I'naBa 3
Permtenne 3anau nuHeilHON aare6phl

§1 HopmMbI BEKTOPOB 11 MaTpUIT

O6o3nauenne: C" — mpOCTPAHCTBO N-MEPHBIX BEKTOPOB C KOM-
IUIEKCHBIMU KOMIOHeHTamu. EcrecTBenubii 6asuc B C" — BeKTOpHI
e = {0k;}7. KOMIOHEHTHI BeKTOPOB &,y OymeM OOBIYHO 0GO3HAUATH:
x = (&1,.-,&), y = (M,.-.,Mn), UX CKAIIPHOE MPOM3BENEHUE —

(SC, y) = ZZ:l fkﬁ_k

Ounpenesnenue. 3anannas na C" Berectsennas Gyukius v(z) |
o6o3Hauaemas o6braHO V() = ||z, obmanaromas CBOCTBAMME:

1) ||z|]| = 0, ||z|| = 0 Torma u Tombko Torma, korna x = 0 (HyIeBOi
BEKTOD),

2) nns mobbix & € C" uw A € C || Az = |A| ||z,

3) mns moberx z,y € C" |lz +y| < |lz[| + [ly[| (meparemcTso
TPEYTOJILHUKA),
Ha3BbIBAETCSI HOPMOU.

Cpasy ke OTMeTUM OYEBHOHOE CIIENCTBUE 3):

4) Tas mobunx 2, € C* |12 - Jyl|< ll2 — gl

Hanbonee ymoTpeGUTENBHBIME SIBIIAIOTCA CIIELYIOIIAE HOPMBIL,
TMeIOTITIe CTeIuaTbHEe 0603HaTeHns !

]2 =

n
Z |€k|? = v/ (z,2) — eBknmmoBa HOpMA, IJIMHA BEKTODA,
k=1

[[£]loc = max[Ex],

n
ERENAE
k=1

1(BTI/I ob603HaUEeHUsT CBSI3aHBI C TEeM, 4TO IIepevdYuc/iaeMble HU2KE HOPMBI sBJIA-

I0TCs wacTHBIME ciydasmu Hopm eavdepa: ||zl = (37_, \5k\P)1/P (p>1).

45
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IIposepka axcuom 1)-3) miist 5TUX HOPM 3JIEMEHTAPHA.

B cuny mepasenctsa Komm - Bynskosckoro |(z,y)| < ||z]2]|y|2-
Kpome Toro, ouesunto mepasercTso |(x,y)| < ||z|1]|y]lco-

IlpuseneM errle ONUMH BaXKHBIN mpuMep HOPMBL Ilycts ¢ (B =
1,...,n) KOMIUIEKCHO3HAYHBIE HEIIPEPHIBHBIE HA [a, b] TuHENHO He3aBUCH-
mble Gpyukiuu. Torga

n

]l = = max | > Eppr(t)
k=1

t€la,b
c [a,b]

Z Ek Pk
=1

ects HOpMa B C". Jloka3aTeabCTBO OUEBUIHO.

Teopema 1 (06 skBuBaseHTHOCTH HOPM). Bee mHOpMBI B C" 5k~
BUBAJIEHTHBL. OTO 3HAUNT, UTO I JOOBIX mByx HOpM || - || m || - ||”
HalimyTcs Takue noctosunsie ¢ u ¢’ aro mig Beex & € C™ BBIIOIHAIOT-
Cs1 HEDABEHCTBA

el < el el < )"

IIokaszaTenbcTBO. MOXHO CUNTATH, YTO ONHA U3 HOPM €CTh

I - |2, @ apyras || - || mponssomsra. Torma
loll = D2 &en|| < D lenl lewll < lalle, & =/ lexll®
B wacrroctn, [||zfl = [lyl| < llo =yl < ¢llz = yll2, Tax wro || - || —

HenpepsibHas Gynkmus. Ha chepe S = {z | |lz]l2 = 1} oma nocruraer
CBOETO MUHUMAJIBHOTO 3HAYEHUs, OTIANIHOTO OT HyJIs, T.K. HA S B HyJb
He obpamaeTcs: mingegs ||| = m > 0. Iusg moboro x # 0 momoxumM
y = x/||x||2; Torma ||z = ||lz|l2 ||yl = m|z||2, Tax aTo mIA mOGOTO X
2l < =] =

Ecnw ncnons30BaTh NPUBENEHHBI BBIMIE IPAMED HOPMBI, TO W3
TeopeMbl 1 HEMEIJIEHHO TIOJTyIrM

Caencrsue. Ilpu 3amanubix n u [a, b] HalimeTcst Takas MOCTOSH-
uasg m > 0, uro mis moboro nomuuoma Py, € P, P, (t) = ag+ -+ -+ ant™
BEITOJIHAETCS HEPABEHCTBO || Py [lcra,) > Mo/ ai.
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OTo cnencTBue GOpMyIIPOBAIOCH B §1 r1aBel 1 B BUIE JIEMMEL.
IlycTs maHbl TOCTENOBATENHHOCTE BEKTOPOB Ty = (£5,...,85) n
BEKTOD T.

Teopema 2. DKBUBAJIEHTHBI YTBEPKICHIUS:

A. Ilpnu Beex k &, — &k,

B. |z, — o] -0,

B. mna Beex y € C™ (x4,y) — (x,y).

HoxaszartenbcrBo. Eciu B. BemonHseTcs nyist KakO#-TO OMHOR
HOPMBI, TO B CHJIy TEOPEMBI 1 U ISl BCEX OCTAJIBHBIX.

1) A=B. Ouesunuo, ecimu || - || = || - |2-

2) B=B. |(z5,1) — (2,9)| < 175 — lallyll>

3) B=-A. Nocrarouno B3sTh y = ¢;,. M

Ecnu Buimonuaeno xoTh omuHo u3 Tpebopaumit A-B (a 3mauwt, u
IBa IPYTHE), TO TOBOPAT, YTO MOCIIENOBATEILHOCTD Ty CXOMUTCI K T
(s — ).

MHOXKeCTBO (KOMITIEKCHBIX ) KBAAPATHBIX MATPHIL TTOPSIIKA 7 060-
sHaauM M,. OneMents MaTpurst A 6ymeM 0603HAYATD Gj;t

a1 N QA1n

A:

anl .- Ann

Enuananyo matpumy Gymem obosHadath F. 3Samamnas ma M, Bere-
cTBenHast Gyukims ||A| HasbBaeTcs wopmot, eciu OHA YIOBIETBOPSET
TpeboBaHUIM:

1) J[A] >0, 4] =0 4 =0,

2) [ AA] = A1 All

3) 4+ Bl < A + B

Kak u 1myist BeKTOpOB, U3 3) ciienyer

2) |IA] - |1BI| < [I4 - BI.

Takum o6paszom, HOpMY B M, MOXHO paccMaTPUBATEL KAK HOPMY
B C". IosToMy B cuity Teopemb 1 Bce HOpMBL B M, SKBHBATEHTHEL.

Ounpenesnenue. Ilycts || - || mekoropas nopma B C". Marpuunas
HOpMA

Ax
[ Al = sup IAz]_ sup || Az|| (1)
z#0 |zl je=1
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HA3BLIBAETCI OMEPamopHoti HOPMOW, TOPOXKIEHHON COOTBETCTBYIOIIEH
BEKTODHOM.

To, uro onpenensemas Gopmymoir (1) GyHKIWMS NEACTBUTENLHO
€CTh HOpMa, IPOBEPSIeTCS dIeMeHTapHo. Ecnn || - || — omepaTopHas HOp-
Ma, TO moMuMO 1)-4) oHa 0651amaeT elre JIerko MPOBEPIEMbIMU CBORCTBA-
MU

5) mis Beex BekTopoB || Az| < ||A|| ||#|| u cymecrByeT Taxoit
sexctop o, 70 a0 = 1, | Azo| = ||,

6) 2] -1,

7) [AB| < |1l |B].

8) mst nmo6oro cobereerHoro uncna MaTpunsl A A < || A]|.

PaCCMOTpI/IM IIOCI€OOBATCIIBHOCTE MaTPUIL

S S
afy ... aj,

u MaTpuiy A.

Teopema 3. DKBUBAIECHTHBI YTBEPKICHUS:

A. npu Beex k, j aj; — akj,

B. ||As — A]| — 0,

B. mna Bcex x Asx — Ax,

I omasecex xuy (Asz,y) — (Azx,y).

HoxaszartenbcTBo. Kak u B Teopeme 2, HopMa B b mpon3sBoiib-
HA.

A<B — u3 Teopemsr 2.

B=-B. IIns oneparoproit HopMsI || Az — Azl < ||As — Al ||z]].

BT, |(Aut,y) — (Az,p)| < | Asz — Azl lylla,

I'=-A. IloctaTouHo paccMOTpeTh & =€, Yy =e;. M

Ompenenenne CXOMUMOCTH TIOCTENOBATEILHOCTA MATPHUIl MAETCS
TaK ke, KaK IJIs1 BEKTOPOB.

OmnepaTopHblE HOPMBI MATPUIIBI, TIOPOXKIEHHBIE BBEIEHHLIMU BhI-
e BeKTOPHBIMU || - ||2, || * |loo 1 || - ||1, mOMeUatoTCS TEMU K€ 3HAYUKAMUL.

Teopema 4. CrupaBeminBel PABEHCTBA:

Al = max 3 Ja . @
J



1Al = m?XZIijI, 3)
k
14]lz = VA, (4)

rme A — MakcEMaibHOE COGCTBEHHOE UICIIo MAaTpHIbe A* A.
HokasatenbcTBo. 1) OGo3HAUNM TPaBYIO YacTh (2) 3 U TO-
moxuMm y = Az. Torma

el = Y ars&s| < sl oo
J

rax 410 | 42]o0 = oo < #llelloo 1 [ Alle < 5. TIyers 5 = X3, lapog].
TomoxumM &; = signak,;, y = Az. Torma ||z]le = 1, Nk, = 5, |AZ|lco =
lylloo = 7 m moTOMY ||Allce > .

2) Ilycts » — mpasas gacThb (3), Az = y.

Iyl =D 1 ari&s| < D 161D larg] < sl

u ||Alj1 < s Ilyers ¢ = ), |akj,|. Torma s BekTOpa & = €j, nMeeM
lally =1, [Aally =, m [l > .

3) Matpuna A*A spmurosa. Bce ee coGCcTBEHHBIE UMCIIa BeIlie-
CTBEHHbI, HEOTPUUATEIbHLI, I OHA MMEeT MOJIHYI0 OPTOTOHAJIBHYIO CH-
creMy coGCTBeHHBIX BeKTOPOB. Ilycte A1 > Ay > --- > A, (A = Aq) Bee
ee CODCTBEHHBIE UUCIIA U 21, ..., 2Zp — COOTBETCTBYIOIIUE COOCTBEHHBIE
BEKTODBL, Takue 9T0 (2k, z;) = Ok;. IIPOU3BOILHLIN BEKTOP & Pa3IIOKIM
Mo TUM BeKTOpaM: T = Y aizk. Torma ||z||3 = (z,2) = |ax|* n

|A2||3 = (Aw, Az) = (2, A" Az) =Y Aglar]* < All][3.

Tak uro || A2 < VA. B T0 xe Bpems | Az |3 = (Az1, Azy) = A(z1, 21) =
Al u 4], > VA, ®

2KopHn m3 COGCTBEHHBIX UHCET MATPHUILI A* A HA3BIBAIOTCA CUMYATPHIMU
yucaamu MATpULbl A.
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CaencrBue. Ecim marpuna A spmurosa, 1o ||All2 = max |k,
rme Ay — COOCTBEHHBIE YMCIIa CaMON MATPUILL A.

INokazaTeabcTBO. B apmuToBoM ciyuae A*A = A2 u cob-
CTBEHHBIE YNCIIA 3TOU MATPUILI CYyTh KBAIPATHI COOGCTBEHHBIX UMCEIT
marpunsl A. W

Teopema 5. Ilux || A||2 cupaBensuse oneHku:

1Al < [ lawil?, 11All2 < VAl [ Al
kg

Ooxasareabcrso. 1) Mna y = Az nmeem

2
3 =Y 1> ars&| <D D lasl | | DG | =
k|7 K \J J
= [l3> > laws]*.
kg

2) |45 = A < [|A*Alr < Al A%]: = A1 Allo. ™

3anmaua 1. [okasarb, uTo mjs HOpM [enbmepa mpu ¢ — OO BBIIOIHSIETCS

COOTHOLIIEHIEe
n 1/q
lzllq = (Z |£kq> = llzlloo-
k=1
Banaua 2. Ilycts B HeocoGennas marpuua u ||.|| — BexTopnas nopma. Ilo-
soxum ||z||” = ||Bz||. Hokaszars, uto || - || Tak:ke HOpMa, U HAfTH BBIpaXKEHUE IIs

TOPOXKIEHHOW H3TON HOPMOW OIePaTOPHON MATPUUHON.
3anaua 3. [lns p u ¢, IPUHUMAOIIUX HE3aBUCUMO OAPYT OT OPYra 3HAYEHUS
1, 2, 0o, HalITH
=l 1Al
secn llzllg”  aem, IAllg”

OﬁpaTI/ITL BHUMaHNE Ha 3aBUCUMOCTBH 5TUX BEJIMYUH OT 7.

§2 MaTpuunas reoMeTpUdecKas IPOTPECCUs
U HEKOTOPBIE OIIEHKU
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B aTom §, ecniu He OTOBOpPEHO IPOTUBHOE, MBI BCET A CANTAEM, ITO
3allaHa TPOM3BOILHAS BEKTOPHAS HOPMA, a HOPMa MATPHUIILI — BCETOA
MTOPOXKIEHHAS HTOI BEKTOPHOI OITepaTOPHAs HOPMA.

