I'imaBa 4
IIpuGnu>xxeHHoe pelieHne HEJINHENHBIX YPAaBHEHUN M CUCTEM

§1. Meron nreparun

IlycTs mamo ypaBHeHUE

t= (). (1)

MeTton mTepamuu Oy peIreHnsl 5TOr0 YPaBHEHUs. COCTOUT B TOM, UTO,
HaYMHASI ¢ HEKOTOPOTO HAYAJILHOTO TPUOIMKEHNS tg, CTPOUTCS TOCIIENO-
BATEIbHOCTD

ts+1 = @(ts).

Ouesunno, uto ecnu Gyukuus (t) HempepwBHA U t; — t*, TO t* —
kopenb ypasaenus (1). T'paduaeckn t* oTo abenmeca TOUKA epecevueHns
rpaduka pyukuun @(t) ¢ GUCCEKTPUCON IEPBOrO KOOPAUHATHOTO YIJIA.
W3 pacemoTpenus rpaduka MOXKHO CHEIATH CJIEAYIONINE BHIBOILI.

1) Ecanm |¢'(t)] < 1, To cnemyeT 0XumaTh CXOOUMOCTD METOLA.

2) Ecau |¢/(t)] > 1, TO clemyeT 0XUAATH PACXOAUMOCTE METOIA.

3) Ecim 0 < ¢/(t) < 1, To npubnuxeHus t, jJeXKaT 1O ONHY CTO-
pomy oT t*.

4) Ecmn —1 < ¢/(t) < 0, TO uMeeT MeCTO aIbTEPHUPYIOLIAS CXO-
IUMOCTb, T.e. 1* JIKUT MeXIy MOCIEIOBATEILHBIMU TPUOIIKEHUAMU
fs n t8+1.

OpHako menaTh CTPOrUe BBIBOOLI MBI GyIEM Cpasy IJisl CUCTEMbI HEJIN-
HEeMHBbIX ypaBHEHU.
IIycTs mama cucTemMa HETMHEAHBIX YpPaBHEHUI

& =wr(,...,&), k=1,...,n,
KOTODYIO OyZIeM 3alUCHIBATL B BEKTOPHON (hopme
z = ®(z), (2)
roe x = (§,...,&n) € R, () = (p1(x),...,on(z)). MeTon urepanun

COCTOUT B TOM, YTO, BEIOpaB HadaJbHOE IPUOIIIKEHUE Tg, MBI CTPOUM

7
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[OCIIeNIOBATENIbHBIE TPUOIMKeHus 1m0 bopMyie Tg11 = P(xs). Hambime
MBI cuuTaeM, uTo B R" BBemeHa HeKoTopas HOpMA ||.||, oTroGpaxenue P
3amano B HekoTopoit obmactu 2 C R™. Kpowme Toro Gymem monb30BaThCs
obosnauennem Sy (y) = {x € R" | |lz —y|| < r} — map (coorseTcTByIO-
LIuit BBeIEHHOU HOpMe!) pamumyca r ¢ HEHTPOM B TOYKE Y.

Teopema 1. IlycTh ¢ € () U BLITOTHEHEI CJIELYIOINAE YCIIOBUA:

10. ||(I)($0) — $0H < m,

29, cymecTByer ¢ < 1, Taxoe uTo mus mo6bx Touek 2" € )
BoInonHgeTcs HepaBeHeTBO ||[@(2') — @ (2)|| < ¢ljlz’ — 2",

3%, Sp(z0) CQ, tme r =m/(1 —q).
Torna

a) B obmacTu §) CyIeCTBYeT U IPUTOM eIMHCTBEHHOE pelleHne &
ypasaenus (1),

6) =* € Sy(xo),

B) Ty — =¥,

T') BBITOJIHSIOTCS OMEHKN TOTPEITHOCTH:

mq’®

—at < —— —zt <
T e R

lzs —zs—1]-

IlokaszaTtenbcTBO. JlokaxkeMm cHadaga METONOM WHIYKIIAM,
aTo mpu Beex § > 0 ) xs € Sp(xo) u B) ||Ts41 — xsl] < mg®. Ieii-
cTBUTENBHO, ipn 8 = 0 o) owesmnHO u o ycmosmio 10 ||z — xo]| < m,
Tak 9To () Takxke BHINONHEHO. JlOKaXKeM BO3MOXKHOCTH WHIYKTHUBHOIO
mepexona oT s K s + 1:
0) 2531 —0]| < wess —asl+- -+ l|or —zoll < mg*+mg*~ 4+ 4m <
m/(1—q)=r;
8) llzes2 — aoall = [D(@os1) = D@,)]| < qllasss — o]l < mg+L.

