I'imaBa 2
IIpubnu>xeHHOEe BbIYNCJIEHNE MHTEr PAJIOB

§1 MuaTepnonsunonusie kBaaparypuse Gopmyisr (MTKD)
OcHOBHOI €1OCO6 TPUOIMKEHHOTO BBIUNCICHUS UHTEIDAIIOB —
(OpMyIIEl MEXaHNYECKIX KBaIPaTyP.

Omnpenenenne. FORMULOJ MEHANINESKIH KWADRATUR mt KWAD-
RATURNOJ FORMULOJ naswrBaeTcst mpubImKeHHAST HOPMYIIa

b n
JRECED SV INIEN) (1)
a k=1

3mecs UZLY xp, u KONFFICIENTY (WESA) Aj He 3aBUCAT OT MHTErpUpy-
emont dyukuuu (popMmysa — HAGOP y3/I0B U KO3DOUIMEHTOB).

Bce y37BI cUMTAOTCS PA3IMIHBIMY, U UAIlle BCETO Ty € [a,b], HO
NeTaTh TAKOe MPENNOJIOKEHNEe, €CITH He OTOBOPEHO MPOTUBHOE, MLl He
OymeM.

Bomnee obiee nmonatue — GopMysia MEXaHHIECKIX KBAIPATYD C
BecoM w(zx). OTo

b n
[ wt@r@is =y (o). @)
a k=1

IIprMeHeRns — MHOTO MHTETPAJIOB OT (DYHKIUI ¢ OMHUM MHOXKATEJEM
w(z) m BBIIENeHNe CTAaHOAPTHHIX ocobenHocTei. Popmymy (1) moxuO
cunTaTh YacTHBIM cinydaeM (2) mpu w(z) = 1. HosTomy B 9TOM mapa-
rpade paccmarpuBaercs (2).

Bynem o603Hauarhs KBamgpaTypHYIO cyMMmy (opMmyusbl (2) uepes
Qn(f), a morpermsocTs popmynsl (ocraTok) uepes Ry, (f):

n b
Qull) =S Auf(@), Ralf) = [ w(o)fa)do ~ Qu().
k=1 a

3amerumM, uto (), u R, 0671amai0T CBOXCTBOM JIMHENHOCTH:

Qn(ayfi + azf2) = a1Qn(f1) + a2Qn(f2)
29
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Ru(a1fi +azfz) = a1 R, (f1) + a2 Ry (f2).

TIpocreitimit cioco6 mocTpoenust (2): TPOU3BONBHO BBHIOUPAIOTCS
y37IBI U 3HAYEHNE NHTErpajia CIuTaeTCs MPUOIKEHHO PABHLIM NHTETPa-
JIy OT MHTEPIIOJISIIOHHOTO MTOJIMHOMA (DYHKINY [, TIOCTPOEHHOTO 10 3TUM
y3naMm. Tax modydeHHBIC (DOPMYJILI HA3ZLIBAIOTCS MHTEPIOAINOHHO-
kBagpaTypabivu (IK®D).

Onpenenenune. Popmyna (2) nassBaercs UKD, ecnn

w(zx)dz

(x — zp)w (zg)

Ap = /abw(w)lk(m)dx = /abw(w) 3)

Bneck w(z) = (x —x1) ... (T — xy).
Taxum obpazom, UKP momnocTwio 3amaeTcs yKa3aHeM ee y37I0B.

Ounpenesnenue. 'opopsT, uro dopmyna (2) uMeer anreGpamde-
ckyto crenens Tounoctu (ACT) d, eciu ona TouHa miis Beex anreGpan-
qecKux monuHoMoB pg € Py (R, (ps) = 0) u cymecTByeT XoTs GbI OMUH
HONUHOM Pgi1 € Pgy1, o7t KoToporo ona He TouHa (R, (pat1) # 0).

Sameuanue. OueBunHO, 9TO myI TOro 4Tobhl (2) mmena ACT
d, HEOOGXOMMIMO T IOCTATOYHO, ITOOB OHa GBIIa TOUYHA Mg 2/ mpm j =
0,...,d u me 6buta Touma mia 9! (R, (%) = 0 mpu k = 0,...,d,
R, (z™1) #0) .

Teopema 1. Ilns Toro utober dopmymna (2) 6buta NKD meobxo-
MO U HOCTaTO4HO, 4To0bl oHa mMema ACT d > n — 1.

HokazarensbcTBo. 1) HeobxonumocTs. IIponsBonsHO B3SATHIR
MIOJIMHOM Py TIPENCTABAM B BUIE WHTEPIOJIAIUOHHOTO TI0 y3/IaM Zg 1 BOC-
nonb3yemcst hopmyoit (3).

2) Hocrarounocts. Ecim ACT dopmyner (2) d > n — 1, To oHa
TOuHA, B yacTHOCTH, Iy li (), oTkyna dopmynst (3). W

Sameuanue. opmyna (2) moxer umers ACT d > n — 1, HO
ecm Bec w(x) coxpauser Ha [a,b] sHak, To d < 2n — 1 (popmyna He
Touna msa w?(r)).

O60o3naunm uepes [A, B] HauMeHbIINI IPOMEXKY TOK, COLEPIKALLIMI
[a,b] u BCe y3mbL T,
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Omnpenenenne. ['osopst, yro ®MK IMEET PREDSTAWLENIE
OSTATKA W FORME BAGRANVA, ecu CyIIIECTBYIOT TAKOe HATYpPAaJbHOE
m u Taxas nocrossHHas C, 94TO Ay 11060i m pa3 HempepbIBHO nudde-
pernupyemoit Ha [A, B] dyuakuuu f(x) naiinercs takas Touka £ € [A, B,
uto Ry (f) = Cf(€).

Sameuanune. PMK moxer u NE IMETX mpencrasnenus ocratka
B opme Jlarpamxka.

Teopema 2. Eciu ®PMK mmeer npencrasienne ocTaTka B Gopme
Jlarpamxka, o m =d + 1.
Hoxa3zaTeabCcTBO OYEBUIHO.

Teopema 3. Eciiu ACT dopmyier (2) ects d, To mis moboit [ €
C[A, B)] BBIIOTHSETCS OLEHKA

Ea(f), (4)

b n
|Bn ()] < [/ jw(@)|dz + ) | Ayl
@ k=0

rne E4(f) — mannyumee npubnukenue QyHKIUU f TOJIUHOMAME CTEIE-
uu d Ha npoMmexyTke [A, B].

HokazaTenbcTBO. Boiuects u3 [ u mpubaBUTh €€ IOJIUHOM
HaWJIYYIIero TpubiImKeHust, Iist KoToporo gopmyita Touna. W

ByneM CqHTaTB, YTO OaHa II0CJIenoBaTEJILHOCTDH KBaJIpaTyprIX
dopmyn

b n
/ w(z) f@)dz ~ S AT ().
a k=1

(xBanmpatypusrii nporecc). ACT hopMymBI ¢ HOMEPOM 7 CINTAEM PABHOI
d,, 1 coxparuM s 3Tux hopmyn obosuaderus Q,(f) u R, (f).