IIycte A € M,, — mekoTopast maTpuna. MaTpudras reoMmeTpude-
CKasl IpOTpeccusi — MocenoBaTeabuocTh A°. Bonpoc: korma A — 07

JIemma 1. Ecin |A| < 1, v € N, To CYA*™Y — 0 mpu s — o0.
HoxkasaTeabcTBO crenyeT u3 Toro, uro C¥ < s”. W

JIemma 2. Ilycts

A 10 0
0 A 1 0
D,=| 0 0 A 0 | em, (1)

0 0 0 0 A
Ecmu |\ < 1, To D — 0.
IIokaszaTtenscTBOo. HoCTaTOYHO MOKA3aTh, YTO MpU Bcex k

D?er — 0. Bemem o6oznauenue: e, = 0 npu k < 0. Torma Dyep =
Aeg + ex—1 U MEeTOmOM MHOYKIINK JIETKO MOKA3LIBAETCSI, YTO

S
Dier = E CiN"ep_y.
v=0

Ipu s >k —1
k—1

Dflek = E C:)\Siyek_,,.
v=0
Ucnonb3ys memmy 1, momyuaem TpeGyemoe. M

Onpenenenne. CnexTpaiabHBIM paamycoM MaTpunsl A (06o3HA-
uenue p(A)) Ha3bIBAETCS MAKCUMAJIBHBIA M3 MOMYJIEll ee COOCTBEHHBIX
qmcert.

Teopema 1. Il Toro urober A° — 0, HEOOXOMUMO U JOCTATOYHO
BBIMONTHeHe HepaseHcTBa p(A) < 1.

HokasarenscTro. 1) Heobxomumocts. OT DPOTHBHOTO.
IIycTte maTpuma A mMmeeT Takoe COGCTBEHHOE 4UCiO, 4TO |[A| > 1 m
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IyCTh 2z — COOTBETCTBYIOIIUI COGCTBEHHLI BeKTOp. Torma ||ASz|| =
[AI%]|z]| = 0 m A% - 0.

2) HocTaTO4HOCTH JIErKO MOKA3bIBAETCs, eciaun A mMeeT MOIHYIO
cuCTEeMy COGCTBEHHBIX BEKTOPOB, HO IIPEIONAraTh 9TO MBI He OyneM U
BOCIIONBb3yeMcs Il A xaHoHMYIeckoi dopmoit 2Kopnana: A = BDB™!,
rue
D, 0 ... 0
D_ 0 Dp, ... 0

0 0 0 Dy,
D,,, — maTpumsr Buna (1) ¢ COGCTBEHHBIMI YHCIAME \j MATDPHILL A Ha
rinasHoi muaronamm. Torma A® = BD*B~!, mpuuem
D, 0 ... 0
| 0 Dio o0
0 0 0 Dy,
u B caygae p(A) <1 D°*—0. W

PaccMoTpuM Temepb CyMMy YIEHOB MATPUUHON T€OMETPUICCKON
nporpeccun (psim)

E+A+A+A%+.... (2)

Teopema 2. st Toro 9Tobsl pan (2) cXOmmWics, HeOGXOAUMO 1
nocratouno p(A) < 1. B crywae cxommvocTn ero cymma S = (E— A)~ L.

HoxaszaTenncTBOo. HeobxomumocTs ciaemyeT 3 TOro, 9To 06-
I 9IIEH CXOMAIIErOCs PANa O0sI3aH CTPEMUTHLCSI K HYJIO, U T€OPEMbI
1.

Hocrarounocts. Ilycts S, — wactHas cymma psina. Torma (E —
A)S,, = E— A™tl. Tx. 1 me ecTb COBCTBEHHOE UMCIO MATPHUILI A
(p(A) < 1), To cymectsyer (E— A)~™t u S, = (E — A)~}(E — A™T1).
Ocraercs meperitu K mpeneny npu m — oo. W

Cnencreme. Ecmu ||A|| < 13, To pan (2) cxonmTes, MaTpuia
E — A neocobennas u

1

I8 =70 < = (3)

3HamomuuM, uto ||A|| — omepaTophas HOpMA.
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HokaszaTenbcTBO Tpebyercs muib i (3):

1

—. N
1—[|A]

1Smll < 1+ A+ A + - + [ AI™ <

Omnpenenenne. ["oBopsaT, uTo A MaTpHUIA ¢ MTUATOHAIILHBIM MIPE-
obiamaHreM, eciii Ipu Beex k

lakk] > Y lax;l-

i#k

Teopema 3 (mpusnak Amamapa). Marpuna ¢ nuaroHaIbHBIM
npeobiaganueM HeOCOOEHHAs.

IHoxaszaTenbcTBo. uaroHajabHbe 3JIEMEHTHI MATPUILI A OT-
JIMYHBL OT HYJIA, U OHa nomyckaer npencrasienne A = D(E + R), roe

a1 0 e 0
D= 0 a99 . 0
00 . am
0 aiz/ai1 ... aip/ai
R = as1 /a2 0 ... Gan/az
Gntfann Gnafann ... O

3nech || Rl < 1, mosTomy maTpuna E+ R obparuma u A npencrasieHa
B BUIE TPOM3BENCHNS NBYX 00paTuMbix Marpurn. M

3ameuvanme. Tak Kak HEOCOGEHHOCTH MATPUIILI BJIEYET U HEOCO-
GEHHOCTH TPAHCIOHUPOBAHHOM, TO I HEOCOOEHHOCTH MATPHIILI MOCTA~
TOYHO U “OUATOHAIBLHOTO MPEoOIadaHus B CTOIONAX” .

Ounpenesienune. Kpyramu INepruropusa MaTpuiter A Ha3eIBAIOTCA
KPYTH HA KOMIIJIEKCHOU IIOCKOCTH

Ap={XeC| |)\*akk|§2|akj|}'
7k
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Teopema 4. Bce co6cTBennnle unciia MaTpuibl A comepxarcs B
obbenuueHnn ee Kpyros ['epriuropusa.

MoxazarenscTtro. Eem A ¢ Ay, To |agy — Al > D05 fakgl,
Tak uTo eciau A ¢ UAg, To A — AF Marpuna ¢ AUaroHaIbHBIM Ipeobiia-
nmanueM u motomy Heocobernas. M

3ameuanue. Touno Tak ke Bce COOCTBEHHBIE UNCIIA CONEPKAT-
cs B Kpyrax ['epriropusa TpaHCHOHIPOBAHHOM MaTPUIILL.

IlycTs mcxomuble maHHBIE B KAKOH-TO 3a0ate BEIUNACICHIS U3BECT-
HBI HaM HeTOYHO. OmubKa B PEIIeHnH, BEI3BAHHAS HETOIHOCTHIO UCXOT-
HBIX IAHHBIX, HA3BIBAETCS HEYCMPAHUMOTU. 3aiMeMCsI OIIEHKOI HEyCTpa-
HIMOW OImMOKW B 3amadax OOpaIlleHus MaTPUIl W PEIIeHUs CUCTEM JII-
HEeMHBbIX ypaBHEHU.

Teopema 5. Ilycrs marpuma A meocobemmas u marpuma AA
takosa, uto ||A7Y|||AA] < 1. Torma marpuna A + AA Taxxe HEoco-
GEHHAS U BBITIOJTHAIOTCS OICHKA

. 1A
A+ AN < ,
It I < T A
e IATYRIAAY
lA+ a4t Ay < AT .
T AT TAA]

HoxaszaTrenbcTBo. Ilo ciencreuio u3 TeopeMsr 2 MaTpuiia £+
A71AA obpatuma

1

(B + AT AT < o
L [lAf|AA]

Tx. A+ AA = AE + A7'AA), to cymectsyer (A + AA)~™! =
(E+ A7'AA)"1A™L oTkynma cpasy xe cremyeT TiepBas W3 IMOKA3BIBa-
eMEIX OIeHOK. I[OKayeM BTOPYIO:

(A+AA)™ — A =[E- AN A+ AA)J(A+AA) ! =
= —ATTAAA+AA)T!

U OCTaeTCs IPUMEHUTH MIEPBYIO, yKe NOKa3aHHyio, oneHky. M
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O6paTuMcsl K 3amade PEIIeHUs CUCTEM JIMHEHHBIX yDABHEHWUI.
IlycTs " — perrierne cuCTeMbI TUHEHHBIX YPaBHEHUN

Ax =y, (4)
a * + Axr — cucrteMbl ypaBHeHU

(A+AA)z =y + Ay.

Teopema 6. Ilycts matpuma A o6patmva u ||A7Y| [|AA| < 1%
Torna
A~
[AHH[AA]

HoxazaTenascTBO. BBemem emte ¥ + Ajx — perierne cucre-
™Mbl ypaBaenuit Ax =y + Ay. Torma

1Azl < 7— [IAA[ |z + | Ayll].

Ayz = A Ay, (| Aga]| < AT Ay,

(A4 AA)(z" + A1) =y + Ay + AA(z™ + Ajz),
(A+ AA)(Az — Arz) = —AA(z* + Ay).

Wcmone3syst Teopemy 5:

AT TAA]
Az — Azl < || + |Arz|]) <
l 1< P IRAL o)+ 2w
AT IAA] 1
< - ([l + A | Ayl])-
L— A= [[AA]

Ocraercs, nCHob3y st MOy I€HHY IO OIEHKY 171 || A1z, TpuMeHuTH HEepa-
BeHCTBO Tpeyrombruka: ||Az| < [|[Az — Arz| + ||Arz]]. W

3ameganue. g TOro 4To6El N36€KATH B IPABOI YACTH OIECH-
KI HEM3BECTHON HAM BEJIMUMHLL ||2* ||, MOXKHO BOCIONTB30BATHCST HEDABEH-
crsom [l < [[A7H[ ly]l.

43amernM, uTo B cuty TeopeMsr 5 Torma u A + AA obpaTumMa.



56

B Teopemax 5 u 6 peus 1nuta 06 a6coa0mMHbIT TOTPEIITHOCTSIX. BBe-
IIEM OMHOCUMEAbHbIE TTOTPEIITHOCTH:

[AA] Ayl o, [A+AA)T - AT | Az]
sA =120 5y = D2V 541 = , 0z = .
Al Iyl A=l [l |l

Onpenenenne. Ilycte A meocoGennas marpuna. ducaom o06y-
CAOBACHHOCTNU MAMPUYLL A HABBIBAETCS

u(A) = A A7

3necs || Al| — oneparTopHas HOpMa MATPULBI, TAK YTO YUCIIO 00Y-
CIIOBJIEHHOCTH, KaK 1 OIlepaTOPHAas MaTPUYHAS HOPMa, CBI3aHO C BBEIEH-
woit B8 C™ BexTOpHO# HOpMOI. Eciu mociiemusst mnoMeyeHa KakKuM-HuOyIb
3HAUKOM, TO TeM ke 3HaukoM moMeuaetcs u (i A). Hanpumep, eskmumo-
BOIl BEKTOPHOW HOPME COOTBETCTBYET fia(A).

Teopema 7. Ilycts A ob6parumas marpuna. Ecmm pu(A)dA < 1,
TO
wAPA e A e s,

,1<7
AT ST ea *TS T pana

HoxaszatenbcTso. Iockomeky u(A)6A = [|[A7Y| ||AA|, To B
cuy teopeMmbl 5 A + AA ob6paruma. Ilo Toit ke Teopeme

it o IATIAAL a4
S T JA-TAA] ~ T- (454

TlepetineM K MOKa3aTENbLCTBY BTOPOil oneHku. 1lo Teopeme 6 (mcmomb3ys

pasenctso || A7 |AAl = pu(A)SA)

| ) |Ay||)
r < ——— A)GA + | AT .
T Ay 4 <“( oA+ 1A

Ocraercs oueHuthb ||z*|| cHmsy u3 Hepasencrma |yl = [Az*|| <

Al [z =
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3anaua 1. [lokasaTs, 4TO B Cily4ae S5PMUTOBON MaTpUIbl A

max [Ag|
p2(A) = —~—,
min [Ag|

rae A\ — COOCTBEHHBIE YMCIIa MaTPULBL A.
Bapmaua 2. IlokasaTsb, 4TO I 1060 MaTpulbl A 1 1060 OnepaTOPHOI
HOPMBI BBINOJIHAETCS PABEHCTBO

Jim /AT = p(A).

83 Bompocsl ycTONYNBOCTE B 3aa4ue Ha COOCTBEHHBIE 3HAUEHUS

PaccmoTpum Bompoc, HACKOTBKO MOTYT M3MEHSITHCS COOCTBEHHbBIE
q1CIIa U BEKTOPBI MaTPUIILI TPU MAJIOM ee Bo3MmyIlieHun. Haurem ¢ mpu-
MEpPOB, KOTOPbIE WIIIIOCTPUPYIOT Te€ TPYIHOCTHU, KOTOPBIE MOTYT 31IeCh
BO3HUKHYTh.

ITpumep 1. IlycTs

1 1 0 0
A — 0 1 1 0 ,
€ 0 0o ... 1

Tak uro A. € M, ornuuaercs or “kKaHoHmYecKoro sinmka 2Kopmana” c
eNVHUIAMI HA TJIABHON NMATOHAJIN JIUIIH OMHUM 3JIEMEHTOM: “B JIEBOM
HkHeM yriry” crouT € > 0. Y matpurer Ag A = 1 sBasercst cobcTBeH-
HBIM 4YHCJIOM KpaTHOCTH 1. IIpu € > 0 Bce cOOCTBEHHEBIE YnCIIa MATPUIIBI
A, pasmmunbr: A\, = 1+ {I/Eeﬂ“k/”, rme k =0,...,n — 1. Orcrona nsa
BBIBOMA. BO-TIEPBBIX, KPATHOCTH COOCTBEHHOIO UHCIIa HEYCTOMIMBA IO
OTHOIIIEHWIO K MAJIBIM BO3MYIIEHWUSIM MATPUIbl. BO-BTOPBIX, B CIIydae
KPATHOTO COGCTBEHHOTO UHCIIA €r0 BO3MYIIIEHNE MOXET UMETh MEHBIINI
OPSIIOK MAaJIOCTHU, UeM BO3MYIIIEHNE CAMON MATpUlbl. Tak, Hampumep,
npu n = 10 u ¢ = 1070 okaxerca \g = 1.1.

ITpumep 2. PaccmoTpuM MaTpuis:

[ 1+4¢€ 0 -
Al( 0 15)’ A2<5 1)’
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y o6enx 3Tux O/IM3KNX IIPU MaJjiOM € MaTPUIIAX OOHU U Te XK€ COOCTBEH-
Hele yncaa 1+ € um 1 — &, HO COGCTBEHHBIE BEKTOPHI, HOPMUPOBAHHBIE
ycnosueM | z||2 = 1, y nepsoit u3 mux (1,0) u (0,1), a y BTOpOI %(1, 1)
u \%(1, —1)). Takum ofpa3soM, B Cilyuae Hanuuus OIM3KUX COOCTBEH-
HBIX 9UCEJT MAaJIBle BO3MYITEHWS MATPUIBI MOTYT KAPAWHAILHO MEHSATH
cucTeMy €€ COOCTBEHHBIX BEKTOPOB.

