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1 Ëèíåéíûå ýêñòðåìàëüíûå çàäà÷è

1.1 Ëåììà îá ýêâèâàëåíòíûõ ýêñòðåìàëüíûõ çàäà÷àõ

Îïðåäåëåíèå 1 Äâå ýêñòðåìàëüíûå çàäà÷è

f(x) → inf
x∈P

, F (y) → inf
y∈Q

(1)

íàç. ýêâèâàëåíòíûìè, åñëè
∀x ∈ P ∃y ∈ Q f(x) ≥ F (y), ∀y ∈ Q ∃x ∈ P F (y) ≥ f(x).

Ëåììà 1 Çàäà÷è (1) ýêâèâàëåíòíû ⇐⇒

=µ︷ ︸︸ ︷
inf
x∈P

f(x) =

=ν︷ ︸︸ ︷
inf
y∈Q

F (y); (2)

ïðè ýòîì îáå çàäà÷è îäíîâðåìåííî èìåþò èëè íå èìåþò ðåøåíèå.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ

∀x ∈ P ∃y ∈ Q f(x) ≥ F (y) ≥ ν ⇒ µ ≥ ν

Àíàëîãè÷íî ν ≥ µ.
Ïóñòü x∗ � îïòèìàëüíûé ïëàí, ò.å. f(x∗) = µ.

∃y∗ ∈ Q f(x∗) ≥ F (y∗)

Íî F (y∗) ≥ ν = µ ⇒ F (y∗) = ν ⇒ y∗� îïòèìàëüíûé ïëàí.
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.2 Ïðèìåðû ýêâèâàëåíòíûõ ýêñòðåìàëüíûõ çàäà÷

Ïðèìåð 1
ϕ(x) := max

i∈1:n
fi(x) → inf

x∈P
(1)

ψ(x, t) := t→ inf, (2)

fi(x) ≤ t, i ∈ 1 : n, x ∈ P

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÝÊÂÈÂÀËÅÍÒÍÎÑÒÈ (1) È (2).

x0 ∈ P ; t0 := max
i∈1:n

fi(x0)

(x0, t0) � ïëàí (2)

ψ(x0, t0) = t0 = max fi(x0) = ϕ(x0)

(x0, t0) � ïëàí (2) ⇒ x0 ∈ P � ïëàí (1)

ϕ(x0) = max
i∈1:n

fi(x0) ≤ t0 = ψ(x0, t0)

(x∗, t∗) � îïòèìàëüíûé ïëàí (2) ⇒ t∗ = maxi∈1:n fi(x∗)
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ

Ïðèìåð 2

ϕ(x) =
m∑

i=1

|fi(x)| → inf
x∈P

(3)

ψ(x, u, v) =
m∑

i=1

(ui + vi) → inf
x∈P

, (4)

fi(x) = ui − vi, ui ≥ 0, vi ≥ 0, i ∈ 1 : n

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÝÊÂÈÂÀËÅÍÒÍÎÑÒÈ (3) È (4).

a ∈ R ⇒ ∃u, v ≥ 0 : a = u− v, |a| = u+ v

u =
|a|+ a

2
≥ 0, v =

|a| − a

2
≥ 0

x ∈ P � ïëàí (3)

ai = fi(x) = ui − vi, |ai| = ui + vi, ui, vi ≥ 0

(x, u, v) � ïëàí (4)

ψ(x, u, v) =
m∑

i=1

(ui + vi) =
m∑

i=1

|fi(x)| = ϕ(x)

(x, u, v) � ïëàí (4) ⇒ x ∈ P � ïëàí (3)

ϕ(x) =
m∑

i=1

|fi(x)| =
m∑

i=1

|ui − vi| ≤
m∑

i=1

(|ui|+ |vi|) =
m∑

i=1

(ui + vi) = ψ(x, u, v)

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.3 Ïîñòàíîâêà çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ.

Ñâåäåíèå îáùåé çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ

ê ýêâèâàëåíòíîé çàäà÷å ëèíåéíîãî ïðîãðàììèðîâàíèÿ

â êàíîíè÷åñêîé ôîðìå

f(x) := c[N ]× x[N ] → inf (1)

A[M1, N ]× x[N ] ≥ b[M1]

A[M2, N ]× x[N ] = b[M2]

x[N1] ≥ O[N1]− çíàêîâîå îãðàíè÷åíèå.

N1 ⊂ N, M1 ∩M2 = ∅, N2 = N \N1, M = M1 ∪M2

A[M,N ]
Ω−ìíîæåñòâî ïëàíîâ.

〈c, x〉 → inf
x∈ Ω

Çàäà÷à âèäà
f(x) = c[N ]× x[N ] → inf (2)

A[M,N ]× x[N ] = b[M ]

x[N ] ≥ O[N ]

íàçûâàåòñÿ êàíîíè÷åñêîé çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâàíèÿ

f(x) = 〈c, x〉 → min

Ax = b

x ≥ O

Ω � ìíîæåñòâî ïëàíîâ (1).

N2 = N \N1

x0[N2] = y0[N2]︸ ︷︷ ︸
≥0

− z0[N2]︸ ︷︷ ︸
≥0

w0[M1] = A[M1, N ]× x0[N ]− b[M1]

A[M1, N1]×x0[N1]+A[M1, N2]×y0[N2]−A[M1, N2]×z0[N2]−w0[M1] = b[M1]

A[M2, N1]× x0[N1] +A[M2, N2]× y0[N2]−A[M2, N2]× z0[N2] = b[M2]

v0 = (x0[N1], y0[N2], z0[N2], w0[M1])

A0 =
(
A[M1, N1] A[M1, N2] −A[M1, N2] −E[M1,M1]
A[M2, N1] A[M2, N2] −A[M2, N2] O[M2,M1]

)
A0 = (A[M,N1], A[M,N2],−A[M,N2],−E[M,M1])

〈c, x0〉 = c[N1]× x0[N1] + c[N2]× y0[N2]− c[N2]× z0[N2]
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c0 = (c[N1], c[N2],−c[N2],O[M1])