Canencrsue. Ecnu see y3mst 2} € [a,b], Y p_, A} < Cud, —
00, To ma moboi f € Cla, b

n b
> Apfa) — [ v e
k=1 a
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3ameuanue. Eciu d > 0, To BBUAy paBeHCTBa

n b
kZ_OA":/a w(z)dz

B ciaydae w(xz) > 0 u A} > 0 ouenky (4) MOXHO IePEINCaTh B BUIE

b
Ra) 22 [ w(a)dn Ea(5).
IIycte w(z) > 0. Eciu cpenu kosdduuueHToB A) €CTH OTpHIA-

TeJbHBIE, TO
b

Z\Ak\ >/ w(z)dz,
a

u oueHka (4) Xyxe, yeM B CiIydae IOJIOXKUTEILHBIX KO()@UIUEHTOB.
Orciona — TpebGOBaHME TONOXUTEIHLHOCTH KO(PPUIIIEHTOB. DTO CyIIle-
CTBEHHO €IIl€ B OOHOM OTHOIICHUN. Ecnn smauyennsa f(xk) MbI BBIYUCJIA-
€M C TOTPEIIHOCTIMHU €k, PO KOTOPbIE W3BECTHO JIMIIh, 4TO |eg| < &,
TO BBI3BAHHAS STUMU MOTPEITHOCTSIMI OIMINOKa B KBAAPATYPHON CyMMe
oLeHuBaeTCs gepes y . _o |Ax|e, mpuuem sTa onenka Heymyuamaema. Pop-
MyJlaMH, Y KOTOPBIX Cpenn KOSq)(pI/IHI/IeHTOB IMEIOTCA OTpUIlaTe/IbHbIC,
OOBIYHO HE IOJIB3YyIOTCA.

Bamgaua 1. IIycte ACT dopmymer (2) ects d. Haiinercs: au monuHoM pg4 o
creneHu d + 2, IIst KOTOPOTO OHA TOYHA?

Banaua 2. Ilycts w(z) > 0 u k y3nos gopmynsl (2) npunamiexat (a,b), a
OCTaJILHBIE JIEXKAT BHE 9TOro IpoMexyTka. Ilokazars, uro Ttorma ACT d < n+k—1.

3anaua 3. [lokazaTs, uTo KBagpaTypHas GopMyIa

1
[ t@s = 1@,
roe a € (0,1) u a # 1/2, He uMeeT IpencTaBiieHus ocTaTKa B Gopme Jlarpamxka.

§2 KBanpaTypHble GOPMYIIBI ¢ IIOCTOSTHHBIM BECOM.
Popmyner Koreca
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IlycTs xBampaTypHyio GopMyIy

b n
/ Flayde ~ 3" Af(an) = QL(F) (1)
a k=1

MBI XOTUM HCIOJIB30BATh OJIA BBIUYUNCICHUA MHTETPaJa II0 IIPOMEXYTKY

[¢,d]. Cnemas B maTETpane mo y € [c,d] nuHENHYIO 3aMEHy TEepPEMEHHOM
d—c
b—a
YEHHOTO UHTErpasa Io |a, b] kBagpaTypuyio dbopmMyiy (1), Mbl npuneM K

NpUOIIKEHHOMY PABEHCTBY (KBAAPATYDPHOU (HOpMyTIe)

UHTErPUPOBAHUS Y =

(x — a)+ ¢ 1 TPUMEHUB [JIs BEIYUCIICHUSI IOJLY-

d n
[ sy~ 3 Bgln) = @3 (o). (2)

k=1

rie
d—c d—c
Bk—b_aAk, yk—b_a(l’k*a)JrC- 3)

Ounpenenenue. PMK (2) maseizaercs PODOBNOJ dopmyse (1),
ecay y3mbl 1 KoshGUuueHTH 5TuX GOPMYIT CBI3aHBI paBeHCcTBAME (3)

Ormerum ocuoBHBIe cBolicTBa PMK ¢ mocTOAHHBIM BecoM u, B
YACTHOCTHU, CBOMCTBA MOMOOHBIX (DOPMYIL.

(1) Ecau dopmyna (1) rouna mis nocrosuebix (ACT> 0), To
Z Ak =b—a.

(2) Ecm dpopmyna (2) momobua (1), To u (1) momobra (2).

(3) ACT nomoGHBIX GOPMYII COBIATAIOT.

Csoitctsa (1) - (3) oueBUOHEL

(4) Ecmu omaa 3 nonobubix hopmyit ecte MK®, To u npyras Toxe.

DTO CBOUCTBO HEMEIJIEHHO cyiefyeT u3 (3) u TeopeMbl 1 mpembimy-
miero maparpada. Takum obpasom, ecian UZLY mHTEPTONAIMOHHBIX KBaI-
parypubx dopmyn (1) u (2) ceazausr opmymont (3), TO 5Tu GOPMYIIEL
nOMOGHBI — COOTHOMEHNs (3) Myt K03hPUINEHTOB BHIOIHIIOTCS aBTO-
MATUYECKH.

(5) Ecau (1) ects UK® u Bce ee y3i1bl PACIOIOKEHBI CUMMETPUYHO
(mpu Bcex k T + Tpi1—k =a+b), T0 Ay = Apt1—k-
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IIpensimyiee CBOACTBO TO3BOMAET MOKA3BIBATH HTO JIAIIL IJIS
npomexyTka [—1,1], a B 9TOM ciiydae HOCTATOUHO COCIATHCS HA OUe-
BUIHOE PABEHCTBO MJIs (OyHIAMEHTAIIBHBIX IOIMHOMOB HHTEPIOSIN B
Clly4ae CUMMETPUYHO PACIOIOXKEHHBIX Y3II0B: i (z) = lpp1—k(—x).

(6) Ecu y3mer MK® pacnonoxens: cummerpuaso, To ee ACT ectb
HEYETHOE YUCIIO.

HelicTBUTENBHO, CBOAS 3a[ady OMISITh K CIy4alo IPOMEXYTKa
[—1,1] n ncnone3ys npenblIyIliee CBOMCTBO, JIETKO 3aMEeTHUTh, YTO HAIIA
(dbopMyIIa TOUHA IUIS BCEX HEYETHBIX IIOJMHOMOB.

