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1 Ëèíåéíûå ýêñòðåìàëüíûå

çàäà÷è

1.1 Ëåììà îá ýêâèâàëåíòíûõ

ýêñòðåìàëüíûõ çàäà÷àõ
Îïðåäåëåíèå 1.1.1 Äâå ýêñòðåìàëüíûå çàäà÷è

f(x) → inf
x∈P

, F (y) → inf
y∈Q

(1.1.1)

íàç. ýêâèâàëåíòíûìè, åñëè
∀x ∈ P ∃y ∈ Q f(x) ≥ F (y), ∀y ∈ Q ∃x ∈ P F (y) ≥ f(x).

Ëåììà 1.1.1 Çàäà÷è (1.1.1) ýêâèâàëåíòíû ⇒

=µ︷ ︸︸ ︷
inf
x∈P

f(x) =

=ν︷ ︸︸ ︷
inf
y∈Q

F (y); (1.1.2)

ïðè ýòîì îáå çàäà÷è îäíîâðåìåííî èìåþò èëè íå èìåþò ðåøåíèå.

Äîêàçàòåëüñòâî.

∀x ∈ P ∃y ∈ Q f(x) ≥ F (y) ≥ ν ⇒ µ ≥ ν

Àíàëîãè÷íî ν ≥ µ.
Ïóñòü x∗ � îïòèìàëüíûé ïëàí, ò.å. f(x∗) = µ.

∃y∗ ∈ Q f(x∗) ≥ F (y∗)

Íî F (y∗) ≥ ν = µ ⇒ F (y∗) = ν ⇒ y∗ � îïòèìàëüíûé ïëàí.

×òî è òðåáîâàëîñü äîêàçàòü.
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1.2 Ïðèìåðû ýêâèâàëåíòíûõ

ýêñòðåìàëüíûõ çàäà÷
Ïðèìåð 1.2.1

ϕ(x) := max
i∈1:n

fi(x) → inf
x∈P

(1.2.1)

ψ(x, t) := t → inf, (1.2.2)

fi(x) ≤ t, i ∈ 1 : n, x ∈ P

Äîêàçàòåëüñòâî ýêâèâàëåíòíîñòè (1.2.1) è (1.2.2).

x0 ∈ P ; t0 := max
i∈1:n

fi(x0)

(x0, t0) � ïëàí (1.2.2)

ψ(x0, t0) = t0 = max fi(x0) = ϕ(x0)

(x0, t0) � ïëàí (1.2.2) ⇒ x0 ∈ P � ïëàí (1.2.1)

ϕ(x0) = max
i∈1:n

fi(x0) ≤ t0 = ψ(x0, t0)

(x∗, t∗) � îïòèìàëüíûé ïëàí (1.2.2) ⇒ t∗ = maxi∈1:n fi(x∗)

×òî è òðåáîâàëîñü äîêàçàòü.

Ïðèìåð 1.2.2

ϕ(x) =
m∑
i=1

|fi(x)| → inf
x∈P

(1.2.3)

ψ(x, u, v) =
m∑
i=1

(ui + vi) → inf
x∈P

, (1.2.4)

fi(x) = ui − vi, ui ≥ 0, vi ≥ 0, i ∈ 1 : n

Äîêàçàòåëüñòâî ýêâèâàëåíòíîñòè (1.2.3) è (1.2.4).

a ∈ R ⇒ ∃u, v ≥ 0 : a = u − v, |a| = u + v

u =
|a| + a

2
≥ 0, v =

|a| − a

2
≥ 0

x ∈ P � ïëàí (1.2.3)

ai = fi(x) = ui − vi, |ai| = ui + vi, ui, vi ≥ 0

(x, u, v) � ïëàí (1.2.4)

ψ(x, u, v) =
m∑
i=1

(ui + vi) =
m∑
i=1

|fi(x)| = ϕ(x)

(x, u, v) � ïëàí (1.2.4) ⇒ x ∈ P � ïëàí (1.2.3)

ϕ(x) =
m∑
i=1

|fi(x)| =
m∑
i=1

|ui−vi| ≤
m∑
i=1

(|ui|+|vi|) =
m∑
i=1

(ui+vi) = ψ(x, u, v)

×òî è òðåáîâàëîñü äîêàçàòü.

1.3 Ïîñòàíîâêà çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ. Ñâåäåíèå

îáùåé çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ ê

ýêâèâàëåíòíîé çàäà÷å

ëèíåéíîãî ïðîãðàììèðîâàíèÿ â

êàíîíè÷åñêîé ôîðìå
f(x) := c[N] × x[N] → inf (1.3.1)

A[M1, N] × x[N] ≥ b[M1]

A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1] − çíàêîâîå îãðàíè÷åíèå.

N1 ⊂ N, M1 ∩M2 = ∅, N2 = N \ N1, M = M1 ∪M2
A[M,N]
Ω−ìíîæåñòâî ïëàíîâ.

