î ¡®«ìè¥ ¥¤¨­¨æë.
�á«¨ ®ª § «®áì, çâ® å®âï ¡ë ®¤¨­ ª®à¥­ì ¯® ¬®¤ã«î ¬¥­ìè¥

¥¤¨­¨æë, â® ¬®¤¥«ì  ¢â®à¥£à¥áá¨¨ ¯®àï¤ª  n | ­¥áâ æ¨®­ à­ ï.
�â æ¨®­ à­ãî ¬®¤¥«ì ¬®¦­® ¯ëâ âìáï ¯®«ãç¨âì, ã¢¥«¨ç¨¢ ç¨á«®
­ ¡«î¤¥­¨© ¨/¨«¨ ¨§¬¥­¨¢ ¯®àï¤®ª n.
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�à¨¬¥à 10.2. �ãáâì ­ ©¤¥­ë ®æ¥­ª¨ ª®àà¥«ïæ¨©
R̂(0) = 4.00, R̂(1) = 3.05, R̂(2) = 1.42, ¨ ¬ë å®â¨¬ ¯®¤®¡à âì ¬®¤¥«ì
 ¢â®à¥£à¥áá¨¨ ¢â®à®£® ¯®àï¤ª .

�¥è ï á¨áâ¥¬ã

4.00â1 + 3.05â2 = −3.05,

3.05â1 + 4.00â2 = −2.03,

¯®«ãç ¥¬ ®æ¥­ª¨ â1 = −0.90, â2 = 0.18. � à ªâ¥à¨áâ¨ç¥áª¨© ¯®-
«¨­®¬ ¨¬¥¥â ¢¨¤ ϕ(z) = 1 − 0.90z + 0.18z2. �®à­¨ ¯®«¨­®¬  à ¢-
­ë z1 = 1.67, z2 = 3.33, ¨ ®ç¥¢¨¤­®, çâ® ®­¨ ¯® ¬®¤ã«î ¡®«ì-
è¥ ¥¤¨­¨æë, á«¥¤®¢ â¥«ì­®, ¬®¤¥«ì ï¢«ï¥âáï áâ æ¨®­ à­®©. �®-
íää¨æ¨¥­â b̂0, ®¯à¥¤¥«ï¥¬ë© ¢ á«ãç ¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤-
ª  á®®â­®è¥­¨¥¬ b̂0 =

√
R̂0 + â1R̂1 + â2R̂2, ¢ ­ è¥¬ á«ãç ¥ à ¢¥­

b̂0 =
√

4.00− 0.90 · 3.05 + 0.18 · 1.43 = 1.23,   á ¬® ãà ¢­¥­¨¥  ¢â®-
à¥£à¥áá¨¨ ¯à¨­¨¬ ¥â ¢¨¤

Xt − 0.90Xt−1 + 0.18Xt−2 = 1.23ξt.

5. �¡é ï ¯®áâ ­®¢ª  ¯à®£­®§  ¯à®æ¥áá®¢

�ãáâì ¨¬¥¥âáï à¥ «¨§ æ¨ï ¤¨áªà¥â­®£® ¯à®æ¥áá  Xt

®¡ê¥¬®¬ T
X1, X2, · · · , XT . (10.2)

�à®£­®§ ¯à®æ¥áá  ®â ¬®¬¥­â  T ­  τ è £®¢ ¢¯¥à¥¤ | íâ® ¯à¥¤-
áª § ­¨¥ ¢¥«¨ç¨­ë XT+τ , ¨ ¬ë ¥£® ®¡®§­ ç¨¬ X̂(T, τ).

�ë ¡ã¤¥¬ ¨áª âì ¯à®£­®§ ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ æ¨¨ ¢¥«¨-
ç¨­ (10.2), â. ¥. ¢ ¢¨¤¥

X̂(T, τ) =
T∑

k=1
αkXk. (10.16)

�¢¥¤¥¬ ¯®­ïâ¨¥ ®è¨¡ª¨ ¯à®£­®§  σ(τ), ®¯à¥¤¥«ï¥¬®© ä®à¬ã«®©

σ2(τ) = E|XT+τ − X̂(T, τ)|2.
�à®£­®§ ­ §ë¢ ¥âáï ­ ¨«ãçè¨¬, ¥á«¨ ¥£® ®è¨¡ª  ¬¨­¨¬ «ì­ :

σ2(τ) = min
X̂(T,τ)

E|XT+τ − X̂(T, τ)|2.
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�¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¢®§¬®¦­ë¬ äã­ªæ¨ï¬ ¯à®£­®§ , ¨¬¥îé¨¬
¢¨¤ (10.16). �¨­¨¬ «ì­ãî ®è¨¡ªã σ(τ) ­ §ë¢ îâ áà¥¤­¥ª¢ ¤à â¨-
ç¥áª®© ®è¨¡ª®© ¯à®£­®§ .