〈c, x0〉 = 〈c0, v0〉

〈c0, v〉 → inf (3)

A0v = b, v ≥ O

Òåîðåìà 1 (1) è (3) ýêâèâàëåíòíû.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
x0 ∈ Ω ⇒ ñòðîèì v0 - ïëàí (3).
〈c0, v0〉 = 〈c, x0〉 - çíà÷åíèÿ öåëåâîé ôóíêöèè ðàâíû.
v0 = (x0[M1], y0[N2], z0[N2], w0[M1]) - ïëàí (3).
⇒ x0 = (x0[M1], y0[N2]− z0[N2])
Î÷åâèäíî, ÷òî x0 ∈ Ω è 〈c, x0〉 = 〈c0, v0〉
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.4 Ëåììà î áàçèñíîì ïëàíå

Îïðåäåëåíèå 1 Ïëàí x ∈ Ω íàçûâàåòñÿ áàçèñíûì,
åñëè Aj = A[M, j], j ∈ N+(x), ëèíåéíî íåçàâèñèìû. (ñòîëáöû A, ñîîòâåòñòâóþùèå
íîñèòåëþ ïëàíà x, ëèíåéíî íåçàâèñèìû). Íóëåâîé âåêòîð, åñëè îí ÿâëÿåòñÿ
ïëàíîì, áóäåò ïî îïðåäåëåíèþ áàçèñíûì.

A[M,N+]× z[N+] = O[M ] (1)

Ëåììà 1 Ïóñòü âûïîëíåíî óñëîâèå òåîðåìû è b 6= O. Òîãäà ïî ëþáîìó
ïëàíó x0 ∈ Ω ìîæíî ïîñòðîèòü áàçèñíûé ïëàí y0 : 〈c, x0〉 ≥ 〈c, y0〉.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
Âîçüìåì x0 ∈ Ω. Ïîñêîëüêó b 6= O, òî N+ := N+(x0) 6= ∅
Ðàññìîòðèì ñèñòåìó (1). Åñëè îíà èìååò òîëüêî íóëåâîå ðåøåíèå, òî x0 -
áàçèñíûé ïëàí. (y0 := x0)
Ïóñòü (1) èìååò íåíóëåâîå ðåøåíèå z0[N+]. Äîïîëíèì z0[N\N+] = O[N\N+]

Az0 = O, z0 6= O (2)

1. 〈c, z0〉 = 0. Ìîæíî ñ÷èòàòü, ÷òî ó z0 åñòü õîòÿ áû îäíà ïîëîæèòåëüíàÿ
êîìïîíåíòà (èíà÷å z0 çàìåíèòü íà −z0)

x(t) := x0 − tz0, t > 0

Ax(t) = b = ∀t > 0

= Ax0 − t Az0︸︷︷︸
=O

x(t) ≥ O ?

(a)
j ∈ N \N+ : x(t)[j] = 0 ∀t

(b)
j ∈ N+, z0[j] ≤ 0 : x0[j]− tz0[j] > 0 ∀t > 0

(c)

j ∈ N+, z0[j] > 0 : x0[j]− tz0[j] ≥ 0 ⇐⇒ t ≤ x0[j]
z0[j]

t0 := min

{
x0[j]
z0[j]

∣∣∣∣∣ j ∈ N+, z0[j] > 0

}
(3)

j0 � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì

x1 = x(t0) = x0 − t0z0 ∈ Ω,

N+(x1) ( N+(x1) (âûáèò èíäåêñ j0)

〈c, x1〉 = 〈c, x0〉 − t0

=0︷ ︸︸ ︷
〈c, z0〉 = 〈c, x0〉
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2.
〈c, z0〉 6= 0.

Ìîæíî ñ÷èòàòü, ÷òî 〈c, z0〉 > 0, èíà÷å âìåñòî z0 âîçüìåì −z0.
Äîêàæåì, ÷òî ∃j | Z0[j] > 0.
Îò ïðîòèâíîãî: ïóñòü z0 ≤ O.

x(t) := x− tz0; x(t) ∈ Ω ∀t > 0 (Ax(t) = b, x(t) ≥ O ∀t > 0)

〈c, x(t)〉 = 〈c, x0〉 − t

>0︷ ︸︸ ︷
〈c, z0〉

t→+∞−→ −∞

Ïðîòèâîðå÷èå óñëîâèþ inf f(x) > −∞.
t0 � ïî ôîðìóëå (3); x1 = x0 − t0z0 ∈ Ω, N+(x1) ( N+(x0).

〈c, x1〉 = 〈c, x0〉 −
>0︷ ︸︸ ︷

t0〈c, z0〉 < 〈c, x0〉

Èòàê, åñëè x0 íå ÿâëÿåòñÿ áàçèñíûì ïëàíîì, òî ∃x1 ∈ Ω : N+(x1) (
N+(x0), 〈c, x1〉 ≤ 〈c, x0〉.
x1 � ëèáî áàçèñíûé ïëàí, ëèáî íåò; âî âòîðîì ñëó÷àå ∃z1 : Az1 =
O, z1 6= O.
Òîãäà ïåðåéäåì îò x1 ê x2, êàê âûøå îò x0 ê x1:

N+(x2) ( N+(x1), 〈c, x2〉 ≤ 〈c, x1〉

Çà êîíå÷íîå ÷èñëî øàãîâ äîéäåì äî áàçèñíîãî ïëàíà y0.

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.5 Òåîðåìà î ñóùåñòâîâàíèè îïòèìàëüíîãî áàçèñíîãî

ïëàíà ó çàäà÷è ëèíåéíîãî ïðîãðàììèðîâàíèÿ â êàíîíè÷åñêîé

ôîðìå

Òåîðåìà 1 (î ñóùåñòâîâàíèè ðåøåíèÿ)
Åñëè Ω 6= ∅ è infx∈Ω f(x) > −∞, òî ñóùåñòâóåò îïòèìàëüíûé áàçèñíûé
ïëàí.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ

1.
b = O ⇒ 〈c, x〉 ≥ 0 ∀x ∈ Ω

( ïóñòü ∃x0 : 〈c, x〉 < 0, òîãäà

x(t) = tx0 ∈ Ω ∀t > 0, ïîñêîëüêó Ax(t) = O, x(t) ≥ O;

〈c, tx0〉 = t〈c, x0〉
t→+∞−→ −∞ )

Èòàê, â ýòîì ñëó÷àå x∗ = 0 � îïòèìàëüíûé ÁÏ.