〈c, x〉 → inf
x∈ Ω

f(x) :=
∑
j∈N

c[j] × x[j]

∑
j∈N

A[i, j] × x[j] ≥ b[i], i ∈ M1

∑
j∈N

A[i, j] × x[j] = b[i], i ∈ M2

x[j] ≥ 0, j ∈ N1

Çàäà÷à âèäà
f(x) = c[N] × x[N] → inf (1.3.2)

A[M,N] × x[N] = b[M]

x[N] ≥ O[N]

íàçûâàåòñÿ êàíîíè÷åñêîé çàäà÷åé ëèíåéíîãî ïðîãðàììèðîâàíèÿ

f(x) = 〈c, x〉 → min

Ax = b

x ≥ O

Ñðåäè íåîòðèöàòåëüíûõ ðåøåíèé íàéòè ðåøåíèå, ìèíèìèçèðóþùåå
öåëåâóþ ôóíêöèþ. Âñÿêàÿ çàäà÷à â îáùåé ôîðìå âûðàæàåòñÿ ÷åðåç
çàäà÷ó â êàíîíè÷åñêîé ôîðìå.

Ω � ìíîæåñòâî ïëàíîâ (1.3.1).

N2 = N \ N1

x0[N2] = y0[N2]︸ ︷︷ ︸
≥0

− z0[N2]︸ ︷︷ ︸
≥0

w0[M1] = A[M1, N] × x0[N] − b[M1]

A[M1, N1]×x0[N1]+A[M1, N2]×y0[N2]−A[M1, N2]×z0[N2]−w0[M1] = b[M1]

A[M2, N1] × x0[N1] + A[M2, N2] × y0[N2] − A[M2, N2] × z0[N2] = b[M2]

v0 = (x0[N1], y0[N2], z0[N2], w0[M1])

A0 =
(
A[M1, N1] A[M1, N2] −A[M1, N2] −E[M1,M1]
A[M2, N1] A[M2, N2] −A[M2, N2] O[M2,M1]

)
A0 = (A[M,N1], A[M,N2],−A[M,N2],−E[M,M1])

〈c, x0〉 = c[N1] × x0[N1] + c[N2] × y0[N2] − c[N2] × z0[N2]

c0 = (c[N1], c[N2],−c[N2], O[M1])

〈c, x0〉 = 〈c0, v0〉

〈c0, v〉 → inf (1.3.3)

A0v = b, v ≥ O
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Òåîðåìà 1.3.1 (1.3.1) è (1.3.3) ýêâèâàëåíòíû.

Äîêàçàòåëüñòâî.
x0 ∈ Ω ⇒ ñòðîèì v0 � ïëàí (1.3.3).
〈c0, v0〉 = 〈c, x0〉 � çíà÷åíèÿ öåëåâîé ôóíêöèè ðàâíû.
v0 = (x0[M1], y0[N2], z0[N2], w0[M1]) � ïëàí (1.3.3).
⇒ x0 = (x0[M1], y0[N2] − z0[N2])
Î÷åâèäíî, ÷òî x0 ∈ Ω è 〈c, x0〉 = 〈c0, v0〉

×òî è òðåáîâàëîñü äîêàçàòü.

1.4 Ëåììà î áàçèñíîì ïëàíå
x ∈ Ω : N+(x) = {j ∈ N|x[j] > 0}

Îïðåäåëåíèå 1.4.1 Ïëàí x ∈ Ω íàçûâàåòñÿ áàçèñíûì,
åñëè Aj = A[M, j], j ∈ N+(x), ëèíåéíî íåçàâèñèìû. (ñòîëáöû A,

ñîîòâåòñòâóþùèå íîñèòåëþ ïëàíà x, ëèíåéíî íåçàâèñèìû). Íóëåâîé
âåêòîð, åñëè îí ÿâëÿåòñÿ ïëàíîì, áóäåò ïî îïðåäåëåíèþ áàçèñíûì.

x � áàçèñíûé ïëàí. x 6= O, N+ = N+(x)

∑
j∈N+

x[j]Aj = b (Ax = b)

x[j] > 0, j ∈ N+, x[j] = 0, j ∈ N \ N+

Ñèñòåìà
∑
j∈N+

z[j]Aj = O èìååò òîëüêî íóëåâîå ðåøåíèå.

A[M,N+] × z[N+] = O[M] (1.4.1)

Ëåììà 1.4.1 Ïóñòü Ω 6= ∅, infx∈Ω f(x) > −∞ è b 6= O. Òîãäà ïî
ëþáîìó ïëàíó x0 ∈ Ω ìîæíî ïîñòðîèòü áàçèñíûé ïëàí y0 : 〈c, x0〉 ≥
〈c, y0〉.