U3 ) cremyer, 9T0 mpH JIIO60M HATYDPAIILHOM P

Hxs-i-;u -z < Hxs-i-;u - xs-‘rp—l” +ot [Tsg1 — s <

<m@tPl 4 gt < 1mq

TaK YTO MOCJIENOBATEIBHOCTD {5} CXOMUTCS B ce6e, I TOTOMY CXOIUTCS:
xs — x*. U3 x5 € Sy(z9) BoiTekaer z* € S,-(Tg), & U3 HEIPEPHIBHOCTH
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® — z* = O(z*). OTUM CyUIECTBOBAHNE PEIIEHNS U yTBEPKICHUS 6) U
B) TeOpEMBbI NOKa3aHbl. 1lepBas W3 OIEHOK T) MOJLYIAeTCS MPENeTbHBIM
HepexonoM mpu p — 00 u3 (3), a BTOpas TakkKe MPENeTTbHBIM [IEPEXONOM
[0 P U3 CIIELYIOIIEr0 HEPABEHCTBA!

[Zs4p — sl < NTstp — Tsp—1ll + -+ + [|Ts41 — 5[] <

<P HE T+ gllrs — woa ]| € = lws =z,

q
l—gq
KOTOpOe CllefiyeT u3 Toro, 4to ||zi41 — x| = [|®(z;) — P(z—1)|| <
qllz; — z;—1||. EANHCTBEHHOCTD peleHns NOKA3BIBAETCS OT IPOTUBHOLO.
Ilycres x*, 2™ € Q — nBa pemenus. Torma

27 — 2| = |8(z7) — («™)[| < gll2” — 2™,

otkyna cienyetT, uto z* = z**. W

Sameuanue 1. Pemenue ypasrerus (2) oObIYHO HA3BIBAIOT
Henodsuncnot, moukot orobpaxenns ®. Orobpaxkenne P, ynoBieTBo-
patoriee yernopuio 2° TeOpeMBbI HA3LIBAIOT CHCATNBIM WITH CHCUMAIOULUM.
B cBs3u ¢ otum Teopemy 1 (mnm HEKOTOpPBHIE ee MOMUMGUKAIAY) OGLITHO
HA3BIBAIOT NPUHYUNOM CHCAMBIT OMOOpadcenuli. DTO ONUH U3 NPUHYU-
n06 HenodeuNCHOT MoUKY.

3ameuanue 2. IlepBas u3 OLEHOK T) SBISIETCA ANPUOPHOU, &
BTOpast — anocmepuoproti. DTU TOHATHUSA y¥kKe ObLIM BBENEHBLI DAHEE B
85 raBsl 3.

BaenmeMm moHATHE HHTErpasia OT BEKTOP-QyHKIUA. IlycTh BEKTOD
x(t) menpepsiBHO 3aBucut ot t € [a,b]. Torma

b b
/ z(t)dt =y = (m,...,0n), TOe nk:/ &k (t)dt.

JIlemMma. BemosnHsercss HepaBeHCTBO

/abx(t)dt g/ab|x(t)||dt.
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IlokaszaTtenscTBO. [lomo6HOE HEPABEHCTBO OYEBUIHO IJISI PU-
MAaHOBBIX CYMM, U OCTA€TCs COBEPIINTD NpeneibHblil mepexon. M

Orobpaxenue ¢ HazpiBaeTcsa qudHEPEHIIUPYEMBIM B TOUKE X(, €C-

77 B 9TOI TOUKe MudGEePEeHINPYEMbL BCE €r0 COCTABIIIONIE ©). B 3ToM
ciiyqae @' (o) — maTpuna Skobu:

&' (20) = {%—Zﬁ(%)}.

Orobpaxenne ¢ HenpepsiBHO muddepernupyeMo B 2, eciiu TaKOBHI BCe
Pk-

Mer no-npexsemy cunmraeM, 9To B R™ BBemeHA HEKOTOPAs BEK-
TOpHAs HOPMa, U HOPMa MaTPHIBI — 9TO BCEra ONepaTOPHAs HOpMA,
[IOPOXKIEHHAS] BBEIEHHOI BEKTOPHOIL.

Teopema 2. Ilycts obmacts {2 Bbimykia, ¢ HenmpepbBHO mud-
depenrupyemo B ) u npu Beex ¢ € Q  ||®(z)|| < ¢. Torma mms Bcex
" € ||0@) — D" < glla’ — 2"

Hokasatennctso. IIpn t € [0,1] paccmorpum

y(t) = (m@),...,m (1) = (1 — )’ + ta”) = (2’ + t(z" — 2'))
(BBumy BeImykioctu 2 (1 — )2’ 4+ ta” € Q). Oueunno

y(0) = ('), y(1)=2a@"), m(t)= (2’ +tl"-2)).
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12(z") = @) = [ly(1) — y(0)] <

1
/||<I>’(:c’+t(:c”—:c’))||~||:c”—:c’|\dt§q|\:c”—:c’||. u
0

3aMeTuM, YTO Npu IPUMEHEHUN 3TONH TEOPEMBI YIOOHO MCIOIIB30-
BaThb HOPMEL || - |loo || * ||1, HIOCKONIBKY MMEHHO MJIst HTUX BEKTOPHBIX
HOPM TIOPOXKIIEHHbIE UMW MaTPUYHBIE BLIUUCIISTIOTCS IO IIPOCTHIM HOp-
MyJIaM.