2.
b 6= O :

Ïîñêîëüêó Ω 6= ∅, ñóùåñòâóåò ÁÏ y0.
Ïîêàæåì, ÷òî áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî.
Ïðîâåðèì, ÷òî ðàçíûå ÁÏ èìåþò ðàçíûå íîñèòåëè.
Îò ïðîòèâíîãî. Ïóñòü y0 6= y1 � ÁÏ,N+(y0) = N+(y1) =: N+, y0[N+] 6=
y1[N+].∑

j∈N+

y0[j]Aj = b,
∑

j∈N+

y1[j]Aj = b ⇒
∑

j∈N+

(y0[j]− y1[j])Aj = O,

÷òî ïðîòèâîðå÷èò áàçèñíîñòè ïëàíîâ y0 è y1.
Èòàê, áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî. y1, . . . , yk � ÁÏ.
Âûáåðåì x∗ ∈ {y1, . . . , yk} : 〈c, x∗〉 = minj∈0:k〈c, yj〉.
Ïîêàæåì, ÷òî x∗ � îïòèìàëüíûé ÁÏ äëÿ èñõîäíîé çàäà÷è.
∀x ∈ Ω ïî ëåììå ∃ ÁÏ y : 〈c, x〉 ≥ 〈c, y〉 ≥ 〈c, x∗〉.

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.6 Ôîðìóëèðîâêà òåîðåìûÔàðêàøà. Åå èíòåðïðåòàöèÿ

â äâóìåðíîì ñëó÷àå

Îïðåäåëåíèå 1 K ⊂ RN � êîíóñ (â íà÷àëå êîîðäèíàò).
x ∈ K =⇒ tx ∈ K ∀t > 0
K+ � ñîïðÿæåííûé êîíóñ. K+ = {u ∈ RN | 〈u, x〉 ≥ 0 ∀x ∈ K}

Òåîðåìà 1 (òåîðåìà Ôàðêàøà).

K = {x ∈ RN | 〈ai, x〉 ≥ 0, i ∈M} =⇒ K+ = cone({ai}i∈M ) = {u =
∑
i∈M

tiai | ti ≥ 0, i ∈M}

Äâóìåðíûé ñëó÷àé:

K :
〈a1, x〉 ≥ 0
〈a2, x〉 ≥ 0 ⇒ K+ = cone(a1, a2)

u ∈ K+ : u = t1a1 + t2a2, t1, t2 ≥ 0
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1.7 Êðèòåðèé ñóùåñòâîâàíèÿ íåîòðèöàòåëüíîãî ðåøåíèÿ

ó ñèñòåìû ëèíåéíûõ óðàâíåíèé

Ëåììà 1
A = A[M,N ]

Ax = b, x ≥ 0 (1)

(1) ñîâìåñòíà ⇐⇒

〈b, u〉 ≥ 0 ∀u : uA ≥ 0 (èëè ATu ≥ 0). (2)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
(1) ñîâìåñòíà ⇐⇒

∑
j∈N x[j]Aj = b, x[j] ≥ 0, j ∈ N(Aj = A[M, j]) ⇐⇒

b ∈ cone({Aj}j∈M )︸ ︷︷ ︸
Γ

Ââåäåì êîíóñ K = {u ∈ RM | 〈b, u〉 ≥ 0, j ∈ N} = {u | uA ≥ 0}
K+ = Γ ïî òåîðåìå Ôàðêàøà.
(1) ñîâìåñòíà ⇐⇒ b ∈ Γ ⇐⇒ b ∈ K+ ⇐⇒ 〈b, u〉 ≥ 0 ∀u ∈ K,
K = {u | uA ≥ 0}.
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ

Çàìå÷àíèå 1 (2) ⇐⇒

〈b, u〉 ≤ 0 ∀u : uA ≤ 0. (3)(
=⇒: uA ≤ 0 =⇒ (−u)A ≥ 0 =⇒ 〈(−u), b〉 ≥ 0 =⇒ 〈u, b〉 ≤ 0.

⇐=: ñòîëü æå î÷åâèäíî.

)
(1) ñîâìåñòíà =⇒ 〈b, u〉 ≤ 0 ∀u : uA ≤ 0.
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1.8 Êðèòåðèé ñîâìåñòíîñòè ñèñòåìû ëèíåéíûõ óðàâíåíèé

è íåðàâåíñòâ

Òåîðåìà 1 Ñèñòåìà

A[M1, N ]× x[N ] ≥ b[M1]
A[M2, N ]× x[N ] = b[M2]

x[N1] ≥ O[N1]
(1)

ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0 ∀u ∈ RM :

U [M ]×A[M,N1] ≤ O[N1]
U [M ]×A[M,N1] = O[N2]

U [M1] ≥ O[M1]
(2)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
Ñîâìåñòíîñòü (1) ýêâèâàëåíòíà ñîâìåñòíîñòè

A0 = b, v ≥ 0, (3)

ãäå A0 = (A[M,N1], A[M,N2], −A[M,N2], −E[M,N2]).

Ïî ëåììå (3) ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0 ∀ u : uA0 ≤ 0 ⇐⇒ (2)

U [M ]×A[M,N1] ≤ O[N1]

U [M ]×A[M,N2] ≤ O[N2]
−U [M ]×A[M,N2] ≤ O[N2]

}
=⇒ U [M ]×A[M,N2] = O[N2]

−U [M ]× E[M,M1] ≤ O[M1] ⇐⇒ U [M1] ≥ O[M1].

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ

Çàìå÷àíèå 1 (1) íåñîâìåñòíà ⇐⇒ ∃u, óäîâëåòâîðÿþùåå (2).

