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I'maBa 1
IIpubnu>xxenne QYHKIUNA U NHTEPIOJISIINSI

81. PaBrOoMepHoe npubmmxkenne ¢pyuknuii. [lomrmaombr Yebrbiesa.

Wnen mpubmumxkenuss GyHKIUN TPOHU3BIBAIOT BCIO BHIUNCIUTEIHHYIO Ma-
TeMaTHuKy.

Yem npubnuxars? Mbl GymeM paccMaTpUBaTh IPUOIIMKEHIE TTIOITTHOMA-
M.

Kax msmepsars 6musocts Gyuknuii? PaBHoMepHass 6;1130CTh.

[MoscauM, aTo 510 3HAUNT. MHOXECTBO DyHKIUN, 3aIaHHLIX W HEpe-
PBIBHBIX HA NPOMEXYTKe [a, b, o6o3naunm uepes C' = Cla, b] u xaxmonn dyHk-
umn f € C conocrasum uucio ||f|| = ||fllc = max,epq,p |f ()], HA3BIBACMOE
HopMolt dyukunn f (B mpoctpancTse C). OTMETUM CBORCTBA HOPMBI:

(LY IfIl = 0wu || f|]| =0 B ToM 1 TONBKO B TOM cityuae, eciau f(z) = 0;

() lafll = lal [LF1)

B) Ilf +gll < 171 + llgll (mepasercTro Tpeyrompmka).

W3 ceoiictBa (3) cnemyer, uro mis mobbix dyukuuit f,g € C BBIIOIHIETCS
nepasercrso | | f|| — gl [ < [If - gl.

Ilycts mama mocnenoBarTenbHOCTh dyukuumit { f, } C C. CooTHorenne
lfn.— fll — 0 (cxomumocTs mo HOpMe B C') 03HAYAET PABHOMEPHYIO CXOMUMOCTD
nocienoBarensHocTn { fp, K f.

Bgenem o6osnauenue: P,, = { P, } — MHOXeCTBO BCeX HOJIMHOMOB CTeIIe-
HU He BBIIIE N.

B TepMmumuax HopMBI m3BeCTHas U3 Kypca aHamm3a 1-s Teopema Beitep-
[ITPACCa MOXKET ObITh CHOPMYINPOBAHA B BUIE

Teopema (1-1 Teopema Bentepiurpacca). s moboit pyukuun f € C
o soboMy € > 0 maiimyTces Takoe n u takoir P, € P, uro || f — P,|| < e.

Omnpenesmeane. NAILUMN[IM PRIBLIVENIEM dyukuun f € C nonuso-

MaMU CTENEHNU 71 Ha3bIBAETCS UHUCIIO
E - i f P .
n(f) Pilean If nl

Honuuom P,, € P,, naswiBaerca POLINOMOM NAILUMNLEGO PRIBLIVENIQ dymk-
wnn f, ecnu ||f — Pl = En(f).

Teopema Beitepirpacca osaauaer, aro s mobon f € C E,(f) — 0.



TokaxkeM CyIeCTBOBAHME MOIMHOMA HAWITYUIIETO MPUOINKEHN.

Jlemma 1. F(A) = F(ag, .. .,an) = ||f — Pullc, rme P, (z) = P,(A,z) =
ag + -+ + a,x™, eCTh HelpepbIBHAsE QYHKIUS apIyMEHTOB .

HokaszaTenscTBo. Homokum ¢ = max{|al, |b|}. Torma B moHATHBIX
0003HaUEHUIX

n

[F(A+ AA) = F(A)] < > Aapa®|| <> |Aagc" < (| Y Aa2, | > e W
k=0 k=0 k=0 k=0

JIemma 2. CymiecTByeT Takas IIOCTOSHHAS 1M1, 3aBUCAINASL JIUITH OT N 1
npoMexyTKa |a, b, ato mus mo6oro P, € P, (P, = ag+ -+ a,2") BHIIOIHS-

€TCsI HEPABEHCTBO
1/2

n
1Pall = m (D ai
k=0

HokazaTenbCTBO 3TOM JIEMMBI OyIeT MOIyYeHO Mo3aHee, B §1 TIaBbl
3, Kak cirencTBue Oosiee OOILIErO yTBEPKIEHNS.

Teopema. Ilins mo6oit pyuxunn f € Cla,b] cymecTByer moIMHOM Hau-
syuriero npubmmxkenus P, € P,.

Hoxa3zaTenbcTBO. Tpebyercs moka3aTh, UTO HENPEPBLIBHAS (GYHK-
uust F'(A), onpenenennas B jeMMe 1, MOCTUraeT CBOErO HAMMEHBIIETO 3HA-
genna. Ilomoxum R = 2| f||/m (m > 0 — wunmcmo u3 memmer 2). B mape
Srp = {4 | > a? < R?} ¢ymkuua F(A) mocTuraeT CBOEro HAMMEHBIIETO
3HAYEHUs B HEKOTOpoU Touke A* € Sk (T.x. Sp — 3aMKHYTOE OrpaHUYEHHOE
MHOXecTBO). Ecim xe A ¢ Sk, To

F(A) = If =Pa(A, )| 2 [Pa(A ) =LA > mBR= | f]] = [ £]| = F(0) = F(A"),

Tak uro A* — Touka riobanbHoro MmunuMyMa. M

WN3BecTHo, uTO nms mo6oit HenpepbiBHON dyukinun f € C' ee monmmaOM
HAWTYYIIero pubimmkenns B kiaacce P, eQUHCTBEHHBIA, HO 5TO YTBEPXKICHIE
ocTaBUM 0e3 0Ka3aTeIbCTBA.

PaccmoTpum oy 4acTHYI0, HO OUeHb BaxKHYIO 3amady. Ha mpomexyTke
[—1, 1] mans pysxkuun f(x) = 2™ TpebyeTcs NOCTPOUTH ee IOJIMHOM HAMITyYllle-
ro npubnuxkenus: crenesu n — 1. Ecou Q,—1 € P, _1 pelaer mocTaBieHHyO



samaay, 10 Py (x) = 2" — Qp—1(2) €CTh IOIMHOM CTENeHN N CO CTAPIINM KO3(-
GduumenToM 1, pemarommii 3anady: Cpeon BCEX TOIMHOMOB CTEIEHNU 7. CO CTap-
M KoadbdurmenTom 1, HaiiTu TOT, WA KOTOporo ||Py,|[¢[—1,1) MuHIMATBbHA
(3TH mBe 3amaYM SKBUBAJICHTHBI). 1I0JIMHOM, permarommii BTOpyIo 3am1ady, Ha-
seiBaeTcs POLINOMOM, NAIMENEE UKLONQ@ ] IMSQ OT NULQ.

Omnpenenenue. [lomumomom YeObIleBa CTEEHN N HA3BIBACTCS (QyHK-
nws, 3amaBaeMas Ha mpomexyTke [—1, 1] dopmysion

T, (z) = cos(n arccos x).

"3 dpopmyiet cos(n+2)0 = 2cosf cos(n+ 1)0 — cos nd nerko nomyuaercst
REKURRENTNAQ FORMULA mst muOTOUIeHOB YeObbItesa:

Toy2(x) = 20Tn 41 (x) — Ta(),

koropast (yuaursBast, ato To(x) = 1, Ti(x) = ) nO3BOIAET JETKO NOKA3ATH
METONOM MHAYKIWY, 9TO 1), (Z) eCTh IMOIMHOM CTEleHU N CO CTapumM Koabdu-
merToMm (mpm n > 1) 2771,

B IINPOKOM CMBICJIE TIOJIMHOMaMI YebbiieBa, HA3HIBAIOT TAKXKE IIOJIMHO-
MBI, OTJIXYAIINECS OT Tn (J}) IIOCTOAHHBIM MHOXKUTEJIEM.

HenocpencTBenHo 13 onpenesneHns IETKO HAXOMSTCS TOUKU YY) MAKCHIMY-
Ma MOIYJISl U KOPHU T TouHOMa 1),:

yk:cos%—ﬂ (k=0,...,n), xx :cosM (k=1,...,n).
n n

Teopema. Hanvenee yknonsercs ot Hymst PRIWEDENNYJ muorowen He-
6uresa 1, (2) = 52Ty (2).

IoxasaTennctso. Tp(yp) = (—1)¥/2" 1. Eciu P,(z) = " + ...
TakoB, uTo || P,| < ||Tn~||, TO sign(Tn — P)(yx) = (=1)* u T,, — P, umeer n
kopHelnt, Tak uto P, = T,,, uro HeBozmoxuo. W

Cnencteue. E,_(z") =1/2""1.

Bameuwanme. Kak BUIHO U3 MOKA3aTEILCTBA TEOPEMBI, T (DyHKIIUHA

" U ee MOMWHOMA HAWIYYIIIETO IPUOIMKEHNs CTEeHN N — 1 HAIINCh TakKue
n 4+ 1 Toukm (5TO TOUKHU Yk), B KOTOPHIX PA3HOCTH MEXIY HUMHU IOCTUTAET



MaKCUMaJILHOTO TI0 BeJIMUMHE 3HAUEHUs C YEPEeNyIONIUMUCS 3HAKAMU. JTO —
obriee siBeHue. BepHa

Teopema II.JI.YUeGrunesa (6e3 mokaszarensctsa). llycts f € C, P, €
P,,. Hns Toro uTobsr P,, GBI TOIMHOMOM HAWJIYUIIIETO MPUOIMKEHNs, He0OXO0-
nuMo u moctaTodHo cyiecrsosanue ~MEBY [[EWSKOGO ALXTERNANSA, T.e. Takux
Touek a < 1 < -+ < Tpyo < b, UTO

D) [f(zr) = Po(zi)l = If = Pal,

2) sign(f(wx) — Palan)) = —sign(f(wrs1) = Pa(@rsn)).

I'nmagxme dynxnuu xoporro npubmmxaioTcs nonnHoMamu. be3 mokasa-
TeJILCTBA IIPUBENEM TEOpEMY:

Teopema. (II.Txexcon, 1912). Tlpu kaxXmoM HATYPAIBHOM P HANIETCS
TaKas IIOCTOSHHAS Cp, YTO LA Joboi dyHkuuum f € C®)[a,b] BemOMHSIOTCS
HEPaBEHCTBA

Eu(f) < 2(b=ap|[f7] (n=p-1).

3anaua 1. [lokasaTs, uTo B Teopeme [IxexcoHa ycioBue n > p — 1 cyIiecTBeHHO.

3anaua 2. JlokaszaTh TEOPEMY O €QUHCTBEHHOCTH IIOJIMHOMA HAWIIY YIIIero IpubiimKe-
HUsI, UCIONb3Ysl TeopeMy o6 anbrepHance. UKAZANIE: Iloka3aTh, 4TO e€cju IOJIMHOMOB Hau-
JIy4Iiero npubIrmKeHnsl Ba, TO UX MOIYyCyMMa TaKXKe MOJIMHOM HAVJLYYIIEro IPUOIIVKEHUS
U BOCIIOJIB30BATHCSI TE€M, UTO IJIs HETO CYIIECTBYET aJbTEPHAHC.

3anaua 3. [lokazaTs, uTo ecinu mist nonusoMa Py, € P, npu Beex x € [—1, 1] Beinosn-

HsieTCst HepaBeHCTBO |Pp(x)| < 1, To npu & > 1 6ynet |Pn(x)| < Th(x).

§2. Koneunsle u pas3nereHHbIE PA3HOCTHI

Omnpenenenne. lano h > 0. Koneunoil pasHOCTBIO ¢ m1aroMm h GyHKIIn
f € Cla, b] naseiBaercst dyuxuns Af(x) = f(z + h) — f(z). Koneunsie pasuo-
CTHU BBLICIINX TOPAMKOB ompenensioTcs pekypensuo: AF f(x) = AF =1 f(x 4+ h) —
AR f(2).

Koneunas pasnocts AF f 3amana ma mpomexyTke [a,b — kh].

Koneunsre paznoctu — anmapat paboTsl ¢ GYHKIUIMHA, 3aJaHHBIMEI Tab-
JIMYHO B PABHOOTCTOSIIMX y3nax. Eciau HaMm u3BecTHBI 3HaueHUsT GyHKIUM f B
TOuKax r; = o + jh, j =0,...,N, To B Tex xe y3nax mpu j = 0,..., N — k
MOTyT GBITH BhrumcieHsl i 3Hadenus AFf. B Tabmaumax, kKoTopble Hapsmy €O



3HaUeHUSIMU (QYHKIINU CONEPXKAT W 3HAUEHUS ee PA3HOCTEN, KaXOyH CIemy-
IOIILYIO Pa3HOCTH OOBIYHO NPUHSATO Pa3MeIlaTh Ha MHOJICTPOKU HIXKE, TaK UTO
Takas TabINNa BBINJLLOAT TakK (€Ciu OPUBOMITCS PA3HOCTH IO 3-TO TOPSAKA):

x f Af A%f ARf

Tn—1 fn—l Aan—2
Afnfl ASfan
Tn fn A2.](‘7171
Afn A3fnfl
Tpi1 fotr A fp

OTMeTrM OCHOBHBIE CBOMCTBA KOHEUHBIX PA3HOCTEM.