B npuaIume ckaThIx 0TOOpaxeHWn (Teopema 1) B ciiyuae Bbl-
nykoit o6mactu () yenosue 29 moxno 3amenuts Ha: || (2)| < ¢ < 1
Vz € (.

Sanaya 1. ChopMynupoBaTh IPUHINI CXKATHIX OTOGPaXKeHU B TOM hopme,
KaK 9TO Ipemjiaraercia B IIOCIIEOTHEM a63ane. O6paTIfITb BHUMAaHNE, 9TO IIPEOIIOJIOXKe-
HUS j TOM, YTO O0JIaCTh ) BBINyKia, He TPeOyeTcs (3a MCKIIIOYEHNEM yTBEPKICHUS
0 eUHCTBEHHOCTY) — NOCTATOYHO BOCIIOIB30BATHCS BBILYKIIOCTBIO Sr(Z0).

Banaua 2. IlokasaTs, 94TO npasas 4acTh BO BTOPOI U3 OLEHOK I') B TeOpeMe
1 Bcerma He 60JIbIlIe IPABOI YaCTHU B IIEPBOM.

Banaua 3. IlokasaTb, uTo TeopeMa 2 (§5 riaBbl 3) MOXKET GLITH MOJLYUYEHA

KaK CIIefICTBHE TeopeMbl 1 aToro maparpada.

§2. Meron urtepanuu (IpOOOIKEHNE)

B sTom maparpade COCDENOTOYEHBI PE3YIIbTATHI, MMEIOIINE JIO-
KaJIbHBI XapakTep.

HamomunM u3 Kkypca aHanusa: GYHKIWS N IepeMeHHBIX () (x €
R™) HaswiBaercs quddepeHINpPyeMOil B TOUKE Tg, €CIIU [0 BCIKOMY € > 0
Hafimercs Takoe 0 > 0, uro mpu ||z — xgll2 < 0

n
Iy
p(x) — p(z0) — Z 8_5-(§j - 'f?) <ellz— o2
g=1 ">
Beumy sxBuUBajIeHTHOCTH BCexX 3aaHHbIX B R™ HOpM HOpMY || - ||2 MOX)HO

3aMEeHUTDH Ha JII00YI0 APYTYIO — MOy INTCS SKBUBAJIEHTHOE OIIpeNiesIeHIe.

OTcrona 7erko ciaemyeT, 9TO TAHHOMY B IpeObIAyIieM naparpade
onpenenenuto nuddepenuupyemoctu orobpaxenus P(xr) B Touke T K-
BUBAJIEHTHO CJIEAYIOIEe: MO BestkoMy € > 0 matimercs Takoe § > 0, uTo
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npu ||z — x| <6
[@(z) — ®(x0) — ' (w0) (2 — 20)| < &l — wol|-

Tocnennee ompenenenne MHBAPUAHTHO OTHOCUTENBLHO BHIOpaHHO B R™
HOPMBI.

Hmxe, xak u B npensinyirem naparpade, HOpMa MATPHUIBL — 3TO
BCErna OIepaTOpHAasi HOpMa, TOPOXKAEeHHAs BBeNeHHON B R™ BEKTOPHOIL.

Iyctes ® : Q — R™ (Q C R™) — oTobpaxkeHne, NMEIIEe HETIO-
IBIDKHYIO TOuky 2 € Q: * = ®(z*). Hycrs * npunaamexur ) BMecTe
C HEKOTOPOIT OKPECTHOCTHIO. PaccMaTpuBaeTCs HTepaTuBHAS OCIEN0Ba-
TEIBHOCTD: Tst1 = P(Zs) IPU HEKOTOPOM HAYAJILHOM MPUGIUKEHIA L.

Teopema 1. Ecnu orobpaxenue ¢ nuddepermupyemo B Touke
x* u BeInosHsIeTCs HepaBeHCTEO || (2*)|| < 1, To HafimeTcs Takoe 6 > 0,
9TO IpH! JIIOG0M HAYAILHOM HPUOIIMKEHAN, YAOBIETBOPSIOIEM HEDABEH-
cTBY |20 — 2*|| < §, mocnenoBaTensHOCTH {25} cxomuTes K .