(7) Ecmn ®MK (1) mmMeer mpencrasieHue ocraTka B dopme Jla-
rpamxa: RL(f) = C1f™(€), To u (2) mMeeT Takoe MpencTaBICHIe:
R2(g) = Cag"™ (n), rne

_ m—+1
Cy = <d C) ).
b—a

HeiicTBurensro, monaras f(x) =g (Zl:g (x—a)+ c), uMeeM

d —C b —C
[ oty =5 [ frs = =L (@40 + RA] =
m—+1
— Qo)+ josCi MO =G+ (=) G,

rie 1) = $=5(¢€ —a) +c.

a

(8) Ecmn ACT nono6ubrx dopmyn (1) u (2) ects pu RE (zH 1) = 7,

d—c\"
R2 M-‘rl: .
2= (=)

HocTaTouHo MoKa3aTh 9TO CBOMCTBO 1pH [a, b] = [0, 1]. Buny mu-
mefimoctn R2 mveem:

Ry(y"™) =R2((y—o)"*') =

TO

n

1
/0 (d—c)* ot dy — Z(d — c)*“rlfzrgJrl

k=1

(d—c)

(d— c)“+2R711 (w’”‘l).
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IIpexme dyem mepexomuTh K KOHKpeTHBIM PMK ¢ mocTosHHBIM
BECOM, MOKAXKEM JIEMMY, KOTOpas IOJIe3Ha IIPU BBIBOIE MIPEICTABIICHUS
OCTaTOYHLIX UJICHOB.

JIemma. Ilycts g(x) — uaTerpupyemas pynkuus, npudeM g(x) >
0, ¢yukuusa g(x) menpepwiBHa Ha [a,b] u &(x) — nmpomssonbHOe (Ge3
KAKUX-JIn00 MPENIOIOXKEHU O HENPEPLIBHOCTU) OTOOpaKeHUe IIPOMe-
KyTKa [a,b] B ce6sa. Ecnm HamucanHbil Hinke nHTerpail I CyIecTByer,
TO HAWIETCs Takas Touka 1) € [a,b], uTo

b b
1= [ a@g(e)ds = [ atwrte-gim.

Hoxasarenbcrro. Homoxum M = maxg(z), m = ming(x).
Torma

b
mﬁI// q(z)de =G < M.

Bynyun menpepriBrOl, QyHKIUA ¢ IPUHAMAET B HEKOTOPOI TOUKE 7) 3HA-
ugenue, pasuoe G. W

TORMULOJ SREDNIH PRQMOUGOLXNIKOW masweBaeTcs UKD ¢ enmu-

CTBEHHBIM Y3JIOM — CEPEIUHON NIPOMEXKYTKa MHTEeTr PUPDOBaHUA:

[f@)dw(b—a)f(“;b) (1)

N3 camoro ompenernenust BUOHO, YTO (GOPMYIIBI CPEMHUX MPSIMOYTOILHUI-
KOB IJI BCEX MPOMEXKYTKOB momobHbI. Jlerko Bumersh, uto ACT stumx

dopmyi d > 1 (oHE TOYHBI il HOCTOSHHBIX, sBisgoTcs UKD u “ysen
pacnosoxer cumMeTpuuaso” ). Ilpencrasienue ocraTka HOILyYUM CHAYA-
ma g mpomexyTka [—1,1). O f € CP[—1,1], ucnonssys memmy,
rMeeM:

[ t@do= [ (10)+ (0 + 32 (€@))de = 2(0) + 3.
-1 -1

Cornacuo cBoiicTBy (7) B Cilyuae IPOMEXYTKA [a,b] OCTATOYHBIN WieH

3
4) mueer mpencrasnerne R(f) = =2 £7(n). Orcrona ciemyet, TTo
24 n
ACT dopMmyssl IpsIMOYTOIBLHUKOB €CTh 1.
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TFORMULAMI KOTESA maswiBatorcs MK®, y3mamu KOTOPBLIX SBIA-
FOTCsI KOHITBI TPOMEXKYTKA WHTEIPUPOBAHUS U TOUKU MEJIEHUS TIPOMEKY T~
ka Ha (n — 1) paBHBIX uyacTell (dmcno y3moB n). PopMyna MOITHOCTHIO
OTIPENEJIIeTCs TIPOMEXYTKOM U UHUCIIOM y370B. Bee dopmynsr Koreca ¢
omuuM uucyioM y3moB monobuet. st ACT d cormacuo Teopeme 1 u3 §1
u cBoiicTBy (6) mosywaroTcs OUeHKHW: mpu weTHOM n d > n — 1, mpm
HEUeTHOM — d > n. B IefCcTBUTENBHOCTH B 5TUX HEPABEHCTBAX MOMKHO
[OCTABUTH 3HAK paBeHCTBa (6e3 IOKa3aTelbCTBA).

O6patnMcs K gacTHBIM citydasM Gopmynn Koreca. Haunem ¢ n =
2. ¥Y3ner 910t GoOpMyIBl — a u b, U MOCKONBKY KO3(DPUINEHTHI PABHBI
((5)) m B cymme maror b — a, TO camMa OHA UMeeT BUI

b b—a
I NORI0)

7 BBUIY OYEBHUIHOIO I'€OMETPHIECKOro cMbIcia HasbiBaeTcs FORMULOJ
TRAPECIJ. Tlpencrasienue ocTaTka 5TOil (HOPMYJIILI MOIYUYUM CHAYAA
mis [0,1]. s f € C)0, 1], ucmomns3ys TeopeMy 0 IpeICTaBICHII OCTa-
TOYHOTO UJIeHA WHTEPIIOJISIIINY, TMEEM

f(@) = Pi(z) —2(1 - 2)f"(§)/2,

rme Pi — WHTepHOJSIUOHHLIN MOMUHOM (GYHKIUK [, MMOCTPOEHHBIN IO
y3nam 0 u 1. [TosToMy, OmsITH UCTIONB3Ys JIEMMY U PABEHCTBO

b
Q2(f) = Q2(P1) = / Py (z)dx,

nMeeM
1 1 _
Ralf) = [ florde - Qo) == [ T2 (@) =~ 110
OTKyna OJisd IIPOMU3BOJIBHOTO IIPOMEXKYTKa
_\3
o) = - )

12
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OTuM, B YaCTHOCTH, [IOKA3AHO PABEHCTBO d = 1 myist GOpMyYJIBI TPaIIeIui.

IIpu n = 3 popmyna Koreca nassiBaercs FORMULOJ sIMPSONA.
TlocTpoum ee cuagamna nst npomexyTka [—1,1]. B srom caygae y3ibl
dopmyiner -1, 0 u 1, a KoshGUIMEHTH VIOBIETBOPSIOT paBeHcTBaM: A =
Az, A1 4+ Ay + A3 = 2. TlockomnbKy

1 1 4
As = / la(z)dx = / (1—2%)de = -,
1 1 3

T0 A; = A3 = 1/3 u s nmpousBoIbHOTO poMexyTKa Gopmyna Cumi-
COHA BBITJISIIUT TaK:

[ a5 Trw +as (“4) + ).