(1) Ecmu f = a1g1 + aogo, T0 AFf = a1 AF gy + apAFgs.

(2) Eciiu p — monuHOM CTeneHu n, To Ap — [NOJIMHOM CTEIeHH 1 — 1,
A¥p — momuHOM cTenenu n — k, B vacTHOCTH, AP — TMOCTOSHHASA, 8 PA3HOCTH
BBICHINX IIOPSIOKOB TOXKIECTBEHHO PABHBI HYJIIO.

(3) HemocpencTBeHHO yepes 3HAUCHUS caMOU DyHKIMN KOHEYHEBIE PA3HO-
CTU BBIPAXKAIOTCSI (POPMYIION:

AFfo = fr = Chfoe1+ Cifo—a + -+ (=1 fo.

3mech C,z — OuHOMUuANIBHLIE KO3(hdunuenTsr. PopMyra JIETrKO OOKA3HLIBAETCS
METONOM WHOYKIWUN C yIeTOM M3BECTHOIO PABEHCTBA Ci71 + C,zj = CZ.
Ecnu Beectn “omeparop cmsura’ Ef(z) = f(x + h), To npusenennas
dopmyna MoxeT OBITH 3allIcaHa B CUMBOJIIUECKOU hopMe AF = (E—- l)k. Nwe-
eTcs B BUNY, UTO IIpaBas 9acTh packphiBaeTcs o dopmyie 6uaoma HreioToHA.
(4) Buavenune GbyHKIMN [ B TOUKE Tj MOXKET ObITH BHIPAYKEHO YepPe3 3Ha-
YEeHUs ee PA3HOCTEN B TOUKE T(:

fn:fO+C,1lAf0+C7%A2fO+..._|_Anf0.

(IDOpMyna TaK2Ke€ JIETKO OOKa3bIBA€TCsa METOOOM WHOYKITWUN. ,H.Hf[ JOKa3aTeIb-
CTBa BO3MOXKHOCTU MHOYKTUBHOI'O II€epexXOoda CJenyeT BOCIOJIB30BATBCA TEM,



a10 fr, = fno1 + Afn—1 1 mus obenx GYHKIUA, CTOAINX CIPaBa, BOCIONb-
30BATHCSA WHIYKTUBHBLIM MPEIIIOIOKEHneM. MHEeMOHIYECKas 3amch (OPMYJIbL:
E™=(14+A)".

(5) Ecrn dymkmms f 7 pas mempepsisao maddepermupyema (f € C1)),
TO TAKOBHI e 1 ee KoHeunbie passoctu u (AF ) (z) = (AF () ().

(6) Eciu pyukuus f k pas menpepsiBaO nuddepeHuupyeMa, TO HalneT-
cst Taxas Touka & € (xo,xo + kh), aro AF(z) = hF R (). Tlpu k = 1 mo-
Ka3bIBaEMO€e CBOMCTBO ecTh hopmyina Jlarpamxka. Bo3sMOXHOCTE UHIYKTUBHOTO
[epexofa CieqyeT 13 HelOYKU PABEHCTB:

AFf(ao) = ARV f(wo + h) — AR f(mg) = RAFTV () = BF £ ().

Bmeck 1 € (20,0 + h), £ € (n,n+ (k= 1)h) C (20, 0 + kh).
IIpu paboTe ¢ TabIMYHO 3aMAHHBIMU (DYHKIMSIMA ITPU HEPABHOOTCTOS-
X y3JIaX KOHCYHbIC PA3HOCTU 3aMCHAIOTCA Pa3OCJICHHBIMU.

Ounpenestenune. Pasnenennoil pasHOCTHIO (Pa3HOCTHBIM OTHOIICHUEM )
nepBoro nopsanka Gyukuun f(x) HasbBaeTCs QYHKINS OBYX NEPEMEHHBIX

fz1) = f(zo)

Tr1 — o

f(zo,21) = (z1 # ).

Pasnenennbie pa3HOCTH BBICIIINX TMOPSIIKOB OIIPENETISIIOTCS PEKYPCUBHO, TIPIYEM
pasmeseHHas PasHOCTh k-To mopsnka ecTb Gyukuus (k + 1)-ro nonapao He COB-
TIaIaI0IINX apTyMEHTOB:

fiL’ Tk _fx Tlyeooy Ll
f(x071'1,...,$k) — ( 1 5 ) ( 0,L1, s 1).
T — X0

IlepeuncanM OCHOBHBIE CBOINCTBA PA3METICHHBIX PA3HOCTEM.
(1) Ecnu f = @191 + aaga, TO

f(@o, ... ) = oagi(wo, ..., k) + o2g2(wo, - .. 7p)



(2) CpaBenyiuBo IpenCTABIIEHNE:

_ f (o) f(z1)
@, ) = (o —x1) ... (20 — 2k) + (x1 — x0) (21 — 22) ... (11 —xk)+

f(xr)

(g —x0) ... (T — 1)

HoxkazaTenncTBo npoBonuTcs MeronoMm uumyknuu. [Ipu k = 1 dop-
Mys1a oueBIIHA. BO3MOXHOCTE MHIYKTUBHOTO mepexona oT k k k + 1 mokaxxem
TONMBKO it k = 1 — obmmmii ciaydail He CIOXHee B WOCHHOM OTHOIIEHUHU, HO
rpomosmok. rax,

fl@1, m9) = flwo, 1) _

T2 — T

1 [ f(z1) f(z2) }_x 1 { flwo) | fla1)

2 — %o [ To—T1 Tr1 — Zo

_ f(zo) Jrf(ﬂfl)[ 11 }+( f(z2)

X1 — T2 Tr1 — XTo o 7130)(352 7561)

f(xovffl,ffz) =

(IO*Il)(l'O*IEz) T2 — o

n OCTaeTCd 3aME€TUTh, 9TO

1 1 - T2 — X0 [
r1 — T2 Ir1 — Xo (1'1 —1’0)(%1 —xg)-
(3) Paspenennas passocts f(Zg,...,T;) €CTh CUMMeTpUIHAs (QYHKIS

CBOUX apryMEHTOB, T.e. OT MEPECTAHOBKM apIyMEHTOB €€ 3HAUCHUE HE MEHIET-
¢s1. DTO CBOMCTBO €CTh HEMOCPENCTBEHHOE CIIEACTBHE IIPEILIIYIIErO.

Tenepb MOXHO CKa3aTh, 9TO Pa3le/IeHHAs PA3HOCTH Kk-TO TOPSIKA €CTh
mepBas pasnereHHas pasHocTh oT (k — 1)-1 no aro6oMy ee apryMeHTy.

(4) Ecnu p — NOAMHOM CTENEHU N, TO Pa3mesieHHas Pa3HOCTh mopsanka k
€CTb MOJMMHOM cTenenu n — k ot k + 1 aprymMeHTOB.

(5) CupaBemnBo IpenCTaBIICHIE

f(@n) = f(z0) + (#0 — 20) f (20, 1) + (Tn — T0)(Tn — 71) f(T0, 21, T2)+
4+ 4 (CL’n —xo)...(mn —Tn1)f(T0,. .., Tn).



HoxazaTeasbcTBO IpoBOOUTCS MeTonoM nHaykimu. IIpu n = 1 dop-
Mys1a odeBunHa. [lokaxkeM BO3ZMOXHOCTb MHAYKTUBHOIO Ilepexona oT n— 1 x n.
Mcnone3ys NHOYKTUBHOE IPENTIONIOKEHNE OIS TOUEK X, . . . , Tp—2, Ty, IMEEM

f(zn) = f(xo) + (In 7170)f(3307x1) 4+t

+(xp —w0) ... (xp — Tp—2) f(z0,.. ., Tn—2,2n)

1 OCTaeTCA BOCIOJIB30BATHCIA TEM, UYTO
f(mOa ey Tn—2, xn) = f(an o 7xn—2axn—1) + f(xO; .. axn—lamn)(xn - xn—l)-

(6) ycts « = min xy, # = max . Eciu na npomexyTxe [, 5] dyHKIms
f n pa3s menpepoisHO muddepernupyenma (f € C™), To Haiimercs Takas TOUKa

£ € (. 3), w0
P rn) = FOE).

HoxasaTenbcTBo. PaccMOTpUM MOIMHOM CTEIIEHN N
Py (z) = f(zo) + (x — 20) f(wo, 21) + -+ (x —20) ... (x — ¥n1) (0, -, Tn)

u dyuxumo ¢(x) = f(x) — P,(z). OueBumro, uro ¢ € C™. Cormacho mpems-
nymemy coiictBy P (zr) = f(ag) (K =0,...,n), Tak 9T0 QyHKIUS (© MMeeT
Ha [a, O] He menee yem 1 + 1 pasnuunbix kopreit. [To Teopeme Pomns ¢ umeer
ua (o, §) He Menee n Kopmeit, ¢ — me Memee, ueM n — 1, u (™) 1m0 MeHbIIelt
mepe omms kopess &. Ho o™ (€) = f (&) —nlf(zq,...,z,). W

HokazaHHOE CBOUCTBO TIO3BOJIAET HAM IOONPENEIUTD M0 HEPEPBIBHOCTH
PA3MENEHHY0 PA3HOCTD MOPSIKA 7 HA CIIydaid, KOTIa BCE W HEKOTOPHIE U3 €€
APryMEHTOB COBIANAIOT.

(7) Ecnu ¢yskuus f n pa3 menpepbiBHO nuddepeHnupyeMa Ha IIPO-
MexyTke [a,b], To npu k < n pasmenennas pasHocTb f(Zg,...,Tg) MOXKET
6BITH TIPOMOJTAKEHA TI0 HENPEPHIBHOCTH Ha Bech “kKy6” [a,b]* 1) mpmuem ecnu
ro =1 ="+"+=2Tk, TO

f(xo,fﬂo,...,ifo) = — (].)



& eCJIM CPeu apryMEHTOB Ly, - . . , T UMEIOTCS XOTh IBA PA3IIMYIHBIX (IJI Ompe-
IeTIEHHOCTH Zo # T), To!

flay,...xp) — f(Io,...,SCn_l).

Tp — To

flxo,...,xy) = (2)

Ilist moompemesieHHbIX TaKuM 06pPa30M IO HEIIPEPHIBHOCTH PA3IeTIeHHbIX PA3HO-
crell coxpamsores csoicTsa (1), (3)-(6).

HoxaszaTenabcTBO. 3aMeTUM Ipexne Bcero, uto ecian f(xo,...,Tk)
IOOIIPENIETIEHA TI0 HEIPEPBIBHOCTH HA CIIydail XOTs Obl HECKOJIBKIX COBIIAIAI0-
LIUX apPTyMEHTOB, TO IJIs Hee BBIIONHIIOTC cBoicTBa (1), (3)-(6). D10 nerko
[OKa3BIBAETCS IPENEIbHBIM IepexonoM. HempepbIBHOCTE moonpeneieHHO# Hop-
Mmymnamu (1)-(2) Ha ciIydail COBIANAIIINX apryMEHTOB PA3MIENIEHHON PA3HOCTH
NOKA3BIBACTCS MHAYKIIEH 10 k U CIIelyeT W3 HePePLIBHOCTH TTPOM3BOMHBIX fF
(k<n). N

Ap-ry-MeH-TBl pa3[ENEHHOI DPAa3HOCTH YacTO HA3BIBAOT y3ilaMu. Hc-
JI HEKOTOPHIA y3€J BCTPEYAeTCs CPEOU APTyMEHTOB Da3leIeHHON Da3HOCTH
k pa3, To ero Ha3wBIBaIOT y3j0M KpaTHOCTU k. Il TOro 9TOOBI BBIUMCIUTH
f(zo,...,x,), cormacuo dopmymnam (1)-(2) HOCTATOTHO 3HATH B KAXKIIOM y3IIe T,
3HAUEHNe caMoil GyHKIUM f 1 ee MPOU3BOMHBIX [0 TOPSIIKA M — 1 BKIIIOUATEIb-
HO, eCJIM KPaTHOCTb 3TOrO y37a ecTh m. Eciau GyHkuus f n pas HEIpephIBHO
nuddepeHnupyeMa, TO ee Pas3IeeHHbBIe PA3HOCTH HOPSAKA BBIIIE 7 OLpENesie-
HBI U HEIPEPBIBHEL [JIs T€X 3HAYECHUI apryMEHTOB, KOTa KPATHOCTE KaXKIOrO
y371a He IIPEBBIIIAET 7.