Hanpine OymeM paccMaTpUBATH CIIydail TPOCTOTO COOCTBEHHOTO
qucna.

Ilyctes Ag € M, A\g — mpocToe COBCTBEHHOE YUCIIO STOM MaTpu-
UL U Z) — COOTBETCTBYIOIINI COOCTBEHHBIN BEKTOD. Y CTONYUBOCTH Ao U
Zp O3HAYAET, YTO MAJIble M3MEHEHUS MATPUILI Ay BBI3BIBAIOT MAJILIE U3-
MEHEHUs \g U 2, T.e. npu Majon marpune AA marpuna Ag+ AA Gyner
“MEeTHh COOCTBEHHOE UMCIO Ag + AN U COOTBETCTBYIOIINN COOCTBEHHBIN
BeKTOp 29 + Az, tme AX u Az mambl. [lockoabKy COGCTBEHHBIN BEK-
TOD OIIPENeNIeH ¢ TOYHOCTBIO OO MHOXKUTEJSI, €CTECTBEHHO CUUTATH €ro
HOPMUPOBAHHBIM KAKUM-IU00 yCIOBUEM M TEM K€ YCIIOBHEM HOPMUPO-
BaHHBIM BEKTOp 2o + Az. Ilist ompenenennocTu GyneM MpeNnoiaraTh,
9TO 71 HEKOTOPOTO BEKTOPA Yo OTIUIHO OT HYJIsS CKAJSPHOE IIPOU3Be-
nenve (20, Yp) U B KAUeCTBE HOPMUPYIOIIETO YCIIOBUSL IJIsi COBCTBEHHOTO
BEKTOpa BbIOEpeM

(2,90) = 1. (1)

Teopema 1. Eciau )y ecThb mpocToe cOGCTBEHHOE YNCITO MATPHUITHI
Ap, TO B HEKOTOPOII OKPECTHOCTH 3TON MATPUIILI COGCTBEHHBIE YUCIIO U
BeKTOp (HOpMUpPOBaHHBIN ycnoBueM (1)) cyTh HempepsIBHO nubdepeHiy-
pyeMble GYHKINN €€ HIIeMEHTOB’.

HoxaszarenbcTBo HaureM ¢ A. Ilycts P(A,\) — xapakte-
puctudeckuit noausoM MaTpuikl A. Ero kosddunumenTs cyTh HEmpe-
peiBHO muddepeHuupyemMble (M Oaxe IOINHOMUAJBLHBIE) GOYHKIUNA Hile-

menToB MaTpuiibl A. Ilockormbky A9 — mpocToe cOGCTBEHHOE YUCIIO, B

5910 o3Hauaer, uTo B HeKoTOpOIt o6acTu ||A — Aol < € (¢ > 0) cymrecTsy-
10T HenpepbiBHO nuddeperuupyembie GyHkumuua A\(A) u z(A) snemenToB MaTpunsl A,
Takue 9T0 A(Ag) = Ao, 2(Ao) = 20 u npu Bcex A u3 sroit obnactu A(A) ecTb cob-
CcTBeHHOE unciio MaTpunsl A, a z(A) — COOTBETCTBYIOLIMIT éMy COGCTBEHHBI BEKTOD,
HOpMEpOBaHHE ycnosueM (1). Kak Gyner BUOHO M3 NOKa3aTENbCTBA, MOXKHO yTBED-
KnaTh, aTo A(A) u 2(A) asusiorcs 6eckoreuHo nuBGEPEeHINPYEMBIMEI (DY HKIMSIMUA.
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touke (Ag, \g) Oymer %P(A, A) # 0, 1 IO TeopeMe O HESBHBIX (DyHK-
UUAX B HEKOTOPOU okpecTHOCTH A KOpenb A(A) xapaxTepucTuIecKoro
nonuHOMa (T.€. COGCTBEHHOE UMCIIO MATPUIBI A) eCTh HENPEPHIBHO Aud-
depennupyeMast GyHKIUS SIEMEHTOB MATPUILL A.

Matpuma Ay — A\gl mMeeT HyJIEBOU OMpENeNNTeb, U HE yYMAJISS
obirHOCTH OymeM CUMTATB, UTO €€ MepBas CTPOKAa eCTh JIMHEeWHAas KOM-
OGUHAIMS OCTAIBHBIX CTPOK. Kaxmoit 6muskoit Kk Ag MaTpuie A u auciy
A, GruskoMy K Mg, comoctasuMm matpuity B(A,\), koTopas momyuaercs
un3 MaTpunsl A — AE 3aMeHOI ee IepBOI CTPOKU Ha BEKTOP Y. lorma
marpuna B(Ag, A\g) HeoCOOEHHAs, TOCKOJILKY BEKTOD 2( €CTh e0UHCMEEeH-
noe perenue cucteMmbl ypasaenuin B(Ag, \g)z = e1. Ecau Bosmyiuenus
MaTpuisl Ag 1 qmena Ag JOCTaTOUHO Masibl, TO MaTpuna B(A, \) Takxe
6ymeT HeoCOGEHHOM, pUYeM 3jIeMeHTE obpaTHo# MaTpmisl B~ (A, \)
CYTb HEIPEPBIBHO nuddepertpyeMbie GyHknuu MaTpunbl A u A. Umen-
HO TONBKO Takue A u A MbI GyIeM Tenepb pacCMaTpPUBATD.

Cucrema ypasrenuit B(A, \)z = e; onpenernsieT z Kak HESBHYIO
HeTpepLIBHO nuddepeHnupyemyo GyHKIuo apryMmeHToB A u A: z(A4, \).
Torna z(A) = z(A, M(A)) ecTb HenmpepriBHO HuddepeHIIpyeMast yHK-
st sseMenToB MaTpunbl A. Ocraercs mokasars, uto z(A) ecTb co6-
CTBEHHBIII BEKTOP MATPULLL A, COOTBETCTBYIOMIMUI COOCTBEHHOMY UHCITY
A(A). HeitictBurensuo, crpoku Marpunsl A — A(A)E, Hauunas co BTOPOil
IO TIOCJIENHION0, JIMHENHO He3aBUCUMBI, T.K. OHU YK€ — CTPOKU HEOCOGEH-
Hoit maTpuusl B(A, A(A)). Ho cama marpuna A — \(A)E ocobennast, u
MOYTOMY €€ TepBasi CTPOKA €CTh JIMHENHAsT KOMOUHAINS OCTAJIBHBIX. [10-
3TOMY, OYIyYun OPTOTOHAJILHBIM CTPOKAM CO BTOPOU IO N-10 3TON MaTpPU-
1bl, BeKTOD z(A) OPTOrOHAJIEH U MIEPBOI, T.€. CTh COGCTBEHHBIN BEKTOD
matpunst A. W

Cremnenb yCTORINBOCTU TPOCTOTO COOCTBEHHOTO YUCIIA U €r0 COb-
CTBEHHOTO BEKTOPA 3aBUCUT OT BeJIMUNHBI X IIPOU3BOMHBIX IO dJIEMEH-
tam Marpunsl A. IlomyuaTbs COOTBETCTBYIOIME OIEHKH MBI OyIEM B
[IPEOIIOIOKEHNN, ITO 6ce COOCTBEHHBIE UUCIIa MATPUILI Ay IPOCTHIE.

Wraxk, mycTtb A1, ..., A, — BCe U IPUTOM Pa3IndHbe COGCTBEHHLIE
quesaa MaTpuisl Ag, 21, ...,%n, — COOTBETCTBYIOIINE UM COOCTBEHHBIE
BEKTOPHI. KOMIIJIEKCHO CONPSIKEHHBIE Af, ..., A, — COOCTBEHHLIE UNC-

JIa COIPSIKEHHON MaTpUIEl A, 1 MyCTb Y1, .. ., Yp — COOTBETCTBYIOLINE
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CcOOCTBEHHBIE BEKTOPHI. OJTHU IOC/IENHNE MBI CINTaeM (PUKCHPOBAHHBIMUA
U B KadecTBe HODMUPYIOLIETO yCJIOBHUS IS BEKTOPA 2 U COOTBETCTBY-
FOIIIETO BEKTOPA BO3MYILIEHHON MATPHILI BeIGepeM (2, yx) = 1, Tak uTo

(2k,Y5) = Orj-

Iycte AA — wmasoe Bo3mytenne mMaTpuiibl Ag, a Al u Azg
— BBI3BAHHBIE UM BO3MYILEHUs COOCTBEHHBIX YUCEINl U BEKTOPOB (B CUILY
HopMupyiorero yciosus (Azg,yi) = 0). Torma

(Ag + AA) (21, + Az) = (Mg + AXg) (21 + Azg).
Tlepexons x muddepeniimaam:
(dA)z + Ao dzi, = Mg dzi + dA\g 2. (2)
YMHOXKIM 9TO PAaBEHCTBO CKAJIIPHO Ha Yt
((dA)Zk,yj) + (Ao(dzk),yj) = Me(dzk, y5) + dhi(2k, Yj)- (3)

Bnecy (Ao(dzi),y;) = (dzi, Ajy;) = Aj(dzk,y;), Tak uTo (3) MOxeT
OBbITH TIEPETNCAHO B BUIIE

((dA)zk,y5) = Ak — Aj)(dzr, y;) + dAi 2k, y;)- (4)

B cuty mOpMupyIommero ycnosus (zj, yi) = 1, mostoMmy npm j = k paBen-
cTBO (4) maer

|dAe] = ((dA)zx, yn)| < [ldAl|2]|ze]l2[lyell2 = cxl|dAll2.

3necs
|2k M2l ys |2

| (2, )|

Tlocnenusst gopmyrna smydire B TOM OTHOIIEHWM, YTO OHA HE CBS3aHA C

cx = |lzkll2llyxll2 =

HOPMEPYIOIIIM yCJIOBAEM — HAIUCAHHOE OTHOIIEHNE WHBAPUAHTHO OT-
HOCHUTEILHO /10601 HOPMUAPOBKYU BEKTOPOB 2k U Y. UUCIO C; HA3LIBAETCS
K03 Puyuenmom nepexoca MaTpUILl Ay, COOTBETCTBYIOIINM COOCTBEH-
HOMy uncity Ar. OueBumno, uTo Beerma cx > 1, a IJIs 9pMUTOBBIX MaT-
purn ¢, = 1. UTak, 3amada HAXOXKIEHWS MTPOCTOTO COOCTBEHHOTO YUCIIA
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MAaTPHIILI XOPOIIO 00yCIOBIICHA, €CH TOIBKO COOTBETCTBYIOIINI STOMY
THCTY KO3(DGhUIIEHT IepeKoca HeBeluK.

OGparumces k cobcTBeHHBIM BekTopaM. [Ipu j # k (z,y;) =0 n
u3 dbopmynst (4) cmenyer

(dzr, yj) = ((dA)zk, y5) / Ak = Aj)-

Paszmoxmm BekTOp dzp MmO BekTOpaM z;: dzp = 2?21 OjZj, Olkj
(dzk,y;). Torma B cuity HOPMEPYIOIIETO yCIOBHS (v, = 0 u mpu j # k

|((dA)zk, y;)| < IdAllallzxl2]ly; 2

agqi| = ,
owl = TN S e A

OTKyIa

n /!

lldzs - |\Za||2|\yy||2 2
< ldAl; §j = lldA]2y"

Taxll> A 24—

IITpux y cymMMBI O3HAYAET, UITO CIATAEMOE C HOMEPOM Kk OTCYTCTBYeT —
agr = 0 BBumy HOpMEpYOLIEro ycimopus. Mrak, 3amada OTBICKAHUS COO-
CTBEHHOTO BEKTOPa, COOTBETCTBYIOIIIETO IIPOCTOMY COOCTBEHHOMY YHUCILY,
XOPOIIIO 00YCIIOBJIEHA, €CIIN 3TO COOCTBEHHOE UNCIIO JOCTATOYHO HTAJIEKO
OTCTOUT OT OCTAJILHBIX COOCTBEHHBLIX YHCETI U BCe KOIDDUITMEHTHI IEPe-
KOCA HEBENMKU. BIpodyeM, HEKOTOPYIO POJIb 3[€Ch UT'PAET EIlle MOPSIOK
7. MaTPUIILL.

B ciyuae spMuToBoit MaTpuiisl A MOXHO yKa3aTh OIEHKY BO3MY-
ieHnsT COOCTBEHHLIX UMCEsI, BBI3BAaHHOrO BosMmylmenumeM AA, ecim AA
TaKXKe SPMUTOBA MATPHUIA. OJTa OIEHKA CBA3aHA C SKCTPEMAJILHBIMUA
CBOMCTBAME COGCTBEHHBIX YUCEIT SPMUTOBBIX MATPHII.

Ilycre maTpuma A € M, spMuToBa, A1 > Ay > -+ > A\, —
ee COBCTBEHHBIE YHUCIIA, Z1,...,Z%Z; — COOTBETCTBYIOIINE COOCTBEHHBIE
BEKTODEL, BEIODAHHBIE TaK, 9TO (2, 2j) = Of;.

Teopema 2. CrnpaBeniuBel PABEHCTBA!

A = max{ (Az,z) | ||zlo=1,(z,2;) =0 mpnj=1,....k—1}.
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HoxaszaTenbcTBO. BekTop Z, ymOBIETBOPSIOUMI BBHIIUCAH-
HBIM yCIIOBUSM, PA3JIOKNIM TI0 BEKTOPaM z,,. KosbduunenTs: npnu z, s
v=1,...,k — 1 0KaxyTCs paBHBIMU HYIIO, I T = Y _, (4%, IPHIEM
S law)? = ||z|3 = 1. TlosTom
v low|? = ||z[l3 = 1. y

n

(Az,z) = Z)\V|al,|2 < Ak Z low|? = M.
v=k v=k
B To xke Bpems (Azg,z;) = \,. B

Beenmem dyuxmmio aprymentos h; € C™:

palhy, ... hp—1) =
=max{ (Az,z) | ||z =1,(z,h;) =0,j=1,...,k—1}.