Äîêàçàòåëüñòâî.
Âîçüìåì x0 ∈ Ω. Ïîñêîëüêó b 6= O, òî N+ := N+(x0) 6= ∅
Ðàññìîòðèì ñèñòåìó (1.4.1). Åñëè îíà èìååò òîëüêî íóëåâîå ðåøåíèå, òî
x0 � áàçèñíûé ïëàí. (y0 := x0)
Ïóñòü (1.4.1) èìååò íåíóëåâîå ðåøåíèå z0[N+]. Äîïîëíèì z0[N \ N+] =
O[N \ N+]

Az0 = O, z0 6= O (1.4.2)

1. 〈c, z0〉 = 0. Ìîæíî ñ÷èòàòü, ÷òî ó z0 åñòü õîòÿ áû îäíà
ïîëîæèòåëüíàÿ êîìïîíåíòà (èíà÷å z0 çàìåíèòü íà −z0)

x(t) := x0 − tz0, t > 0

Ax(t) = b = ∀t > 0

= Ax0 − t Az0︸ ︷︷ ︸
=O

x(t) ≥ O ?

(a)

j ∈ N \ N+ : x(t)[j] = 0 ∀t

(b)

j ∈ N+, z0[j] ≤ 0 : x0[j] − tz0[j] > 0 ∀t > 0

(c)

j ∈ N+, z0[j] > 0 : x0[j] − tz0[j] ≥ 0 ⇐⇒ t ≤
x0[j]

z0[j]

t0 := min

{
x0[j]

z0[j]

∣∣∣∣∣ j ∈ N+, z0[j] > 0

}
(1.4.3)

j0 � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì

x1 = x(t0) = x0 − t0z0 ∈ Ω,

N+(x1) & N+(x0) (âûáèò èíäåêñ j0)

〈c, x1〉 = 〈c, x0〉 − t0

=0︷ ︸︸ ︷
〈c, z0〉 = 〈c, x0〉
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2.
〈c, z0〉 6= 0.

Ìîæíî ñ÷èòàòü, ÷òî 〈c, z0〉 > 0, èíà÷å âìåñòî z0 âîçüìåì −z0.
Äîêàæåì, ÷òî ∃j | Z0[j] > 0.
Îò ïðîòèâíîãî: ïóñòü z0 ≤ O.

x(t) := x − tz0; x(t) ∈ Ω ∀t > 0 (Ax(t) = b, x(t) ≥ O ∀t > 0)

〈c, x(t)〉 = 〈c, x0〉 − t

>0︷ ︸︸ ︷
〈c, z0〉 −−−−−−→

t→+∞
−∞

Ïðîòèâîðå÷èå óñëîâèþ inf f(x) > −∞.
t0 � ïî ôîðìóëå (1.4.3); x1 = x0 − t0z0 ∈ Ω, N+(x1) & N+(x0).

〈c, x1〉 = 〈c, x0〉 −

>0︷ ︸︸ ︷
t0〈c, z0〉 < 〈c, x0〉

Èòàê, åñëè x0 íå ÿâëÿåòñÿ áàçèñíûì ïëàíîì, òî ∃x1 ∈ Ω :
N+(x1) & N+(x0), 〈c, x1〉 ≤ 〈c, x0〉.
x1 � ëèáî áàçèñíûé ïëàí, ëèáî íåò; âî âòîðîì ñëó÷àå ∃z1 : Az1 =
O, z1 6= O.
Òîãäà ïåðåéäåì îò x1 ê x2, êàê âûøå îò x0 ê x1:

N+(x2) & N+(x1), 〈c, x2〉 ≤ 〈c, x1〉

Çà êîíå÷íîå ÷èñëî øàãîâ äîéäåì äî áàçèñíîãî ïëàíà y0.

×òî è òðåáîâàëîñü äîêàçàòü.

1.5 Òåîðåìà î ñóùåñòâîâàíèè

îïòèìàëüíîãî áàçèñíîãî

ïëàíà ó çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ â

êàíîíè÷åñêîé ôîðìå
Òåîðåìà 1.5.1 (î ñóùåñòâîâàíèè ðåøåíèÿ).
Åñëè Ω 6= ∅ è infx∈Ω f(x) > −∞, òî ñóùåñòâóåò îïòèìàëüíûé
áàçèñíûé ïëàí.

Äîêàçàòåëüñòâî (òåîðåìû î ñóùåñòâîâàíèè ðåøåíèÿ).

1.
b = O ⇒ 〈c, x〉 ≥ 0 ∀x ∈ Ω

( ïóñòü ∃x0 : 〈c, x〉 < 0, òîãäà

x(t) = tx0 ∈ Ω ∀t > 0, ïîñêîëüêó Ax(t) = O, x(t) ≥ O;

〈c, tx0〉 = t〈c, x0〉 −−−−−−→
t→+∞

−∞ )

Èòàê, â ýòîì ñëó÷àå x∗ = 0 � îïòèìàëüíûé ÁÏ.

2.
b 6= O :

Ïîñêîëüêó Ω 6= ∅, ñóùåñòâóåò ÁÏ y0.
Ïîêàæåì, ÷òî áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî.
Ïðîâåðèì, ÷òî ðàçíûå ÁÏ èìåþò ðàçíûå íîñèòåëè.
Îò ïðîòèâíîãî. Ïóñòü y0 6= y1 � ÁÏ, N+(y0) = N+(y1) =:
N+, y0[N+] 6= y1[N+].