(8) Eciiu TOYKM X}, PABHOOTCTOALIM: Ty = To + kh, TO oueBUIHA CBA3D
MeXKOy KOHEUHBIMHI U Pa3OeJICHHBIMHI Da3HOCTSIMMU:

1
k™!

flzo, ..., xy) A" (o).

LO6parum BrEManue, uTo 3ro REKURRENTNOE (1o k) onpenenenwue.
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Tabnuiia pasmeneHHBIX PA3HOCTEN OOBIYHO BBITJISIUT TaK:

zo  f(zo)

f(xo,71)
1 f(x1) f(xo, 21, 72)

f(x1,x2) f(xo, 21,22, 23)
vy f(w2) f(xy, w2, 23)

f(x2,z3) @y, 22,23, 24)
z3  f(x3) f(w2,23,74)

3aMeTuM, YTO €CIU APTYMEHTHI PACIIOIOXKEHBI B IIOPSIIKE BO3PACTAHUS 1
Cpenu HUX MMEIOTCS KPaTHBIE, TPUYEM B KPATHBIX Y3/1aX HAM U3BECTHBI HEOOXO-
IUMbIE 3HAYEHUS IPOM3BONHBIX PYHKIUN [, TO BEIUKUCIEHIE BCEX HAXOMSIIINXCS
B Ta6JH/IHe 3HAYEHUN Pa3neJIeHHbIX pa.3HOCTefI HE COCTaB/IdeT Tpyda 1 B 3TOM
ciyJae.

3anaua. [Iycte N > M > 0 uenste. JokaszaTs:

n— k k
2D "M R

k=0

= (N + k)! 0 mpuN-M<n
n! npu N — M =n.
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83. Anrebpandeckas MHTEPIOIISIINL

O611as mocTaHOBKA 3a1a4u nHTEpnosanuu Takosa. Ha mpomexyTke [a, b]

3amaHa cucTeMma HempepblBHbIX dyakuui {¢x(z)} (K = 0,...,n). Jluneinsre
koMOMHAIMY 5TUX GYHKIMI HA3BIBAIOTCS 0GOOIIEHHBIMY HOINHOMAaMY (IO CH-
creMe {¢k}). 3amanbl MONApHO PA3TIMIHbBIE TOUKNA X, . . . , &y TPOMEXYTKA [a, b],

HaseBaeMmble yamamu>. CTaBuTcs 3amada: Ayl TPOU3BOIBHO 3aMaHHOl Ha [a, b]
dyrkmmm f(x) mocTpouTs Takoil “nommHOM” ¢ = Y.,'_ (%K, KOTOPBI yIOBIIe-
TBOps OBl paBeHcTBaM ¢(xy) = f(zx) (k=0,...,n).

Hee unocracu 3anaqu: 1) mpubimmkenue GyHKIuu 6ojtee IPOCTHIMU, 2)
GbyHKIUA [ W3BECTHA HAM JIAIIL B KOHEYHOM YHCIIE TOYEK, a HAC WHTEPECYIOT
€e 3HA4YEeHUs] B NPYTUX TOYKAX.

Bynmer mu noctasnennas 3amada paspermmMa’

Onpenenenne. Cucrema dyskimit {¢y}7_, HazeBaercs ~EBY [[EWSKOJ
Ha [a, b, ecim JHO6OI HETPUBHAIBHBIN “NONMHOM” ¢ = Y ,_, @@k (T.e. TaKol,
YTO XOTH ONUH U3 ero KO3)OUIIMEHTOB G) OTIMYEH OT HyJIsd) UMeeT Ha [a, b] He
OoJstee N KOpHEN.

Teopema 1. Ilns Toro urobsr cucreMa {@y}}l_, Oblia ueGBIIIEBCKOIL,
HEOOXOMMMO UM OOCTATOYHO, UTOOBI I JII0O0ro Habopa IMONapHO Pa3INdHBIX
TOYEK T, ..., T, € [a,b] onpeneaurens

wo(xo) ... n(xo)
Axoy ..y Zpn) =1 ...
@o(Tn) .- pnlTn)
ObUT OTIIMYEH OT HYJISL.

HoxasaTenbcTsBo. [lokaxem, 4To miis TOro 4Tobbl Harra cuctema NE
BYLA uebbItieBckoil, HEOOXOMMMO 1 JOCTATOYHO, YTOOBI HAIIINCH TaKUe Mormap-

HO paslyYHble TOYKHU T, 9T0 A(zo, ..., x,) = 0. IleficTBUTEIBLHO, eCu cUcTeMa
NE weGririeBCcKast, TO HAWMETCS HETPUBUAIBLHBIN “MOMUHOM” ¢, KOTOPBI UMEeT
mo MewHbireinr Mepe n + 1 kopens. Ilycts xg,...,x, — ero xopuu. Torma ero

K03GhPUITIEHTHI yOOBIETBOPSIOT CUCTEME YPaBHEHUN

aoo(zo) + -+ anen(ro) =0
S (1)
aopo(Tn) + -+ anpn(zn) =0

2Korma TOUKM HEKOTOPO#t CuCTeMbl GyIyT HA3BIBATHCS y3/IaMU, TO BCErma Gymer
UMETBLCS B BUAY, YTO OHU IIOIAPHO Pa3jIndHEbL.
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WTak, cucreMa OMHOPOAHBLIX ypaBHeHUH (1) nMeeT HEHyJIEBOe DellleHre U, 3Ha-
unT, ee ompenenurens A(zg,...,z,) = 0. O6paTHO, IyCTh HALLINCH TAKUe
HONAPHO PA3INYHBIE TOYKH XL, - . - , T, 9TO A(Zg,...,2,) = 0. Torna cucrema
OIHOPONHBIX ypaBHeHUN (1) mMeeT HEHyJeBOe DEIIeHWNEe, U KOMIIOHEHTBI 3TO-
ro pereHus OymayT KoahdunrmeHTaMu “moanHoMa” , KOTOPBIA UMeeT BCe TOUKU

29, ..., T, cBoumu Kopuavu. M
Teopema 2. [l Toro 9Tobbl Ojist 000N CUCTEMBL Y3IIOB Xy, . .., Ty €
[a,b] waTepnONATIMORHAs 3amava ¢(zy) = fr ObUIa OMHO3HAYHO pa3pernmma,

HeOOXOMMMO U JOCTATOYHO, YTOOBI CUCTEMA ) Oblila UeObIIIEeBCKOM.

HoxaszaTenbcTBO. ECin mcKaThb UHTEPIIOIAIMUOHHBIA IOIMHOM B
dopme q(z) = >°)_ arpr(x), To TpeGoBanus ¢(xy) = fi mamyT cucremy (n+1)
JIMHENHBIX YPaBHEHUN OTHOCUTENLHO ero (1 + 1) xosbdunnenTa ¢ onpenenute-
aem A(xg, ..., n). HeoGXomMMbIM U MOCTATOYHBIM YCJIOBUEM ONHO3ZHAYHOU pas-
PELINMOCTH 9TOH CUCTEMHI SIBJIIETCS OTJINYNeE OT HyJIs onpenenuTestst. [loaTomy
OCTAETCsI COCIATHCS Ha mpenbiayIryio Teopemy. W

Ilockonbky moboit monuuom P, € P, mMeer He 6ojee n MOMapHO pas-
JIMYHBIX KOpHEil, To cucrema {1,x,..., 2™} aBiusercs 4eObIIEBCKO Ha JIH060M
IpoMexyTKe [a, b], u u3 TeopeMbl 2 HEMENJIEHHO BBITEKAET

Crnencreue. KakoBbl 661 HU GbUTH Y3JIBI X, . .., Ty W 9UCHA fo, ..., [n
CYIIIECTBYET U IIPUTOM €IUHCTBEHHBIN mosmaoM P, € P, Takoit uro npu k =

O,...,n Pn(xk) = fk~

Ecnu f;, — o710 3Ha4YeHus B y3iax Hekoropoi dyuknuu f(z), To P, na-
3LIBAETCS UHTEPHOJIANNOHHEIM ITOJTMHOMOM QyHKINK f.

Hampie GymeM paccMaTpUBaTh 3al1ady MOCTPOEHUS ajrebpamdecKoro
THTEPIIOIALNNOHHOTO IIOJIMHOMA.

O6o3HaumMM 1epes [ (2) MONIUHOM, PELIAIOIINI NHTEPIOISIIOHHYO 3a-
naay®

k() = Ogj- (2)

Jlerko BuneTs, uto Torma momuuoM P, (z) = Y1 _, li(2) fi, ynoBreTsopser pa-
BercrBaM P, (z;) = f;. IlosTomy unrrepmomsunonnem monuaoM dyuknnm f(x)

36kj — cumBosl Kponekepa.
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MOXKET 6BIT]) 3aIll1CaH B BUOE
Pp(z) = Z (@) f(zk). (3)
k=0

Ota ¢dopmyna massiBaeTcs INTERPOLQCIONNOJ FORMULOJ BAGRANVA, a mo-
JMHOMBI [k () — QyHIAMEHTAIBHBIMY IOTMHOMAMY UHTEPIIOJISIIAN WA TOJIH-
momamu BiausHEA Jlarpamxka. s 5TUX NOMMHOMOB HETPYIHO YKA3aTh SBHOE
[IPeNCTABIICHNUE:

(x—x0)...(x —zp_1)(x — Tpg1) .. (& — ) w(x)

hiw) = (k= 20) - (@k — k1) (@k — Thr1- - (@ — Tn) (@ — 28)w (24)

roe w(z) = (x — xg) ... (T — xy).
Ipy-Toe mpencTaBieHne WHTEPIOSINORHOTO MOIMHOMA MTPUHAIEKAT
HeroTomny:

P, (x) = f(xo) + (x — x0) f(zo, 1) + -+ (x — o) ... (¥ — Zp1) f(m0s - -+, T0)-

OT10 — wmHTepnosiuonHas dopmyna Hoorona. [lomunom P, mcnomb3oBasics
[IpU IOKA3aTeILCTBE CBOUCTBA (6) pa3smelleHHBIX PA3HOCTEN, TaM U GbLIO MOKa-
3aHO, YTO OH YIOBJIETBOpseT paBeHcTBaM Py, (xy) = f(zk).

Cpasrenue stux nByx Gopmyi. Popmyna Heiorona ymobHee mitst Berdmc-
JIEHUI, B YACTHOCTHU, TEM, UTO JIETKO NOGABIISATH HOBBIE Y3JIBI U BOIIPOC O YUCIIE
Y3I7I0B MOXKHO DeIIaTh B mporecce Boraucienuit. Popmysa Jlarpamka ymobHa B
TEOPETUYECKIX BOIPOCAX WHTEPIOJSINN. B MIpakTHYecKuX IPUMEHEHUSIX OHA,
ynoOHee, eCciii HYXHO NHTEPIOJINPOBATH MHOIO (DyHKIMHI IO OIHON M TOU XKe
CHCTEME y3JIOB.

PaccMoTpuM citydail paBHOOTCTOSIINX Y37I0B: Ty = X + kh. Ilockombky
B OCHOBe (hopMys Oyzmer nexaThb dhopmyita HploToHA, MOXKHO yKA3bIBATD JIUIIH
HOPSIIOK IIPUBIICYCHUS Y37I0B.
1. Ilycrs snavenus ¢yskmun f() U3BECTHEL B y37aX Lo, L1, ... X TOYKA
Z, B KOTODOIl HAM HYXXHO HATH ee 3HAUEHWE, JIeXUT BOMU3u xg. Torma mpu-
BIIEKasl Y37IBI B TIOPSLIKE T, X1, . . . , [eJlast 3aMeHy & = Xg + th 1 yauTsBas, 4To
-z =h(t—k)u f(zo,...,z1) = g A" fo, mmeenm
t(t—1)

P(xo +th) = fo +tAfo + TAsz +

t(t — 1)(t — 2)

) A3fo+....
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OT10o — dopmyna Heiorona mis Hagama TabIUIEL.

2. ITycre 3navenus yukuu f() U3BECTHBL B TOUKAX . .., Tpo9, Lp—1, Tn
U TOYKA MHTEPIOJAIUU X JIEKUT BOIU3U TOUKU Xp. KCTECTBEHHBIN TOPSIOK
TIPUBJICUCHUS Y3I0OB Xy, Ty—1, Lp—2,--.. LAK XKe, KAK B TIPEOBIOYIIEM CIydae,
VYUTBHIBAs IIPU 3TOM, UYTO IIPU 3aMEHEe PA3NeIeHHON Pa3HOCTU KOHEYHOU apry-
MEHTOM y KOHETHOHN pa3HOCTU OyIeT HAMMEHBIINNA U3 apTYMEHTOB Pa3aeIeHHOMN,
nMeeM:

tt+1)

t(t+ 1)(t +2)
7]

31 Agfn—?;"'....

Pz, +th) = fr +tAfp_1 + A% fp_o+

Or1o — dopmyita HeroToHa g KoHIA TaOIMIILL.