HokasaTenbcTBO. BribGepem umcmo ¢ Tak, aro ||®'(x*)| <
g < 1 n monoxum £ = g — ||®'(2*)||. Tlo sTomy € mHaiimercs Takoe § > 0,
9TO U3 HepaBeHCTBa ||z — z*|| < § ciemyer

[®(z) — ®(27) — ' (27)(z — 2")|| <ellw — 2",
Ecnu ||zg — 2*|| < §, TO

[z — 2| = |®(z0) — (=) <

< @@ - llwo — 27| + ellwo — ™[ = gllzo — 2.

MeTonoM HHAYKIUE OTCIONA JIETKO MOXKHO HOJIY9ATh, 9TO IIPU BCEX § =
1,2,... las —a*|| < 0 u ||lzs — 2*|| < ¢°|lxo — 2*||, orkyma u cremyer
cxonumocts. M

IIpr npuMeHeHNN STO TEOPEMBL B DACHIOPSIKEHIN UCCIIEIOBATETIS
HAXONUTCSI TApaMeTp ¢, JIeXKAINl B YKA3aHHBIX IpeNeax. Y BellnueHne
9TOTO mapaMerpa ociaabiseT HANPAIIUBAIOIIEECS yTBEPKIEHNE O CKO-
POCTH CXONUMOCTHU, HO YBEIIMUMBAET BO3MOXKHYIO OOIIACTH BHIOODA Ha-
YAIBHOTO IpHOMkeHns. Kpome Toro, GopMyIMpoBKa TEOPEMBL He MH-
BAPUAHTHA OTHOCUTEIIHHO BBENEHHOU B R™ HOPMBI, TAK 9TO 5Ta HOPMA
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~ ellle ONIMH MHCTPYMEHT, HAXOMAIIAICS B PyKax UCCIenoBaTens. B meit-
CTBUTEILHOCTH BEPHO HECKOJIBKO (G0JIee CHIILHOE yTBEPKIECHNUE: yCIIOBUe
[®'(z*)|| < 1 moxer GbiTh 3ameneno Ha p(®'(z*)) < 1. 3mecw p(A) —
CIIEKTPAJIBHBIN paanyCc MaTpuis! A.

Onpenenenne. Ilycts o > 1 u maHa mOCIENOBATEIILHOCTD BEK-
TopoB {as}. ToBOPAT, 9TO 5Ta MOCIENOBATENTLHOCTE CXOOUTCS K BEKTOPY
a* ¢ nopgdkom o, €Clii a; — a* U CyIIeCTBYeT TaKas MOCTOSHHAS ¢, ITO
npu Beex §  ||asy1 — a*|| < cflas — a*||*.

IlycTs mMeeTcs HEKOTOPBI METOH, KOTOPBIA MCXOMA U3 MPOU3-
BOJILHOTO BEKTOPA T( CTPOUT MOCIENOBATEILHOCTL NPUOIKEHUN T K
BekTOpy x*. ['0BOPAT, 9TO 3TOT METON CXOAUTCA C NOPAOKOM (U, €CIIH
cyiecTByeT Takoe ¢ > 0, YTO IPHU BLIIOIHEHUA yCIOBUA ||zg — z*|| < §
TOCTIENOBATENLHOCTD { X5} CXOOUTCS K &* ¢ TIOPSIKOM (.

3ameuanue 1. CxooumMOCTb € MOPSOKOM (@ = 2 HA3BIBAETCS
kBagpaTtuwaaoil. CyIliecTBYIOT elle u Takue TepMuHbL. llocrenoBarens-
HOCTB {as} cXOmuTes K a* Aumetino, eciu CylecTsyeT Takoe ¢ < 1, 4ro
llas+1—a*| < gllas—a*||, u ceepraunetino, ecnu ||as+1—a*||/||as—a*|| —
0. IlousTre MUHENHON U CBEPXIIMHEAHON CXOMUMOCTH ITEPEHOCUTCS U Ha,
MeTOOBI IOCTPOEHNS IIOCIIEN0BATEILHOCTEN.

3ameuanue 2. Jlerko BumeTh, YTO HOHATHE CXOOUMOCTH C IIO-
PAOKOM (v U CBEPXJIMHENHON CXOOMMOCTYU WHBAPUAHTHO OTHOCUTEIHLHO
BuIOpanHOil B R” HOpMbI. K JTMHEAHON CXOOMMOCTH 5TO HE OTHOCUTCS.