∑
j∈N+

y0[j]Aj = b,
∑

j∈N+

y1[j]Aj = b ⇒
∑

j∈N+

(y0[j]−y1[j])Aj = O,

÷òî ïðîòèâîðå÷èò áàçèñíîñòè ïëàíîâ y0 è y1.
Èòàê, áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî. y1, . . . , yk � ÁÏ.
Âûáåðåì x∗ ∈ {y1, . . . , yk} : 〈c, x∗〉 = minj∈0:k〈c, yj〉.
Ïîêàæåì, ÷òî x∗ � îïòèìàëüíûé ÁÏ äëÿ èñõîäíîé çàäà÷è.
∀x ∈ Ω ïî ëåììå ∃ ÁÏ y : 〈c, x〉 ≥ 〈c, y〉 ≥ 〈c, x∗〉.

×òî è òðåáîâàëîñü äîêàçàòü.
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1.6 Ôîðìóëèðîâêà òåîðåìû

Ôàðêàøà. Åå èíòåðïðåòàöèÿ

â äâóìåðíîì ñëó÷àå
Îïðåäåëåíèå 1.6.1 K ⊂ RN � êîíóñ (â íà÷àëå êîîðäèíàò).
x ∈ K =⇒ tx ∈ K ∀t > 0
K+ � ñîïðÿæåííûé êîíóñ. K+ = {u ∈ RN | 〈u, x〉 ≥ 0 ∀x ∈ K}

Òåîðåìà 1.6.1 (òåîðåìà Ôàðêàøà).

K = {x ∈ RN | 〈ai, x〉 ≥ 0, i ∈ M} =⇒ K
+ = cone({ai}i∈M ) = {u =

∑
i∈M

tiai | ti ≥ 0, i ∈ M}

Äâóìåðíûé ñëó÷àé:

K :
〈a1, x〉 ≥ 0
〈a2, x〉 ≥ 0 ⇒ K

+ = cone(a1, a2)

u ∈ K+ : u = t1a1 + t2a2, t1, t2 ≥ 0








�











J
J

JĴ

J
J

J
J

����:
u

a2

a1

Ðèñ. 1.6.1: Äâóìåðíûé ñëó÷àé

1.7 Êðèòåðèé ñóùåñòâîâàíèÿ

íåîòðèöàòåëüíîãî ðåøåíèÿ ó

ñèñòåìû ëèíåéíûõ óðàâíåíèé
Ëåììà 1.7.1

A = A[M,N]

Ax = b, x ≥ 0 (1.7.1)

(1.7.1) ñîâìåñòíà ⇐⇒

〈b, u〉 ≥ 0 ∀u : uA ≥ O (èëè AT u ≥ O). (1.7.2)

Äîêàçàòåëüñòâî.
(1.7.1) ñîâìåñòíà ⇐⇒

∑
j∈N x[j]Aj = b, x[j] ≥ 0, j ∈ N(Aj =

A[M, j]) ⇐⇒ b ∈ cone({Aj}j∈M )︸ ︷︷ ︸
Γ

Ââåäåì êîíóñ K = {u ∈ RM | 〈b, u〉 ≥ 0} = {u | uA ≥ O}
K+ = Γ ïî òåîðåìå Ôàðêàøà (òåîðåìà 1.6.1).

(1.7.1) ñîâìåñòíà ⇐⇒ b ∈ Γ ⇐⇒ b ∈ K+ ⇐⇒ 〈b, u〉 ≥ 0 ∀u ∈ K,
K = {u | uA ≥ O}.

×òî è òðåáîâàëîñü äîêàçàòü.

Çàìå÷àíèå 1.7.1 (1.7.2) ⇐⇒

〈b, u〉 ≤ 0 ∀u : uA ≤ O. (1.7.3)

(
=⇒: uA ≤ O =⇒ (−u)A ≥ O =⇒ 〈(−u), b〉 ≥ 0 =⇒ 〈u, b〉 ≤ 0.

⇐=: ñòîëü æå î÷åâèäíî.

)
(1.7.1) ñîâìåñòíà =⇒ 〈b, u〉 ≤ 0 ∀u : uA ≤ O.
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1.8 Êðèòåðèé ñîâìåñòíîñòè

ñèñòåìû ëèíåéíûõ óðàâíåíèé è

íåðàâåíñòâ
Òåîðåìà 1.8.1 Ñèñòåìà

A[M1, N] × x[N] ≥ b[M1]
A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1]
(1.8.1)

ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0 ∀u ∈ RM :

u[M] × A[M,N1] ≤ O[N1]
u[M] × A[M,N1] = O[N2]

u[M1] ≥ O[M1]
(1.8.2)

Äîêàçàòåëüñòâî.
Ñîâìåñòíîñòü (1.8.1) ýêâèâàëåíòíà ñîâìåñòíîñòè

A0 = b, v ≥ 0, (1.8.3)

ãäå A0 = (A[M,N1], A[M,N2], −A[M,N2], −E[M,N2]).

Ïî ëåììå (1.8.3) ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0 ∀ u : uA0 ≤ O ⇐⇒ (1.8.2)

u[M] × A[M,N1] ≤ O[N1]

u[M] × A[M,N2] ≤ O[N2]

−u[M] × A[M,N2] ≤ O[N2]

}
=⇒ U[M] × A[M,N2] = O[N2]

−u[M] × E[M,M1] ≤ O[M1] ⇐⇒ u[M1] ≥ O[M1].