3. Ilycre 3Hauenus gyuxkuuu f(x) u3BeCTHHI B y37Iax

.o yXT_2,T_1,T0,T1,... W TOUKA WHTEPHOJSANNAU T JIEKUT MEXKIY Lo W
21. ByneM npuBiekaTs y3/bl MHTEPIIOISANAN B IOPSIIKE Lo, L1, L1, L2, L2, .. .
Torma Tak xe Kak B ABYX NPEILIIYIINX CILYYIasX TOILY M

Plao+th) = fottafy+ o Dazp  EHZD oy
N (t+ 1)t(tz; Dt — 2)A4ﬂ2 N t+2)(t+ 1)575!(15 —1)(t—2) XTI

D10 — dopmyna Herorona - [Maycca nis cepenuubl TaGIUIIBL.

Banauya 1. Ilokasars, uTo eciau QyHKuus g(r) TakoBa, YTO Ha IPOMEXYTKe [a,b]
g™ (x) > 0, To HA 3TOM TIpOMEXyTKe cucTema dyHkimi 1,2, z2, ... "1
ckas.

,g(x) uebblmren-

2z

3anaua 2. [lokazars, yro cucrema dyukumit 1,e” e * ... e"®

4eObIIlIeBCKasT Ha

JTII000M IIPOMEXKY TKE.

84 TlorpelrHocTh MHTEPIIOJIAIIUN

Iycrs Ha [a,b] 3amaHer y3msl g, ..., T,. Hus dyakoun f € Cla,b] ee
MHTEPIOJISIUOHHDIA TIOJIMHOM, IOCTPOEHHBIN 10 5TUM y3JIaM, YCIOBUMCS 060-
3HAUaTH 4epes @, f, a 3HaUeHWe 5TOTO MOIMHOMA B TOUKe ¥ 4epe3 Qn(f;x).
OTMETUM OYEBUIHBIE CBOMCTBA:

L Qnf €Py;

2. Qularfi + a1 fo) = a1Qn f1 + @2Qy fo (;umeiinocTS);
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3. mnsa moboro P, € P, Q. P, = P,.
Pasnocts R, (f;x) = f(x) — Qn(f;x) ects morpemsocTs (0OCTATOUHBILIT
YJIEH) MHTEPIIOJIALIIL.

Teopema 1. Eciiz pyukmus f n+ 1 pa3 HempepbIBHO nuddepeHnmpyema
Ha [a,0] (f € C"V[a,b]), To mns xkaxmoit Touku = € [a,b] Haiimercs Taxas
Touka & € (a,b), 9TO

Rafi) = AT f00(6), w(e) = =) (=) ()

(n+1)

HokazaTensbcTBo. Eciu x coBnamaer ¢ ogHuM u3 y310B, To (1) ode-
BUIIHO — JIeBas U [IPaBasi YaCTU PABHBL HyJI0. [IpU & OTIIMYIHBIM OT BCEX y3II0B
BOCIIOJIB3YEMCsI CBOMCTBOM (5) PA3IeNIeHHBIX PASHOCTEN IS Y3IIOB X, . - . , Ly, L.
NMmeem:

f(l’) = Qn(fv 13) + W(.T)f(xo, cee 71'77,7:1:)7
U IUTs 3aBEPINEeHNs] JOKA3ATeIbCTBA OCTAETCS BOCIOIB30BATHCS CBOMCTBOM (6)
paznenennbrx pasuocteir. M

OcraHoBuMCs Ha OBYX 3amadax BeIOOpa y370B mHTepnossuu. [lycTs
U C C|a,b] — HekoTODBLIil Kiacc HenpepbIBHBLIX dyHKuuil. [Ipu 3anassbIx y3max
WHTEPIOSIINY BBEIEeM O0D03HAUEHUS:

R, (Usz) = sup |Rn(f;2)], Ra(U)=sup||R.flc—
feu feu

TOTPEITHOCTHI (OCTaTKI/I) nHTepnossuy Ha kiacce U. Ing kmacca QyHKIni
KO = {fect ™ | [[f"V|c <K} (K>0)

9TU TOTPEIITHOCTHU JIETKO BBIUUCIISTIOTCS:
Teopema 2. CupaBemnBbl PABEHCTBA!
Klw(z)] _ Kwlle

(n+1). _ (n+1)

Hoka3zaTenbcTBO. To, 9TO JIeBas 9aCThb IEPBOTO U3 3TUX PABEHCTB
HE TPEBOCXONAT MPaBOM, Cpasy ke ciemyeT u3 TeopeMbl 1. Ilokaxem o6-
parHoe HepaBeHCTBO. Paccmorpum dyskumio fo(z) = ﬁw(m) Tak kak



16

én+1) = K, 10 fo € KC"tD Ouepunso, uro Q,fo = 0, m moromy
. — — Klw(@)]
IR (fo;2)| = |fo(z)| = Dt UTO W 3aBeplacT JOKA3ATETBbCTBO HEPBO-

ro paBeHcTBa. BTopoe ciemyeT m3 mepBOro BBUIY OYEBUIHOTO TOXKIECTBA
R,(KC™Y) =sup, R, (KC"+Y:z). W

IIpu 3amansoM kiacce U (unu kiacce U u touxe x) Bemumunsa R, (U)
(coorsercTBenno R, (U;x)) ecTh GyHKIUS y37I0B, 1 MOXKHO CTABUTH 3a[ady O
MUHIMEI3anuy 51oi GhyHkuuit. Te y37s1, HA KOTOPLIX QyHKIUs R, (U) moctura-
eT MUHUMAaJIbHOrO 3HaueHus, HaspiBatoTcss OPT IMALXNYMI ysmamu mois kitacca
U.

ZzADAMA 1. TlycTh Ha mpoMexyTKe [a, b] 3amano GONbIIoe KOIUIeCTBO y3-
soB N > n + 1, B KOTOPBIX HAM M3BECTHBI 3HAUEHUS Kakux-To (Gyukumit. Hac
WHTEPEeCYIOT 3HAUeHNUs 3TUX PyHKIINHN B HEKOTOPOHR TOUKE X, OTIIMIHON OT BCEX
y3710B. JIJIsl BBIUMACIEHUS 3TUX 3HAYCHW MBI XOTUM KCIIOIB30BATH WHTEPIIOIs-
numio o n+ 1 y3my. 3amada cOCTOUT B TAKOM BBIOOPE 9TUX Y3JI0B U3 YHCIIA TaH-
HBIX, 9TOGBI 11l HEKOTOPOTO 3aJaHHOTO Kitacca Gpyukimit U senuauna R, (U; x)
OblTa MIHEMAIBHOR. DTa 3amaua JIerko pemaeTcs mis Kmacca U = KC "+,
HeficTBUTEIBHO, B TOTyYEHHOM B TeOpeMe 2 MPEACTABICHIN OCTATKA OT Y3JI0B
3aBUCUT TOJILKO MHOXKUTEND |w(x)|, ero-To n HyKHO MUHUMU3UPOBATD, & IS
9TOrO CilenyeT BuIOpaTh u3 Hammx N y370B Oiinkaiiime K TOUKe T. 3aMeTuM,
YTO 5TOT MPUHIUT YIUTHIBAJICS [JIsI BEIGOPA TOPSIIKA TPUBJICUEHUS Y3II0B IIPU
MOCTPOEHUY UHTEPIOIISAINOHHBIX (GOPMYIT C PABHOOTCTOSIIAMHA y3JIaMu B §3.

ZADAMA 2 — »T0 3amava 0 BBHIOOpE ONTUMAJILHBIX y3JI0B s Kiaacca U,
T.e. TAKUX y3JIOB, IJisl KOTOpBIX BenuuuHa R, (U) munumamnsaa. Pemats ory
samady Gymem mis kmacca dymxmmit K CTHD[—1,1].

Teopema 3. OnTumManbHBIMEH & y371aMu [ Kiacca  (QyHK-
mnit  KCtD[—1,1] semmorcs xopru mommeoMa  YeGbmmena Ty (2):

T = cos% (k = 0,...,n), HasbiBaemble ysnamu YebGobimesa. s
9THUX y3II0B
K
Roy(KCMHD [ 1]) = —— . 2
n( [~1,1]) £ 1)) (2)
IoxasaTenbcTso. g ysmos Yebbnuena w(z) = Thyi(z), u (2)
HeMeIJIeHHO cileiyeT u3 TeopeMbl 2 u paseHcTBa || T41]c = 5. Hockonbky

nonuHOM YeOblleBa HAUMEHee YKJIOHAETCS OT HyJIsd U sl JIOOBIX y37I0B w(T)
€CTb MOJINHOM CTelleHn Nn+1 co cTapimnM Ko3hduIimeEToM, paBHLIM 1, TO Bcerna
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K

lwlle > 1Twiille = 3=, I TIOTOMY 171 00X Y3708 R, (KC( 1) > P

S3ameuanue. B ciayyae mpon3BoILHOTO HPOMEXYTKa [a,b] onTuMaib-
HeIe y3mbl mta kmacca KO [a, b] MOXKHO MOMYUnTH, €M ¢ MOMOIIBIO JTH-
HEIHOI 3aMeHbI IEPEMEHHON TPOMEXYTOK [a, b] cBecTn K mpoMexyTKy [—1,1] —
06pasnl y310B Yebbimesa u 6yAyT ONTUMAILHBIMI Y3JaME IJIS 3TOTO KJIacca,
U IUIS 5TUX Y37I0B

—a n+1
R (KO Y a, b)) = (b B )> Qn(nKJr nr

Hpyroit mooxon K OIIEHKe MOTPEIIHOCTH WHTEPIOJIAINN CBSI3aH C IIOHS-
TreM QYHKIWUIA U IOCTOSHHEBIX Jlebera.

Onpenenenne. Pyukiueit JleGera y3moB xg, . . ., T, HA3BIBAETCS
n
A1 (@) = D |li(@)]-
k=0

3mech I (x) — dynnamMeHTaIbHBIE TOIMHOMBL HHTepnosauun. [locrosunoi Jle-
Gera y3/oB Ha3BIBACTCA Apy1 = MaXye[q,5] Ant1(T).

JIemma. s moboit f € Cla, b] BEIMOMHSIOTCS HEPABEHCTBA

Qu(f;2)| < A1 (@)l fllos 1@nflle < Anallfllo- 3)

Hoxasarenbcrso. [leppoe n3 HepaBeHCTB (3) €CTh OYEBUIHOE CIIEI-
CTBUE NHTEPIOJUNOHHON dopMmyisl Jlarpamxka. s nokasaTeascTBa BTOPOrO
IOCTATOYHO B3sTh MAKCUMYyM IO T OT JIeBOW u mpasoil yactu nepsoro. M

Teopema 4. ITns moboit f € Cla, b] BEINOMHIOTCS HEPABEHCTBA

[Ru(f52)] < (A1 (@) + 1) En(f), [Ra(H) < s + 1 En(f)-

HoxaszartenasctBo. llyctes P, € P, — moauHOM HAWIyUIIEro IIPU-
6ommkenust yukmuu f. Torma nmeem

|Ry(f;2)| < | f(2) = Po(2)] + |Pa(z) — Qu(fi2)| = [f(z) — Pulz)|+
+ |Qn(Pn = fiz)| < En(f) + )‘n+1($)HPn —flle = ()\n+1(x) + 1)En(f)
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DTuM IOKa3aHO MEPBOE HEPABEHCTBO. BTopoe moiiyuaeTcst u3 MEPBOTO, €Cild B
JIEBOI U MPABOW €r0 JacTH mepeiTtu K MakcumyMmam o x. Wl

C ¢yuxmumeit n mocTosaHON Jle6era CBA3aHBEI BOMPOCHI CXOMUMOCTH WH-
TEPIOAIMOHHLIX TOIMHOMOB K (DYHKIUHW. ByIeM TOBOPUTH, 9TO IS TPOME-
KYTKa [a,b] 3a1aH MHTEPIOIAIMOHHLIN MPOIECC, ECIN TIPU KAaXKIOM 7 HA DTOM
IPOMEXYTKE 3a0aHbL Y31l L, . .., 2. Torma Q. (f; ) — HHTEPHONIINOHHBII
nonuHOM QYHKIMHA [, TOCTPOEHHBIH MO 5TUM y37aM. ['0BOpAT, 4TO MHTEPIOIs-
[MOHHBIA TIPONECC i1 QYHKIUK f CXOMATCA B TOUKE T (CXOMUTCS PaBHOMEp-
HO Ha [a,b]), ecimu cooTBEeTCTBEHHO mpu N — o0 Gynet Qn(f;z) — f(x) umm
lf—Qnfllc — 0 (t.e. Qnf cxomarcs k f paBaomepHO Ha [a, b]). U3 Teopembr 4
Cpasy ke BBITEKAET

CrnenctBue. Ecinu 11 HeKOTOPOI HENPEPHIBHON DYyHKIMU f BBIIOJIHS-
ercst cooTHOIeHue Ap41(z)E,(f) — 0, TO MHTEPIOAMOHHLII IPOLECC IS
9Tolt GyHKUUM cxonuTcst B Touke x. Ecmu xe A1 Fn(f) — 0, To maTEpHONS-
[[IOHHBIN MPOIECC 1T Hee CXOMUTCS PABHOMEPHO.