Teopema 3 (MuHEMANbHO-MakcuMaibHBI npuHnnn Kypanta).
CnpaBennmuBo paBeHCTBO

H}llin(pA(hl, coshk—1) =M =palzr, . v, 26-1).
j

IlokaszaTenbcTBO. BTOpoe M3 moKa3bIBa€MBIX PABEHCTB Clle-
nyet u3 TteopeMsl 2. [Tostomy min 4 < A;. Hoxaxem obparHOoe Hepa-
BeHCTBO. PaccMoTpuM [J1st TPOM3BOIBHBIX A CHCTEMY OTHOPONHBIX JIU-
HeWHBIX ypPaBHEHUH

k
> a(z,h) =0, j=1,... k-1

v=1

IIycte {a,} ee wHemymeBoe peleHre, HOPMUDPOBAHHOE YCIIOBIEM
Slay? = 1. Tonoxum x = 25:1 ayz,. Torma ||z||2 = 1, npm
. k
j=1...,k=1 (x,h;) =0u (Az,z) = >0 _ law]*A, > A. Uraxk,
npu o6ux by wa(hi, ... hg—1) > A, B

Jlemma. Ilycte A, B € M,, 5pMuUTOBEI, )\;? n AP ux cobersen-
HBbIE YUCJIa, PACIOIOXKEHHBIE B MOPSOKE YOBIBAHUS, [i1 > -+ > [l —
cobeTBennbie uncia matpuisl A + B. Torma pg < )\;3 + )\{3 .
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HoxaszartenscTBo. Ilycrs {2} coGcTBEHHBIE BEKTOPBI MATPH-
usl A. PaccMOTpUM MHOXKECTBO

M={zeC" | |z|o=1,(2,2) =0 mpuj=1,....k—1}.

Io Teopeme 2 mng x € M (Az,x) < A} u (Bz,z) < AP u noromy
((A+ B)z,z) < A\ + AP, Teneps mveenm

pr =minarp(hy, ..., he—1) < parp(z1,...,25-1) =
=max{ ((A+ B)z,z) | TeEMI<AHAE. B

Cnenctiue. B ycnosuax memmsr py, < A + || B]| (|| B|| — mo6as
orepaTopHasi HopMa MATPHIEL B).

Teopema 4. Ilycts marpunst A 1 AA 5pMuTOBBL 1 A 1 A+ ANy
cobcTBennble uncia Marpun A u A + AA, pacnonoxeHHbIE B HOPSIIKe
y6bBanus. Torma mis moboit omepaTopHOll HOpMBL MATpuil |AN;| <
|aA].

IokasaTtenscTtBo. Cormacro cimencTBuio A\, + A < A\, +
|AA], Tak ato AN, < ||AA]|. IIpumenss To xe CIeNCTBUE K MATPULE
A= (A+AA) — AA: N < X+ AN + [|[AA] m — A4 < AN, W

3anaua. [lokazars, 94TO B yCHIOBUAX JIEMMBI 1miist MaTpunbl A mpu mo6om k
HAOETCs Takas SPMUTOBA MATpula B ¢ pasiuuHbIMU COGCTBEHHBIMU YUCIIAMUI, YTO
b = )\;? + )\{3.

84 Meron uckmodenuit ["aycca

MeTon UCKITIOUEHWH IITsI PEIIIEHNST CUCTEMBI 1. JIMHEAHBIX YPABHE-
HUE 3aKITI0YaeTCs B ciaenyioirieM. U3 mepBoro ypaBHeHUs mepBas Heu3-
BeCTHasl BbIpaxXaeTcs uepe3 OCTaJIbHbIe, 3TO BhIpaKeHNe IOICTaBIsIeTCs
B OCTAJIbHBIE YPABHEHWs, 1 MBI TOJyduaeM cuctemy (n — 1)-ro mopsmka
OTHOCHTEILHO OCTABIIINXCSI HEM3BECTHBIX, C KOTOPOH ITOCTYIIaeM TakK XK€,
1 T.0. DTO PABHOCWILHO (HA MEPBOM Ilare) K IEPEXOMY OT CUCTEMBI
YPaBHEHUN C PACIINPEHHON MaTPUIIEH

a1 e QA1n A1n+1
Al:n,1:n+1)={ax} =

an1 “ee Ann Anpn+1
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K PABHOCWIILHOU €Wl CICTEME C PACIIIPEHHON MaTpUIen

1 1 1
1By .. b b,
0 al ab ab
— 22 - 2 2n+1
A1 = n n+ y
1 2 2
0 A2 s Ann annJrl

3JIEMEHTHI KOTOPOU BBIUUCIIAIOTCS 1O (hopMyIam

Q1

1 _ %y 1 _ 1

b; = —=, a; =ak; —bjap,
a11

T.e. TepBas CTPOKA MATPUILI A MEeTUTCS HA 11, & U3 OCTAIBHBIX CTPOK
BBIUNTAETCS 5Ta HOBAs IE€pBasi, YMHOXKEHHAsI Ha KOd(DOUImeHT Ipu mep-
BOIT HeM3BEeCTHON. [l0TyUeHHyIO IEPBYIO CTPOKY MBI GOJIBIIIE HE TPOTAEM,
T Ha CIIeMYIOIIeM Iare BTOPYIO CTPOKY MeTUM Ha Ay U , TOMHOXKAS Ha
COOTBETCTBYIOITNE KOIGODUIINEHTHI, BHIUNTAEM U3 CIEAYIOIMINX CTPOK. B
pe3yiibTaTe MOCye 71 TAKUX IIArOB MBI ITOJIyYNM SKBUBAJIEHTHYIO HCXOMI-
HOU CUCTEMY YPaBHEHUN C PACIINPEHHOU MaTPUIEH

R R U LS LN S
I R U RSP R
o 0 0 .. 0 1 b,

us3 KOTOpOfI JIETKO HaXOOATCA IIOCJIEeOOBATEIbHO BCE HEM3BECTHBIC:

én = bZH
€n—1 - bz;i _bz_lgn
G = bhy b —. —bié,

Becw mpouecc pemrenus tpebyer mopsimka %n?’ apudmMeTHIeCcKux onepa-

.

Ecnu TpeGyeTcst pemnTh HECKOIBKO (M) CHCTEM YPABHEHUH C Ofl-
HOU W TOM XKe MaTpuileil KoapGuImeHTOB N PA3INIHLEIMI TPABBIMI Ya-
CcTSIMU, TO YyIOOHO 3TO NejlaTh OTHOBPEMEHHO, IIpeobpasys TakK Ke, KaK



65

7 PaHbIIE, PACIINPEHHYIO MATPUILY KO3(DOUIMEHTOB, KOTOpas OymeT Te-
[ephb CONEPKATE 7 + 1M CTOJIOIOB.

MeTon B 1370KeHHOI (hopMe OKaXKeTCs HeMIPUMEHNM, ecar a1 = 0
UM MONO06HOE 06CTOATEILCTBO BCTPETUTCA HA OTHOM U3 HOCIIeMyFOIINX
ITIATOB, HATPUMeED, a3, = 0. Ho mIoxo m B TOM cirydae, eciu, HampuMep,
BIIEMEHT a5y # 0, HO MasI 110 abcomoTHOMN Bemmanae. OH MOTyYeH myTeM
BBEIYUTAHUSA, U €r0 MAJOCTHh O3HAYAET OOLIYHO, YTO BEJMKA €ro OTHO-
CUTENBbHAS MOTPEITHOCTD (MBI BEIEM CUET C OKPYTJIEHHEM DEe3yIIbTATOB
apu(MMETUYECKUX NEUCTBUN), a TOTHA W BCE TOCIEMyIOIINe Pe3yJIbTa-
TEI OyIyT UMETh MAJIyI0 TOYHOCTH. M36€XKaTh 3TOTO MOXKHO, €CIH Ha
KK JIOM IIIare COBEPIIATE EPEHyMEPAIUIO YPABHEHW NI HEN3BECTHEIX,
WM TOTO W IPYTOTO. B CBS3M ¢ 5TUM Pa3InYaroT CXEMbI MCKITIOYEHUS
¢ BBIOOPOM " BEMYIIETO 3JIeMeHTa”’ IO CTPOKE, MO CTOJOIY W/IW MO BCEH
MaTpuie. Ha mepsoM miare B mepBoM cilydae 3TO O3HAYAET TaKoe U3Me-
HeHue TOpsAIKa ypaBHEHMI, YTOOBI HOC/Ie IepecTaHOBKU CTPOK y HOBOIL
MATPUIBL OKA3AIIOCH |a11| > |ag1| (K = 2,...,n), BO BTOPOM — TaKyIo Ie-
PEHyMepAaINo HEM3BECTHBIX, ITOOH OBIIO |a11] > |ai;| (j =2,...,n),aB
Hoc/IeIHeM — TaKylo IIepecTaHOBKY YpPaBHEHUN U IIepeHyMepaIliio Her3-
BECTHBIX, YTOOBI 0Ka3a/10Ch |a11| > |ak;| mpu k,j = 1,...,n. Iono6uas
HepeHyMepalus OCyIIecTBISeTCs TP epexoie K KaxKX oMY CIeAYIOIIeMy
mary.

85 NtepaTuBHBIE METONBI PEIIIEHUS] CUCTEM
Memod npocmoti umepayuu.
IIycTs cuctema muHENHBIX airebpamvecKux ypaBHEHUN 3aIlllCaHa
B BUIE
r=Ax+y. (1)
MeTon uteparun 3aKII09a€TCS B TOM, UTO, B3SIB MIPOU3BOILHBIN BEKTOD
(mavyasbHOE TPUOIKEHNE) T, CTPOAT MOCIENOBATEIILHOCTD BEKTOPOB

Ty = Axs_ 1 + Y.

OueBunno, 4TO eciau x5 — x*, To &* — pemenune cucremsl (1). Ycio-
BUMCsI PEIIIeHIe CUCTEMbBI BCeraa 0603HAUATD ™.

Teopema 1. Iljss TOoro 9To6bl mpu JIIOO0M HAYAIEHOM MTPUOITH-
XKEeHUU Ty OBUIO Ty — T, HeoOXOMUMO U MOCTAaTOuHO yenosue p(A) < 1.
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HoxasartenbcrBo. U3 paBencts x* = Ax*+y, x5 = Ars_1+y
crenyet, uto Ty — ¥ = A(xs—1 — a*) = A%(xg — «*). Hooromy mis
CXOIUMOCTY METOIa IIPH JII060M HAYAIBLHOM IPUOIIMKEHIN HEOOXOMUMO
u moctatouHo A® — 0, 1 ocTaeTcs BOCHIOIB30BATHCS TeopeMoli 1 u3 §2 u
nobaButTh, uro npu p(A) < 1 pemienue z* CylecTBYyeT U eQUHCTBEHHO.

3ameganue 1. OTMETHM CBs3b METONA UTEPAIUU C PACCMOT-
PEHHBIM B §2 psmoM:

r, =A%+ (E+A+ A+ 4 Ay,

Sameuanue 2. B cayuae p(A) > 1 MeTom pacxommuTCs TMOUTH
pu JTI000M Ha4daIbHOM IPHUOIMKEHUN T( — €CJIH TOJILKO IIPHU pasjloike-
HUU g — =¥ MO0 COGCTBEHHBIM BEKTOPAM MATPHUILI A XOTH OOUH U3 KO-
3hPUIIEHTOB PN COOCTBEHHBIX BEKTOPAaX, OTBEYAIOIINX COOCTBEHHBIM
TUCITAM, TaKUM 9TO |A| > 1, oTimuen oT Hyss.

IIycts Teneps B C™ 3amama mHekoTopas HOpMA || - ||, m HOpMEBEL MaT-
PHI] HIXKE — 3TO OMEPATOPHBLIE HOPMEI, TIOPOKIECHHEIE BBEIEHON BEKTOD-
HOML.

Teopema 2. Eciu | A|| < 1, TO &5 — * 1 BBINOTHSIOTCS OLEHKN:

[[A]l*
1A

s — 2™ < 1 — o, (2)

o =7l < T2 e = 3)
HokasartenbcTBo. CXOOUMOCTH CIlEfyeT W3 TeOpeMBl 1 u
uepaserctBa p(A) < ||All. Hokaxem omenky (2) YuuTbiBas paseH-
ctBa 19 — 11 = (E — A)zg —y n ¥ = (E — A)~ly, a Taxxke omenky
J(E — 4)~ < 1/(1 — | A]), meen

1

Kl < -1 _ _ -
lzo 1| < (B~ A 1N — Ao — il < 7=

A

lz1 — ol

U 0CTaeTCs BOCIOIIB30BATHCS TeM, UTO Ty — & = A%(xg — z*).



67

HepasercTeo (3) HeMenyeHHO cienyeT u3 (2), eciiu OPUHITE To =
Ts 1, mw TOrma 1 = xs. M

S3ameuanume. Onenka (2) sBuseTcs anpuopholi. ITO 3HAUNT,
UTO ee TmpaBas 4aCTh MOXET OBITb BLIYUCIICHA J0 M020, KAK MOCTPOECHO
caMO TpubIIMKEHNE Ty U OHA TOOUTCSI TSI TOTO, ITOOBI 3apaHee OEHUTD,
CKOJIBKO IIIaroB METOIa CJIeAyeT cAeflaTh, YTOOLI TOOUTHCS HeOOXOMMMON
tounoctu. Onenxa (3) anocmepuopnas — ee TpaBas IaCTh BLIUUCIISIET-
cs, KOTZla Ty y2Ke U3BECTHO, M MOXKET CIyKUTh IJIsl IPUHITUS PEIIeHII
O TPEKPAIlEHUN UTEPALNN, KOrna HeoOXOouMas TOUYHOCTD yKe HOCTUI-
HyTa. 3aMeTUM ONHO IPEMMYIIECTBO OUEHKU (3) — OHA OCTAeTCs Bep-
HOH, Kakue Obl OmMOKN HU OBLIM OOIYIUEHBI IPKM BBEIYUCIICHUM T, IIPH
j=1,....,s—1.