×òî è òðåáîâàëîñü äîêàçàòü.

Çàìå÷àíèå 1.8.1 (1.8.1) íåñîâìåñòíà ⇐⇒ ∃u, óäîâëåòâîðÿþùåå
(1.8.2).

Ñëåäñòâèå 1.8.1 (òåîðåìà Ôàíü-Öçû).
Ax ≥ b ñîâìåñòíà ⇐⇒ 〈b, u〉 ≤ 0

∀u : uA = O, u ≥ O (AT u = O, u ≥ O)
Óñëîâèÿ íà ìíîæåñòâà: M2 = ∅, M1 = M, N1 = ∅, N2 = N.

1.9 Îñíîâíàÿ ëåììà ëèíåéíîãî

ïðîãðàììèðîâàíèÿ
Ëåììà 1.9.1 (îñíîâíàÿ ëåììà ËÏ)

〈c, x〉 = µ
Ax = b
x ≥ O

(1.9.1)

A = A[M,N]

Ïóñòü ñèñòåìà (1) ñîâìåñòíà, îäíàêî ñòàíîâèòñÿ íåñîâìåñòíîé ïðè
çàìåíå µ íà µ − λ ∀λ > 0. Òîãäà ñîâìåñòíà ñèñòåìà

uA ≤ c, 〈b, u〉 = µ. (1.9.2)

Äîêàçàòåëüñòâî. 〈c, x〉 − tµ = −1
Ax − tb = O
x ≥ O, t > 0

(1.9.3)

Äîêàæåì, ÷òî ñèñòåìà (1.9.3) íåñîâìåñòíà.
Îò ïðîòèâíîãî: ïóñòü (x0, t0) óäîâëåòâîðÿåò (1.9.3).

1.
t0 = 0. 〈c, x0〉 = −1, Ax0 = O, x0 ≥ O

Ïóñòü y0 óäîâëåòâîðÿåò (1.9.1). Òîãäà x1 := y0 + x0.

〈c, x1〉 = 〈c, y0〉 + 〈c, x0〉 = µ − 1; Ax1 = b, x1 ≥ O

Ïðîòèâîðå÷èå óñëîâèþ.

2.

t0 > 0. x1 :=
x0

t0

Ïóñòü y0 óäîâëåòâîðÿåò (1.9.1). Òîãäà x1 := y0 + x0.

〈c, x1〉 = µ −
1

t0
; Ax1 = b, x1 ≥ O

Ïðîòèâîðå÷èå óñëîâèþ.

Èòàê, ñèñòåìà (1.9.3) íåñîâìåñòíà.

γ
u

∣∣∣ (−c µ
A −b

)
×
(x
t

)
=
(−1

0

)
, x ≥ O, t ≥ 0 (3′)

(−c
A

)
× x =

(−µ
b

)
, x ≥ O (1′)

(3′) íåñîâìåñòíà, (1′) ñîâìåñòíà.
Â ñèëó íåñîâìåñòíîñòè (3′) (ñì. ëåììó 1.7.1):

∃(γ0, u0) : −γ0c + u0A ≤ O, γ0µ − 〈b, u0〉 ≤ 0, γ0 > 0.

Â ñèëó ñîâìåñòíîñòè (1′) è óñëîâèÿ −γ0c + u0A ≤ O:

−γ0µ + 〈b, u0〉 ≤ 0.

Ïîëó÷èëè:
−γ0µ + 〈b, u0〉 = 0; −γ0c + u0A ≤ O

u∗ :=
u0

γ0
; u∗A ≤ c, 〈b, u∗〉 = µ

×òî è òðåáîâàëîñü äîêàçàòü.
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1.10 Êðèòåðèé îïòèìàëüíîñòè

äëÿ îáùåé çàäà÷è ëèíåéíîãî

ïðîãðàììèðîâàíèÿ
f(x) := c[N] × x[N] → inf (1.10.1)

Ω :

A[M1, N] × x[N] ≥ b[M1]
A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1]

Òåîðåìà 1.10.1 (êðèòåðèé îïòèìàëüíîñòè).
x∗ ∈ Ω � îïòèìàëüíûé ïëàí (1.10.1) ⇐⇒ ∃u∗ = u∗[M] :

〈c, x∗〉 = 〈b, u∗〉 (1.10.2)

u∗[M] × A[M,N1] ≤ c[N1]
u∗[M] × A[M,N2] = c[N2]

u∗[M1] ≥ O[M1]
(1.10.3)

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü. x∗ ∈ Ω � îïòèìàëüíûé ïëàí (1.10.1).
Çàïèøåì ýêâèâàëåíòíóþ çàäà÷ó:

〈c0, v〉 → inf
A0v = b
v ≥ O

(1.10.4)

Ïî ýêâèâàëåíòíîñòè ó (1.10.4) ∃ îïòèìàëüíûé ïëàí v∗ è
〈c, x∗〉 = 〈c0, v∗〉 =: µ. 〈c0, v〉 = µ

A0v = b
v ≥ O

−

ýòà ñèñòåìà ñîâìåñòíà (v∗), ïðè óìåíüøåíèè µ ñòàíîâèòñÿ íåñîâìåñòíîé.