N3BecTHO, 9TO miIst JIFOOOTO MHTEPIOSIIIMOHHOTO TIPOLIECCa Apy1 — OC.
C sTum cBasana Teopema Dabepa (06a 3TUX yTBEPKICHUS OCTABIAEM 6€3 M0~
Ka3aTeIbCTBA):

Teopema (Pabep). His m060ro HTEPIOIAINOHHOTO IPOIECCa HANIET-
Csl Takas HepepBIBHAS (DYHKIUS, OJIS KOTOPOIl 9TOT MIPOLECC HE CXOMUTCS PaB-
HOMEPHO.

C dyukmmeit u nmoctostauoi JleGera cBsa3aHa eIlle OIEHKA MOTPEITHOCTH B
MHTEPIOJISIIIIOHHOM [TOJIMHOME, BO3HUKAIOIIASI BCIEACTBUE HETOYHOTO BBEIUUCIIE-
HUS 3HAUYEHUN GyHKINU B y3max. [lycTs mpu BeIYuciaeHUN 3HAYUEHUR QYHKIUN
f(xg) MBI mOMyCcTHIM OMTMOKY Ef, IS KOTOPHIX HAM U3BECTHBI JIAIIbL OLEHKN
lex| < e. Torma BMECTO HHTEPHONSIUOHHOTO TOMHOMA @y (f; ) MBI Oy YnM

Qn(f;z) = Zlk(l“)(f(xk-) + €k),
k=0

TakK 4TO

|Qn(f;7) = Qu(fi2)| = D ln(@)er| < Anpa(w)e
k=0
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1 [|Qnf — Qnfll < My16. OBe 5Tu ONEHKE SBIAIOTCS TOYHBIME B TOM CMBIC-
Je, 9TO €C/ TpH BeeX k |ex| = € WM € MMEIT COOTBETCTBYIOIIMM 06pa3oM
BLIOpAHHBIE 3HAKU, TO 3TO HEPABCHCTBA, 00pAIalOTCA B PABEHCTBA.

IIpocretimumu y3maMu SBISIOTCS PaBHOOTCTOSIME: T = a + kh, Tme
h = (b—a)/n,ak =0,...,n. [lokaxkemM, 4TO STU y3IIbI SBIAIOTCS IFIOXAMA B TOM
OTHOIICHUH, UTO IJIsI HUX MOCTOsHHAsA Jle6era pacTeT Upe3BLIUANHO GBICTPO C
POCTOM 7.

Teopema 5. Ias nocrosauoi JleGera paBHOOTCTOSINNAX y3/I0B BHIIOJ-

HsI€TCs HepaBeHCTBO
s 3n 2 '

HokazarenbcTBOo. UMeeM A1 > Apt1(z*), e 2* = a+h/2. Jlerxo
BUIIETh, UYTO

B (2n — ! N 1 (@2n-Dl
C2nkl(n — k)2k — 1] T 2n27kl(n — k)

[l (7))

Orcrona

\ >i(2n71)!! " nl 1 (2n-1)l
T on 2l P Kn—Fk)! 2n n!

IIpoussens ouens rpybyIo ONEHKY:

(2n — 1!
n!

3 5 n—1_ 2
=1 - .. — >
2 3 n 3

npuneM K Tpebyemomy. M

Hoxazannas B TeopeMe OLEHKA IPABUIILHO IIOKA3LIBAET XapakKTep IOBe-
IEHUS A1, XOTS U O4€Hb rpyba, UTO MOKA3BIBAET CJIEMYIOIast TabIua:

n  oneHka Apy1(z*)
10 1.92 24.6
20 55.4 7391
40 92144 2.57-10°
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BricTpriit pocT moctosuuoi Jlebera 3acTaBiseT TPEANoaraTh, YTO PaB-
HOMEPHAas CXONMMOCTH MHTEPIOJISINOHHOTO ITPOIIECCA TI0 PABHOOTCTOSIIIIM Y3~
JIaM IMeeT MeCTO JIUIIb IS y3KOTO Kiacca QyHKuui. IleficTBUTEIBHO, KaK MO-
XKeT OBITH MOKA3aHO, HTOT MPOILECC B Cilydae mpoMexyTka [—1, 1] He cxomures
PaBHOMEPHO It QYHKINI

P mpum x >0,
gp(T) =

0 mpmaz<O0

npu 1r000M HaTYPaJIbHOM p, XOTsA QyHKIUL g, p — 1 pa3s HenpephuBHO mudde-
peHnupyeMa.

BosrukaeT BOmpoOC, a CyIIeCTBYIOT JIM Y3/IbI, OJIs KOTOPBIX IOCTOSIHHAS
JleGera CyIiecTBEHHO MEHBIIE, YeM sl PABHOOTCTOANX ! OKA3BIBAETCSI, UTO
TaKUMU y37IaMU SBJIA0TCS y3iabl Uebbimesa. B ciyuaae y3mos YebrieBa ymnob-
Hee OIIEHUBATH HE 41, & Ap, TAK ITO Y3JIbl — KOPHU mojimHOMa YeGhIena

T, (x):

2k —1
T =cosly, Op=——m,
2n
a GhyHIaAMEHTAJILHBIE TOJIMHOMBI HHTEPIIOJSIINYA UMEIOT BULI:
T, (x
(@) = — @& o

(@ — @) T} (xx)
Tockoneky |1 (zx)| = n/sin by, To npu x = cosf

| cos nb)|

[le(x)| = - sin 0.

n| cos — cos 0|
JTokaxkeM HECKOJILKO JIEMM.
Jlemma 1. llpu 0 < o < 7/2

sina > —a.
T

HoxazaTenbcTso. OrpaHmunMcs yKa3aHHeM, 9TO 5TO HEPABEHCTBO
03Ha4aeT, 9To s npoMexyTka [0, 7/2] rpaduk GyHKIMY Sin & JeXUT BbILIe
XOPIIBI, COCAMHSIONIEN HAYAJI0 KOOPIUHAT ¢ BepinuHoi curycounsl. M
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Jlemma 2. Ecru 0 <z < x4+ h <, TO
> 2 2
cosz — cos(xz + h) > ph .

HokazaTrenscTso. Ha npomexyrke [0, 7 — h| paccMoTpuM QyHKIUIO
o(x) = cosx — cos(x + h). Ouesnnno, aro ¢(z) > 0 u ¢”(z) = —p(z) < 0, Tax
9TO (p He MMeeT TOUYeK JIOKAJILHOIO MUHHMyMa. B To xe Bpems

h h\?
@(0)@(wh)1cosh25in2222<> .
T

OrtuMm jeMmMma nokasana. M
JIemma 3. |l (x)] < 2.

Hokasarensbcrso. [lonoxnm x = cosf (0 € [0,7]). YaursiBas, 4TO
cosnby, = 0 u uro mpu mo6oM 7 |sinnT| < n|sin 7|, nmeem

cosnb — cos nby,

Ik (z)] =

sin Ok =

n(cos @ — cosby)
B sin %(9 — 0) - sin %(9 + 6)
~ Insin (0 —0y) -sin (0 + 0)

sin 0y, < sin O +sinf
Tosini(0+0;) " sind(0+0p)

sin 6, <

1
2 cos 5(9 —0) <2

910 U TpeboBasochk nokazath. M

Teopema 6. Il nocrosuanoit JleGera y3mos YebrieBa BEpHA OLIEHKA

4
An <8+ —Inn.
T

Hoxasarenbcrro. Ins npoussonsHoll Toukn & = cosf € [—1,1],
cuantas 0,, < 6 < 0,41, nmeem

/\n(x)zz‘lk(x”: Z+ +Z =51+ Sy + Ss.

m—2 m+2 n
k=1 m—1 m—+3
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W3 nemmer 3 cpasdy xke ciemyer, uro So < 8. Cymmer S7 u Sp oleHUBarOTCS
onuHakoBo. OIEeHNM EePBYIO U3 HUX.

m—2 .
sin 6y,

1
S < — _
L=10 ; cos B, — cos 0

®ynxums sinu/(cosu — cosf) mpum 0 < u < 6 Bospacraer. IosTomy

sin 0 sin u
k u e [Hk,9k+1}.

cos B, —cosf — cosu — cosf

Wurerpupys 510 HEPaBEHCTBO 10 [, O)11], mMeem

Sl<1/9ml sinu du:iln 1 —cosf <
T Jo cosu — cos m  cosf,,_1 —cosb
1 2

S *hl ’
T cosB,,—1 — cosb,,

u o niemme 2 (pu h = w/n)

1 2
S < =Ilnn?=Z1Inn.
™ 0
Cymma S3 momyckaeT Takylo ¥Ke OLEHKY, U IJId 3aBEPIIeHUs T0Ka3aTeIbCTBA
OCTaeTCs CIIOXKUTH MOIyYeHHbIE OleHKn i1t S1, So u S3. M

Ilonmyuennas oreHKa MPABUIHLHO OTPAKAET XapaKTEP POCTA TMOCTOSHHON
Jlebera nis y3noB HeOwimeBa, XOTs U HEMHOTO 3aBblliieHa. 1 cpaBHEHUS ¢
TabIuIell HUXKHUX OIIEHOK IOCTOSIHHBIX Jlebera miis paBHOOTCTOSIIIUX y3JI0B
(cM. BbILIe) mpuBeneMm Iuis TOro xe uucia y3iuos (11, 21, 41) 3aauenus mocTo-
saabIX Jle6era y310B Yebwiesa:

A1 =2.489, o1 =2.901, g =3.327.

W3 sroit Teopemsr u Teopembl xxekcona (cMm. §1) jerko mosyduTsb, 4TO
MHTEPIOJISIIIIOHHLIN Ipoliecc o y3iaM YeObliieBa paBHOMEPHO CXOOUTCS IS
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BCEX HENPEPBIBHO muddepeHnnpyeMbrx QYHKINN; B TeACTBUTEIBHOCTUA TaKast
CXOOUMOCTBb UMeeT MeCTO OJIA ropa3no Ooiee IIMPOKOT'0 KJIacCa q)yHKHI/Iﬁ
Banaua 1. loka3aTh yTBEpXKIEHNE, CONEPXKAILIEECS B 3aMEYaHUN K TeopeMe 3.
Banaua 2. [lokasaTb, 94TO B ciIydae JIIOOBIX y3J10B mpu n > 2 mis dyukuuu JleGera
BBINIOJTHSIETCS HEPABEHCTBO Ap4+1(z) > 1, mpwueMm 3HAK PABEHCTBA UMEET MECTO B TOM WU
TOJILKO B TOM CIIy4ae, €CIIM T COBIANAET C ONHUM U3 y3JI0B.
3amaua 3. B Tex Xke yCIOBUSX MOKa3aTh, YTO MEXKIY OBYMS COCEOHUMU Yy3JIaMU
dyukius JleGera umeer eNMHCTBEHHYIO TOYKY MAKCUMYMa.

3anaua 4. Jloka3aTb, 9TO IpU N > 3 UHTEPIOJISIIMOHHLIIN IIOJIMHOM IO y31aM Ye6bl-
mieBa Ha ipoMexyTke [—1, 1] npubnrkaeT GyHKIMIO COS X JTydlilie, YeM 0Tpe3oK psna Teisopa

TOW YK€ CTEIeHN.

85 DpMUTOBCKAS MHTEPIIOIAIILS

IlycTs Ha mpoMexyTKe [a,b] 3amaHbL Y3TIBL Ly, . . ., Tp. [IpUOAIIEM KaXk-
IOMY y3JIy HEKOTOPOE€ HATypPaJbHOE UUCIIO (v — KPATHOCTH y3ia. [lomoxum
N = > ay — 1. Ilycrs nis mexkoropoit GyHKIUKM f B KAXOOM y3ile Tjp HaM
M3BECTHBI 3HAUEHNUs €e CAMOH U ee NMPOM3BONHBIX IO MOPSOKa (v — 1 BKITIOUN-
TEeJBHO. 3aaua SPMUTOBCKON WHTEPIIOJAIUN COCTOUT B TOM, UTO Tpebyercs
noctpouTh nonmHoM Py € Py, xoropeiit ipu k = 0, ..., n yIOBIETBOPSIT ObI
paBeHCTBAM

PO () = fD(z) §=0,...,05— 1. (1)

3ameTnM, UTO UHUCIIO yCIIOBUIA, KOTOpBEIE MBI Hanoxuian Ha Py, ectb N + 1,
T.€. CTOIIBKO K€, CKOJIBKO y Hero koaddurnuentos. [losToMy eciu uckars 5TOT
HOJIMHOM C HEOIpENesIeHHBIMU KoddbdummenTamu, 1o ycaosus (1) npusenyr x
cucreme (N + 1) nuneiiHbix ypaBHeHuil orHocutensro (N + 1) ero kosddunn-
€HTOB.