BoiBeneMm mpencTaBieHne OCTATOUHOrO ujeHa cHauasa mist [—1,1]. Hns
dyukmun f € C’IV[—l,l] IIOCTPOUM 3PMUTOBCKIY WHTEPIOIISINOHHBIN
nonuaoM Ps(x) mo y3mam -1 u 1 nepsoit kparaoctu u 0 — Bropoit. Torma

f(@) = Py(a) + %Q(m)f”/(f), Q) = —22(1 — 22),

I TaK KaK
1

Q3(f) = Q3(P3) = /1 Ps(z)dz,

TO

Ro(h) == [ a*0=ad) " (e@)ds =~ 1™ )

U B CIIy4yae IPOU3BOIIBLHOTO MIPOMEXYTKa [a, b]

R =5 (252) 0

OTuM DOKa3aHO U paBeHCTBO d = 3 misa ¢popmyisl CuMIicoHa.
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Ipusenem eme Ge3 BeiBoma GopMyity Koreca mpu n = 4, HaseBa-
emyio PRAWILOM 3/8 nX@TONA:

[ a5 (@ +ar (20) var (52 +s0).

R0 = (552) o0

Hauwnnas ¢ n = 9 cpenu xosddunuentor dopmyn Koreca mossis-
IOTCSI OTPUIIATEIIBHEIE, U IIPHU 7 — 00 CyMMa, aOCOIIOTHBIX BEJIMINH KO3 d-
purmeHTOB 6HICTPO CTpeMUTCS K 6eckoreaHocTr. [TosToMy ipu 60bITTIX
n dopmyner Koreca He HAXOOAT npuMeHEHUS.

Banaua. [Tokasars, uro eciiu UK® nmeer ACT, pasuyo n — 1 (n — gucio

y37I0B) ¥ IMeeT NpeNcTaBieHne ocTaTka B popMe Jlarpamka, TO B 9TOM NpeNCTaBIIe-
HIU

b
C= i'/; w(z)de, w(z)= H(ac — ).

n:

83 CocraBubie GOpMYIILI

PaCCManI/IBaeTCH CUTYyallud, Korga O/ BBIYUCJ/ICHUSI NHTErpaJlia

b
I:/ f(x)dx (1)

MBI XOTUM IIPUMEHUTH (HOPMYILY

1 n
| stz =3 jgta) + Rig) = Qo) + R, @)

J=1

Y3IIBL KOTOPOIl IIpHHAIEKAT IPOMEXKYTKY HHTerpuposanms: z; € [0, 1],
HO (dopMmyia, monobHas (2), He HAeT HYXKHOI TOYHOCTU. TOrma MOXKHO
pasbuTh TPOMEXRYTOK [a,b] Ha N DaBHBIX WacTell W K WHTETPAIy IO
KaXIOl YaCTU MPUMEHUTH (GopMyITy, momobHyo (2). DTo mpuBonuT HAC
K dopmyne

—

N—

I=hY"

k=07

Ajf(yx + hay) + Ry (f) = Qn(f) + Ba(f),  (3)
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roe h = (b—a)/N, yr = a+ kh. ®opmyna (3) masssaercs SOSTAWNOJ
IL1 BOLX[[0J, a dopmymna (2) no orHomenuto x veir 1SHODNOJ. CocrasHast
dopmyna comepxkkuT Nn y3710B, eciu XOTs 6bl ogHa u3 Touek 0, 1 He
aBiseTcsa y3ioM it dopmynst (2), u N(n — 1) + 1 y3en B IpoTUBHOM
citygae.

OCHOBHBIE CBOICTBa COCTABHBIX (OPMYII.

(1) Ocrarok Ry (f) dopmymner (3) mpencrasuM B B

N-—1 Y1 n
Ry(f)= 3 RE(f), RA(f) = / F@)de — 1S A f (g + ha),
k=0

Yk j=1

npuaem RY (f) — 5To ocTaTkm kBampaTypHbIX GOpMYI, TOMOGHEX (2).

(2) Ecom (2) mmeer ACT d u R(z%*!) = r (ouesummo, uto r # 0),
to Ry (z9*1) = (b — a)h4*1r.

HokxaszaTenbcTBO. BOCHOIB30BATHCS MPEOBIAYIIIAM CBOMA-
CTBOM U CBO#CTBOM (8) momoGHBIX dhopmyin (§2).

(3). ACT copmyn (2) u (3) coBnamaror.

Hoxasartenbcrso. Ouesumuo, uro ACT dopmynsr (3) mHe
MenbIe, gem Gopmysst (2). OBpaTHOE HEMEMJIEHHO BHITEKAET U3 MIPEIbl-
nmyuero ceoricrBa. M

(4). Ecnu dopmyina (2) mMeer IpencTasieHue ocTaTKa B dopMme
Jlarpamxka:

R(g) = Cg'™(¢),

TO u (3) MMeeT Takoe IPENCTABIICHIE:

Ry (f) = Onf™ (),

raoe
Cy = C(b—a)h™.

HokazarenbcTBo. [Ipumenss csoiicTBo (7) momobHBIX (GOp-
MyJ1, IMEEeM

RE(f) =h™ T C ™ (), i € (i Yitr),

N—-1
Ry (f) =h"™1C > 1 (),

k=0
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7 TaK KakK HAWOETCS Takas TOUKa 1), ITO ZkN:_Ol FO () = NFO (),
(ucmoIB3yeTCs HENPEPLIBHOCTE MyHKUuu f (m)) u Nh = b— a, To >TuUM
cBoricTBo mokazano. M

Hamee paccmarpuaercs POSLEDOWATELXNOSTX cocraBHBIX ¢op-
MyJT: mcxomHas GopMyJia cunTaeTcs GUKCUPOBaHHOR, a N — 0o.

(5). I Toro 4Tolbbl muis 000U HENPEpPLIBHON GyHKImMK f 1mo-
CIIeIOBATEIILHOCTD KBAIPATYPHBIX CYMM CXOOWJIACH K UHTErpaidy (T.e.
RN (f) — 0), Heo6x0ooMMO U HOCTATOUHO, YTOOLI ucxomHas Gopmysa (2)
6BI7Ia, TOYHA, U1 TTOCTOSHHBIX! .

HokazarenscTBo. 1) Hocrarounocts. [lpencrasuM ksampa-
TYPHYIO CyMMY B BUIE

n N—-1
QN(f) =D A; > hf(y + hay).
j=1 k=0

Kaxnas BHyTpeHHSSI CyMMa 3[IeChb €CTh CyMMa Pumana s paccMarpu-
BaeMOro uHTerpana u moromy npu N — oo k Hemy cxomurcs. OcraeTcs
BOCIIOJIB30BATHCS TeM, 9To y  A; = 1.

2) Heobxomumocts. i pyukuun f(z) = 1 umeem

N—-1 n

Q) =hY Y 4

k=0 j=1

(b—a)d A,
j=1

u Ttak kak Qn (1) —» (b—a), T0 > A; =1 N
Onpenenenne ByneMm roeoputh, 9To mis GyHKIUN f mOCIeno-

BATEIBHOCTH KBAIPATYPHBIX GOPMYII (3) CXOOUTCS € MOPSIIKOM M, €CIIN
Hafinercs Takas nocrosaHas C, uro npu Bcex N |[Ry(f)] < Ch™.