�à®£­®§ X̂(T, τ) ¡ã¤¥â ¯®«ãç¥­ ¢ ¯à¥¤¯®«®¦¥­¨¨ EXt = 0.
�á«¨ ¦¥ ã ¯à®£­®§¨àã¥¬®£® ¯à®æ¥áá  EXt 6= 0, â® ¢ ¯®«ãç¥­­ë¥
ä®à¬ã«ë ¯à®£­®§  á«¥¤ã¥â ¢¬¥áâ® Xt ¯®¤áâ ¢«ïâì Xt − X (£¤¥
X ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ (10.4)),   á ¬ ¯à®£­®§ ¡ã¤¥â à ¢¥­
X̂(T, τ) + X.

�áâ¥áâ¢¥­­ë¬ ï¢«ï¥âáï ãâ¢¥à¦¤¥­¨¥, çâ® ­ ¨«ãçè¨¬ ¯à®£­®-
§®¬ ­  ¢à¥¬ï τ ¢¯¥à¥¤ ¯à¨ τ → ∞ ¤®«¦­® ¡ëâì ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ¯à®æ¥áá .

�à®£­®§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ®¤¨­ ª®¢® à á¯à¥¤¥«¥­­ëå ­¥§ -
¢¨á¨¬ëå á«ãç ©­ëå ¢¥«¨ç¨­ ­  «î¡®¥ ç¨á«® è £®¢ ¢¯¥à¥¤ à ¢¥­
¨å ¬ â¥¬ â¨ç¥áª®¬ã ®¦¨¤ ­¨î,   ®è¨¡ª  ¯à®£­®§  | áà¥¤­¥ª¢ -
¤à â¨ç­®¬ã ®âª«®­¥­¨î. �«ï § ¢¨á¨¬ëå ¢¥«¨ç¨­ ¬ ªá¨¬ «ì­ ï
¢¥«¨ç¨­  ®è¨¡ª¨ ­ ¨«ãçè¥£® «¨­¥©­®£® ¯à®£­®§  ­¥ ¯à¥¢®áå®¤¨â
áà¥¤­¥ª¢ ¤à â¨ç¥áª®£® ®âª«®­¥­¨ï ¯à®£­®§¨àã¥¬®£® ¯à®æ¥áá .

6. �à®£­®§ ¯à®æ¥áá   ¢â®à¥£à¥áá¨¨

�à®æ¥áá  ¢â®à¥£à¥áá¨¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ T +1 ¬®¦­® § ¯¨á âì
¢ ¢¨¤¥

XT+1 = −a1XT − a2XT−1 − . . .− anXT−n+1 + b0ξT+1. (10.17)

�«ï ¯à®£­®§¨à®¢ ­¨ï XT+1 ¤®áâ â®ç­® ­ ©â¨ ¯à®£­®§ ¯à ¢®© ç -
áâ¨ (10.17). �® ¢ ­¥¥ ¢å®¤ïâ ¢¥«¨ç¨­ë XT , XT−1, . . . , XT−n+1, ª®-
â®àë¥ ­ ¬ ¨§¢¥áâ­ë (á«¥¤®¢ â¥«ì­®, ¨å ¯à®£­®§¨à®¢ âì ­¥ ­ã¦­®),
¨ ­¥ § ¢¨áïé ï ®â ­¨å á«ãç ©­ ï ¢¥«¨ç¨­  ξT+1, ¤«ï ª®â®à®©, ª ª
¬ë ã¦¥ §­ ¥¬, ­ ¨«ãçè¨© ¯à®£­®§ à ¢¥­ ­ã«î. �«¥¤®¢ â¥«ì­®,
­ ¨«ãçè¨© ¯à®£­®§ ¢¥«¨ç¨­ë XT+1 ®â ¬®¬¥­â  T ­  ®¤¨­ è £

X̂(T, 1) = −a1XT − a2XT−1 − . . .− anXT−n+1. (10.18)