ITokaxeM ONHO3HAUHYIO PA3DPEILIIMOCTh IOCTABICHHON 320l

Teopema 1. KaxoBEel 65! HII OBLIHN YHCIIA bfc CYLICCTBYET U IIPUTOM CIMH-
CcTBeHHBIN OMUMHOM Py € Py, mist KOTOPOTo BBIMOJIHSIOTCS. PABEHCTBA

(4) J ;
Py'(xp)=b, k=0,...,n, 7=0,...,00,—1
HoxasaTenbcTBO. Kak yxke oTMevyasocs, 3amada MOCTPOEHUs TaKO-

ro MOJIMHOMA CBOOUTCS K peuieHuio cucteMbl (N + 1) JuHEHHBIX ypaBHEHUIT
orrocuTenbHO (N + 1) koadunmenTos sToro nomuaoMa. TpebyeTcs moKa3aTh,
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9TO 3Ta CUCTEMa OMHO3HAYHO paszpernuma. IlycTb Py — monusOM, Kodddurin-
€HTHI KOTOPOT'O YIIOBIETBOPSIIOT COOTBETCTBYIOIIE OMQHOPOMHON CUCTEME YPaB-
HEHUiT. DTO 03HAYAET BBINOJIHEHUE PABEHCTB ]5](\? )(xk) =0mpu k =0,...,n,
7 =0,...,ar — 1, T.e. T} JBIAETCSI KOPHEM ITOIUHOMA Py KpaTHOCTH v, 1 C
YYETOM KPATHOCTEN 3TOT MOJMHOM cTernern He Boime N umeer (N + 1) kopreii.
Ho Torma om ToxmecTBeHHO paBeH HyJIIO, U PABHBI HYJIIO BCE €ro Kodduiim-
enTHl. VTak, Halra OOHOPOOHAS CICTEMa yDABHEHUII IMeeT TOJIBKO HYJIEBOE
pemrerme. W

OTMeTUM YACTHBIN CIIydail TIOCTABIEHHON 3a1a4l, KOTa NMEETCsI BCEro
JINIITL OOUH Y3eJ T KPaTHOCTU . Torma N = oo — 1 u, Kak Jerko BUOETb,
Py ectb orpesok pama Teitnopa dyuknum f:

/ (x — xO)N N
Pn(z) = f(xo) + (z — 20) f'(x0) + - + Tf( ().
OPMUTOBCKUN WHTEPIOIANNOHHBIA IMOJIMHOM MOXET OBITh IIPeICTaB-
sen B dopme Houioroma. IlycTs yo,...,ynN — HEKOTOpas MEPECTAHOBKA y3JIOB
ZQ, ...,y C TOBTOPEHUSMH, B KOTOPOI KaXKIBIA y3€lI T BCTPEUALTCS CTOIBKO
pas, KakoBa ero KpaTHoOCTb. Pacnomaras saavermamu fU) (z) (k=0,1,...,n,
j=0,1,...,ap — 1), MBI UMeeM BO3MOXKHOCTb BBIYUCIIUTH PA3NEIEHHYIO Pas3-
HOCTB (Yo, .., yn). CTPOrO TOBOpS, KOTIa BBOOUIIACH PA3MIEIIEHHbBIE PAZHOCTH

C KpaTHBIME y3JIaMIi, TPeOoBajIoCh, YTOOBI Mpou3BonHas f (2x—1) Gpima Hempe-
PBIBHA IO MEHBIIEN Mepe B OKPECTHOCTH TOUKU Tk, & CEIac MBI 3HAEM TOJIb-
KO CYIIIECTBOBAHUE 3TOW MPOM3BOMHON B CaMOil TOUYKe Xj. boiee Toro, ecim
MBI PEIIaeM HHTEPIOIANNOHHYIO 3a1a1y B IIOCTAHOBKE TEOPEMBI 1, TO HUKAKOM
¢dyukuuu f y HaC BOODIIE HET, XOTSI €CJIM CINTATH bff sHaueHueM f (j)(xk), rme
f obmamaeT HeNpEepHIBHBIMU HYKHBIMU MIPOU3BONHBIMU, TO f(Yo,...,YN) MBI
MOXEM BBIUUCIUTL. UTOOBI Pa3perinTh 5Ty KOIIU3UIO, MBI OyIeM CUNTATh,
aro f(Yo,.-.,YN) €CTh PA3NEICHHAS PA3HOCTh SPMUTOBCKOIO WHTEPIIOIISIINOH-
HOTO TIOJIMHOMA, CYIIIECTBOBAaHWE KOTOPOTO HOKa3aHo B Teopeme 1. Ilns mero
BBLIIIOJIHsIeTCsE paBeHcTBO Py (yo,...,yn) = f(yo,-..,yn), ecau Tomabko [ mo-
CTATOYHO rianKas QyHKIus, 1 KoTopoir fU) (xg) = bf;. Tax MOXHO TOHUMATH
f(yo,...,yn) (u pasmeneHHBIEe PA3HOCTH HU3IINX HOPSAKOB) B CIIEMYIOIIEN TEO-
pewme.

Teopewma 2. Ilycts yg, Y1, . - -, YN — OIPOU3BOIBHASI IIEPECTAHOBKA y3JI0B
ZQ, ..., Ty C IOBTOPEHUSIMHU, B KOTOPOH KaXKIBIH y3€Jl Ty BCTPEUIAETCS CTOIBLKO
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pa3, KaKOBa €I0 KPaTHOCTb. Torna SPMHTOBCKI/Iﬁ I/IHTepHOJISH_II/IOHHBIﬁ IIOJIMHOM
nMeeT nNpencraB/ICHUue

Pr(x) = f(yo) + (= = y0) [ (o, 1) + -+ (z = y0) ... (& —yn-1)f (o, - - -, yn)-

HoxasaTensbcTso. [TokaxeM, 9TO BEIMUCAHHBIN TTOJTTHOM Py yHooBite-

TBOpSIET MHTEPHOJIAIUOHHBIM YCIOBASIM. 3aMETHUM, 9TO €CIIHA Yo, - .., YN DPas-
JIMYHBIE Y3JIBL U 20, ..., 2N WX IPOU3BOJIbHAS IEPECTAHOBKA, TO BBIMOIHIETCS
PaBEHCTBO

fo) + (. —yo)f(yo,y1) + -+ (@ —wo) ... (& —yn—1)f(Yo, .-, yn) =
= f(20) + (x — 20) f(20,21) + -+ (x — 20) ... (x — 2n—1) f (20, - -, 2N),

Tak Kak JIeBad W IpPaBas JacTU COBIANAIOT KaK MHTEPIOISIUOHHbIE IOJIMHO-
MBI QYHKIUA f, TIOCTPOEHHBIE IO ONHOW M TOW e CHCTeMe y3JoB. 110CKOIb-
Ky pasfelieHHble DA3HOCTH CyTh HENPepHIBHBIE (YHKIUM CBOMX apryMEHTOB,
TO 9TO K€ PABEHCTBO COOIIONAETCS W IIPY HAJIMYAN KPATHBIX y370B. [loaToMy
[IpU [I0KA3aTelIbCTBE DABEHCTBA P](\f )(xk) = fU)(xy) MbI BIpaBe cumTaTh, UTO
Yo ="+ = Ya,—1 = Tk. LTorma

Pn(z) = f(ze)+ (@ —a) f(xr xr)+ -+ (@—2p) ™ f (g ..o ) + R(2) =
T — xk‘ akfl _
= @)+ (@ =) f ) o+ E I e ) 4 R(),
(a — 1)!

roe R(x) — monuuoM, comepxKammit MHOXUTENDb (z — 2)**. OTciona BuHO,
YTO MENCTBUTENBHO Tpn j < o — 1 Gymer P](\?)(:Ek) = fU)(z). M

TTorpemnocTs 5pMUTOBCKOM MHTEPIIONSINAN MOXKHO OIEHUBATE, MCIIOb-
3y CIIEMYIOIILYIO0 TEOPEMY.

Teopema 3. [Iycts dyukmus f N + 1 pa3 menpepslBHO nuddepeHiumpy-
eMa Ha HEKOTOPOM IIPOMEXKYTKE [a, ], comepakalieM Bce y3JIbl U TOYKY UHTED-
nossinuu x. Torna malimercst Takas Touka & € (a,b), aTo

Qz)

mﬂ““(&).

f(x) = Pn(z) =
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3mecs Q(x) = (& — xg)* ... (x — x,)* — nmonuuom crenerun N + 1.
HoxasaTenbcTBo. Vcmonbsys cBOHCTBO (5) pasmesieHHBIX DPA3HO-

cTell, KOTOPOe, KaK yKe OTMEUYaJoCh, BEPHO U B CIIyYae HAJINYMS KPATHBIX

Y3II0B, OJISL Y37I0B Yo, - . ., YN, T (Y3IIBL Y; T€ XKe, ITO B TEOPeMe 2), IMeeM

f(@) = Pn(2) + Q) f(yo, - - -, yn, @),

I OCTAETCs BOCIONIB30BATECS cBOCTBOM (6) pasmereHHbIx pasHocredr. W
Banmaua 1. [okasaTh ONHO3HAYHYIO PA3PEIIMMOCTD CJICMYIOIIEN NHTEPIIOIISINOHHONL
sapaum: P3(xy) = ay, P§ (zx) = b, (k=0,1).
Banaua 2. IlokasaTb, YTO MHTEPHOJSIMOHHAs 3amada Pa(—1) = a, P5(0) = b,
P>(1) = ¢, BooGL1Ie TOBOPsI, HEPA3PEILNMa U HANTH yCJIOBUE €€ Pa3peIlnMOCTH, HATIOKEHHOEe

Ha 4ucia a, b, c.

86 Yucmennoe nudbdepeHnnpoBaHmIEe

Yucnennoe nuddepeHImpoBanme— 3TO TPUOIMKEHHOE BEIUUCIEHNE TIPO-
M3BONHBIX (QYHKIINU, 3aJaHHON TaOIMIHO.

ITycTs HaM m3BecTHBI 3Ha4YeHUs GYHKIUM f B y37aX Tj, JeXKaIlInX Ha
npoMexyTke [a,b]. TpeGyercs HalTU 3HAUEHUE MPOU3BOMHOU STON (hYyHKIUN
f (k)(x) B HEKOTOPOW TOYKE T, KOTOPasi MOXKET U COBIIANIATH C KAKUM-HUOYIb U3
y310B. Crioco6 perreHust — IO y371aM, B KOTOPBIX U3BECTHO 3HAUeHUe (PYHKIUN,
(uM 9aCTU U3 HUX) CTPOUTCS UHTEPIIOJIAINOHHBINA OJIMHOM, U 38 TPUGIIKEH-
HOe 3HauyeHUe IIPOM3BOMHON B TOYKE I IPUHUMAETCS 3HAUCHUE B HTOU TOUYKE
[IPOM3BOIHOI MHTEPIOISINOHHOTO TONWHOMA. ECiIn Iyt MHTePHoIsuuy Ob11n
BBIOPAHBI Y3JIBI X, . . . , Tp, U Py, — COOTBETCTBYIONINI HHTEPIOIAIMOHHBIT MHO-
rousieH, To (opMyila YUCIeHHOIo nuddepeHIIpOBAHNSI:

1®(@) ~ PO (a)

3aliMeMCsT OIEHKON MOTPEITHOCTU 3TOR (DOPMYJIHL.