Ñëåäñòâèå 1 (òåîðåìà Ôàíü-Öçû).
Ax ≥ b ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0
∀u : uA = 0, u ≥ 0 (ATu = 0, u ≥ 0)
Óñëîâèÿ íà ìíîæåñòâà: M2 = 0, M1 = M, N1 = 0, N2 = N.
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1.9 Îñíîâíàÿ ëåììà ëèíåéíîãî ïðîãðàììèðîâàíèÿ

Ëåììà 1 (îñíîâíàÿ ëåììà ËÏ)〈c, x〉 = µ
Ax = b
x ≥ O

(1)

A = A[M,N ]

Ïóñòü ñèñòåìà (1) ñîâìåñòíà, îäíàêî ñòàíîâèòñÿ íåñîâìåñòíîé ïðè çàìåíå
µ íà µ− λ ∀λ > 0. Òîãäà ñîâìåñòíà ñèñòåìà

uA ≤ c, 〈b, u〉 = µ. (2)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ 〈c, x〉 − tµ = −1
Ax− tb = O
x ≥ O, t > 0

(3)

Äîêàæåì, ÷òî ñèñòåìà (3) íåñîâìåñòíà.
Îò ïðîòèâíîãî: ïóñòü (x0, t0) óäîâëåòâîðÿåò (3).

1.
t0 = 0. 〈c, x0〉 = −1, Ax0 = O, x0 ≥ O

Ïóñòü y0 óäîâëåòâîðÿåò (1). Òîãäà x1 := y0 + x0.

〈c, x1〉 = 〈c, y0〉+ 〈c, x0〉 = µ− 1; Ax1 = b, x1 ≥ O

Ïðîòèâîðå÷èå óñëîâèþ.

2.
t0 > 0. x1 :=

x0

t0

Ïóñòü y0 óäîâëåòâîðÿåò (1). Òîãäà x1 := y0 + x0.

〈c, x1〉 = µ− 1
t0

; Ax1 = b, x1 ≥ O

Ïðîòèâîðå÷èå óñëîâèþ.
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Èòàê, ñèñòåìà (3) íåñîâìåñòíà.

γ
u

∣∣∣ (−c µ
A −b

)
×
(
x
t

)
=
(−1

0

)
, x ≥ O, t ≥ 0 (3′)

(−c
A

)
× x =

(−µ
b

)
, x ≥ O (1′)

(3′) íåñîâìåñòíà, (1′) ñîâìåñòíà.
Â ñèëó íåñîâìåñòíîñòè (3′) (ñì. ëåììó èç ïðåäûäóùåãî ïàðàãðàôà):

∃(γ0, u0) : −γ0c+ u0A ≤ O, γ0µ− 〈b, u0〉 ≤ 0, γ0 > 0.

Â ñèëó ñîâìåñòíîñòè (1′) è óñëîâèÿ −γ0c+ u0A ≤ O:

−γ0µ+ 〈b, u0〉 ≤ 0.

Ïîëó÷èëè:
−γ0µ+ 〈b, u0〉 = 0; −γ0c+ u0A ≤ O

u∗ :=
u0

γ0
; u∗A ≤ c, 〈b, u∗〉 = µ

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.10 Êðèòåðèé îïòèìàëüíîñòè äëÿ îáùåé çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ

f(x) := c[N ]× x[N ] → inf (1)

Ω :

A[M1, N ]× x[N ] ≥ b[M1]
A[M2, N ]× x[N ] = b[M2]

x[N1] ≥ O[N1]

Òåîðåìà 1 (êðèòåðèé îïòèìàëüíîñòè).
x∗ ∈ Ω � îïòèìàëüíûé ïëàí (1) ⇐⇒ ∃u∗ = u∗[M ] :

〈c, x∗〉 = 〈b, u∗〉 (2)u∗[M ]×A[M,N1] ≤ c[N1]
u∗[M ]×A[M,N2] = c[N2]

u∗[M1] ≥ O[M1]
(3)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
Íåîáõîäèìîñòü. x∗ ∈ Ω � îïòèìàëüíûé ïëàí (1).
Çàïèøåì ýêâèâàëåíòíóþ çàäà÷ó:〈c0, v〉 → inf

A0v = b
v ≥ O

(4)

Ïî ýêâèâàëåíòíîñòè ó (4) ∃ îïòèìàëüíûé ïëàí v∗ è 〈c, x∗〉 = 〈c0, v∗〉 =: µ.〈c0, v〉 = µ
A0v = b
v ≥ O

−

ýòà ñèñòåìà ñîâìåñòíà (v∗), ïðè óìåíüøåíèè µ ñòàíîâèòñÿ íåñîâìåñòíîé.

Ïî ëåììå ∃u∗ : u∗A0 ≤ c0︸ ︷︷ ︸
⇐⇒ (3)

, 〈b, u∗〉 = µ = 〈c, x∗〉︸ ︷︷ ︸
(2)

A0 = (A[M,N1] A[M,N2] −A[M,N2] − E[M,M1])
c0 = (c[N1] c[N2] − c[N2] O[M1])
u∗A0 ≤ c0 :

u∗[M ]×A[M,N1] ≤ c[N1]

u∗[M ]×A[M,N2] ≤ c[N2]
−u∗[M ]×A[M,N2] ≤ −c[N2]

}
⇒ u∗[M ]×A[M,N2] = c[N2]

−u∗[M ]× E[M,M1] ≤ O[M1] ⇐⇒ u∗[M1] ≥ O[M1]

Äîñòàòî÷íîñòü. Âûïîëíåíû (2), (3).