Ïî ëåììå 1.9.1∃u∗ : u∗A0 ≤ c0︸ ︷︷ ︸
⇐⇒ (1.10.3)

, 〈b, u∗〉 = µ = 〈c, x∗〉︸ ︷︷ ︸
(1.10.2)

A0 = (A[M,N1] A[M,N2] − A[M,N2] − E[M,M1])
c0 = (c[N1] c[N2] − c[N2] O[M1])
u∗A0 ≤ c0 :

u∗[M] × A[M,N1] ≤ c[N1]

u∗[M] × A[M,N2] ≤ c[N2]
−u∗[M] × A[M,N2] ≤ −c[N2]

}
⇒ u∗[M] × A[M,N2] = c[N2]

−u∗[M] × E[M,M1] ≤ O[M1] ⇐⇒ u∗[M1] ≥ O[M1]

Äîñòàòî÷íîñòü. Âûïîëíåíû (1.10.2), (1.10.3).

∀x ∈ Ω 〈c, x〉 = c[N1] × x[N1] + c[N2] × x[N2]
(1.10.3)
≥

≥ u∗[M]×A[M,N1]×x[N1]+u∗[M]×A[M,N2]×x[N2] = u∗[M]×(A[M,N]×x[N]) =

= u∗[M1] × (A[M1, N] × x[N]) + u∗[M2] × (A[M2, N] × x[N]) ≥

≥ u∗[M1] × b[M1] + u∗[M2] × b[M2] = 〈b, u∗〉
(1.10.2)

= 〈c, x∗〉

Èòàê, ∀x ∈ Ω 〈c, x∗〉 ≤ 〈c, x〉.

×òî è òðåáîâàëîñü äîêàçàòü.

1.11 Ïåðâàÿ òåîðåìà

äâîéñòâåííîñòè â ëèíåéíîì

ïðîãðàììèðîâàíèè
f(x) := 〈c, x〉 → inf

x∈Ω
(1.11.1)

Λ, g(u) = 〈b, u〉

Êðèòåðèé îïòèìàëüíîñòè: x∗ ∈ Ω îïòèìàëåí ⇐⇒ ∃u∗ ∈ Λ :
〈c, x∗〉 = 〈b, u∗〉.
Èçâåñòíî, ÷òî f(x) ≥ g(u) ∀x ∈ Ω ∀u ∈ Λ.
Â ÷àñòíîñòè, ïðè u ∈ Λ g(u) ≤ f(x∗) = g(u∗),
ò.å. � ðåøåíèå çàäà÷è ËÏ

g(u) := 〈b, u〉 → sup
u∈Λ

(1.11.2)

Â ñèëó êðèòåðèÿ îïòèìàëüíîñòè (1.10.1) ïî ðåøåíèþ x∗ çàäà÷è (1.11.1)
íàéäåòñÿ u∗ � ðåøåíèå çàäà÷è (1.11.2);
áîëåå òîãî,

inf
x∈Ω

f(x) = sup
u∈Λ

g(u) (1.11.3)

Îïðåäåëåíèå 1.11.1 (1.11.2) íàçûâàåòñÿ çàäà÷åé, äâîéñòâåííîé ê
(1.11.1).

Ïîäðîáíåå:
g(u) := b[M] × u[M] → sup

u[M] × A[M,N1] ≤ c[N1]
u[M] × A[M,N2] = c[N2]

u[M1] ≥ O[M1]

 (2′)

(1.11.2) [(2′)] èìååò ðåøåíèå u∗. Ïîêàæåì, ÷òî (1.11.1) èìååò ðåøåíèå
è âûïîëíÿåòñÿ (1.11.3) � ñîîòíîøåíèå äâîéñòâåííîñòè. u∗ ÿâëÿåòñÿ
ðåøåíèåì ñëåäóþùåé çàäà÷è:

−〈b, u〉 → inf

−AT [N1,M] × u[M] ≥ −c[N1]

−AT [N2,M] × u[M] = −c[N2]

u[M1] ≥ O[M1]

Ïî êðèòåðèþ îïòèìàëüíîñòè 1.10.1 ∃x∗ = x∗[N] :

−〈b, u∗〉 = −〈c, x∗〉

−x∗[N] × A
T [N,M1] ≤ −b[M1]

−x∗[N] × A
T [N,M2] = −b[M2]

x∗[N1] ≥ O[N1]

⇓

〈b, u∗〉 = 〈c, x∗〉

A[M1, N] × x∗[N] ≥ b[M1]

A[M2, N] × x∗[N] = b[M2]

x∗[N1] ≥ O[N1]

x∗ ∈ Ω, u∗ ∈ Λ, 〈c, x∗〉 = 〈b, u∗〉

Ïî êðèòåðèþ îïòèìàëüíîñòè 1.10.1 äëÿ (1.11.1) x � îïòèìàëüíûé ïëàí è
âûïîëíÿåòñÿ (1.11.3).