(6). iz Toro 4To6BL my1st JIO6OM M pa3 HempephIBHO nuddepen-
uupyenmoit dyrkmun f (f € C™)) mocrenopatensrocTs (3) cxommrack
¢ TOPSIIKOM M, HeO6XomuMo 1 mocTaTodno utobnl mis ACT ucxomuoit
opMyIiBl d BBIOIHSIIIOCH HEPABEHCTBO d > m — 1.

1970 MoxeT 6bITh BRIpakeno Taxxke ciosamum: ACT dopmymsr (2) > 0 nam

A =1
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INoxasaTenbcTBo?. 1. Hocrarounocts. ycrs f € C™) mpo-
m3BoneHa, d > m — 1. Tlomoxum M = max|, ) |£™) ()| n ma Kaxmom
IPOMEXYTKE [Yk, Yi+1] 3ammimeM f(x) no dopmyse Teimopa:

f(x) = f(yk) + (3’3 — yk)fl(yk) 4+ 4

_ m—1 _ m
I+ S ) =

= (o) + T g gy

3necst 1 € P C Py, mpuuem

M
=pm,

”f _pm—1||c[yk,yk+1] < ml

TaK YTO M HAWIydIllee NpuOmkerne QyHKInr [ MOIMHOMAMEI CTEIEHU
He BbIIe d HA TIPOMEXYTKE [Y, Yk+1] YOOBIETBOPSIET HEPABEHCTBY

M
Eq(f; ks yrs1]) < mhm.

Vcnonb3ys OleHKy ocTaTKa KBaIpaTypHOH (oMYl depes HauTydIee
npubnuxenne (Teopema 3 u3 §1), Temeps uMeem

i Mhm+!
Ry (f) < [h+ 1) 1A Ea(f; [k yera]) < [1 +Z|AjI]T-

CyMMupyst Bce 5TH OIEHKH: Ry < Ch™, rme C = M(b—a)|ll +
Yy Yy
S [Ayl)/ml.

2. Heobxonumocts. Corsmacuo coiicTBy (2) ocraTtok Ry OISt

Y

dyuxmmn f(x) = 297 ects (b—a)h?lr u B cnyuae d < m — 1 oxaxercs
Ry(f)/h" — o0

Kak BumHO 13 moka3aTenbCcTBa, B YaCTU HEOOXOMUMOCTU 3TO
YTBEPXKIECHUE [OMYyCKAeT yCWJICHUE: CJIOBa “miis JI060d m pas Hempe-
pBIBHO muddepeHImpyeMoil QYHKIIMH MOXKHO 3aMEHIUTh Ha “IJIs JII000TO
noJimHoMa” .

2Ecnu nucxomnas hopMyITa mMeeT MpefcTaBiIeHre ocTaTka B hopme Jlarpamxka,
TO CBOMCTBO (6) JIErKO CeAyeT U3 9TOrO NPEeNCTABIICHU.
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HawubGomee ymoTpebuTenbHBIMU SIBIISIOTCS COCTABHBIE (POPMYIIBI
CpemHUX MPSIMOYTOILHUKOB, Tpameruilt u Cummcona. Beimuiem stu op-
MyJiel. [Ipu 9TOM mpencTaBieHme OCTATOYHOTO WIEHA CPa3y Ke IOJIyda-
€TCs W3 TPENCTABIIEHUSI OCTATOYHOIO YJleHA WCXOMHON (POPMYIIBI IPU-
MeHeHmeM CBoicTBa (4). KoHeuno, mpuBomuMere hOpMyIIBL [IIs1 OCTATKA
BepHBI JIAIIb B TOM CJIydae, €ClIU HOObIHTerpajibHasl (PYyHKIINAS HYXKHOe
qHCIIO pa3 HeIPephIBHO OuddepeHnupyeMa.

CocraBHas (HopMysia CPEIHUX MPSIMOYTOIBEHUKOB:

b N
2k —1
/a fl@)dz ~ b f <a+ 5 h) ,
k=1
b—a b—
CocraBHas (hopMmysia TpaIemnnii:
N—1

b h h
/ Fladz ~ 5 fa) + Y Fla+Bh) + 5 ).
a k=1

b—a b—a. 5,
R = =TSR,

Kax BumHO 13 mpencraBieHust OCTATKOB 3TUX ABYX (hOPMYJI, €CIIH
BTOpas mpousBomHas (QyHKUuuM f coXpaHseT Ha |a,b| 3HAaK, TO KBampa-
TYPHBIE CYMMBI CPEIHUX MPAMOYTOIBLHUKOB U TPAENNN MAIOT IBYXCTO-
POHHIE TPUOIVKEHNS K MHTeTPaJTy.

Cocrasnas dopmyiia CuMicoHa:

/ab flz)dz ~

h= Lh2f ().

h:

h N—-1 N
3 f(a)+2kz::1f(a+2kh)+4kz::1f(a+(2kfl)h)+f(b) ,
b—a b—a
hzw, R(f):_ﬁh‘lfjv(f)'

Banaua. IlokasaTs, urto cBoictsa (3) u (4) cocraBHBIX PopMyi (BTOpoe U3
HUX C U3MeHeHumeM mnpencrasieHus s C) COXPAHSAIOTCA U B TOM CIlydae, ecili
cocraBHast popmyia crpourcs Ha ocHoBe NERAWNOMERNOGO pasGuenus orpeska [a, b]

Ha JaCTH.
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84 KsanpaTtypable GOpMysIbI rayccoBa TUIA

Bepremcs k pacemorpenuio dopmyi ¢ Becom w(z). Ha Bcem mpo-
TsKeHUu maparpada QyHKIUo w OyoeM CYNTaTh CyMMUPYEMO, HEOT-
PUIATEIBHON U OTJIMIHON OT HYJIS Ha MHOXKECTBE MOJIOKUTETHHON MEPHI.
Ksanpatypras hopmysia ¢ n y3maMu CONEPKUT 21 MAPAMETPOB — KPO-
Me y370B errte u kospdurnuentor. TpeGoanne, urobur ee ACT Gouta He
HIKe d, HAaraeT Ha 5TH mapaMeTpsl d + 1 yciosue (TowHOCTD mits a7,
j=0,...,d). IlosToMy MOXHO PACCYMTHIBATH HA CYIIECTBOBAHUE KBA-
parypuoit dopmysetl ¢ n y3namu u ACT 2n — 1. O Takux dopmynax u
UmeT peds B 3ToM naparpade. Ho caauama HEKOTOPBIE BCIOMOTATEILHBIE
CBEIIEHUS.

st mommHOMOB f, g OIpemenuM CKaIspHOE TPOU3BENeHIe:

b
(fag)Z/ w(z) f(x)g(z)d.