∀x ∈ Ω 〈c, x〉 = c[N1]× x[N1] + c[N2]× x[N2]
(3)

≥
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≥ u∗[M ]×A[M,N1]×x[N1]+u∗[M ]×A[M,N2]×x[N2] = u∗[M ]×(A[M,N ]×x[N ]) =

= u∗[M1]× (A[M1, N ]× x[N ]) + u∗[M2]× (A[M2, N ]× x[N ]) ≥

≥ u∗[M1]× b[M1] + u∗[M2]× b[M2] = 〈b, u∗〉
(2)
= 〈c, x∗〉

Èòàê, ∀x ∈ Ω 〈c, x∗〉 ≤ 〈c, x〉.
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.11 Ïåðâàÿ òåîðåìà äâîéñòâåííîñòè â ëèíåéíîì ïðîãðàììèðîâàíèè

f(x) := 〈c, x〉 → inf
x∈Ω

(1)

g(u) := 〈b, u〉 → sup
u∈Λ

(2)

Â ñèëó êðèòåðèÿ îïòèìàëüíîñòè ïî ðåøåíèþ x∗ çàäà÷è (1) íàéäåòñÿ u∗ �
ðåøåíèå çàäà÷è (2);
áîëåå òîãî,

inf
x∈Ω

f(x) = sup
u∈Λ

g(u) (3)

Îïðåäåëåíèå 1 (2) íàçûâàåòñÿ çàäà÷åé, äâîéñòâåííîé ê (1).

Ïîäðîáíåå:
g(u) := b[M ]× u[M ] → sup

u[M ]×A[M,N1] ≤ c[N1]
u[M ]×A[M,N2] = c[N2]

u[M1] ≥ O[M1]

 (2′)

(2) [(2′)] èìååò ðåøåíèå u∗. Ïîêàæåì, ÷òî (1) èìååò ðåøåíèå è âûïîëíÿåòñÿ
(3) � ñîîòíîøåíèå äâîéñòâåííîñòè. u∗ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è:

−〈b, u〉 → inf

−AT [N1,M ]× u[M ] ≥ −c[N1]

−AT [N2,M ]× u[M ] = −c[N2]

u[M1] ≥ O[M1]

Ïî êðèòåðèþ îïòèìàëüíîñòè ∃x∗ = x∗[N ] :

−〈b, u∗〉 = −〈c, x∗〉

−x∗[N ]×AT [N,M1] ≤ −b[M1]

−x∗[N ]×AT [N,M2] = −b[M2]

x∗[N1] ≥ O[N1]

⇓
〈b, u∗〉 = 〈c, x∗〉

A[M1, N ]× x∗[N ] ≥ b[M1]

A[M2, N ]× x∗[N ] = b[M2]

x∗[N1] ≥ O[N1]

x∗ ∈ Ω, u∗ ∈ Λ, 〈c, x∗〉 = 〈b, u∗〉
Ïî êðèòåðèþ îïòèìàëüíîñòè äëÿ (1) x � îïòèìàëüíûé ïëàí è âûïîëíÿåòñÿ
(3).

Òàêèì îáðàçîì, íàìè äîêàçàíà
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Òåîðåìà 1 (I òåîðåìà äâîéñòâåííîñòè)
Åñëè îäíà èç ïàðû äâîéñòâåííûõ çàäà÷ èìååò ðåøåíèå, òî è äðóãàÿ èìååò
ðåøåíèå; ïðè ýòîì âûïîëíÿåòñÿ (3).
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1.12 Êðèòåðèé ñîâìåñòíîé ðàçðåøèìîñòè ïàðû äâîéñòâåííûõ

çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ

f(x) := 〈c, x〉 → inf
x∈Ω

(1)

g(u) := 〈b, u〉 → sup
u∈Λ

(2)

Òåîðåìà 1 Îáå äâîéñòâåííûå çàäà÷è (1) è (2) îäíîâðåìåííî èìåþò ðåøåíèå
⇐⇒ Ω 6= ∅ è Λ 6= ∅.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ ÄÎÑÒÀÒÎ×ÍÎÑÒÈ
Ω 6= ∅ ïî óñëîâèþ
Λ 6= ∅ ∃ ïëàí u0 çàäà÷è (2).

f(x) ≥ g(u0) ∀x ∈ Ω ⇒ inf
x∈ Ω

f(x) > −∞.

Ïî òåîðåìå ñóùåñòâîâàíèÿ ∃ îïòèìàëüíûé ïëàí çàäà÷è (1).
Ïî ïåðâîé òåîðåìå äâîéñòâåííîñòè (2) òîæå èìååò ðåøåíèå.
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.13 Âòîðàÿ òåîðåìà äâîéñòâåííîñòè â ëèíåéíîì ïðîãðàììèðîâàíèè

f(x) := 〈c, x〉 → inf
x∈Ω

(1)

g(u) := 〈b, u〉 → sup
u∈Λ

(2)

Òåîðåìà 1 (II òåîðåìà äâîéñòâåííîñòè)
x0, u0 � ïëàíû äâîéñòâåííûõ çàäà÷.
x0, u0 îïòèìàëüíû ⇐⇒ âûïîëíÿþòñÿ óñëîâèÿ äîïîëíèòåëüíîñòè:

〈u0, Ax0 − b〉 = 0 (3)

〈c− u0A, x0〉 = 0 (4)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ
Íåîáõîäèìîñòü.

〈c, x0〉
N=N1∪N2

≥ 〈u0A, x0〉 = 〈u0, Ax0〉
M=M1∪M2

≥ 〈u0, b〉

x0, u0 îïòèìàëüíû ⇒ 〈c, x0〉 = 〈b, u0〉
Äîñòàòî÷íîñòü.
Ñëåäóåò èç êðèòåðèÿ îïòèìàëüíîñòè äëÿ (1) è ïåðâîé òåîðåìû äâîéñòâåííîñòè.
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ

(3), (4) ýêâèâàëåíòíû ñîîòâåòñòâåííî

u0[i]× (A[i,N ]× x0[N ]− b[i]) = 0, i ∈M1 (4′)

(c[j]− u0[M ]×A[M, j])× x0[j] = 0, j ∈ N1, (5′)

òàê êàê

(3) ⇐⇒
∑

i∈M1

u0[i]× (A[i,N ]× x0[N ]− b[i]) = 0 ⇒ âñå ñëàãàåìûå ðàâíû.