Teopema. [Iycts pyukiusa f n+ 1 pas menpepsiBHO nuddepeHImpyema
Ha IPOMEXKYTKE [a, b], comepkalieM y3iibl HHTePIOJSIIUA U TOUYKY &, B KOTOPOIL
BBIUUCISIETCS Tpor3BonHas. 1lycTs k < n ¥ mMyCThb BBINOIHAETCS OLHO U3 yCIIO-
Buit: a) ¢ (¢,d), rme ¢ = minx;, d = maxx;, 6) k = 1 u = coBnamaer ¢ OnHUM
u3 y370B x;. Torma mafinercs takas touka & € (a,b), 1To

_ Fr©) _
F® () — P¥) (z) = w(k)(x)m, w(z) = (x —x0) ... (T — ).
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HNoxasaTenbcTro. Beumy a) uwmm 6) w(x) # 0. Tlomoxum A =
[f(F) (x)—Py(Lk) ()] /w™) (x) n onpenemmv dyuxmmo p(2) = f(2)— Py (2) — Aw(z).
Yaner z; (j = 0,...,n) SBIAIOTCS KOPHAMHI 5TOR (yHKIUN, TaK 4TO Ha [c,d]
oma mmeet (n + 1) pazmuansx kopreit. [To Teopeme Pomst p(F) mveer ua, (¢, d)
n + 1 — k xopHen, He coBnamaormx ¢ Toukon x. [locimenuee ciaemyeT m3 TOrO,
yTo B citydae a) ¢ ¢ (¢,d), a B ciayuae 6) — u3 Toro, 4ro mo reopeme Posuis
CYIIIECTBYET KOPEHb TIE€PBON MPOU3BOMHON (DYyHKIINN, JICKAIMNA CTPOTO MEXKITY
KODHSIMHI caMoii Toil dyukimm. VTak, Touka x ects koperb ¢F) | ormmambit
OT COCUMTAHHEIX pamee 1 + 1 — k kopmeit, Tak uTo Ha [a,b] ¢®) mveer me
MeHee n + 2 — k xopueir. [Ipomomxkas nmpuMmeHATH TeopeMmy Posts, momydumm,
aro ("t (2) = fHD(2) — A(n +1)! mmeer ma (a,b) XOTs GBI OTIH KOPEHB &.
Ocraetcs npupasusats ") (¢) mymo. M

ITocTpouM HEKOTOPBIE KOHKPETHBIE (DOPMYJIBI UUCIEHHOTO nuddepentm-
POBaHUS B Cllydae PABHOOTCTOSIINX y3JI0B U TOUKEU AU(MHEPEHIIUPOBAHNSI, COB-
MAMAIONIEN ¢ OMHUM U3 Y3J10B. 1Ipu 3TOM €CTECTBEHHO WMCIOIb30BATH MHTEPIIO-
JAMOHHBIE (DOPMYJIBI ¢ KOHEUHBIMU Pa3HOCTAMMU, MOCTPOEHHBIE B §3. B sTnx
(dbopMyIax menanach 3aMeHa MepeMeHHOn T = xg + th (wim x = x, + th) u
CIIelyeT UMEeTh B BUIY, UTO % = %%.

Huddepenrupys popmyny HbioToHa miis Havaaa TaOIUIBI, TMEEM
2t — 1

2

oy Ld
@) =5 a@

1
P(l’o+th)zﬁ Af0+ A2f()+... .
Tonaras B sToit popmyie t = 0, COXpaHssS B KBAIPATHBEIX CKOOKAX JIUIITEL OTHO
WV [Ba CIIATAEMBIX U UCTIOB3Ys UL OCTATOYHO WieHa R MOKA3aHHYIO Teope-
My, mmeem mia f/(zg) cremyronme hOpMyIIbL:

fl — fO o ﬁf//(g)7

h 2
_ _ 2
Paw) = [Ado = 582 + R = ZREENR g q)

f'w0) =5 Ao + R =

Touno Tak xe, mudpdepenuupys opmyny HeroToHA M5 KOHIIA TAOIAIIBI, MOXK-
HO IIOJIyYUTh:

fn_fnfl h " / _3fn_4fn71+fn72 h? "
Il L 2O, S ) = . + 2 1"e).

f(xn) =

\V]
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Hudbdepennuposanue dopmynsr HeioTona - [Naycca naet:

1d 1 2t —1
P/(J?) = E%P(ZQ—Fth) = E Afo + TAQJC—I + ... 5
" 1 d? 1.

CoxpaHsisi B KBaJIPATHBIX CKOOKAX BLIMUCAHHBIE UJIEHBI U KUCIOJIB3Ys B CIIydae
IIEPBOI IIPOM3BOOHON TEOPEMY O IPENCTABJIEHUN OCTATOYHOTO WIEHA, NMEEM

_ 2
Pl =3 [afo- gt | v r=D20 g,
f"(xo) = %Nf_l +R= % +R. (3)

Nurepecuo cpasanTh hopmymy (2) ¢ nepsoit u3 dopmyn (1). B npaseix wacTsax
TOU 1 APYTOR UCHOMB3YIOTCS NBa 3HaueHus GyHkuun f, HO dopmyia (2) mmeeT
BTOPOI MOPSIOK TOYHOCTU OTHOCUTENBHO h, a mepsas u3 dopmys (1) mums
TePBBIH.

YcnoBus TeopeMbl 06 OCTATOYHOM UJIEHe He BBITOJIHEHBI B CiIydae (hop-
MyaBL (3), U IS HOILy9eHUs IPENCTABIIEHUS OCTATKA B DTOM CIIydae Mbl HC-
mosne3yeM npyroi mpueM. Ilpenmonaras GyHKOuUoO f UeTHIPEXOBI HEIIPEPHIBHO
nuddepeHIpyeMOr, HanuIeM st Hee GopMyisl Teiiopa, B KOTOPHIX 3HateE-
HUS BCeX IIPOU3BONHBIX, KPOME MOCIEIHUX, BBIUUCISIIOTCA B TOUKE Tq:

f_ hi hj// h73/// h741V
1=Jfo+ f+2f+6f +24f (&1),

2 h3 h4
Foa=fohf g Y (6,

Berunras u3 CyMMBI 9THX pasjo:keHuit 2 fy u momenus Ha h?, mpumeM K paBeH-
CTBY
fi—2fo+ f

2
BT o) + 10V @) + SV E)
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BaMeTuB, UTO MEKIY TOUKaMu & 1 £y HafimeTcs Takas Touka &, uro fUV)(€)+
FUVI(&) = 2fTVI(€), okORUATETHHO Oy YmM:

:f1_2f0+f71_h72f([v)(£). (4)

f"(@o) h2 12

OcTanoBUMCS Telepb Ha BAUSHUU OMIMOOK, MHOMYIIECHHBIX B 3HAUCHMIX
(OYHKIIUY, HA TIOIIYYCHHBIE B PE3YIbTAaTe YUCICHHOTO AubdepeHIMPOBAHNS Pe-
3yIbTATHL HA puMepe hopMyiist (2).

Ecnu nns okpectHocTu Toukum ro HaMm m3BecTHa ouenka |f(x)| < M
U M3BECTHO, UTO TPU WCIOIB30BAHAN (HOPMYIEI (2) MOTPEITHOCTH B 3HAYEHN-
X [ He MpeBOCXOmAT HEKOTOPOTO €, TO CyMMApHAs IIOTPEITHOCTh B 3HAYCHUN
f'(z0) onenuBaercs sesmaunoit €/h + Mh? /6. llpu Mabix h BIISHEE ONTIGOK
B 3HAUEHUAX QYHKIMU OKA3BIBAETCSA UPE3BBIYAHO GosbimM. Ecmu y HAaC ecThb
BO3MOXKHOCTE BBEIOOpA, Iara i, TO HeIecOO0Pa3sHO HAXONUTHL €r0 M3 yCIIOBUS
MUHIMYMa, TIPUBEICHHON ONEHKN IOTPEmTHOCTH. TakuM 06pa3soM HaM CIICIyeT
HaiiTu Touky mMuHEMyMa dyEKIIn @(h) = ¢/h + Mh? /6. llpupasauBas HyTO
IPOU3BOMHYIO 3TOM (DYHKIUH, JIETKO HAXOMUM 3Ty TOYKY W OLEHKY F morperr-
HOCTH TIPU TAKOM BBIOODE IIIara:

1 .
ho = {’/37\;, E:§\/39M5 .

?)aMeTI/IM7 YTO NPUHIUIINAJIBHO HEBO3MO2KHO ITOJIyYUTH 3HAYECHUE HpOHSBOIIHOfI
C IIOTPEIIHOCTBHIO TOT'O 2Ke IOpsAOKa, 9Y9TO B 3HAYCHUAX (pyHKHI/II/I

3anaua 1. [lubdepeHnnpoBanneM JINHETHOIO NHTEPIOJISIIHOHHOIO IOINHOMA, JIETKO
nosnydaeTcs GopMmyiia
f(@o+h) = f(wo)
h

Honyunts B cayuae f € C(?) npencrasnenne ocrarka R(f;x):

f(a)= + R(f; ). (5)

R(fio) =+

zoth t—x mpu t < x
[ K@nrwd, K = ° prt <
z0 t—xo—h mput>x.
Bapaua 2. [lokasars, 9ro npn o < & < o + h Halinercs Takas dyskmus f € C(2),
[Tl KOTOPO He CyLIecTByeT Takoil Touku & € (xg, xo + h), uto B dopmysne (5)
w'(z)

R(f;x) = Tf”(f% w(z) = (z — z0)(z — 20 — h).
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Banauya 3. Onpenenurs Hammydmmil mwar b B dopMyne (4) npu Hamuauu OLIMGOK

OKPYIJICHUA B 3HAYCHUIX Cl;)yHKLII/II/I

§7 TpuronomeTprueckast HHTEPIIOISIINSL.
Iuckperroe mpeobpazosanue Pypoe.

Ilepuonumyueckme GYHKINU €CTECTBEHHO MPUOIMKATL MEPUOTUICCKUMU.
IIpocreimumu 27-eproOAMIECKUME DYHKIUSIMEI SBIISIOTCS TPUTOHOMETPIYe-
CKU€ TIOJIMHOMBI:

T.(z) =ap + Z(ak cos kx + by sin kx).
k=1

Ecnu xoThb onus n3 K095)pOUIUEHTOB ¢y, WK b, OTIMYIECH OT HyJlsl, TO 7, HA3BIBA-
eTcsl nopsanokoM mosimaoMa Th,. MHOXEeCTBO TPUIOHOMETPUIECKUX IIOJINHOMOB
nopsiaka He Bbiiie n 0603HaunM depe3 T,,. OCHOBHBIE CBONCTBA TPUTOHOMETPH-
YEeCKUX OJIMHOMOB:

1) Ecmu T,,U,, € T,,, To u T, + BU,, € T,, (nuneitnocTs);

2) BeIpaxkeHus mis kodbdunmentos (k=1,2,...):

1 ™

apg = —
2r J_,

1 /" 1 [
T (x)dx, a), = 7/ T, (x) coskx dx, by, = 7/ T, (x) sin kz dx;
7r

—T -7

3) ecin T,, € T,, ectb yeTHas dyukuus, To Bce by, = 0, a eciu HeueTHasL,
TO BCe aj = 0.

Ecnu T, umeet kopenb ¥, TO OH mMeeT GECKOHEYHO MHOTO KOPHeil, Ta-
KOBBIMU sBJISIEOTCS & + 2j7. Takume KOpHU HA3BIBAIOTCS SKBUBAJIEHTHBIMU.

Teopema 1. Orauunbiii or TOXAecTBeHHOrO Hyns 1, € T, umeer ne
Oonee 2n TOMApPHO HESKBUBAJIEHTHBIX KOPHEI.

HoxkaszaTensbcTBo. Ucnonb3ys dopMynsl Ditepa

eika: + e—ika: eikw _ e—ikw
coskr = ——, sinkr= ———,
2 24

npuseneMm 1), K By

n 2n
Tn(l') _ Z Ckeikw _ e—inm deeikw _ e—inmpzn(z)7
k=—n k=0
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rze ¢ u dj, = Cp—p — KOMIUIEKCHBIE, BOOOIIE TOBODs, KO3(duimenTsl, Po,(2) =
on dy 2" — momuHOM cTemennu me Boime 2n u z = €%, Ecin 29 — Kopens T},
k=0
TO 29 = M0 — KOpeHb Ps,,, €Cl X U 1 — HEIKBUBAJIEHTHBIE KOPHE 1),, TO 2o U
Z1 — pasiuuHbIe KOPHU P, Tak uT0 Ps, UMeeT He MeHee PAa3IMIHBIX KOPHEH,
gyeMm T, momapHO HEdKBUBaJEHTHBIX. Ho P, umeer He 6Gojee 2n pasIudHBIX
kopueir. W
Crnencrtsue 1. Cucrema dyukuuit 1, cosx,sinz, . . ., cos nz, sin nx 4e6bl-
IIeBCKasl Ha JI060M IPOMeXyTKe [a,b], ecin Tonbko b < a + 2.

CaencrBue 2. KakoBbl Obl HEI OBUIHM TOUKEH Ty < L1 < -+ < Xop, <
To + 27 u umcna fy,. .., fon, CyIleCTByeT U mpuToM enuHCTBeHHBIR T, € T,,
rakoit uto T, (z) = fr npu k =0,...,2n.

TIpu npubnumxennn NepuonUIECcKoi HyHKINU C TIOMOIIBIO THTEPIIOIISIINA
TPUrOHOMETPUYECKUM IIOJIMHOMOM Ha, IIEPUOME €CTECTBEHHO BEIOPATH PABHOOT-
CTOsIIME y3/Ibl, IPUYEM MX UUCIIO JO/KHO OBITh HEYETHO, Tak 4TO Z; = jh
(j =0,...,2n), h = 27/(2n + 1). B sTOoM ciy4ae ymaeTcs MOIYUIATH SBHOE
BBEIpAKEHNE KO3(PPUIINEHTOB NHTEPIIONAINOHHOTO TIOJIMHOMA Yepe3 3HAUCHUS B
y371aX MHTEPIOIUPYEMOil (hyHKITUN.