3afiMeMCsT BOIIPOCOM O IPUBENEHUN CUCTEMBI YPABHEHUN K BUIY
(1), ecnu mepBOHAUYAIBLHO OHA 3amaHa B Bume Bx = z. OcTaHoBUMCS Ha
OBYX CIIydJasx.

1) Ilycts B = {by;} — MaTpuIa ¢ QUArOHAJILHBIM IIPEOOIIATaHN-
em. Torma cuctemy Bx = z MOXHO mepenucath B Bume © = Ax + y,
roe

0 —bia/bi1 ... —bin/bua G1/bi
Y=

A=
—bp1/bnn —bn2/b,, ... 0 Cn/bnn

(4)

OueBunno, 4T0 ||Al|0o < 1, m mOTOMY MeTOI UTEpAIUK OYIET CXOOUTHCSL.

2) Ilycte B spmuToBa Marpuna. Bsss « # 0, npusemeMm cucre-
My K OKBUBaJleHTHOI: * = = — a(Bx — z), tak uwro A = E — aB, n
3aiMeMCcst BOIIPOCOM O BeIOOpe . IlycThb i, — cOOGCTBEHHBIE YHCIa MaT-
putst B. Torma cobcTBennbie wncia MaTpuibl A cyTh A\ = 1 — apuy.
Ecnu cobcrBennbie yncina MaTpunsl B UMEOT pasHbIE 3HAKM, TO CPEIN
A\ HaWmeTCss XOTh OMHO, OoJbIliee equHUIBL. [losToMy BBIGOp dUmMCIa o
rapaHTUPYIOIIANA CXOOMUMOCTH METONA WTEPAINU, BO3MOXKEH JIUIIL [PU
yCJIOBUW, YTO BCE (i, UMEIOT onuH 3Hak. llisa ompenenmenHocTu OymeM
CUATATH, UTO OHU TOJIOKUTENHHEL (TOTIAa SPMUTOBA MATPUNa B Ha3b-
BaeTCs MOJIOKUTENBHOI), Tak 4TO ciemyeT BeIOpaTh o > 0. Msr 3a-
uHTEpecoBaHbl B TOM, uTo0b ||All2 = p(A) = max{aM — 1,1 — am},
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rme m = min pg, M = max pi, 6bUTa MUHUMAIBLHOR. JTOMY COOTBET-
_ _2 _ M-m
CTByeT BBIOOp & = /~, TOrZAa p(A) = m < 1. Bamernm, uro
eciu cobcTBeHHBIE yncsia B umeror cunbHbIl pasbpoc (M Bo MHOTO pas
Gosbire, aeM m), To p(A) 6mmsko K 1, 1 CXOAUMOCTH METONA WTEPALUN
MOXKET OKa3aThCsl JOBOJIBHO MemieHHOW. CoGCTBEHHBIE UMCIIa MaTPUIIBI
B 00bIYHO Hem3BeCTHEL. Jlerko BumeThb, 4To ecin B3aTh 0 < o < -7,
roe M’ — mobas BepxHss rpanuna mis py (manpumep, M’ = ||B]]), o
okaxercs p(A) < 1, u Meron urepanuu OyneT CXOOUTHC.
Memod 3atideas.

OT0 — [Opyroit WTepaTWBHBIA €roco6 pemeHus cuctembr (1).
IIpenmonaraeTcs 3aMaHHEBIM HEKOTOPOE HAYAJILHOE IIPUOJIMKEHUE K Pe-
IIEHNIO To. BBemeM 0603HAYEHMs M1 KOMIIOHEHT MOCCAYIOIINX MpH-

GmmkeHunit: s = (£5,...,&5). Bouncnurensueie GOpMyIIBl METONA
s+1 __ s s s
1= a11&] + a1285 + - -+ a1né) +
1 1 ' .
ST = a&T + ands + -+ a2l + e
1 +1 +1
§7Sz+ = Qan1 i‘; +-- ann,15271 + anngrsl + Mn

OTu GOPMYIIBI MOXKHO 3aMUCATH TaK: Ts+1 = Res + Lrsy1 + ¥y, Toe

a1 a2 ... Qip
R— 0 aoe ... a9y,
00 . am
0 0 0
I a1 O 0 CA=R+1I,
anl ... Qpn—1 O

wm 2541 = (E— L) ' Ras+ (E— L)~ !y. VI3 Teopemsr 1 cpasy e BbITe-
KaeT, 9TO IJIsl CXOOUMOCTH MeTOna 3ailnesis mpu Jr000M HAYaIbHOM IPU-
6yIMKeHnN xg HeOOXOMUMO U NOCTATOYHO HEPABEHCTBO p((E — L)_IR) <
1. OTo ycnoBre TPyAHO IPOBEPSITH, U MbI NOKAXKeM HEKOTOPBI H0CTa-
TOYHBIN IPU3HAK CXOAUMOCTH, HO CHAYAIA OTMETHM, UTO U3BECTHEL IIPH-
MepBbI, KOTJa METOI IIPOCTON UTEePAINN CXOMUTCS, & METOH 3allnesis HeT,
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7 Ha000pOT, KOTHa CXOMUTCS METOM 3alaesis, HO He METOI IIPOCTON UTe-
pamuu.

Teopema 3. Eciu || Al < 1, TO MeTOm 3aiimerns cXoouTcst Ipu
TI000M HAYAILHOM MPUOITNKEHNTN.
IHokxaszaTenbcTBo. [Jomoxum

1—1 n
Bi = z; laijl, 7= Z |aijl; mz?lx(ﬁi +7) = [Allee < 1.
J= J=t

Torma
Vi Bi(1 = Bi — i) Vi
. - = >0 < B i < || Al so-
Bi + i - - >0, 1_ﬁi_ﬂz+%_ll [loo
Tax kak z* = Re*+ La* +y, 10 2* —xg11 = L(a* — x541) + R(x* — ).

Oycrs [|2* — 2oq1lleo = [€, — «ffo""1| IIpu sToMm

i0—1

& - = ai (g -+ D aii(§ - &),
j=1

Jj=to

TaK 4TO

2% = Zst1lloo < Biolle™ = Tstalloo + Vi ll2™ = 250,

< Yio

1= B,
Tak xax mocyiennee HEPABEHCTBO BBLIIOJIHIETCS P BCEX S, TO MAJIbHEN-
mree ouesuauo. M

127 = st lloo 27 = @slloo < [[Alloo/lz™ — 4] co-

Memod Hexpacosa

Ecan nepBonauanbHO cucTeMa ypaBHeHU 3aniaHa B Bune Br = 2,
IpUYeM BCE MUATOHAIIBLHBIE HJIEMEHTHI MATPUIILI B OTIMYHBI OT HYJISI, TO
ona mpusonuTcst K Buny (1), ecim mist A w y BOCIONB30BATHCS GOPMY-
gamu (4). Meton 3aiimesns, IpUMEHEHHDI K MOy YEHHOU TAKUM IIyTEM
cucreme (1), HaspiBaercs memodom Hekpacosa mits MCXOMHON CUCTEMBL.
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TakuM 06pa3oM, KOMIIOHEHTHI Clleytorero npuommkerns 2° 1! B meTome
HexpacoBa HaxXomsaTCs MO KOMIIOHEHTAM MPENBIAYIIETO U3 yPABHEHUH

bllgis-i_l +b12§5 +b13§§ + ... +b1n§; = §1
bor &5 boo&S Tl Abas€S ... Abon&E =0

ba&Stt bnofs T 4busfStt 4 bl =

Teopema 4. Ecnu BBITTOTHEHO XOTS ObI OMHO U3 yCIOBUH

a) MaTpuila B uMeeT QuaroHaJbHOE IpeobiagaHue,

6) MaTpuna B HON0XKUTEILHO ONPEeNeseHa,
To meton HekpacoBa cxomurcst mpu i1:000M HAYAIIEHOM TPUOIINKEHUN.

HoxaszarenbcTBO. B ciiyuae a) yTBepKIeHue TeOpeMbl HEIIO-
CPEICTBEHHO CJIEIyeT W3 TEOPEMEL 3.

Cayuaii 6). IlonoxuTensHO OnpeneneHHyo MaTpully B npencra-
BuM B Bume cymmbl B = R+ D + R*, roe

ail 0 0 0 a12 A1n
D= 0 a2 0 ,R: 0 0 agn
0 0 ... apn 0 0o ... 0

Torna dopmyner Merona HexkpacoBa IpuBoasTCs K BULY
(D + R")xsq1 + Ras =y, 2511 =—(D+ R*)"'Rxs + (D + R*) 'y,
7 IJIsI CXONUMOCTH METONA NOCTATOYHO IOKA3aTh, YTO p((D—l—R*)_lR) <
1. IIycts A m z cOGCTBEHHOE YMCIIO M COOTBETCTBYIOMINN COOCTBEHHBIN
BEKTOD 9TOI MAaTPHI[EL, TAK ITO

Rz=ADz+ ARz = ABz — ARz.

Bsenmem o603HaueHm:

(Bz,z)=p>0, (Dz,2)=d>0, (Rz,z)=a+1ib, (R'z,2)=a—ib.
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Torma p = d + 2a, u T.x. (Rz,z) = AN(Bz,z) — MRz, z), T0 a + ib =
Ap — a —ib). Hamee
\ a—l—ib.,
p—a—ib
A2 = a® +b? B a® +b? B a? + v? <1
C(p—a)2+b2 a2+ b2 +plp—2a) a?+b2+pd '

ITockombky A mm060€ COGCTBEHHOE YHCIIO, HYXKHOE HEPABEHCTBO ISt
p((D + R*)"'R) mokazano. M

Banpaua 1. JlokaszaTh, 4TO mpaBas 4acTh OLeHKU (3) Bcerma He GOJIBbIIE Ipa-
Boit wactu (2).

3anaua 2. Ilokasars, 4TO B Cilydyae MeTONA IPOCTOIl MTEPALUAU IO JIOOBIM
e > 0 u HaYaJIbLHOMY NPUOIIMKEHUIO T( HailneTcs Takas nocrosuHas Cg, 4TO

les — 2™l < Celp(A) +&]*.

§6 Obpairerne MaTPUI]

Toctpouts Marpuimy D = A~! o6paTHyO HaHHON, MOXKHO HC-
TIONIB3YsI METON UCKJIoUeHni ['aycca, MOCKONIBKY j-T cTOI0er MaTpPUIIBI
D ecTsb pertenne cucteMsl ypaBuenuit Az = e;. B §4 yxe obparmasoch
BHUMAaHIUe, UTO PEIIATh HECKOILKO CUCTEM YPABHEHUI ¢ OMHON U TO! XKe
MaTpures Ko3Gp@OUIMEHTOB, HO PAa3INYHBIMI IIPABBIMH YacCTSAMH YIOO-
HO OIHOBPEMEHHO, B equHOI cxeMe. VIMEHHO Tak U cieLyeT MOCTYNaTh
IIpr OOpAalIlleHNN MAaTPUIl, Pellas BCe N CHCTEM yDAaBHEHHNU C IPaBLIMI
YaCTAMHU €; OTHOBPEMEHHO.

IIpn mamuuuu He cruinkoM Iioxoro mpubnuxkenus Dy k obpat-
HOH MaTpPHIle MOXKHO [IJIs IOCTPOEHUs 0OpPaTHON MaTPHUIILI NCIOIL30BATE
UTePATUBHLIN IIPOIIECC

Doty = Dy(2E — AD,). (1)

Crout 06paTuTh BHUMaHUE, UTO 5Ta BEIUNCIUTEIbLHAS (HOPMYJIa BIIOJIHE
aasgornyna dopmyiie Merona HbioToHa (KACATENBHBIX) OIS DEIICHUS

1 —
9nCIIOBOTO ypaBHeHusa 3 — a = 0.
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@opmyiy (1) ymobHO mepenucaTs B BUIE
Ry=FE—AD,, Dy =DyE+R,) s=0,1,... (2)

Teopema. s BemonHeHns cooTHomeHus Dy — A~1 meobxomu-
MO ¥ IOCTATOYHO BLITIONTHeHMe HepasercTsa p(Ro) < 1. Ecmu mpu aTom®
[IRo|l = ¢ < 1, TO BBEIIOHAETCS OLIEHKA

.
D, — A7 < || Dol -L—. 3
H I < 100l )

HokaszaTenbcTBO. 3aMeTHM IpexIe Beero, uro ecnu p(Ry) <
1, To marpuna F — Ry = ADg obpatuma, a 3HauuT, obparuma u A.
IIpeobpasyem dopmyiy mist Rsq1:

Rys1=F—ADyyy = E - AD,(E+ R,) = F — AD, — AD R, =
= R, — AD,R, = R%.

THoxaxeMm Heo6xomuMocTb. Ecmu Dy — A~1, to R, — 0. Ilo-
ckombky Ry = RE', To p(Rp) < 1 sBIstieTcs ms 5TOTO HEOGXOMMMBIM
yCTIOBHEM.

Hoxaxkem 0ocTaTOUHOCTD 1 oteHKy (3). Ecnu p(Rp) < 1, To Ry =
R¥ — 0, Te. AD; - Eu Dy — A7, Ecm ||Ro|| = ¢ < 1, 10
IRl = 1R || < |[Rol|* = ¢*. Hamee

AP —Dy=AT'R,, |AT'-Dy| < ||ATY¢*
" OCTaeTCd SaMeTI/ITb, 9To

ADg=E— Ry, A=(E—Ry)Dy', A™'=Do(E—Ry)™",
AT < IDoll (B — Ro) ™,

npuuem ||(E — Ro)~ Y| < ﬁ [ |

6Kax 0GBIUHO CUMTAEM 3aIAHHON HEKOTOPYIO BEKTOPHYIO HOPMY, U MATPUIHASL
— olepaTopHasi, TOPOXKIEHHAST YTON BEKTOPHOI.
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3ameuanue. Crenyer MONYepKHYTH, 9TO OUEHKa (3) 0O3HAUAET
O4eHb BBICTPYIO CXOOUMOCTB mporecca (2).

CnencrBue. FEcmu marpumna A spMmuToBa m o6paTuma, TO HpU
Dy=aA, tne 0 <a< W, npouecc (2) cxonuTes.