(4′), (5′) ⇐⇒

⇐⇒ u0[M ]×A[M, j] = c[j], åñëè x0[j] > 0 (j ∈ N1)

u0[i] = 0, åñëè A[i,N ]× x0[N ] > b[i] (i ∈M1)

Ñ äðóãîé ñòîðîíû, (4′), (5′) ⇐⇒

⇐⇒ A[i,N ]× x0[N ] = b[i], åñëè u0[j] > 0 (i ∈M1)

x0[j] = 0, åñëè u0[M ]×A[M, j] < c[j] (j ∈ N1)
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1.14 Ïîñòàíîâêà çàäà÷è î ìàòðè÷íûõ èãðàõ. Ëåììà îá

î÷èñòêå

A = A[M,N ] � ìàòðèöà ïëàòåæåé
Ñòðàòåãèÿ I èãðîêà: p = p[M ] :

∑
i∈M p[i] = 1, p[i] ≥ 0, i ∈M

P � ìíîæåñòâî ñòðàòåãèé I èãðîêà
Ñòðàòåãèÿ II èãðîêà: q = q[N ] :

∑
j∈N q[j] = 1, q[j] ≥ 0, j ∈ N

Q � ìíîæåñòâî ñòðàòåãèé II èãðîêà
Îïðåäåëèì a(p, q) � ñðåäíþþ âåëè÷èíó ïëàòåæà â êàæäîé ïàðòèè.
Â ñëó÷àå p = ei, q = ej a(ei, ej) = A[i, j]

a(ei, q) =
∑
j∈N

A[i, j]× q[j]

a(p, ej) =
∑
i∈M

p[i]×A[i, j]

a(p, q) =
∑
j∈N

(p[M ]×A[M, j])× q[j] = p[M ]×A[M,N ]× q[N ]

Ôèêñèðóåì p. ϕ(p) = min
q∈Q

a(p, q) � ãàðàíòèðîâàííûé âûèãðûø.

I èãðîê âûáèðàåò p∗ ∈ P :

ϕ(p∗) = max
p∈P

ϕ(p) = max
p∈P

min
q∈Q

a(p, q) (1)

Ôèêñèðóåì q. ψ(q) = max
p∈P

a(p, q).

II èãðîê âûáèðàåò q∗ ∈ Q :

ψ(q∗) = min
q∈Q

ψ(q) = min
q∈Q

max
p∈P

a(p, q) (2)

Ëåììà 1 (ëåììà îá î÷èñòêå). Ñïðàâåäëèâû ðàâåíñòâà

ϕ(p) = min
j∈N

p[M ]×A[M, j] ∀p ∈ P (3)

ψ(q) = max
i∈M

A[i,N ]× q[N ] ∀q ∈ Q (4)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ

ϕ(p) a(p, q) → inf
q∈Q

p ôèêñèðîâàëè

(p[M ]×A[M,N ])× q[N ] → inf∑
j∈N

q[j] = 1
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q[N ] ≥ O[N ]

Ðåøåíèå ñóùåñòâóåò â ñèëó îãðàíè÷åííîñòè ìíîæåñòâà ïëàíîâ.
Ïî òåîðåìå î ñóùåñòâîâàíèè ðåøåíèÿ íàéäåòñÿ îïòèìàëüíûé áàçèñíûé
ïëàí.
Âñå ìíîæåñòâî áàçèñíûõ ïëàíîâ: {ej}, j ∈ N.

ϕ(p) = min
j∈N

a(p, ej) = min
j∈N

p[M ]×A[M, j].

×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.15 Òåîðåìà î ñóùåñòâîâàíèè ñèòóàöèè ðàâíîâåñèÿ â

ìàòðè÷íûõ èãðàõ

A = A[M,N ] � ìàòðèöà ïëàòåæåé
Ñòðàòåãèÿ I èãðîêà: p = p[M ] :

∑
i∈M p[i] = 1, p[i] ≥ 0, i ∈M

P � ìíîæåñòâî ñòðàòåãèé I èãðîêà
Ñòðàòåãèÿ II èãðîêà: q = q[N ] :

∑
j∈N q[j] = 1, q[j] ≥ 0, j ∈ N

Q � ìíîæåñòâî ñòðàòåãèé II èãðîêà
Îïðåäåëèì a(p, q) � ñðåäíþþ âåëè÷èíó ïëàòåæà â êàæäîé ïàðòèè.

a(p, q) =
∑
j∈N

(p[M ]×A[M, j])× q[j] = p[M ]×A[M,N ]× q[N ]

Ôèêñèðóåì p. ϕ(p) = min
q∈Q

a(p, q) � ãàðàíòèðîâàííûé âûèãðûø.

I èãðîê âûáèðàåò p∗ ∈ P :

ϕ(p∗) = max
p∈P

ϕ(p) = max
p∈P

min
q∈Q

a(p, q) (1)

Ôèêñèðóåì q. ψ(q) = max
p∈P

a(p, q).

II èãðîê âûáèðàåò q∗ ∈ Q :

ψ(q∗) = min
q∈Q

ψ(q) = min
q∈Q

max
p∈P

a(p, q) (2)

Òåîðåìà 1 (î ñóùåñòâîâàíèè ñèòóàöèè ðàâíîâåñèÿ).
Ñòðàòåãèè p∗, q∗ ñóùåñòâóþò.
Ïðè ýòîì ïàðà {p∗, q∗} îáðàçóåò ñèòóàöèþ ðàâíîâåñèÿ:

a(p, q∗) ≤ a(p∗, q∗) ≤ a(p∗, q) ∀p ∈ P ∀q ∈ Q (3)

Çàäà÷à äëÿ I èãðîêà:

ϕ(p) = min
j∈N

p[M ]×A[M, j]︸ ︷︷ ︸
t

→ sup
p∈P

(4)

ψ(q) = max
i∈M

A[i,N ]× q[N ]︸ ︷︷ ︸
s

→ inf
q∈Q

(5)

(4) ýêâèâàëåíòíà
t→ sup (6)