Omno obnamaeT OGLIYHBIME CBOMCTBAMHI CKAIIPHOIO IPOU3BeneHus: 1) u-
HEeHHOCTh N0 KaxknoMmy aprymesnty, 2) (g, f) = (f,9), 3) (f,f) > 0, u
(f,f) = 0 rorma u Tompko Torma, korma f(x) = 0. Ilonmuuombr f u g
Ha30BeM oproroHanbHbIME, ecyin (f,g) = 0. Eciim f oproromanen g m
g2, TO OH OPTOTOHAJIEH U (V1 g1 + (2g2.

OTMeTUM OUeBUOHBIA (GHAKT: €CIU ¢ — MOJIUHOMBI CTENEHU B
TounocTu k, To m06oit mosmmHOM P, € P, momyckaer mpemcraBieHue
Pn() = 35— ki ().

Teopema 1. CyiiecTByeT W TPUTOM ENWHCTBEHHBIA € TOYHO-
CTBIO [I0 TIOCTOSIHHOT'O MHOXKWTEISI IIOJIMHOM Wy, (), OPTOTOHAJILHBIA BCEM
Gn—1 € P,_1. TlomuHOMBI W,, HA3BIBAIOTCA OPTOTOHAJIBLHBIMU TIOJIMHOMA-
MU.

HoxaszaTtenscTBo. [lomoxum wy = 1.

1) CymecrsoBanue. Meron unnykuuu. I[Ipu n = 1 mocraTouno
HOJIOXKUTh w1 = & — a, te a = (z,1)/(1,1). Oycte s k=1,...,n—1
CYIIECTBOBAHUE Wy, YKe mokaszaHo. [lommaoM

wp(x) = 2" — ap_1wp_1(x) — - — agwo(x), ar = (z",wi)/( Wk, wr),

OPTOTOHAJIEH TIOJIMHOMAM W}, & 3HAYUUT, U BCEM (1 € Pp_1.
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2) Enuacreennocts. Ot mporussoro. Ilycrs w, un w), — nsa op-
TOTOHAJIBHBIX MOJIMHOMA CO CTApUIMMU KoobduuneHtamu a, u a,,. To-
rona wy/a, — wj/a, — MHOTOYIEH CTENEHH He BHIIIE 1 — 1, opToro-
HaJIBHBIN caM cebe M IOTOMY TOXKIECTBEHHO PaBHBIM HYIIIO, TaK YITO
wh = (al,/ap)w,. A

Teopema 2. Bce KOpHI OPTOrOHAJIBHOIO MHOTOWIEHA Wy, (L) Be-
LIECTBEHHBI, PA3IMYHBL U TPUHAIIIEKAT (a, D).

HoxasarTenbcTBo. Ybenumcs, 9To w, umMeer Ha (a,b) n To-
9eK IepeMeHHl 3Haka. llycTs ux m < n u 9TO Z1,...,Ty. LOrga momio-
KIM G (2) = (2 — 21) ... (T — ) € Pp_y. Pysxmms w(z)w(x)gm ()
coxpanser Ha (a,b) 3HaK, U HOTOMY (Wp,qm) 7 0, YTO IPOTHBOPEUUT
optoronaigbpaocTu. M

Teopema 3. Iliia Toro 4Tobbl KBagpaTypHas GopMysia
b n
[ w@)s@is ~ 3" Anf) = Qu(f) 1)
a k=1

nmena ACT 2n — 1, meo6xonuMo 1 JOCTATOYHO:

1) (1) ects MK,

2) y37BI T} CyTh KOPHU OPTOTOHAJILHOTO TIOJIXHOMA, Wy, .

HokazaTensbcTBo. 1) Heo6X0MuMOCTE IEPBOTO YCIIOBUSL CIIELY-
et u3 Teopembl 06 ACT UK®. JTokaxkem HeobxomumocTs BTOporo. [lycrs
(1) Touna mst Beex p € Poy,—y. HomoxuMm wy(2) = (. — x1) ... (. — 2y)
U TyCThb qp—1 € P,,_1 mpoussosnen. Torna wy,qn—1 € Po,—1 1 moTOMY

(wnvqnfl) = ZAkwn(xk)anl(xk) = Oa
k=1

TaK 9TO W, — OPTOTOHAJILHBIN ITOJIMHOM.

2) HocraTtounocTts. IlycTs BemonHens! yenosust 1) u 2). TTokaxem,
YTO (1) TOYHA OJIS BCEX MHOJMHOMOB crTemenu 2n — 1. Bosbmem imoGoi
Takoil nonmuHoM Psy,_1(z) u mo ys3maMm xp IOCTPOMM IJisl HETO WHTEp-
HOJISIIUOHHBIA TOJIMHOM 71 € Pp_1, Tak 910 7p—1(2k) = Pon—1(zk),
k = 1,...,n. Homuaom P, 1 — r,_1 UMeET TOUYKU T CBOUMHU KOP-
HSIMHI, U TOTOMY OEIUTCs Ha wy(x) = ¢(x — 21)...(x — x,), Tak uTo
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Pyn—1(z) = wp(2)gn-1(z) + rn_1(x), rme ¢p—1 € P,_1 — cooTBaeTCTBY-
foree yacTHOe. Y unThiBas, 9To (1) kaxk MK® Touna 1171t BCex MONMMHOMOB
CTeIleHN He BBIIIE N — 1, nMeeM

b

/abw(as)PQn_l(x)dx _ /abw(mn(an)qn_l(a,)dx+ / W)y (2)d =

a

b n
= / w(aj)?‘n_1(£) - ZAkrn—l(mk) =
a k=1

> ApPa (a).

k=1

TTockonmbky KBampaTypHas (GOpMyiia ¢ HEOTPULATEIBHBIM BECOM U 11 Y3-
samu He MoxeT uMerb ACT Gosbire 2n — 1, To 5TuM TeopeMa HOKa3aHa.

Onpenenenne. Popmyna (1), nueroras npu n yzmax ACT 2n—1,
uasbiBaercs FORMULOJ GAUSSOWA T IPA maum FORMULOJ NAIWYS[EJ STE-
PENI TOMNOSTI.

CJ'Ie,E[CTBI/Ie. HpI/I HaAJIO2KEHHBIX Ha BeEC w(x) YCIOBUAX TIPU KaXK-
IOOM N cpopMyna TraycCoBa TUIla CYLIECTBYET U €OAMHCTBECHHA.

OTMmeruM cBOMCTBA (HOPMYI TayCCOBa THIA.

(1) KosbdunumenTsl Takoir GOPMyIIBl HOIOKUTEIbHEE Ay > 0.