IHokxaszaTtenbcTBO. Ecnu A\, — cobcTBeHHBIE YMCia MATPHUIILI
A (OHU BeIeCTBEHHBI), TO TPHU YKA3aHHOM BbI6Ope Dy cOGCTBEHHBIMU
quciaMu MaTpuisl g 6yoyT 1 foz)\i. Bce onu menbire 1, a HEpaBEHCTBO
a < W rapanTupyer, 910 ouu Gosbire -1. W

CrencrBue rapaHTHPyeT CXOOWMOCTH IMIPOIECCA IS SPMUTOBOM
MaTPUIIBI, €CITU B3STh, Hampumep, Dy = WA mpu 0007 onepaTOPHON
HODME MaTPUIIHI.

§7 CreneHHONl MeTOMI
B 3amaue Ha oTbIcKaHTE COGCTBEHHBIX YNCEI U BEKTOPOB MATPUIIBI
A pasuuaroT MOJIHYI0 W YaCTUUYHYIO IIPOOJIEMY COOCTBEHHBIX uuces. B
IIepBOM CiTydae TpeOyeTcs HAlTH Bce COOCTBEHHBIE UUCIIa U BEKTODHL, a
BO BTOPOM — OIHO COOCTBEHHOE YUCIIO (Yallle BCEro MAKCUMAJILHOE IO
MOLYJII0) ¥ COOTBETCTBYIOIIUI cOGCTBeHHBIN BeKkTOp. CTenenHoil MeTon
— BTO METO[ PeIIeHus YaCTUIHON TPOOIEeMBI COOCTBEHHBIX YUCE.
Wnes meToma ocHOBaHa Ha aHAJIN3e IIOBENEHUS IIOCIIENOBATEIHHO-
CTHU BEKTOPOB
yr = A¥yo = Ayp_1, (1)

rZie Yo TPOU3BOIBHO B3ATHI HEHYJIEBO BEKTOD. DBymeM cumTaTb, UTO

MaTpuna A mMeeT MONHYIO0 CHCTeMy COOGCTBEHHBIX BEKTODOB, Aj — ee

COOCTBEHHBIE UHCIIA, & Zj — COOTBETCTBYIOLIME COOCTBEHHBIE BEKTOPBI,
n

mpuaeM [Ar] > --- > [An]. IlyeTs yo = D05, ajz; — pasnoxenue Bek-

TOpa Yo MO COOBCTBEHHBIM BeKTOpaM. Torma

Yk = ;Qj/\?zj =M |z Jrj; <)\—i) @5z - (2)

Ocnosnotl cayuat
Bynewm ceituac cuntats, 9T0 |A1]| > |A2| (0CHOBHOM cityuail) u 4TO
ag # 0 (3T0 ycaoBue OGBIYHO BBINOIHEHO AJISL IPOM3BOJIBHO B3SITOTO Yo ).
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Torma cymMmol, cTosledl B npaBoil dactu (2), npu 60IbIInX Kk MOXK-
HO TIpeHeGpeYb, W MBI UMeeM HTPUOIIKEHHOe PABEHCTBO Yi ~ AFayzi.
IlycTh © — HEKOTODBIN BEKTOP, Takoil uTo (21, u) # 0. Iomoxum

n s k
ek = (yr,u) = AT Oél(zlvu)JrZ()\—i) a;(zj,u)
j=2

Torpa, Kak BUAHO U3 3TOi GOPMYIHL, ¥k /@r—1 — A1 1, 6osee TOro,

K
el
Pr—1 AL

Ecmu [A\1| < 1, TO BEKTODHI g, CTPEMATCS K HYJIEBOMY, a ipw |A| >
1 — & 6eckoneunoctu (o HOpME). DTO OOBIYHO HEYHOGHO, U TOTOMY Ha
KAXKIIOM IIIare MpoIecca 4acTo OCYIIECTBIMIOT HEKOTOPYIO HOPMUPOBKY
5TUX BEKTOPOB, TAK UTO MPOIECC BLITJIAMOUT TAK:

Ty,

Zo = Yo, $k=m
)

N -i'k—‘,-l = Awk. (3)
BeKTOpr jk 1 T JINIIb YNCJIOBBIMU MHOXKUTEIAMI OTJINYATCI OT BEK-
TOpa Yi: Tk = Bkyka I [OJjid BBEOCHHBIX BBIIIE YNCEJI Q) NMEeeM

or_ (yk,u) :(Ayk,l,u):(A:ck,l,u):(i )
or—1  (Ye-1,u)  (Yr-1,u) (Th—1,u) e

MOCKONBKY (Zk—1,u) = 1, TaK 9TO NPUOIUKEHU K A1 U 21 OAIOTCsE GOp-
MyJIaMu

)\gk) = (Zg,u), 28 =uxy.

BekTop zj, Gymydnm HOpMEpOBaH ycioBueM (Tk,u) = 1, ¢ TOYHOCTBIO
no sexTopa nopsnka Matoctu O((A2/A1)*) cosmamaer ¢ cobeTBenHBM
BEKTOPOM 21, €CIII TIOCIEAHUI HOPMUPOBAH TEM XK€ yCIIOBUEM.

B kauecTBe HOPMUPYIOIIETO BEKTOPA U YIOOHO BHIOMPATH ONUH U3
oproB e;. Ilocie HECKONBKUX IIAr0B IPOLECCa, KOTIa HAMETUIIACH HEKO-
TOpas cTabWIu3anus BEKTOPOB T, LENeco00pasHO B KA9eCTBE j B3iAThb
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HOMep MaKCUMAITLHOI TI0 MOITYITIO KOMIIOHEHTHI T, DakTUHaecKn MoKasa-
Ha TeopeMa O CXOMUMOCTH MeTona, Ipu (GOPMYyIMPOBKe KOTODOil OymyT
HCTIOMB30BaThCS BBEIEHHBIE BHINe 0603HAMEHNs; KPOMe TOTO, MBI 6ymIeM
npenmnosaraTh, 9To npu seex &k (yx, u) # 0.

TeopeMma. IIycTb BLIMTOIHEHBLI YCIOBU:

1) A1l > [Azl;

2) (21, u) = 1;

3) aq 7é 0.
Torpa onucanubiil popMysamu (3) IPOIECC CXOMUTCSL: )\gk) — A, 2F—
21, IpAYEM

(k) Ao \" k k k 2\
AN =M0+0| = , =21+ A JJAZY| =0 =
Al A1

Bameuanme . Ecmu B yemoBusax TeopeMer |Ao| > |As), (u, 22) # 0

k
u ag # 0, TO XapakTep CXONUMOCTHU /\§ ) K A1 MOXHO OXapaKTepu30BaTh
60JIee TOYHO:

A k A 2k A k
ARy A2 22 23
1 1+C<)\1 +0 )\1 + )\1 )

_ ﬁO@(ZQ,’U/)

roe

= Moo (A2 — A\1).

HpI/I CHEJIaHHBIX IIPEOIIOJIOKECHUAX TaKOe K€ YTOUYHECHUE MOXKHO IIOJIYyYUTH

¥ TI0 OTHOMIEHWO K CXOMUMOCTH BeKTOpoB 2 = (CF, ..., () x coberren-
oMy BeKTOpY 21 = ((1,...,(n). HelicTBuTensHo,
k k
A A
k 2 3
Yo =M larzi oo (=) mtwe|, Jw=0( () .
A1 A1

n Tak Kak z¥ = 2, = yi/(yr, u), TO M1 MOGOTO BEKTOPA ¥

2k 0) = Mo (21, 0) + az(A2/ A1) (22,0) + €] L M *
(21,0) = M a1 + az(Az2/ A1)k (22, 1) + ke bw=O ( )
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OTcrona HETPYOHO YCMOTPETH, 9TO

(28, v) = (21,0) + c(v) (i—?)kJrO (i—j)%Jr(i—j)k ,

BsaB B xadecTBe v OPTEL: ¥ = €;, IMeeM

Y k Y 2k A k
k_ o (22 22 23
CJ_CJ+CJ (}\1) +O (}\1) +()\1) )

Memod ckasgpnbiz npoussedenud.

Ecmm marpunma A spMmToBa, TO pacmosiaras BEKTOPAME Ty, TIO-
CTPOEHHBIMU COTIIACHO (3), MOXKHO MOy IAThH CYIIECTBEHHO JIydIllee TP~
GmmkeHue XK Aj. IefiCTBUTEIBHO, TOCKOIBKY COOCTBEHHBIE BEKTODHL Zj
TIOMIAPHO OPTOTOHAJILHEIL, TO

n
k k
(yk,yk) = O‘%A% (21,2’1) =+ ZO‘?A? (Zj’zj)v
Jj=2

AHAJIOTWIHBIN BUL uMeeT U (Y, Yk—1), TAK UTO

2%
n Aj
(ks ) L+ 25 (A_]l) o\ (21,2)
=X\ %1 =\ :
(Yk> Yu—1) 1+ (i_]) a1 ) (z1,21)
J= 1

Taxum o6pazom

- = 3o\ 2K
) (Yr Yie) _ Exkazk) — N+ O (_2)
! (Yryi-1) (@ -1 ' A1

€CThb, BOOOIIE TOBOPs, CYIIECTBEHHO JIydlllee TPUOIMKEHNe K A1, UEM
)\gk). B sToM m cocTOUT MeTOH CKAISIPHBIX MPOU3BENEHUN. Y IYUIIUTH
9TUM METOJIOM NMPUOIIIXKEHNE K COOCTBEHHOMY BEKTOPY dPMUTOBON MAaT-
pUIILI HEe yOAeTCs.
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Cayuatl [A2| = |A].

OcranoBuMcst KpaTKo Ha citydae |Aq| = |A1|, cumras mms mpocro-
TBI MATpuIly A BeIECTBEHHOI; TOTHA U BEKTODHI Yo U U €CTECTBEHHO
CUNTATh BEIIECTBEHHBIM. V3 Bcex BO3MOXKHOCTEN pa3bepeM Tpu HAmbO-
Jlee XapaKTepHBIE.

1) A1 — kpaTHOe COBCTBEHHOE UUCIIO: A] = -+ = Ay, IPAIEM
|A1| > |Am+1|. Torma

m n s k
yk =AY @zt Y a <)\—i> Zj |
=1

j=m+1

OTKyIla BAIHO, ITO /\gk) n z¥, mocTpoenurie o dhopmymam (3), cxomaTes
COOTBETCTBEHHO K A1 M HEKOTOPOMY U3 COOCTBEHHBIX BEKTOPOB MATPUIIHI
A, COOTBETCTBYIOIIX A1, C TOI XK€ OBICTPOTOI, YTO YKa3aHa B TEOpEME.
To ob6cTosTEnBCTBO, UTO A} KPaTHOE COOCTBEHHOE UNCIIO, B IIPOIECCE
cueTa 3aMeveHo He OymerT.
2) A2 = —Aq, |A1] > |Ag]- B arom cimyuae
Y = )\’f a1z1 + (—1)ka222 + Zaj (/\—J> zj
=3 !

TTosToMy xapakTepHBIM MPU3HAKOM, IO KOTOPOMY MBI MOXKEM CYOUTh,
YTO UMEEM JEJI0 C STUM CJIydaeM, OymeT 6In30CTh Ipu 60IbIuX k BEKTO-

POB X} U Tj_o HPHU CYIIIECTBEHHOM OTIIMYUU Tf_1 OT T. lIpubimkeHus
K COOCTBEHHBIM YHCJIAM U BEKTOPAM MOXHO BBIUUCIUTH TO (popMmyIam

(AF)2 Z (B2 — (Yr, ) 2 — (s AWy ) m=1,2.
(Yr—2,u)
3aHNMAaThLCS MIPEACTABIEHNEM TIPABLIX YaCTeH 3TuX GOPMyJI Uepe3 BeK-
TOPHI ) U X) He OymeM.
3) A1 = pe? m Ay = pe~® — kommIIeKCHO compsKeHHbBIe COBCTBEH-
HBle 4uCia, p > |A3|. BeKTOpHL 21 U z2 UMEIOT KOMIIEKCHO COIPSIKEH-

0

HEIC KOMIIOHEHTHI. 110CKOTBKY BEKTODHI 4 1 U BEIIeCTBEHHBIE, TO UHNCIa
a1_2(21_2,u) = re*¥ Taxxe kommIexkcHo conpsukensr. [losToMy umCTAa

(yisu) = p"[2r cos(kO + @) + O((As/p)")]
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BemyT cebs “HEmpaBUIILHO”, UTO U CIIYXKUT IIPU3HAKOM KOMIIJIEKCHO CO-
MPSKEHHBIX HANOOJIBIINX 0 MOMIYJII0 COOCTBEHHBIX uncesl. Momyis mep-
BBIX NIBYX COOCTBEHHBLIX YMCEJI MOXKET OBbITh MPUOIIMKEHHO HAWIEH IO
dopmyme
2 W wW(Yk—2,u) = (Yr—r, w)?
(ykflv u) (yk*37 u) - (yk72; u)2 ’

TaK KakK

(yk, w) (Yr—2,u) = (Yr—1,u)* =
~ p?* 2417 [cos(kO + ¢) cos((k — 2)0 + @) — cos*((k — 1)0 + ¢)| =
= —4r%sin? 0 p?F 2.

IIpuBomuts dopmyssl nis Boraucienus 0 He Gymem.

Memod ob6pamuviz umepayud.

Ilycts mam TpeGyercs HAUTH HauMmerbuiee no Mo0ya10 COOCTBEH-
HOE unciio A, marputsl A. [lockonbky pu = ﬁ — HanbOJIbIIIEe IO MOLIY-
0 COBCTBEHHOE UMC/I0 MAaTpuibl B = A~ To MOXHO HaliTH A, IIpu-
MeHsIs cTerneHHol Meton K marpune B. O6parars matpuiy A Heparm-
OHAJILHO, 060JIee BHITOTHO BBIUUCIISITE Ha KAXKIOM IIIare BEKTOD Yk, PeIas
cucreMy ypaBHeHuil Ay, = yi—1. [lpu pemreHum 5TUX CHCTEM METOIOM
UCKJIIOUEHNH ClIefyeT YUNTHIBATH, UTO BCE OHU HMEIOT OOHY U Ty Xe
MaTpuIry KosdGUINMEHTOB, TaK UTO 3HAUNTEIHHAs YaCTb BBIUNCIIEHUN
[IpU PEIIeHNN 3TUX CUCTEM MIPONEILIBAETCS TOJIBKO OOUH pa3. B sToMm u
COCTOUT MeTOHI OOPATHBIX UTEPAITUH.