−p[M ]×A[M, j] + t ≤ 0, j ∈ N∑
i∈M

p[i] = 1

p[M ] ≥ O[M ]

(p, t)
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(5) ýêâèâàëåíòíà
s→ inf (7)

−A[i,N ]× q[N ] + s ≥ 0, i ∈M∑
j∈N

q[j] = 1

q[N ] ≥ O[N ]

(q, s)

(6) è (7) � äâîéñòâåííûå çàäà÷è:
(7):

0 . . . 0 1

p[M ] −A[M,N ]

1
...
1

0
...
0

t 1 . . . 1 0 1

q[N ] ≥ O[N ]

Ìíîæåñòâà ïëàíîâ ó (6) è (7) íåïóñòû (èç-çà ïðîèçâîëüíîñòè t è s)
∃ (p∗, t∗), (q∗, s∗) � îïòèìàëüíûå; t∗ = s∗ ïî ïåðâîé òåîðåìå äâîéñòâåííîñòè
Â ñèëó ýêâèâàëåíòíîñòè

t∗ = ϕ(p∗)
s∗ = ψ(q∗) ⇒ ϕ(p∗) = ψ(q∗) (8)

(8) ⇐⇒
min
q∈Q

a(p∗, q) = max
p∈P

a(p, q∗) (9)

a(p∗, q∗) ≤ max
p∈P

a(p, q∗)(9)= min
q∈Q

a(p∗, q) ≤ a(p∗, q∗) ⇒

⇒ max
p∈P

a(p, q∗) = a(p∗, q∗) = min
q∈Q

a(p∗, q) ⇒

⇒ a(p, q∗) ≤ a(p∗, q∗) ≤ a(p∗, q)

Ýòèì ìû äîêàçàëè òåîðåìó î ñóùåñòâîâàíèè ðàâíîâåñèÿ.

25



1.16 Àíàëèç äâîéñòâåííîé çàäà÷è ê ëèíåéíîé äèñêðåòíîé

çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ

s∑
k=1

〈ck, xk〉+
s∑

k=1

〈bk, uk〉 → sup (1)

pk

∣∣ xk = Ak−1xk−1 +Bkuk, k ∈ 1 : s (2)

qk
∣∣ Dkuk ≤ dk, k ∈ 1 : s (3)

x0 = x̂ (4)

Ak = Ak[N,N ], Bk = Bk[N,M ], Dk = Dk[T,M ]

u1 x1 u2 x2 u3 x3 . . . xs−1 us xs

b1 c1 b2 c2 b3 c3 . . . cs−1 bs cs
p1 −B1 E 0 0 0 0 . . . 0 0 0 A0x̂
q1 D1 0 0 0 0 0 . . . 0 0 0 ≤ d1

p2 0 −A1 −B2 E 0 0 . . . 0 0 0 = 0
q2 0 0 D2 0 0 0 . . . 0 0 0 ≤ d2

p3 0 0 0 −A2 −B3 E . . . 0 0 0 = 0
. . . . . . . . . . . . . . . .
ps 0 0 0 0 0 0 . . . −As−1 −Bs E = 0
qs 0 0 0 0 0 0 . . . 0 Ds 0 ≤ ds

〈A0x̂, p1〉+
s∑

k=1

〈dk, qk〉 → inf (5)

−pkBk + qkDk = bk, k ∈ 1 : s

pk − pk+1Ak = ck, k ∈ 1 : s− 1

ps = cs

qk ≥ O, k ∈ 1 : s

pk = pk+1Ak + ck, k = s− 1, . . . , 1
ps = cs

}
(6)

(6): ïî ïðåäûäóùèì êîîðäèíàòàì îäíîçíà÷íî îïðåäåëÿåòñÿ pk

(5) ⇒
s∑

k=1

〈dk, qk〉 → inf

DT
k qk = BT

k pk + bk, k ∈ 1 : s

qk ≥ O, k ∈ 1 : s
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(5) ðàñïàäàåòñÿ íà s íåçàâèñèìûõ çàäà÷ ËÏ:

〈dk, qk〉 → inf (7)

uk

∣∣ DT
k qk = BT

k pk + bk

qk ≥ O

Äâîéñòâåííàÿ çàäà÷à:

Hk(uk) = 〈BT
k pk + bk, uk〉 → sup (8)

Uk : Dkuk ≤ dk

(Uk � ìíîæåñòâî ïëàíîâ (8))
Hk(uk) = 〈bk, uk〉+ 〈pk, Bkuk〉 � ôóíêöèÿ Ãàìèëüòîíà
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1.17 Ïðèíöèï ìàêñèìóìà äëÿ ëèíåéíûõ äèñêðåòíûõ

ñèñòåì
s∑

k=1

〈ck, xk〉+
s∑

k=1

〈bk, uk〉 → sup (1)

pk

∣∣ xk = Ak−1xk−1 +Bkuk, k ∈ 1 : s (2)

qk
∣∣ Dkuk ≤ dk, k ∈ 1 : s (3)

x0 = x̂ (4)

Ak = Ak[N,N ], Bk = Bk[N,M ], Dk = Dk[T,M ]

〈A0x̂, p1〉+
s∑

k=1

〈dk, qk〉 → inf (5)

(5) ðàñïàäàåòñÿ íà s íåçàâèñèìûõ çàäà÷ ËÏ:

〈dk, qk〉 → inf (6)

uk

∣∣ DT
k qk = BT

k pk + bk

qk ≥ O

Äâîéñòâåííàÿ çàäà÷à:

Hk(uk) = 〈BT
k pk + bk, uk〉 → sup (7)

Uk : Dkuk ≤ dk

(Uk � ìíîæåñòâî ïëàíîâ (7))
Hk(uk) = 〈bk, uk〉+ 〈pk, Bkuk〉 � ôóíêöèÿ Ãàìèëüòîíà

Òåîðåìà 1 (ïðèíöèï ìàêñèìóìà)
{u∗k}s

k=1 � ñèñòåìà äîïóñòèìûõ óïðàâëåíèé äëÿ (1).
{u∗k}s

k=1 îïòèìàëüíà ⇐⇒ Hk(u∗k) = maxuk∈Uk
Hk(uk) ïðè k ∈ 1 : s.