Jlemma. Ilycts x* — mHemonmBumkHas ToUka oTOOpaxenus O: r*
®(2*), n mycrs Hammes Takue r > 0, ¢ > 0w a > 1, ato S,.(z*) C Q
u s mo6oro x € Sy (x*) BemmonHsercs HepaBeHCTBO || P () — O (2*)]] <
¢l — z*||*. Torma merom mTepanuu mJisi HAXOXKIEHWUS T CXOMUTCA C
HOPSILIIKOM (V.

IIokaszaTenbcTBO. Bo3bMeMm mpom3BoibHOE ¢ < 1 u Hafimem
§ > 0 m3 yeropuit § < 1 u cd* ! < q. Torma ecrn ||xg — 2*|| < J, TO

1 — 2" = [[@(z0) — D(2")[| < ¢llwo — 27| < gflwo — 2™ < 6.
OTciona MeTONOM MHOYKINY JIETKO 3aKJIIOUNTh, YTO MIPU BCEX S

s = 27| < llzo — 2"[lg” — 0,
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npmwae [[zs41 — 27| = [[@(zs) — (27| < cllws —27(|*. W
Teopema 2. Ilycts oTobpaxkenne ¢ mBaknpl HEIPEPHIBHO Oud-
depeHImpyeMO B HEKOTOPOW OKPECTHOCTU HEMOMBMKHOW TOYKH X* U

®'(z*) = 0. Torma MeTon WTEpaUMU [UIsl HAXOXKIEHWUS T* CXOOUTCS
KBaJIPATHIECKN.
HoxaszaTtenbcTBOo. MCHOMB3ys WHBAPMAHTHOCTH IOHATH

KBAIPATUIHON CXOMUMOCTU OTHOCUTEITHHO BEIOPAHHOM B R™ HOPMBI, IpO-
BEPUM BBIMOIHEHNE YCIIOBUL IEMMBI IPA (¢ = 2 1711 HOPMEL || - ||oo. IlycTh
orobpaxenne ¢ nBaXK bl HEMPEPHIBHO nuddepernupyemo B mape Sy (z*)
(Jlz — z*|| < 7). Ionoxum

_ Py
M= Inax{ ‘afjaﬁz

‘1sk,j,13n, :ces»(z*)}.

Iycts « € Sy(x*). Oupenenmum byHKIIN
up(t) = pr((1 = t)a* + tx) = pp(a* + t(z — 2¥)).

Torma nmeem

IZle BCe TIPOM3BOIHBIE BEIUUCIAIOTCS B Touke 2™ + t(x — *). Orciona

uy,(0) = 0;
lug (t)] < Mn?|lz —2*||2, Vt € [0,1];

() — () = ue(1) — ue(0) = w (0) + Sl (73) = Sl ()

* 1 *
ok (2) = pr(@™)] < SMn||lz — 27|
[®(2) — (") ||oo < cflz — 2713
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pu ¢ = %M n?. M
Banaua. Ilokasarh, 4TO B Ciiy4yae omHOro ypaBHeHUs t = ((t) ¢ TPIKIBI
HenpepbiBHO AuddepenHnupyemoit dyHkuueit ¢ ycmoeue p(t*) = ¢’ (t*) = @'/ (t*) =0

rapaHTUpyeT CXOOUMOCTBH TPEeThero NopsaakKa MeToma UTepaluu IJisi KOPHs t*.

§3. Meron HeroTona

Meton HploToHa cHavajga pacCMOTPHUM IJIsI OQHOTO YDPaBHEHUS
ft) = 0. Ilycrs dyukuus f OBaKObl HempepbIBHO nuddepeHnupye-
Ma B OKPECTHOCTH KOPHSI t* 5TOro ypaBHEHUs W MyCTh HAM U3BECTHO
IOCTATOYHO GyiM3Koe mpubimkenue tg K 5ToMy kKopuio. Torma

0= (1) = flto) + (° — t0)(t0) + 3 (t" — t0)? (7).

[Mocnenuee caaraemMoe B MPABOil 9aCTU MaJIO, U UM MOXKHO HpeHeOpedb,
Tak 4To t* ¢ XOpOIIell TOYHOCTBIO yNOBIETBOpsAET ypasHenuio f(to) +
(t — to)f'(to) = 0. Pemmenue storo ypasmenus t; = to — f(to)/f (to)
NPUHUMAETCH 3a CIIEMyIolee TpUOIImKeHne K pemiennto. ATax, MeTom
Helorona cocront B ciemyromem. BriGmpaeTcss HEKOTOpOE HAYAIBHOE
npuGIKeHne ty 1 CTPOUTCS MOCIEIOBATENLHOCTD

_ f(ts)
ts+1 = ts - fl(ts). (1)

Meron HeroToHa nMeeT mpoCTOR TeOMETPUIECKUN CMBICIT: tg41 €CTH abc-
ucca TOYKY IMEepecevdeHns KacaTelnbHol K rpaduky GyHKIun f, TocTpo-
enHoll B Touke (s, f(ts)), ¢ ocpro abemmce.