�â®¡ë ­ ©â¨ ®è¨¡ªã ¯à®£­®§  ­  1 è £, ¬ë ­ ©¤¥¬ ¬ â¥¬ â¨ç¥áª®¥
®¦¨¤ ­¨¥ ª¢ ¤à â  à §­®áâ¨ ¬¥¦¤ã ¯à ¢ë¬¨ ç áâï¬¨ à ¢¥­áâ¢
(10.17) ¨ (10.18)

σ2(1) = E
∣∣X̂(T, 1)−XT+1

∣∣∣
2

= E
∣∣∣b0ξT+1

∣∣∣
2

= b2
0.
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�â®¡ë ­ ©â¨ ­ ¨«ãçè¨© ¯à®£­®§ ­  2 è £ , § ¯¨è¥¬ XT+2 ¢
¢¨¤¥

XT+2 = −a1XT+1 − a2XT − . . .− anXT−n+2 + b0ξT+2 (10.19)

¨ § ¬¥â¨¬, çâ® ¢ ¯à ¢®© ç áâ¨ (10.19) ¢¥«¨ç¨­ë

XT , XT−1, . . . XT−n+2

­ ¬ ¨§¢¥áâ­ë, ¯à®£­®§ ξT+2, ª ª ¨ ¯à¥¦¤¥, à ¢¥­ ­ã«î,   ­ ¨«ãç-
è¨© ¯à®£­®§ XT+1 à ¢¥­ X̂(T, 1) ¨ ¨¬¥¥â ¢¨¤ (10.19), á«¥¤®¢ â¥«ì-
­®,

X̂(T, 2) = −a1X̂(T, 1)− a2XT − . . .− anXT−n+2.

� «¥¥ ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬ ¯à®£­®§ë

X̂(T, 3) = −a1X̂(T, 2)− a2X̂(T, 1)− a3XT − a4XT−1 − . . . anXT−n+3,

X̂(T, 4) ¨ â. ¤., § ¬¥­ïï ­¥¨§¢¥áâ­ë¥ ¢¥«¨ç¨­ë XT+1, XT+2, . . . ¢
¯à ¢®© ç áâ¨ ¨å ¯à®£­®§ ¬¨ X̂(T, 1), X̂(T, 2), . . . �à®£­®§ ­  ç¨á«®
è £®¢ τ > n ¡ã¤¥â ¯®«­®áâìî á®áâ®ïâì ¨å ¯à¥¤ë¤ãé¨å ¯à®£­®§®¢

X̂(T, τ) = −a1X̂(T, τ−1)−a2X̂(T, τ−2)−. . .−anX̂(T, τ−n), τ > n.

� ­­ë© ¬¥â®¤ ¯®«ãç¥­¨ï ¯à®£­®§  ­  k è £®¢ âà¥¡ã¥â ¯à¥¤¢ à¨-
â¥«ì­®£® ¯®¤áç¥â  ¯à®£­®§®¢ ­  1, 2, . . . , k − 1 è £. � ¯¨è¥¬ ä®à-
¬ã«ë ¤«ï ®è¨¡®ª ¯à®£­®§  ­  τ = 2, 3, 4 è £  :

σ2(2) = σ2(1) + b2
0a

2
1,

σ2(3) = σ2(2) + b2
0(a2

1 − a2)2,

σ2(4) = σ2(3) + b2
0(a3

1 − 2a1a2 + a3)2.

(10.20)

7. �à®æ¥áá  ¢â®à¥£à¥áá¨¨ ¢â®à®£® ¯®àï¤ª 

�â® ¯à®æ¥áá, ã¤®¢«¥â¢®àïîé¨© ãà ¢­¥­¨î

Xt + a1Xt−1 + a2Xt−2 = b0ξt,

¯à¨ç¥¬ ¤«ï ¥£® áâ æ¨®­ à­®áâ¨ ­¥®¡å®¤¨¬®, çâ®¡ë ª®à­¨ å à ªâ¥-
à¨áâ¨ç¥áª®£® ¯®«¨­®¬ 

ϕ(z) = 1 + a1z + a2z
2
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¡ë«¨ ¯® ¬®¤ã«î ¡®«ìè¥ ¥¤¨­¨æë.
�à¨¢¥¤¥¬ ä®à¬ã«ë ¯à®£­®§  ­  1, 2 ¨ k (k > 2) è £®¢:

X̂(T, 1) = −a1XT − a2XT−1,

X̂(T, 2) = −a1X̂(T, 1)− a2XT ,

X̂(T, k) = −a1X̂(T, k − 1)− a2X̂(T, k − 2).