Òàêèì îáðàçîì, íàìè äîêàçàíà

Òåîðåìà 1.11.1 (I òåîðåìà äâîéñòâåííîñòè).
Åñëè îäíà èç ïàðû äâîéñòâåííûõ çàäà÷ èìååò ðåøåíèå, òî è äðóãàÿ
èìååò ðåøåíèå; ïðè ýòîì âûïîëíÿåòñÿ (1.11.3).
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1.12 Êðèòåðèé ñîâìåñòíîé

ðàçðåøèìîñòè ïàðû

äâîéñòâåííûõ çàäà÷ ëèíåéíîãî

ïðîãðàììèðîâàíèÿ
f(x) := 〈c, x〉 → inf

x∈Ω
(1.12.1)

g(u) := 〈b, u〉 → sup
u∈Λ

(1.12.2)

Òåîðåìà 1.12.1 Îáå äâîéñòâåííûå çàäà÷è (1.12.1) è (1.12.2)
îäíîâðåìåííî èìåþò ðåøåíèå ⇐⇒ Ω 6= ∅ è Λ 6= ∅.

Äîêàçàòåëüñòâî äîñòàòî÷íîñòè.
Ω 6= ∅ ïî óñëîâèþ
Λ 6= ∅ ∃ ïëàí u0 çàäà÷è (1.11.2).

f(x) ≥ g(u0) ∀x ∈ Ω ⇒ inf
x∈ Ω

f(x) > −∞.

Ïî òåîðåìå ñóùåñòâîâàíèÿ 1.5.1 ∃ îïòèìàëüíûé ïëàí çàäà÷è (1.11.1).
Ïî ïåðâîé òåîðåìå äâîéñòâåííîñòè 1.11.1 (1.11.2) òîæå èìååò ðåøåíèå.

×òî è òðåáîâàëîñü äîêàçàòü.

1.13 Âòîðàÿ òåîðåìà

äâîéñòâåííîñòè â ëèíåéíîì

ïðîãðàììèðîâàíèè
f(x) := 〈c, x〉 → inf

x∈Ω
(1.13.1)

g(u) := 〈b, u〉 → sup
u∈Λ

(1.13.2)

Òåîðåìà 1.13.1 (II òåîðåìà äâîéñòâåííîñòè).
x0, u0 � ïëàíû äâîéñòâåííûõ çàäà÷.
x0, u0 îïòèìàëüíû ⇐⇒ âûïîëíÿþòñÿ óñëîâèÿ äîïîëíèòåëüíîñòè:

〈u0, Ax0 − b〉 = 0 (1.13.3)

〈c − u0A, x0〉 = 0 (1.13.4)

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü.

〈c, x0〉
N=N1∪N2

≥ 〈u0A, x0〉 = 〈u0, Ax0〉
M=M1∪M2

≥ 〈u0, b〉

x0, u0 îïòèìàëüíû ⇒ 〈c, x0〉 = 〈b, u0〉
Äîñòàòî÷íîñòü.
Ñëåäóåò èç êðèòåðèÿ îïòèìàëüíîñòè 1.10.1 äëÿ (1.13.1) è ïåðâîé òåîðåìû
äâîéñòâåííîñòè 1.11.1.

×òî è òðåáîâàëîñü äîêàçàòü.

(1.13.3), (1.13.4) ýêâèâàëåíòíû ñîîòâåòñòâåííî

u0[i] × (A[i, N] × x0[N] − b[i]) = 0, i ∈ M1 (4′)

(c[j] − u0[M] × A[M, j]) × x0[j] = 0, j ∈ N1, (5′)

òàê êàê

(1.13.3) ⇐⇒
∑

i∈M1

u0[i]×(A[i, N]×x0[N]−b[i]) = 0 ⇒ âñå ñëàãàåìûå ðàâíû.

(4′), (5′) ⇐⇒

⇐⇒ u0[M] × A[M, j] = c[j], åñëè x0[j] > 0 (j ∈ N1)

u0[i] = 0, åñëè A[i, N] × x0[N] > b[i] (i ∈ M1)

Ñ äðóãîé ñòîðîíû, (4′), (5′) ⇐⇒

⇐⇒ A[i, N] × x0[N] = b[i], åñëè u0[j] > 0 (i ∈ M1)

x0[j] = 0, åñëè u0[M] × A[M, j] < c[j] (j ∈ N1)
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1.14 Ïîñòàíîâêà çàäà÷è î

ìàòðè÷íûõ èãðàõ. Ëåììà îá

î÷èñòêå
A = A[M,N] � ìàòðèöà ïëàòåæåé
Ñòðàòåãèÿ I èãðîêà: p = p[M] :

∑
i∈M p[i] = 1, p[i] ≥ 0, i ∈ M

P � ìíîæåñòâî ñòðàòåãèé I èãðîêà
Ñòðàòåãèÿ II èãðîêà: q = q[N] :