MHorna okaspiBaeTCst yIOOHBIM He IIePECUNTHIBATE Ha KaXKIOM II1a-
re TPOU3BOOHYIO U IOJIB30BATHCS YIIPOILIIEHHON (HOPMYIIOn

S
Pt = T Gy

OTOT METON HA3BIBAETCI MOJuPuyuposannvim memodom Hvromona.
OueBunno, uTo eciu tg = ty, TO u t; = t;. MonudunupoBaHHBIT Me-
Ton HeloToHA Takke MMeeT OUEBUMHBIN T€OMETPUUYECKUN CMBICIT.



86

B ciydae TpymHOCTEH ¢ BEIYMCIEHUEM TIPOM3BOMHON €€ 3HAYCHUS
MOXKHO 3aMEHATb, UCIOAb3ys JUCIeHHoe muddepernupoBanue. IlycThb
B3ATHI ABa OGIN3KUX HAUAJIbHBLIX IpubGImkennus to u t1. Torma MoXHO 1o-
CTPOUTH Clenylolee npubnmxkenue no hopmyie to = t1 — f(t1)/ f (to, t1),
3amenuB B gopmyste (1) mpu s = 1 npoussonuyio f'(t1) Ha pasmereHHyO
pasuocth f(to,t1). OTO IPUBOAUT K IOCIIENOBATEIHLHOCTH

_ . f(ts) _ - ts - t5,1
ts+1 - ts f(ts—lats) ts f(ts) — f(ts—l)f(tS). (2)

OTOT METOI HA3BIBAETCS MEMOJOM CEKYUUT.

Wrorma ynoTpebmsioT Takxke memod ropd. llpennomaraeres, 9To
U3BECTHBI HAYaJIbHbIe Npubimxkenus to u t1, Takue uro f(to) u f(t1)
IMEIOT TPOTUBONONIOKHLIE 3HaKU. Torma mocTpoennoe mo dopmyse (2)
(mpu s = 1) mpuGmmxkenne to JeXKUT MeXKAY to u t1. VI3 mpoMexyTKOB
[to, t2] 1 [t2, t1] BEIOHMpaeTCs TOT, Ha KOHIIAX KOTOPOTO GyHKIUS [ IPUHU-
MaeT 3HAYECHUS PA3HBIX 3HAKOB, W NEJAETCA HOBBLIN IIAT, aHAJOTMYHBIN
PEBLITYIIEMY.

Bepuemca x metony Heioroma. ®opmymy (1) moxuO paccMart-
puBaThH Kak (GOpMyIly MeToma UTepanmii mjis ypasHeHus t = ¢(t), Tme
o(t) =t — f(t)/f'(t). Jerko mpoeepurs, uto ¢'(t*) = 0. IlosTomy,
B CBA3U C PE3yJIbTATAMHA TPENBIAYIero maparpada, cienyer OXugaTh
KBaIPATUIHYIO CXOOMMOCTH METOIA.

Amanormuno mMommdunmposanubii Meton HeloTOHA MOXKHO pac-
CMaTpPUBATHL KAK METOI WTepanuu s ypasHenus ¢ = @(t), roe P(t) =
t— f(t)/f(to) 3mecy @' (tg) = 0, ¥ IpU TOCTATOTHO XOPOIIEM HAYAILHOM
IPUGIIKEHAN MOYXKHO OXKHUIATH CXOOUMOCTE 3TOTO METONA ¢ OBICTPOTON
FeOMETPHIECKON MPOTPECCHN C MAJTLIM 3HAMEHATEIIEM.

Uccnenosanme metonos HeloToHa m MomudumupoBaHHOTO Gymem
IPOBOMUTD ISl CITy9ast CACTEMbI yPABHEHUIT

F(z) =0 (3)
(z=(&,....&) €R™, F(z) = (fi(2),..., fu(z))). Cornacuo dopmye

Tettmopa
0= F(z*) = F(xo) + F'(z0)(x* — x0).
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Tak 9TO MCXOmsI M3 HAYAIILHOTO TPUOIMKEHUS X MOCIEOYIOINE 10 Me-
tony HeloToHa cTposiTes mo dhopmyse, BuoiHe anagornason (1):

szrl = Ts — [F/(xs)]_lF(zS)' (4)
(I)opMyna MOJII/I(I)I/II_[I/IpOBaHHOFO MeToga:
Tsp1 = s — [F'(w0)] T F(Zs). ()

Peanbno B MeTone HrloToHa HaxoxneHue Ty TpebyeT He oOpallleHus
MATPUIBL (ITO HEPAIMOHAIILHO), & PEIeHns] CUCTEMbl YPaBHEHNIT:

Tor1 =T+ Axg, F'(v5)Axs = —F(y).