Ïåðåôîðìóëèðîâêà: u∗k � ðåøåíèå (7).[
xk = Ak−1xk−1 +Bkuk (8)

Dkuk ≤ dk, k ∈ 1 : s

Îãðàíè÷åíèÿ äâîéñòâåííîé çàäà÷è:

DT
k qk = BT

k pk + bk, qk ≥ O, k ∈ 1 : s (9)

pk = pk+1Ak + ck, k ∈ 1 : s− 1

ps = cs
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Ñåðèÿ çàäà÷ ïðè êàæäîì k ∈ 1 : s

〈dk, qk〉 → inf (10)

DT
k qk = BT

k pk + bk

qk ≥ O〈
BT

k pk + bk, uk

〉
→ sup (11)

Dkuk ≤ dk ]
ÄÎÊÀÇÀÒÅËÜÑÒÂÎ (òåîðåìû î ïðèíöèïå ìàêñèìóìà)

⇒: {x∗k, u∗k}s
k=1 � îïòèìàëüíûé ïëàí çàäà÷è (8). Ïî I òåîðåìå äâîéñòâåííîñòè

∃ ðåøåíèå {pk, q
∗
k} çàäà÷è (9), ïî II òåîðåìå äâîéñòâåííîñòè âûïîëíÿåòñÿ

óñëîâèå äîïîëíèòåëüíîñòè.

〈dk −Dku
∗
k, q

∗
k〉 = 0 ∀k ∈ 1 : s

Ôèêñèðóåì k ∈ 1 : s⇒ q∗k � ïëàí (10), u∗k � ïëàí (11) è äëÿ íèõ âûïîëíÿåòñÿ
óñëîâèå äîïîëíèòåëüíîñòè:

〈dk −Dku
∗
k, q

∗
k〉 = 0

ñë., ïî II òåîðåìå äâîéñòâåííîñòè u∗k � ðåøåíèå çàäà÷è (11).
⇐: Ôèêñèðóåì ∀k. ∃u∗k � ðåøåíèå (11). Ïîêàæåì, ÷òî ñèñòåìà {u∗k}� îïòèìàëüíîå
óïðàâëåíèå (8).
u∗k ïî I òåîðåìå äâîéñòâåííîñòè ∃q∗k � ðåøåíèå (10), {pk, q

∗
k} � ïëàí

äâîéñòâåííîé çàäà÷è (9), {x∗k, u∗k}s
k=1 � ïëàí (8). Ïîñêîëüêó ∀k âûïîëíÿåòñÿ

óñëîâèå äîïîëíèòåëüíîñòè äëÿ çàäà÷è (9), óêàçàííûé ïëàí ÿâëÿåòñÿ îïòèìàëüíûì,
ò.å. {u∗k} îïòèìàëüíà
×ÒÎ È ÒÐÅÁÎÂÀËÎÑÜ ÄÎÊÀÇÀÒÜ
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1.18 Ñèìïëåêñ-ìåòîä
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1.19 Ïåðåñ÷åò îáðàòíîé áàçèñíîé ìàòðèöû è äâîéñòâåííîãî

âåêòîðà
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1.20 Âû÷èñëèòåëüíàÿ ñõåìà ñèìïëåêñ-ìåòîäà
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2 Íåëèíåéíûå ýêñòðåìàëüíûå çàäà÷è

2.1 Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè äëÿ çàäà÷è

íåëèíåéíîãî ïðîãðàììèðîâàíèÿ ñ ëèíåéíûìè îãðàíè÷åíèÿìè

33



2.2 Òåîðåìà Ëàãðàíæà è òåîðåìà Êóíà�Òàêêåðà äëÿ

ýêñòðåìàëüíûõ çàäà÷ ñ ëèíåéíûìè îãðàíè÷åíèÿìè
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2.3 Êðèòåðèé âûïóêëîñòè äëÿ äèôôåðåíöèðóåìûõ ôóíêöèé
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2.4 Êðèòåðèé âûïóêëîñòè äëÿ êâàäðàòè÷íîé ôóíêöèè
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2.5 Êðèòåðèé îïòèìàëüíîñòè äëÿ çàäà÷è íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ ñ âûïóêëîé äèôôåðåíöèðóåìîé

öåëåâîé ôóíêöèåé è ëèíåéíûìè îãðàíè÷åíèÿìè. ×àñòíûå

ñëó÷àè
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2.6 Ïðîåêòèðîâàíèå òî÷êè íà ïîäïðîñòðàíñòâî
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2.7 Ñâîéñòâà ìàòðèöû îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ
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2.8 Ïðîåêòèðîâàíèå òî÷êè íà ñòàíäàðòíûé ñèìïëåêñ

40



2.9 Êâàäðàòè÷íîå ïðîãðàììèðîâàíèå
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2.10 Òåîðåìà ñóùåñòâîâàíèÿ äëÿ çàäà÷è êâàäðàòè÷íîãî

ïðîãðàììèðîâàíèÿ
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2.11 Îñíîâíàÿ ëåììà íåëèíåéíîãî ïðîãðàììèðîâàíèÿ
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2.12 Òåîðåìà Êóíà�Òàêêåðà â äèôôåðåíöèàëüíîé ôîðìå
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2.13 Ïðèìåð çàäà÷è íåëèíåéíîãî ïðîãðàììèðîâàíèÿ,

â åäèíñòâåííîì ðåøåíèè êîòîðîé íå âûïîëíÿåòñÿ

óñëîâèå Êóíà�Òàêêåðà

45



2.14 Òåîðåìà î äîñòàòî÷íîñòè óñëîâèé Êóíà�Òàêêåðà.

Ïðèìåð
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2.15 Äîñòàòî÷íîå óñëîâèå îïòèìàëüíîñòè âòîðîãî ïîðÿäêà

â çàäà÷å íåëèíåéíîãî ïðîãðàììèðîâàíèÿ
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