Jlemma 1. CnpaBeninBo paBeHCTBO

2n —
am:Zeimxf: 2n+1 mpum =0
= 0 mpum =1,...,2n.

Hoxa3zaTtenscTBo. [Ipu m = 0 paBenctBo oueBunuo. Ecimm 1 <m <
2n, TO Oy = 14+q+- - -+¢*", rie q = e™h £ 1, m noromy o, = (1—¢*"*+1)/(1—
q) =0, Tak kax "t =2 =1. A

CrnenctBue . CupaBemyinBsl PAaBEHCTBA

2n
2n+1 mpum =0,
Cm :Zcosmxj { P
j=0

0 mpu m =1,...,2n,

2n
Sm:E sinmz; =0, m=0,...,2n.
j=0
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,H OKa3aTeJdbCTBO. HOCTaTO‘IHO IPUPaBHATH BEILIECCTBECHHYIO U MHU-
MYIO 9aCTHU B PaBEHCTBE, YKa3aHHOM B JIEMME 1. |

JIlemma 2. Ilycts 0 < k,1 < n. Torma

on 2n+1 npu k=1=0,
Zcosk;xjcoslxj: (2n+1)/2 mpuk=1+#0,
7=0 0 upu k # 1,
o . (2n+1)/2 upmk=1%#0,
Zsm kxjsinlz; =
= 0 mpu k £l wimm k=1=0,
2n
Zcos kxjsinlx; = 0.
Jj=0

HoxazaTenbcTBo. CunTas Ojs ompenesleHHOCTH Kk > | 1 UCHONB3Ys
opmyity .
coskx;coslx; = i[cos(k + )z + cos(k — )],

nmMeemM
2n

1
Zcos kxjcosle; = §[C;€+l + Cr—i].
§=0

CoBepIIIeHHO AHAJIOTUYIHO

2n

1
E sinkz; sinlz; = i[Ck,l — Chyi,
o

2n 1
g coskx;sinlx; = §[Sk+l + Sjp—y]-
J=0
W3 5TuX paBEHCTB M CIIENCTBHS U3 JIEMMBI 1 JIEFKO CIEAYIOT IOKa3bIBaeMBbIE.
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Teopema 2. Koshdunmnentsl momuuaoma 1, € T,,, perratorero naTep-
TIOJISAINOHHYIO 330y

n
T, (zj) = ao + Z(ak coskx; + bysinkz;) = f;, j=0,...,2n, (1)
k=1

natorcs popmynamu (k=1,...,n)

2n 2n

1 2
aoszfj, ak:m . ijOSk'J?j,
j=0 7=0
2n

2
fisinkz;. (2)
=0

T o4
J

by,

HoxazarenscTso. IlocTaTouno yMHOXUTL paBeHcTBa (1) Ha coslx;
umm sin v, mpocyMMupoBaTh 10 j oT 0 00 2n M BOCHOIB30BATHCS JIEMMOH 2.

Ha dopmynsr (1) u (2) BO3MOXKHA HECKOJIBKO APYras TOYKA 3PEHMUSL.
Iycts F = (fo,. .., fon) IPOM3BOILHLIA BEKTOP. Ero KOMIOHEHTHI MOXKHO pac-
CMaTpUBATh KaK 3HAYCHHS B Y3JIaX T; HEKOTOPOR (YHKIUH, u 1O GOpMyJIaM
(2) mocraBuTh emy B cooTBeTcTBHE BeKTOp A = (a9, a1,b1, ..., ap, by). Kommo-
HEHTHI BEKTOpa F' BOCCTAHABIMBAIOTCS MO KOMIIOHEHTAM BEKTOpa A COrIIaCHO
dopmynam (1). Bekrop A masesaror DISKRETNYM PREOBRAZOWANIEM FURXE
BekTopa F. IIporecc moctpoerns: A MOXHO PaccMaTPUBATEH KaK IIepepasioxkKe-
Hue BexTopa F 1o moBoMmy 6asucy B mpocTpascTse R, KOMIOHEHTEI HOBOrO
6a3MCHOTO BEKTOPA SIBIISIFOTCS 3HAUEHUSIMU B y3J1aX QyHKIUHU cos kr wiu sin kx.
Cy111ecTBO MOKA3AHHON BBIIIIE JIEMMBI 2 COCTOUT B TOM, UTO 9TOT 6a3UC SIBIISIETCS
OPTOTOHAJTLHBIM.

B BBrunciuTenbHON IpakTUKe TP paboTe ¢ HEKOTOPBIM BEKTOPOM YaCTO
OKa3bIBaeTCs yInoOHee MMETh [IeJI0 C eT0 NUCKPETHBIM IpeobpasoBanneM Pypbe,
U 5TO IPeobpa3oBaHme HAXOMUT IIIUPOKOE IIPUMEHEHNE.

Hanpumep, mycts Tpebyercss mepemars Mo KaHaily CBsisu 21 + 1 uwmc-
710 fo,. .., fon. OTH UHCIIA MOXHO PACCMAaTPUBATL KaK 3HAUCHNS B TOUKAX T
TpuroHomerpudeckoro momuuoMma: f; = T, (z;). Koadbdurmentsr sroro momnu-
HOMA BBIUICIIOTCS TO GopmyitaM (2), 1 MHOTIA UMEHHO 5TH KO3(h(IyIneHThL
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OKa3bIBAETCs 1eIeCO00Pa3HbIM IIepelaBaTh 10 KaHAIY CBA3M BMECTO dmcel f;
(manpumep, cpemu Ko3HGUIMEHTOB MHOTO OY€Hb MAJICHBKUX, U UX MOXKHO 3a-
MEHUTH HyJIsIME). Boccranosienne duces f; Ha OpyroM KOHIE KAHAJA CBSI3M IO
HOJIyYEeHHBIM KO3(PPUIIeHTaM TaKXKe HeTPYOHO.

CylecTBYIOT U OpyTrue Ipeobpa3oBaHUs BEKTOPOB, TAKXKe HA3BIBACMBIC
MUCKPETHBIM TIpeobpasoBanueM Pypre. OCTaHOBUMCS Ha OMHOM TAKOM IPEO6-
Pa30BaHII BEKTOPOB C KOMILIEKCHBIMI KommorenTayu. s y € CV yemopumes
mcats ¥ = (Yo, - .,Yn—1). B mpoctpancTee CV Taxux BeKTOpOB ckanspHOe
npou3BeNeHne 3amaeTcs GopMyon (y, z) = Ziv:o YpZg. Honmoxum h = 1/N u
paccemorpun B CV cucremy BexTopos

er = (1, e2milkh) o2mi(2kh) ,627”(]\[*1)’”‘) k=0,...,N—1.
OTHU BEKTOPBI OKA3LIBAIOTCS OPTOTOHATBLHBIMI:
(ex;€j) = Négj,
(MOKa3aTENTBLCTBO MO CYIIECTBY COBIANAET C INOKA3aTeHLCTBOM JIEMMEL 1) U To-

ToMy 06paszyior 6aszuc B CV, Tak uT0 m060i BEKTOP i MOXKET OBITh PA3IOKEH
o sToMy Oasucy:

=

-1

<
I

N-1
. _ 2mi(kjh)
aje; Y = E aje

=0

<.
I
=)

Beuny oproromamsHOCTH 6a3uca e KO3GPUINEHTEL ) JIETKO HaXOMATCA:

(y,¢)) 1= —2mi(kjh)

L AR VA E e

a; (eie)) N Yk )
7 k=0

9TO MOXKHO II€penncaTh €ee B Buae

1 N—-1
aAN—j = N Z yke%”(kjh)a .]: 1a"'7N'
k=0
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Bektop (ag,...,an—1) Ha3bIBaeTCA OUCKPETHBIM mpeobpasoBanueM Pypbe
(OII®) BekTOpa y.

Breraucnenune npeoGpasosanus Pypbe BEKTOpa y U BOCCTAHOBIICHHE 3TO-
ro BEKTOpa 10 ero mpeobpasosanuio Pypbe (HAXOXKIEHHE KOMIOHEHT Yj) OCY-
IIECTBISIETCS TI0 ONUHAKOBBEIM (C TOYHOCTBIO 10 MHOXKUTeNs 1/N) dbopmynam u
TpebyeT BLIUUCIIEHUS CyMM BAIA

EC/Ii MBI pacroaracM TabyIuIeil COOTBeTCTBYIOIIX CTereHeii ¢2™ N | 1o mps-
Moe BLIMUCTIeHe Beex Yy, Tpebyet npomssectu N2 ymuoxenuit. Yucio apudme-
TUYECKUX JEHCTBHI MOXKHO CYIIECTBEHHO COKPATUTh, eciim N €CTh Mpomn3Bene-
HYe HeCKONbKux MHOxuTenell. Orpanwammes ciygaem, xorga N = 2. Torna
nomaras Ny = N/2 = 2" u 2z = e>™/N | mveem

Ni—1 Ni—1
_ 2mk 2m~+1)k
Up = Y agmz” ™+ ) g 2R =
m=0 m=0
Ni—1 Ni—1
/ k k " k / k11
= a2 428 Y al T =y + 2Ry
m=0 m=0
Bnecw 21 = 22 = 2™/N1 4! = ag,,, @) = agmy1. VI3 pasencrsa MV = 1

BBITEKACT, U9TO Yy 4 p = Ui U Yn, 41 = Yi, TAK U9TO PEATHHO TPEOGYeTCs BLIYHC-

JTUTB JTUITH KOMIOHEHTBI BEKTOPOB ¥ = (Yo, - -, Yy, 1) BY" = (Y55 -+ YN, —1)-
W3 npuBeneHHbIX BbIMIE (GOPMYI BUAHO, 9TO § u y” CyTh HUCKpeTHBIE TPEod-
pasosamus Oypwe nia (ag, ..., ay, ;) u (ag,...,ay, ;) COOTBETCTBEHHO, I UX

MOYXHO BBIYHUCIISITH MOJIB3YSICH TeM ke npueMoM. OGo3HAYMM depes ¢, UUCIIo
YMHOXEHUH, KOTOpO€e MOTPEOHO MPY MPUMEHEHUN TAKOTO IIPOIECCa, OISl BBIUUC-
neuus I1® BexTopa pasmepuoctu N = 2. Torma ¢, = 2¢,—1+2". lIlpun =0
(N = 1) OlI® “extopa”’ ecThb OH cam, Tak 4To gg = 0. DTO MO3BOIAET Me-
TONOM WHIYKINU JIETKO NOKa3aTb, ITO ¢, = nIN = Nlogy N, Tak 4TO 4ncjIo
YMHOXKEHU [0 CPABHEHUIO C IPUMEHEHNEM IIPSIMBIX (HOPMYJII CYIIIECTBEHHO CO-
kpamaercs. Hanpumep, mpu N = 219 = 1024 6yner N2 > 10%,a Nn = 10240,
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T.e. 6omtee yem B 100 pa3 mensbire. Beraucienue IIP ¢ ncnonbizoBanueM mpu-
BEIEHHOTO IpUeMa, Ha3bIBAeTCsl OBICTPHIM mpeobpazoBanueM Pypre — BIID.

Hosicanm popmyisr BII® ma npumepe N = 4. Torma z = e2™/* =
21 = 22 = —1. Tpebyercs BLIUCIUTEL KOI(DODUIMEHTH PA3IOKEHNAS BEKTOPA
Y = (Y0, Y1,Y2,Y3) 1O HOBOMY Gasucy:

Yo = ap + a1 + a2 + as,
Y1 = ag + a1z + az2* + azz®,
Yo = ag + a122 + agz4 + agzﬁ,

Ys = ag + a1z3 + agzﬁ + a329.

Torna dopmynasr BII® npurumaioT Bumd:

yo = (ap +az) +1- (a1 +a3) =y, + vy,
y1 = (ao + azz1) + z(a1 + azz1) = y) + 2y7, (3)
Y2 = (ao + a2) + 2%(a1 + a3) =y, + 2%yg,

i

ys = (ag + azz1) + 2°(a1 + asz) = v} + 23y,
yé:ao—i—ag, yé’:a1+a37 n
Yy =ao +agz1, Yy =ai+azz.

IIpu BLIMUCIIEHUSIX CHAYUAIIA UCTIONMBL3YIOTCs opmyiet (4), a 3aTem (3).

Banaua. Ilokasars, uTo cucremMa QyHKUM Sinz, .. .,sin N ABIIETCS YeOBIIEBCKON

Ha IIPOMEXyTKe [¢, T — €] npu jo6oM &€ > 0 u He siBisiercs: yebbiesckon Ha [0, 7 — €] u [e, 7).