B MOI[I/I(I)I/IL[I/IpOBaHHOM MeTone O6pa.U_I€HI/Ie MaTpUIbl MO2KET OKa3aTbCA
OIIpaBOaHHBIM.

Teopema 1 (o merone Heiorona). Ilycts o* — pemenue cucrems
ypasrenuii (1). IlycTb B HEKOTOPOI OKPECTHOCTHU TOUKU T 0TOOpaKeHre
F(z) tpuxnst venpepsisao auddepenimpyemo u det F'(z*) # 0. Torma
Meron Helorona cxomurest mist £* KBaIpaTUIeCKN.

Hoxasareabcrso. F'(x) — F'(z*) mpu ¢ — z*. Ho npm
yeroun || F'(z) — F'(z*)]| - ||[F' (2*)] 7Y < 1 maTpuma dkobu F'(z) Tak-
xKe obpatuma (MbI ucnonb3yeMm TeopeMy 5 §2 ruasol 3). IlosTomy muis
HekoToporo r > 0 mpm Beex Tex x, mid KOTOpwX |l — z*| < r, cy-
mecteyet mMatpuna I'(z) = [F'(z)]™! = {vyx;(z)}. Jlerxo Bumers, uro
byuxmn g, (r) oBaxnsl nuddepennupyemsl. Meron HeloTona teneps
3AMUIIETCS TaK: Tsp1 = Ts — L(z5)F(x5) = ®(x5). OTobpakenne $(x)
IIBaXKOBl HENMPEPHIBHO HU(OEPEHINPYEMO B OKPECTHOCTH TOUKH T, 1
9TOOBI BOCIIOJIB30BATHCSI TEOPEMOI 2 U3 MPENbIAYINero maparpada, mo-
crarouno y6enuthes, uto O (z*) = Q. Mg xommonenT otobpaxkenus P
nMeeM

o () =& — Z%;‘(SC) - fi(x),

af;
&

O =0 — Z [‘9%- (@) fi (@) + Yk (2) ()] -

& &

Jj=1



88

Ilpn x = x* mepsoe ciaraemMoe B KBAIPATHBIX CKOOKaxX 00pamiaeTcs B
HOIb, & BTOpOe ecThb (k,1)-brit smement Marpuust I'(z*)F'(2*) = E, T.e.
k. Urax, Bce smeMenTsl MaTpuusl ' (2*) pasuwt mymo, &' (z*) = O, n
IUIsL 3aBEPIIEHUs I0KA3aTeIHCTBA OCTAETCS BOCIIOIB30BATHCSI TEOPEMOIL

2u3 §2. W

3ameuanue 1. B ycroBusax 5Toit TeopeMbl TpeGoBaHIE Ha TJIAI-
KOCTb OoTOOpaxkeHus [’ 3aBEHIIIEHO — B MENCTBUTEILHOCTH HOCTATOYHO
OBYKpaTHOU nuddepeHnupyeMOoCTH.

Sameuanue 2. Ycmoeue det F/(2*) # 0 TeopeMbl CyLIECTBEHHO
— 6e3 Hero KBaJIpaTUIHON CXOOUMOCTH MOXKET W He ObITh. I[lpuBemem
COOTBETCTBYIOMHI IPUMep B OMHOMepHOM ciyuae. Ilycts f(t) = t2.
Kopens t* = 0 ypasuenus f(t) = 0 taxos, uro f'(¢*) = 0. Hnsa meTona
Herorona nerxo nomyuaem tg41 = %ts, u ipu tg # 0 cXOmMMOCTb MeToma
BCETO JINIIb JITHETHAS.

Teopema 2 (o mommbunmposanuom metome Hpioroma). Ilycrs
F(z*) = 0 m B HEKOTOPOIT OKpecTHOCTH x* oTOOpaxkeHnwe F mABaKmIb!
HenpepsiBHO nuddepenmupyemo. Ilycrs detF’(z*) # 0. Torma maiimyT-
ca takme 6 > 0 mw ¢ > 0, aro mpn xp € Ss(x*) MomMPUIEPOBAHHLII
Meron HbioToHa cXommTesl ¢ OBICTPOTON TeOMETPUUECKON ITPOTPECCHN:
[Zs — 2| < ¢*llwo — 2|, rme ¢ < cflzo — 2™[] < 1.