HokasaTenbcrro. [lna nommomos [3(x), roe lx(z) — dyn-
IAMEHTAJIbHEIE HOJMHOMBI HHTEPIONAIME 1m0 y3mnaM Tk (lx(z;) = Okj),
uMeroIme cTenesb n — 1, dopmyna Touna. IosTomy

b n
0< / w(z)lf(z)de =Y Ajl(z;) = Ay W
a j=1

(2) ®opmyrma rayccoBa THUIA IMEET IPEACTABIEHNEe OCTATKA B HOp-
Me Jlarpamxka:

b
Ro(f) = Cf M (), aF@ / w(a)w? (x)dz,
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rae wy (L) — OPTOTOHABHBIN MOIMHOM CO CTAPUINM KO3(DOUIEHTOM,
PaBHBIM €IWHUIIE.

Hoxasatenncrso. Hma f € C?Y|a,b] mocrponm spMuTOB-
CKUTl WHTEPIOIANNOHHBIA TOMUMHOM Po,_1 € Po,_1 To y3mam xj Kpat-
voctu 2. Torma

f@—&H@F%%?WWW% (Qn(z) = w2 (2)

n T.K. Rn(PQn_l) = 0, TaK 4TO Rn(f) = Rn(f - P2n—1)7 n Q?L(f) =
Qn(PQn—l)a TO

_ ’ Q n(.’I}) 2n _ 1 b 2 2n
Ro(f) = [ wl@) s e s = G [l @)de 1o0(6)

(MBI BocmOMIB30BaNUCh jemmont u3 §2). M
(3) st ocTaTKa CHIpaBemInBa OLEHKA

b

Ru(f) < 2/ w(@)dz Ban1(f).

a

OTO — HEMOCPENCTBEHHOE CICNCTBHE TeopeMbl 3 u3 §1.
(4) Nnst mio6oi HenpepwisHOU byukuuu f € Cla,b] mpu n — 00

b
Qn(f)—>/ w(z) f(z)dz.

Do HeMemIeHHO cilenyeT u3(3).

Omnpenenenne. KsanpaTypHas GpopMyiia rayccoBa TUIa AL TPO-
mexyTka [—1, 1] ¢ Becom w(z) = 1 mazwisaercs KWADRATURNOJ FORMULOJ
QAUSSA.

Sameuanue. s moboro npomexyTka [a, b bopMyia rayccosa
Tuna ¢ Becom w(x) = 1 nonobua dopmyse Naycca. O6braHO HOPMYIIBL,
nomobubre dopmyte ["aycca, Takxke HasbBaOT Gopmymamu [Maycca.
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Omnpenenenne. MNOGONLENOM BEVANDRA cremenu n HasbIBaeTCa

Po(a) = (;i)!j;(m? — 1y,

Teopema 4. Muorousen Jlexannpa ecTh OpTOTOHAIILHBIN Ha, TTPO-
MmexyTke [—1,1] ¢ Becom w(z) = 1 nomuuoM. Ero crapmmit kosdbdunuesT
paBeH eMUHUIIE.

HokasaTteancTBo. To, uro P, €CcTh MOJUHOM CTEIEHU 7 CO
cTapumM Ko3(QPUIIMEHTOM eOUHUIA, OUYEeBUIHO. IloKaXeM OpTOrOHAIIb-
HOCTb. ¥ UMTHIBas, 4TO Ipu k < n

dk

W(‘/EQ _ 1)n |

r=41 O’

7 MHTETPUPYS [0 YacTAM, IOJIs J00ro moauHoMa ¢p,—1 € P, umeeMm

/71 P (7)gn—1(z)dr = (;n')' / ) %(mz —1)"qp_1(z)dz =

n N ! d"
=(-1) (2771)' [1 Pn(z)dx—nqn_l(x)dz =0,

T.K. J%%—l(x) =0. N

Kopun muOrounena Jlexxanmnpa sSBISIOTCS y37aMi KBAIPATYPHOI
dopmyset [Naycca. CaMm 5TOT MHOTOUIIEH B 3aBUCAMOCTH OT Y€THOCTU WITA
HEYETHOCTH N SBJISETCS Y€THON Wil HedeTHON dyHkuumei. [Tostomy (cM.
Takxke CBOUCTBO (5) u3 §2) BepHa

Teopema 5. ¥Y3mer kBanpaTypHo# dhopmyrsl ['aycca cuvmmeTpuy-
HBl (IIpY HyMepaluy B IOPSIKe BO3PACTAHUS Tk = —Tni1—k), & KOod-
GUIMEHTHI PN CUMMETPUIHBIX y371ax pasHbl (A = A,q1-k).

JIemma. CopaBeniimBo paBeHCTBO

! wa oo (20
Ini/,l(liﬁ) da:f2m.
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,H OKa3aTeJdbCTBO. HpI/IMeHHSI THTETPUPOBaHUE IIO0O YaCTidAM,
nmMeemM

1 1
1
I, = / 1—2>)" 1 —2®)de =1, 1 — 5/ z22(1 — 2%)")dx =
-1 -1
1 1
=lp—1+ % . .’L'[(l — .%'Q)n]/dl‘ =1,_1—

1

711’”
2n

Tak 4o I, = %In_l U OCTAETCs MPUMEHUTH METOI MATEMATHICCKON
MHOyKIun, yauTteBasdg, 94to I, =2. W

Caencrsue. CrpaBeninmBo paBeHCTBO

nl (2t
@n)l @n+ 1)1

1
- / P%(z)dx =2
-1

HoxazaTenbcTBo. UHTErpupys Mo 4acTIM:

Ju= / 1 Py()[(z* = 1)"]Wdz =

n!l,,

1 n!
—(_1\n . (n) T 1‘27 "Ny —
1 oy [ PP @) -1 =

n o
(3mechb yuTeHo, 94To P! )(x) = nl), 1 0OCTAETCsI BOCHOIIB30BATHCS JIEMMOIL.

Teopema 6. Ins xBamparypuoit dopmynsr [laycca npu f €
cen) [—1,1] cupaBenyMBO MpEACTABIEHNE OCTATKA

22n+1 (Tl')4

_ ) = ot
Ru(f) = Caf*(), Cn = (2n+ 1)[(2n)!]>"

HokaszarensbcTBo. CormacHo CcBOWCTBY (2) mOKa3bIBaeMOE
npencrasiierne umeer mecto npu C, = ﬁ Jn. OcTaercs BOCIONB30-

BATBCSI OKA3AHHBIM CIICICTBUAEM U DABEHCTBAMI
@2n+1)!  (2n+1)(2n)!

N —_ on,| Il — =
@n)lt=2"nl,  (2n+ 1 = o)t 27nl .
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3ameuanue 1. [locrosuubie C,, oueHb GpicTpo y6pIBatoT. Ilpu-
BelleM HEeCKOJIbKO IIePBBIX U3 HUX:

1 ! !
37 15750 Tt 3472875

3ameuanue 2. [Ipu n = 1 ¢popmyna Naycca coBnamaer ¢ dop-
MYJION CPEIHUX MPSMOYTOJIBHUKOB.