�è¨¡ª¨ ¯à®£­®§  á«¥¤ã¥â ¢ëç¨á«ïâì ¯® ä®à¬ã« ¬ (10.20), áç¨â ï
a3 = 0, â ª ª ª ª®íää¨æ¨¥­â a3 ®âáãâáâ¢ã¥â ã ¯à®æ¥áá   ¢â®à¥-
£à¥áá¨¨ ¢â®à®£® ¯®àï¤ª .

�á«¨ ¨¬¥îâáï ­ ¡«î¤¥­¨ï (10.2) ¨ ­ã¦­® ¯®¤®¡à âì ¯ à ¬¥-
âàë ¯à®æ¥áá   ¢â®à¥£à¥áá¨¨ ¢â®à®£® ¯®àï¤ª , â® á­ ç «  á«¥¤ã¥â
­ ©â¨ ®æ¥­ª¨ R̂(0), R̂(1), R̂(2). � â¥¬, à¥è¨¢ á¨áâ¥¬ã ãà ¢­¥­¨©

R̂(1) + â1R̂(0) + â2R̂(1) = 0,

R̂(2) + â1R(1) + â2R̂(0) = 0,

­ã¦­® ­ ©â¨ â1 ¨ â2 ¨ ª®íää¨æ¨¥­â b̂0 ¯® ä®à¬ã«¥

b̂0 = (R̂(0) + â1R̂(1) + â2R̂(2))1/2.

� à¥§ã«ìâ â¥ ª ¨áå®¤­ë¬ ¤ ­­ë¬ ¯®¤®¡à ­  ¬®¤¥«ì

Xt + â1Xt−1 + â2Xt−2 = b̂0ξt.

� «¥¥ á«¥¤ã¥â ã¡¥¤¨âìáï, çâ® ¬®¤¥«ì ï¢«ï¥âáï áâ æ¨®­ à­®©, â. ¥.
çâ® ã ¯®«¨­®¬ 

ϕ(z) = 1 + â1z + â2z
2

ª®à­¨ ¯® ¬®¤ã«î ¡®«ìè¥ ¥¤¨­¨æë, ¨ ¯®á«¥ íâ®£® ¬®¦­® ¯à¨áâã¯ âì
ª ¯à®£­®§ã ¯à®æ¥áá .

�à¨¬¥à 10.3. � ©â¨ ¯à®£­®§ ¨ ®è¨¡ªã ¯à®£­®§  ­  1{3
è £  ¢¯¥à¥¤ ¤«ï ¯à®æ¥áá   ¢â®à¥£à¥áá¨¨ ¨§ ¯à¨¬¥à  10.2

Xt − 0.90Xt−1 + 0.18Xt−2 = b0ξt, b0 = 1.23, σ2 = 4.00,

¯® ­ ¡«î¤¥­¨ï¬ X1 = 3, X2 = −4, X3 = −1, X4 = 2. � ­ è¥¬
á«ãç ¥ T = 4, n = 2. �à®£­®§ ­  1, 2 ¨ 3 è £  á®®â¢¥âáâ¢¥­­®
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à ¢¥­

X̂(T, 1) = −a1XT − a2XT−1 = 0.90 · 2− 0.18 · (−1) = 0.36,

X̂(T, 2) = 0.90 · 0.36− 0.18 · 2 = 0.29,

X̂(T, 3) = 0.90 · 0.29− 0.18 · 0.36 = 0.19.

� ©¤¥¬ ®è¨¡ª¨ ¯à®£­®§  ­  1, 2 ¨ 3 è £ :

σ2(1) = b2
0 = 1.51,

σ2(2) = b2
0(1 + a2

1) = 2.73,

σ2(3) = 2.73 + 1.51((−0.90)2 − 0.18)2 = 3.34.

�¨¤¨¬, çâ® ®è¨¡ª  ¯à®£­®§  à áâ¥â ¢¬¥áâ¥ á τ . � ¯®¬­¨¬, çâ®
¤¨á¯¥àá¨ï ¯à®æ¥áá  σ2 = 4.00, á«¥¤®¢ â¥«ì­®, σ2(τ) < σ2.
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