Hoxaszartenscrro. O6Go3HaunM r pamuyc TOro mapa S,(z*),
B KOTOpPOM oOTOOpaxkeHume I mpaxnabl muddepennupyemo. HaimeTcs
Takas TOCTOSHHAs c¢1, 4To misa x',z” € S,(x*) BeINOMHsSETCS HEpa-
BeHcTBO ||[F'(2') — F'(2")|| < e1l|la’ — 2”||. Beibepem 19 < 7 Tak,
aro ||[F'(z*)] 7 |leiro < 3. Ilo Teopeme 5 n3 §2 riasbl 4 i Beex
r € Sy, (x*) cymectsyer obpatHas marpuma I'(zr) = [F'(z)]™! =
IT(@)]] < 2|T(z*)|| = c2. Tomoxkum ¢ = 2¢y1c2 u BBIGEPEM § TaK, UTO
0 <rogucd < 1. WUrak, c u § BuiGpaunl. [lokaxkem, uTo oHU TpeGy-
empble. Ilycre 9 € Ss(x*). B momuduimposanHoMm metonme HeroTona
To =2 Ut Tsp1 = P(Zy), tme ®(x) = — ToF(x), g = I'(xg). Tak xak
¥(z) = E-ToF'(z) = To(F'(z0) — F'(2)) 70 mpi |5 —2*]| < [z — o* |
Oyzmet

19" (@) < c2erl|lzo—z|| < exea([lwo—a™ ||+ [lz—2"[]) < cllwo—a™]| = ¢ < 1.
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TosTtomy mo Teopeme 2 m3 §1 mist moberx Touek x’, '’/ Takmx uro ||z’ —
|, 2" —a*|| < [lwo — 2*|| mveem

|®(') — ®(2")|| < ql|a’ — 2"
Orcrona
1@, — 2l = [ @(Eo—1) = ()| < glldacs — 2" <+ < g*llao — 7]

Otum Teopema mokazana. M

W3BecTHBI MeTOnBL U 60JI€€ BBICOKOTO, U€M BTOPOI, HOPSIIKA CXO-
mumoctu. Hampumep, MeTomaMm TPETHErO IMOPSIOKA SBIISIOTCS METOI
KacaTelbHbIX runepbos u YeObIleBa, BBIUUCIUTEIbHBIE QOPMYIIBI KO-
TOPBIX B CIIyuae OIHOTO BEIECTBEHHOTO ypasHeHus f(t) = 0 BoraamaT
COOTBETCTBEHHO TaK:

1)
s s () f(ts) FI(£.)]
1 Lt 1)

- FEDF7 ()Y [t

“““G*zwmm)fmy

MeTomb! BBICIIIX TOPSOKOB OOLITHO MeHee YPPEKTUBHBI, IeM Me-
Ton HeroTomna, ocobenno B ciayuae cucteM ypaBuenuit. Hampumep, mpu
PEIIIEHNN CUCTEM YKA3aHHBIE METONLI TPETHEr0 MOPSIKA Ha OTHOM IIare
TpeGyIOT BBIYUCIICHUS caMuX QYHKIUN @k (UX M), UX IEPBBIX IIPOU3-
pormubX (ux n?) um BTOpBX (M N3) U perreHus ABYX CHCTEM JIMHEHHLIX
yPaBHEHUH TTOPsaKa n. Tak 9TO OOUH IIar TAKOTO MeToma 6osee TPy mo-
eMOK, ueM nBa Imara metoma HeioToma. B To xe Bpems, rpy6o roBops,
ONVH IIIAI TAKOT'O METOMIa BO3BOMUT MOTPEIIHOCTH B TPETHIO CTEIEHb, B
TO BpeMsI Kak [Ba Iara mMerona HpOTOHA — B 4eTBEPTYIO.

Ho GriBaroT cimyvanm, xorma HavdaabHOE IPUOIMKEHNE YEM-TO OCO-
6GEHHO TIPOCTO — B 9TON TOYKE YK€ M3BECTHBI BCE TPOU3BOMHLIE, CPEMN
HUX MHOTO HyJIe# u T.n. Ecmum omgmoro mara meroma HbioToHa 3mech mHe
XBaTaeT OJIs HOCTIKEHUS HYXKHON TOYHOCTH, TO IPUMEHEHWE MEeTOIOB
BBICIIIETO TIOPSIOKA OMPABIAHO. BO0O3MOXHO, METOOBLI BBICIINX HOPSIKOB
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IMEI0T HEKOTOPOE IIPEMMYIIIECTBO IIPU paclapallIeINBaHUN BBIYNCIIHI-
TEJILHBIX ITPOIECCOB.

3anaua. [lokasaTs, 94TO B ClIy4yae OMHOIO YPABHEHUS 15l Y€ ThIPEXK LI HEIIpe-
peiBHO nuddepennupyemont pyukiun f Merons: HebbliieBa u KacaTelIbHBIX TUIEP6OIT

NMET TpeTI/Iﬁ TIOPSAOOK CXOOUMOCTH.