MeTton o6paTHBIX UTEPANNA MOXKHO NMPUMEHSTH IS YTOUHEHUS
IPOU3BOJIIBHOTO COOCTBEHHOTO UUCIIa A MATPHUIBL A, eciu s Hero m3-

BecTHO mocTaTouHo xopomree mpubmmxenme A\ ).  Cremyer Bocmoms-
soBarbes TeM, ato A — A9 ecTh coGerBennOe umeno mMarpumsl B =
A — A9 F, yuanvansroe 1o Momyimo, eciu A(?) — xoporee mpu6imke-

Hre. Bosee TOro, cXommMoCTh METOHA OOPATHBIX UTEPAIUI ISl HAXO-
xnerns A — A9 Gymer B sToMm ciyuae oueHs GBICTPOIL.
i

Banaua. [lycrs mis marpunst A A1 = pet?, Ao = pe~? p > |A3|. Paccmor-

peB 110CJIENOBaTEJIBHOCTH

_ =1, W) Wra2,w) — Wk ) Wr41, 8)
(Wk—1,u) (Yrt1,w) — (Yk, u)?
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yKa3aThb CIOCOO HAaxXOXKIeHUs Re\| CTEemeHHBIM METONOM B 9TOM CIIydae.
§8. Meron Kprsuiosa

Meron A.H.KpbimoBa — 5T0 MeTOn pelrieHns MOIHOM Mpo6IeMbl
COOCTBEHHBIX UMCEJI, OCHOBAHHBIN Ha BBIYUCIEHAN KOI(DGUIIMEHTOB Xa-
pakTepucTaeckoro momusHoma Marpunsl A. C camoro Hauama Gymem
IIpeAnosiaraTb, YTO BCe COOCTBEHHBIE UNCIIA 3TOM MATPHUILI PA3IUIHEBL
— B IPOTUBHOM CIIydae MeTOI MMeeT HEKOTOPHIE OCJIOXKHEHNS.

Meton ocuoBan Ha paBencTBe Kenmu-IT'amunsTona. Ilycts

Pa(A) = det(A — AE) = (—1)"A" 4 p A" L 4o, —

xapakTepucTudeckuii momuaoM matpuisl A. Torma

Po(A) = (-1)"A" + p1 A"t -+ p, E = 0.
B cnyuae, korma maTpuna A UMeeT TOHYIO CUCTEMY COGCTBEHHBIX BEK-
TOPOB, 5TO PABEHCTBO HOKA3BIBAETCS COBCEM IPOCTO. JlelcTBUTENBHO,
IyCTh z — coOcTBeHHEIN BekTOp: Az = A\z. Torma P, (A)z = P,(A\)z =0
(T.K. A\ — cobeTBEHHOE UnCio0). BBy MONMHOTEL CUCTEMBI COGCTBEHHBIX
BEKTOPOB U Iyst jr060ro BekTopa  6yner P,(A)r = 0, u suaunt P,(A)
HyJieBas MaTPUIIA.

O6patumes k MeTony. BosbMeM MPON3BOIIBHBIN HEHYIIEBOI BEKTOD
Yo ¥ BBIUUCIIM BEKTODHI

yk=(77§k),---, ’Slk})), yk:AkQOZAyk—la k=1,...,n.

Bekroproe pasenctso P, (A)yo mepenuiieM IOKOMIIOHEHTHO, II€PEHECS
IIepBOe cjlaraeMoe B IIPaBYIO 9acCTh:

n—1 0 n n
W e P, = (1)t 1
nP 4t g Op, = (1)

Bynmem paccmarpuBarh (1) Kak cuCcTeMy IIMHEHHBIX airebpamTecKux
YPaBHEHUI OTHOCUTEIHLHO KO3(PMUINEHTOB XapaKTePUCTIIECKOTO OJII-
HOMa 7 KpaTKo 3ammiieMm ee B Bume Yp = (—1)""ly, (MaTpuma Y n
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BEKTOD Y, U3BECTHBI, UIIETCI BEKTOD P = (P1,...,pn)). lycTsb 2 co6-
CTBEHHBIE BEKTODHI MATpUIsl A: Az = iz (HamoMHEM, 9TO BCe Aj

n
PA3MIIHBL), U OYCTh Yo = ) ;1 2.

Teopema. st TOro 9ToOBI MaTpuia Y cucreMmsl ypapHeHuit (1)
ObLiTa HEOCOOEHHOM, HEOOXOMMMO U MOCTATOYHO YTOOBI IPU BCeX j OBLIO
7
Oéj 7& 0.

ITokasaTenbcTBO. Beemem 0003HaUECHNS 11 KOMIIOHEHT BEK-

TOPOB z; = (ij), cee Q(Lj)) 7 OUpEemeINM MaTPUILl Z, A 1 qUarOHAIBHYTO
MaTpuiy D:
1) ¢ n)
1 o G
Z=1 ... ... ..
1 n
W
P |
A=
D |
(65] N 0
D=
0 ... ay

ITockonbKy seMeHT k-1 CTPOKHI U j-TO CTOJIONA MATPUILL Y €CTh
n
(n—=3) _ —j W)
M - Zal/)\:/l ]gk 3
v=1

0 Y = ZDA. Marpuna Z neocobeHHas!, TIOCKOILKY COOCTBEHHLIE BEK-
TOPHI Zj JIUHENHO He3aBUCUMBI, MaTpuila A HeocoGeHHas KaK MaTPUIA
Bannepmonna, a mis Toro urobsr D Gblna HEOCOOGEHHOMN, HEOOXOMUMO U
JOCTATOYHO, UTOOEI BCe KOI(MDUITMEHTHI ¢ OB OTAW4IHE! OT Hyns. M

3ameuanue. Ecou cpenu co6CTBEHHBIX uncesr MaTpuiibl A mve-
foTca pasabe, To det A = 0, Tak uyto u detY = 0. B sTtom u cocrout
YIOMIHABIIIEECs. B Hadase maparpada 3aTpyaHeHue.

"IIpo Takoil BEKTOP %o HHOTIA TOBOPST, YTO OH “HAXOMUTCS B OOLIEM
noJyioKeHuun” .
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IIycts xoaddunmenTs HOMNHOMA P, YK€ BEIUUCIICHBI I €I0 KOPHI
A, — cobcrBeHHBIE uncita MaTpunbl A Haiimenbl. O6paTmMcs K HaXO-
JKIIEHUIO COOCTBEHHBIX BEKTOPOB. [locTponM momumHOMBL

P’ﬂ )‘ nyn— n—
P,E’i’l(M:—(A(Ai):(—l) N p AT el

OwueBunHoO, ITO Pgi)l (A\j)=0mpu j #kmu P'r(z]i)l(/\k) = P/ (\;) # 0. Tlo-
sromy P (4)z; = P (A)z; = 0 (5 # k) m PP (A)z, = PL(Aw) 2.
Taxum obpazom

PP (Ao = > a; PV, (A)z) = an P (M) 2 = 2
j=1

€CTh COOCTBEHHEIN BEKTOP MATPULLl A, COOTBETCTBYOIIMIT COGCTBEHHO-
My uncay A,. Ocraercs ere 3aMeTUTh, 9TO

~ n k k
Rk = (_1) Yn—1 +P§ )yn—Q + +p£1,)190- (2)

Urak, amroputrM MeTona KpPbUIOBA COCTOUT B CIIEAYIOILIEM:

1) BBIOEpaeTCst MPON3BONILHLIN HEHYIIEBOU BEKTOD Yo U CTPOSITCS
BeKTOpHL Y = Ayx—1, k=1,...,n;

2) myTeM pereHus cucTeMbl ypasHenuil (1) HaxomsTes koddhu-
[UEHTHI XapaKTePUCTUIeCKOro moimaoMa Py, (A) Marpunsr A;

3) cobGcTBeHHbBIE YnMCsIa Ap MATPULB A HAXONATCA KAK KOPHU IO
munaoma P, (A);

4) BEIMUCISIIOTCS KO3(DMUIMEHTHI TIOIIMHOMOB Pék_)l (A) =P, (\) /(A=
Ak);

5) COGCTBEHHBIE BEKTOPLI Z), BBIUUCIAIOTCS 1O opmynaM (2).
Ecnu onpenenurens cucteMbl ypasaeHni (1) okasascs HyJIeBBIM, TO 9TO
03HAYAET, 4TO IUO0 y MATPULLL A IMeeTCs KPATHOE COGCTBEHHOE YUCIIO,
160 BEKTOD Yo BHIOPAH HEYIATHO, U TOTIA €rO CIIEAyeT 3aMEeHUTh.

89 Meron Skobu

B sTom maparpade maTpuisl 6ymeM cuMTaTh BEIIECTBEHHBIMIA.
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Meton IKo6u — 5T0O METOII PEITIeHs TOTHOI ITPO6IEMBI COOCTBEH-
HBIX YKCEJI IS CUMMETPUYHBIX MATPMUII.

HanomMuuM HEKOTOpPBIE CBEMEHNS U3 JIMHENHON ajreOpsl. MaTpuria
T Ha3BIBAETCSI OPTOTOHAJIBHOM, €CIIN €€ CTOJOIBI TIOMAPHO OPTOTOHAIb-
HBl U CyMMa KBaAPaTOB DJIEMEHTOB KaXXIIOTO CTOJIOIA PABHA ENUHMUIIE,
T.e. ecin® T'T = E. TlpousBemenne OpTOrOHATIBHBIX MATPHI] €CTh Op-
TOroHaJIbHAsT MaTpunia. Kcium A — cuMmverpuunas matpuia, a 1 —
oproroHanbHas, To 1T’ AT Takxke CHMMETpPUYHAS W COOCTBEHHBLIE UMCIIA
5TuX MaTpull coBnagaoT. CuMMerpuuHas MaTpuia A MoxeT OLITH Op-
TOTOHAJILHBIM IIPEOOpPa30BaHUEM IPUBENEHA K JUATOHAILHOMY BUIY, T.€.
CyIIIeCTBYeT TakKas OpTOTOHaJbHaA MaTpuna 1, uto T'AT = A, rme A
— OuaroHajbHas MaTpuia. llpm 5TOM IUATOHAJBHBIE DIIEMEHTHI MAaT-
purisl A — coGcTBeHHBIE Unca MaTpuikl A, a cTonbisl MaTpuin: T —
COOTBETCTBYIOIIE COOCTBEHHBIE BEKTOPHI.

Beenem o603naueHns miis CyMM KBAIpaTOB BCEX DJIEMEHTOB MaT-
punbl A U ee IUATOHAILHBIX HII€MEHTOB:

PA) =3 a, d(A)= Za;..

i=1 j=1

Torma 172(A) = t?(A) — d?(A) — cymma KBaZpaTOB HEMWATOHABLHBLIX
3JIEMEHTOB.
Jlemma 1. Ecmun A - cummverpumanas matpuna, a 1 — opToro-

nameHas u B = T' AT, to t?(B) = t?(A).
HNoxaszaTenbcTro. Ouesumuo pasenctso'’ t2(A4) = tr(A?).
TTosTomy

t*(B) = tr(B?) = tr(T'ATT'A'T) = tr(T' A’T) = tr(A?) = t*(4) W

SIIITpux O3HAYAET TPAHCIOHIPOBAHIE MATPHIIIEL.

9t(A) maspiBaeTcs Hopmoit Ppobernyca mMaTpurbr A.

0tr(A) — crien MaTpumbl A, CyMMa ee IUATOHAILHBIX 3JIEMEHTOB, DABHAS
cyMMe COGCTBEHHBIX UUCed.
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OJleMeHTapHOI OPTOTOHAIBLHON MAaTPHUIEl HA30BEM OPTOrOHAIIB-
myo Marpuy 1;;(¢) (i < j), KOTOpas IIUIIb YEeTHLIPbMs DIIEMEHTAMI
OTINYACTCS OT eIMHUYHON: t;; = tj; = cosp, —t;; = t;; = sin .

Jlemma 2. Ilycte B = T];(p)AT;j(p). Torna marpuna B mmmp
IBYMS CTOJIONAME U IBYMSI CTPOKAMHU C HOMEPAMMW § W j OTJIMIAETCS OT
maTpunsl A (T.e. mpu p # i,j u v # 4,j 6yner by, = a,). Kpome Toro
B =T'(0)AT(¢). 3necs

A= [ % @ B (i by T(p) = (¢ sin ¢ B
aji ajj )’ bji  bjj )’ sing  cosp
MAaTPUILI BTOPOTO MOPSIIKA.

Jlemma 3. s cummerpudaHoil MaTpunbl A m WHOEKCOB i < j
HAlIeTCs Taxol yrow ¢, uto nna marpust B = T, () AT;j(¢) oxaxeTcs
bij = bj; = 0. IIpm Taxom BEIGOPE ©

b2 + b?j = a} + a?j + Qa?j. (1)

HoxazaTenbcTBO. Vcnonb3ys neMMy 1, HETPYIHO IOy YNTh,
YTO IPU IPOU3BOJILHOM (0

1 .
bij = §(ajj — ai;) 8in 2¢ + a;j cos 2¢.

Ecmm ai; = aj;, TO 0OCTATOYHO MOJIOKUTE (0 = w/4, a upu a;; # aj;

1 20,17'
(¢ = — arctan .
2 Ai; — Aj

®opmyna (1) cuenyer u3 gemmvor 1. W

Meton $Iko6u COCTOMT B MOCTPOEHUU TOCIENOBATEILHOCTH MaT-
purt Ay (Ag = A) ¢ TakuM pacdeToM, ITOGHI TP GONBIINX § MATPHIEI
A 6bLIH 6JIN3KH K AMATOHAILHBIM, TAK UTO UX AUATOHAILHLIC 3JIEMEHTHI
OnMu3KU K cOOCTBEHHBIM umciiaM marpunsl A. Martpuma Ay, cTponT-
cs B Bune Agp1 = T.ATs, roe Ts = T;(p), MHOEKCEL ¢ = 15 U j = js

S S
HAXOMATCS U3 yCIIOBUsI |an)| = max,+, |a,(u,)|, a Y = s BLIYUCIAETCS
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(s+1) _
(cormacuo semMe 2) Tak, YTOGBI OKA3ATI0CH a;; = 0. Hanomumm, uto
KazK[asl CIIeMyIoIasl MaTPHUIla OTINYIAETCS OT IPEObIIYIIeN JIUITb ABYMS
CTPOKaMU U CTOJIOIIAMI.