Sameuanue 3. [Ipu n = 2 B mpencrapiieHne OCTATOYHOTO UJICHA
dopmyner Naycca, kak u mas dopmynsl CUMIICOHA, BXOOUT 4-as IIPO-
U3BOMHAs, HO KO3(MOUIMEHTHI IPU HUX MMEIOT MIPOTHUBOIOIOXKHBIE 3HA-
ku. [TosTomy eciiu ueTBepTas mpous3BogHas QYHKIINNA COXPAHIET 3HAK HA
POMEXYTKe WHTETPUPOBAHU, TO KBAIpaTypHbIe cyMMbl ['aycca (mpm
n = 2) u CuUMICOHA NAIOT NBYCTOPOHHUE NPUOIMKEHUS K MUHTErPAITY.
To xe oTHOCUTCS U K IOCTPOEHHBIM Ha OCHOBE 5TUX (HOPMYJIT COCTABHLIM
KBaIpaTyPHLIM (HOPMYyJIIaM.

3amauya 1. Iloka3aThb OPTOrOHAILHOCTH MHOTOWICHOB YeOblllieBa Ha IIPO-

mexyTke [—1,1] ¢ Becom w(z) = 1/v1 — z2.

Banaua 2. [Iycts z n Ag (K =1,...,n) — y31abl u K0ohdUIUEHTHI GOPMYITHL
rayccoBa Tuna, Wi(z) (k= 0,1,...) — OpTOroHAJIbHbIE IOIMHOMBI, HODMUPOBAHHBIE
ycnosueM (D, D) = 1. HokazaTs, uTo

VA1Bo(z1) VA200(z2) e VARBo(xn)
A= VA& (z1) VA2 (z2) VARD (zn) _

VAIBp—1(z1) VA2Bn-1(z2) ... VApGn—1(zn)
oproronansuas marpuna (AAT = E).

3anaua 3. Vcnonb3yst OpenbIayIIyo 3am1ady, I0Ka3aTh, 94TO KO3GhOUINEeH T
KBaZpaTypPHON (POPMYJIBI IayCcCcoBa THUIIa MOXKHO BBIYHUCIISTE IO hOpMysIaM:

n—1 -1

e DIZHEN)

=0

85 MaTerpupoBanmne MEPUONUIECKUX DYHKITUT

PaccMmoTpum 3amady mocTpoeHnss KBAAPATYPHBIX GOPMYIT BIOA

a+2m n
[ e Y At &
a k=1
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IJTsI THTETPUPOBaHUs 27-niepronndeckux GyHKIuit. BBumy nepronudso-
CTHU CTOSIINNI CIIeBa MHTEIPAIl HE 3aBUCUT OT @, a Y3JIbI GOPMYJIIBI MOXK-
HO CUMTATH IPUHAIJIEKAINAMHA HEKOTOPOMY NIPOMEXKYTKY IJIMHON 27
T <X << xp < T7 27

[Tepuonuueckue byHKIIT €CTECTBEHHO npubImKaTh
TPUTOHOMETPUYECKAMHI TIOJIMHOMAME, # MBI OymeM TOBOPUTH, YTO
(1) uMeeT TPUTOHOMETPHUYECKYIO CTEIEHb TOYHOCTHU d, €CIM OHA TOYHA
IUIsT BCEX TPHUIOHOMETPUUECKUX IIOJIMHOMOB IIODSINKA HE BbIle d 1
HETOUYHA XOThb VI OMHOTO TOJIMHOMA mopsanka d 4+ 1, T.e. OHA TOYHA IS
dyukmuit 1,cosx,sinx, ..., cosdr,sindr u HeTouHa XOTs OBI IS OMHOMN
u3 dysxuumit cos(d 4+ 1), sin(d + 1)z.

Teopema 1. TpuroHomerpudeckas CTEEHb TOYHOCTU HOPMYIIBI
(1) me 6omee, uem n — 1.

HoxazaTensbcTBo. Dynkiusa

To(x) = ] (1 = cos(z — 1))
k=1

€CTb TPUTOHOMETPUYECKUI MOJMHOM mopsnka n. OH IpuHUMAET JIUIIhb
HEOTpUIIATE/IbHbIE 3HAUEHUS, 1 UHTErPAJI OT HErO IOJIOKUTeNeH. B To
JKe BpeMs BO BCEX y3/1aX OH OOpalllaeTcs B HyJlb, U KBaIpPATYPHAS CyMMa
paBHa HyJ0, Tak 910 (1) He TOYHA IUIsl HTOrO TPUTOHOMETPUYECKOTO
nomueoMa. W

Teopema 2. Ksanpatypuas dopmyia

a+2m n—1
[ t@demnY stk =Qu(p) ti=2n/m) (@)

k=0

npu :060M (¢ IMEET TPUTOHOMETPHUECKYIO CTEIeHb TOYHOCTH 7 — 1.

HokazaTenscTBo. Hocrarouno y6enuTses, 9To (2) TOUHA OJ1sl
dyuxmmit €™ mpu m = 0,...,n — 1. [Ipu m = 0 (¢! = 1) unTerpan u
KBampaTypHas cyMMa passsl 27. Ilycts 1 < m < n—1. Torma unrerpan
paseH Hyio. IloncunTaeM KBanpaTypHYIO CyMMY.

n—1

n—1 i

1 imz im(a+kh) ima imkh ima 1—emmh

—Qn(e"?) = g e =e g e =eMmM'—— =0,

h 1 — eimh
k=0 k=0
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T.K. €M = 2™ — 1 a mockomeky 0 < mh < 27, o ™M £ 1. N

Sameuanue 1. Dopmymy (2) masesator FORMULOJ NAIWYS[EJ
TRIGONOMETRINESKOJ STEPENI TOMNOSTI.

3ameuanue 2. Kak yxe oTMeuanocn, Iy MEPUONMIECKUX (yHK-
Uil MHTErpajl, CTOMIIUYA B mpaBoil dacTtu (2), He 3aBUCAT OT . Ecim
cautaTh @ = & — h/2, 10 (2) ecTb cocTaBHAA (DOPMYIIA CPEMHUX IPIMO-
YTONBLHUKOB. ECiu cuuTaTh ¢ = (v 1 MEepPEnncaTh KBAIPATYPHYIO CyMMY
B BUZE

Qulf) = h <1f(a) £ flatkn) + L flat 2w)> ,

2
k=1

To (2) mpemcrameT, Kak cocTaBHas ¢dopmyna Tpanenumit. Takum o6pa-
30M, IPU MHTETPUPOBAHNN NTEPUOANYECKUX (PYHKIINN COCTaBHBIE (DOPMY-
JIBI MIPSMOYTOJIBHUKOB W TPAIENUN MMEIOT HAWBBICIIYIO TPUTOHOMETPH-
YECKYIO CTEIeHb TOYHOCTH.