Teopema. IIpu s — 00 BCe HeMMATOHALHBIE DIIEMEHTLI MATPHIL
Ay cTpeMaTCs K HYITIO.

HNokazaTenbcTso. IoctaTouno mokasaTb, uto 172(Ag) — 0.
Cornacuo nemme 3 t2(Agp1) = t?(As). Bee nuaromanbHbe 57€MEHTEI
matpun Agy1 m Ay, KpoMe IBYX, COBNAMAIOT, W BBUMY paseHcTBa (1)

2

d*(Asi1) = d?(Ag) +2 (az(-;-)) , IPUTIEM COTJIACHO BBIOODY MHIEKCOB ig U
2

Js (agj)) > 12(As)/[n(n — 1)] m moTomy

d*(Asi1) = d*(As) +20°(A)/In(n — 1),

r?(Ast1) = 12 (As1) — d*(Asi1) <
< tQ(AS) - dQ(AS) - 2T2(AS)/[TL(TL - 1)]= q7’2(A5),

roe ¢ =1 —2/[n(n —1)] < 1. MeTomom MHAYKIMN Temeph JIETKO MOKa~
seBaeTcs, 9To 12 (As) < ¢°r?(A), otkyma u cenyeT cxomuMocTh. M

TlokaxkeMm, 4TO OUArOHAILHLIE 3JIEMEHTHI MaTpun Ay cxomsTca K
cobcrBenHbIM umcaMm MaTpumbl A, Ilycts Ay > Ao > -0 > A, —
cobcTBeHHbIE Yncya MaTpullbl A, a sHauuT, u Ag, U MyCcTh ,ugs) > ,ués) >

- > ugf) — IUArOHAJLHBIE DJIEMEHTHI MATPUILI A, PACIOIOKEHHBIE B
MOpsiKe YOBIBAHUS.

CaencrBue. [Ipu s — 0O BBIOIHAETCS COOTHOIIIEHHE MS) — A

HoxasartenbcrBo. IlpencraBum marpuny As B Bume A; =
As+ R, e Ay — nuaronanbHas MaTpuIa, ay R Ha MiIaBHON OMArOHAJIN

(s)

mymu. Ilo mokazammoii Teopeme Ry — 0. Tax xak p; ° - cOOCTBEHHEIC

qmrcita MaTpunbl Ag, TO o TeopeMe 4 u3 §3 mpu Beex k| Ay —,u,(:)| < ||Rs]l-
|

3ameuanue. VI3 TeopeMbl ClenyeT CXOOMMOCTH METOHA C OBICT-
POTOHN TeOMETPUIECKON IIPOTPECCUU CO 3HAMEHATeJIeM ¢, OIU3KUM Ipu’
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GOJIBIIIOM N K equHuIlEe. B meficTBUTEIFHOCTY CXOOMMOCTE METONA CYIIIe-
CTBEHHO OBICTpee.

Wraxk, 3a mpubnukenust K COGCTBEHHBIM UMCIaM MAaTpullbl A mpu-
HUMAIOTCS IIpU OOJILIIOM § OMArOHAJbLHBIE BJIEMEHTBl MaTpuibl A;. 3a
MPUOIMKEHAS] K COOCTBEHHBIM BEKTOPAM MOXKHO IPUHSTH CTOJIOIBI MaT-
putst 1175 ... Ts.

810 O6 yCKOpeHUHU CXOMUMOCTHI

IIycTs nMmeeTcs CXOmAIIASICS YUCIIOBAS TOCIIENOBATEILHOCTD (g —
a®. YCKOpeHmeM CXOOMMOCTU HA3BIBAETCS IOCTPOEHUE APYTOM ITOCIIENO-
BaTenbHOCTH {bs}, KOTOpAsk CXOOUTCS K TOMY K€ TIPeneiy a*, HO OBICT-
pee, ueM ucxonuas. I TOro, 9TOOBI 5TO OBIIO BO3MOXKHO, MBI HOIXKHBI
pacmosiaraTb HEKOTOPOU MOHOJIHUTEILHON WHHOpMAIMER O IOCIIENOBa-
tenasHOCTH {as}. B sToM maparpade GymeM mpenmnosaraTb U3BECTHBIM,
uro {as} cxomures k mpeneny ¢ GBICTPOTON OOIIErO YiIeHA TeOMeTPUIe-
CKOH IIPOT'Peccuu, T.e. ITO

as =a"+q°(c+es), (1)

rne ¢ # 0,0 < |g] < 1wues — 0. Yuena a*, ¢ u mOCIEIOBATEIHLHOCTD
€5 HAM HEU3BECTHHI (MOJIyUeHWe JIyUINNX, UeM s, IPUOIIKeHnit K a*
7 COCTABIIAET II6JTb YCKOPEHUS CXOMUMOCTH ), U3BECTEH TOIBKO PakKT Cy-
IIIECTBOBAHUS TAKOTO MPENCTaBIIeHns. YTO KacaeTcs ¢, TO CIIeMyeT pas-
JINYATH [BA CIIy4as, KOTJa ¢ U3BECTHO XOTs Obl MPUOIIMKEHHO, U HEU3-
BecTHO. [lepBoiit ciyuaii cesa3an ¢ Mmeromom JI. A JTrocTepHuka yckopeHus
CXOOUMOCTHU METOMa UTEPAIMY PEIIEHNS CUCTEM JINHENHBIX YpaBHEHUI.

Memod Jhocmepruka.

Wrax, HaM M3BECTHO, YTO a4 UMEIOT Ipencrasienue (1) u ussect-
Ho umcio q. Y3 (1) cuenyer, uto as — qas—1 = (1 —q)a* + ¢°(e5s — e5-1),
u ecau Mbl mosokmM by = (as — qas—1)/(1 — ¢), To okaxercs by =

* 1 s * *y 1

a*+ 1,4 (es—es—1) u (bs—a*)/(as—a*) = —17(](55—58_1)/(0—1—58) — 0.
OTo m 03HauaET, UTO by CXOMATCA K @ OBICTPEE, YeM d.

Tonoxenne He M3MEHUTCS, €CIIM TOM G, ag, ¢, €5 MBI OyIEM TO-
HUMATh BeKTOpBl. Torma (1) — BEKTOpPHOE PABEHCTBO, W €CIIA BEK-

Topel by cTpouth mo dopmyne by = (as — qas—1)/(1 — ¢q), TO T.XK.
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1bs — a*|| < T (llesll + lles—1ll) = llas — a*| > *(llell = lles), 6y-
et b, — a*[|/las — a*]) = 0.

O6paTumcs Temepb K METOLY MTEPAIUN I PEIIEHUs CUCTEMbI
JMHENHBIX ypaBHeHull © = Az +y: 541 = Axs +y. Cnemnaem npennoso-
XKeHUs: 1) MaKCHMAIIbHOE IO MOAYII0 COOCTBEHHOE TUCIIO MATPUIBL A,
UMEIOITIEH TONHY0 CHCTEMY COOCTBEHHBIX BEKTODPOB, €MUHCTBEHHO, TAK
aro 1 > |A1| > |A2| > [A3] > -+ > |A,l; 2) npu pasimoxeHnnm BeKTOpa
xo — ¥ = 2?21 (vj2; IO COGCTBEHHBIM BeKTOpaM MaTpuibl A a1 # 0.
Torma

n n A S
xs—a* = A%(xg—a*) = E ajAjz; = A] [ a2 + E aj 2] 2| =

; _ A1

Jj=1 Jj=2

S
= Al(alzl + &), HEéH — 0,

T.€. MOCIIENOBATEIILHOCTD {5} umeeT npencrasienue (1) mpu ¢ = A;. B
TO K€ BpeMsI

Tg — TLg—1 = Tg — " — (:CS,1 — :L'*) = )\‘1@71((/\1 - 1)0[12’1 + Aies — 5571),
OTKyma BUIHO, uTO ecin (z1,u) # 0, TO

(:Cs — Ts—1, ’LL)

(56571 — Ts—2, u)

)\gs) = — )\1 5

(s)

U MOXKHO IIpY GOJIBIINX § 3aMEHATb ¢ = A; Ha A\’ (B CYIIHOCTU MBI IIPU-
MEHUJIIN [IJTs1 HAXOXKIEHUST TIPUOIINKEHNS K \1 CTEIEHHON MeTom). B sToM
u cocTouT MeTon JIfocTepHUKa, TMEIOITIHA BHIUUCINTEIbHBIE (DOPMYIILI:

A(5) o (:Cs — Ts—1, u)
1 - )
(Ts—1 — Ts—2,1)
js = Ls — ASS):C‘Sil = ! Ts — >\§5) Ts—1-
1- AW 1- AW 1- AP

BekTop T, BooGIte roBopst, 6immxke K ¥, yeM rs. Metom ocoGeHHO 3d-
dexTuBeH, ecin |\1| cymecTBeHHO Goblie, ueM |Ag).
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d%-npoyecc Dimxena.

PaceMorpum BTOpO# City4dail, korna B npencrasiernn (1) duciio-
BOI [TOCIIENOBATEILHOCTH KOX(DMUIIMEHT ¢ HaM Hem3BecTeH. [IpeneGperas
MAaJIBIMU CIIATaE€MBIMI € j, 6yIeM HAXOOUTH by U3 CUCTEMBI ypaBHEHUI OT-
HOCUTEJILHO by, C U ¢

as—1 = bs + qul
as = bs + cq® . (2)

G511 = bs+cgt!

CucreMa, 1€eTKO penraeTcAd:

Gs+1 Qs
Ag+1 — Qg ag —(qag—1 as As—1
— , bs — = .
U5 — Gs—1 1—-q Us41 — 205 + Gs—1

Tlocnenusas GopMmyiia 1 NpUMEHSETCS IJIs BEIUUCIEHUS by.
JIemma. Ilpu m1060M @ BBITTOIHSIETCS PABEHCTBO

as41 —a a5 — @
as—a Qg_1—a

bs = . 3
ot As41 — 2(15 +as—1 ( )

JIloka3aTenbCTBO MOXHO IPOBECTU HEMOCPEICTBEHHBIM BBI-
YUCJIEHIEM, HO OHO CJIEIyeT TaKXKe M3 TOrO, YTO IPU TEX XKe ¢ U € YUCIIO
bs —a yIOBIETBOPsIET pABEHCTBAM (2), €CIN U3 UX JIEBbIX YaCTel BEIUECTH

a. 1

IIpu BBIYMCIIEHUAX WCIONB3YIOT UMEHHO GopMyity (3), Beibupas a
OJIM3KUM K G5, ITOOBI M30€XKaTh CYIIIECTBEHHOT'O BIUSHNIS OMINOOK OKPYT-
JIEHUS B IIPOU3BENECHUSIX [IPU BBIUUCICHUN OIIPENENINTEIs. B YacTHOCTH,
€Ccyin MOJIOXKUTD G = A, TO

(a/s-‘,-l - as)(as—l - as) _

bs =as +
As41 — 2(15 + as—1
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Ins mocienoBaTeIbHOCTEH paccMaTpUBAEMOTO BHUIA IOCIENOBATENh-
HOCTh {bs} cxomures x a* GvicTpee, ueM {as }:

Teopema. Ecmn 0 < |¢| < 1m ¢ # 0, TO

bs —a*

as — a*

— 0.

HokasatennbcTBo. Wcnomssys mus by dopmymy (3) mpu a =
a*, nmeeM

¢* e+ esy1) ¢°(c+es)
b — a* = ¢°(c+es) ¢ et esn) _
° ¢t (c+est1) —2¢5(c+es) + 5 e+ es-1)

_ qSC(EsH + 51— 265) +Es41851 — €2 _ €
qletesr) —2(ctes) +ylcte) Qs

3necs es — 0 u Qs Hc(q72+%) = ?(lfq)27é0. TosTomy

bs —a* es
= 0. |
as —a* (C+€S)Qs -

Bamevanme. Kax BUAHO U3 IOKA3ATEIBCTBA, IOPSIOK CXOIIMO-
cru by k a* onpenemsercs gopmyioit by—a* = O(q° (|es|+[est1]+]es—1])).

BcemomuuM cTemenHON MeTON HAXOXKMEHUsS MaKCUMAJILHOTO COO-
cTBenHoro umcia maTpunbl A. Kak 6bu1o mokasaso B §7, mpu cooT-
BETCTBYIOIINX MIPENTIOIOXKEHUIX

, A2\ * a\E )
1 1+C<)\1) +O <)\1 + )\1

Wrak, mpu Tex ycloBUSIX, KOTOPBIE YKA3aHBI B §7, MOCIENOBATEIBHOCTD
S o
{)\g )} NPUHAMJIEXKUT K TOMY KJIacCy IOCIeNOBaTeIbHOCTEN, K KOTOPBIM
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5 Di 11 %
npuMeHnM §°-Iponecc OiTkeHa. IlociaenoBarensHOCTS {p; }, MOy deH-
Has u3 {A5} oTuM MeTOmoM, CXOOUTCS K A1 OBICTpee, IPUYeM, COIJIACHO
3aMeYaHMUIO,
2s s
A A
s 2 3
iV -xn=0((2) +(2
A1 A1

d%-mporecc TPUMEHHM U K METOLY CKAJIIPHBIX IIPOM3BENeHUil B
CIydae S5PMUTOBON MATpuilbl A, a Takke K YyTOYHEHUIO COOCTBEHHBIX
BEKTOPOB Tg, MOJIYYEHHBIX CTEIIEHHBIM METOHOM; B IOCIIEIHEM CIIydae
peub UIeT O MOKOMIIOHEHTHOM IIpUMeHeHuu 3Toro Meroma. OcraHaBiu-
BaTbCS Ha MOIPOOHOCTSIX He OymeM.

Banava. OupenenuTh GLICTPOTY CXOMMMOCTH IIOJIYYEHHON C IIOMOLIBIO 2-
IIPOLIECCa MOCIIENOBATEILHOCTY MPUOIIMKEHNN K A1 B CJIydae MeTOna CKAJISIPHBIX IIPO-

U3BEIIEHUN.