∑
j∈N q[j] = 1, q[j] ≥ 0, j ∈ N

Q � ìíîæåñòâî ñòðàòåãèé II èãðîêà
Îïðåäåëèì a(p, q) � ñðåäíþþ âåëè÷èíó ïëàòåæà â êàæäîé ïàðòèè.
Â ñëó÷àå p = ei, q = ej a(ei, ej) = A[i, j]

a(ei, q) =
∑
j∈N

A[i, j] × q[j]

a(p, ej) =
∑
i∈M

p[i] × A[i, j]

a(p, q) =
∑
j∈N

(p[M] × A[M, j]) × q[j] = p[M] × A[M,N] × q[N]

Ôèêñèðóåì p. ϕ(p) = min
q∈Q

a(p, q) � ãàðàíòèðîâàííûé âûèãðûø.

I èãðîê âûáèðàåò p∗ ∈ P :

ϕ(p∗) = max
p∈P

ϕ(p) = max
p∈P

min
q∈Q

a(p, q) (1.14.1)

Ôèêñèðóåì q. ψ(q) = max
p∈P

a(p, q).

II èãðîê âûáèðàåò q∗ ∈ Q :

ψ(q∗) = min
q∈Q

ψ(q) = min
q∈Q

max
p∈P

a(p, q) (1.14.2)

Ëåììà 1.14.1 (ëåììà îá î÷èñòêå). Ñïðàâåäëèâû ðàâåíñòâà

ϕ(p) = min
j∈N

p[M] × A[M, j] ∀p ∈ P (1.14.3)

ψ(q) = max
i∈M

A[i, N] × q[N] ∀q ∈ Q (1.14.4)

Äîêàçàòåëüñòâî.

ϕ(p) a(p, q) → inf
q∈Q

p ôèêñèðîâàëè

(p[M] × A[M,N]) × q[N] → inf∑
j∈N

q[j] = 1

q[N] ≥ O[N]

Ðåøåíèå ñóùåñòâóåò â ñèëó îãðàíè÷åííîñòè ìíîæåñòâà ïëàíîâ.
Ïî òåîðåìå î ñóùåñòâîâàíèè ðåøåíèÿ íàéäåòñÿ îïòèìàëüíûé áàçèñíûé
ïëàí.
Âñå ìíîæåñòâî áàçèñíûõ ïëàíîâ: {ej}, j ∈ N.

ϕ(p) = min
j∈N

a(p, ej) = min
j∈N

p[M] × A[M, j].

×òî è òðåáîâàëîñü äîêàçàòü.

1.15 Òåîðåìà î ñóùåñòâîâàíèè

ñèòóàöèè ðàâíîâåñèÿ â

ìàòðè÷íûõ èãðàõ
A = A[M,N] � ìàòðèöà ïëàòåæåé
Ñòðàòåãèÿ I èãðîêà: p = p[M] :

∑
i∈M p[i] = 1, p[i] ≥ 0, i ∈ M

P � ìíîæåñòâî ñòðàòåãèé I èãðîêà
Ñòðàòåãèÿ II èãðîêà: q = q[N] :

∑
j∈N q[j] = 1, q[j] ≥ 0, j ∈ N

Q � ìíîæåñòâî ñòðàòåãèé II èãðîêà
Îïðåäåëèì a(p, q) � ñðåäíþþ âåëè÷èíó ïëàòåæà â êàæäîé ïàðòèè.

a(p, q) =
∑
j∈N

(p[M] × A[M, j]) × q[j] = p[M] × A[M,N] × q[N]

Ôèêñèðóåì p. ϕ(p) = min
q∈Q

a(p, q) � ãàðàíòèðîâàííûé âûèãðûø.

I èãðîê âûáèðàåò p∗ ∈ P :

ϕ(p∗) = max
p∈P

ϕ(p) = max
p∈P

min
q∈Q

a(p, q) (1.15.1)

Ôèêñèðóåì q. ψ(q) = max
p∈P

a(p, q).

II èãðîê âûáèðàåò q∗ ∈ Q :

ψ(q∗) = min
q∈Q

ψ(q) = min
q∈Q

max
p∈P

a(p, q) (1.15.2)

Òåîðåìà 1.15.1 (î ñóùåñòâîâàíèè ñèòóàöèè ðàâíîâåñèÿ).
Ñòðàòåãèè p∗, q∗ ñóùåñòâóþò.
Ïðè ýòîì ïàðà {p∗, q∗} îáðàçóåò ñèòóàöèþ ðàâíîâåñèÿ:

a(p, q∗) ≤ a(p∗, q∗) ≤ a(p∗, q) ∀p ∈ P ∀q ∈ Q (1.15.3)

Çàäà÷à äëÿ I èãðîêà:

ϕ(p) = min
j∈N

p[M] × A[M, j]︸ ︷︷ ︸
t

→ sup
p∈P

(1.15.4)

ψ(q) = max
i∈M

A[i, N] × q[N]︸ ︷︷ ︸
s

→ inf
q∈Q

(1.15.5)

(1.15.4) ýêâèâàëåíòíà
t → sup (1.15.6)

−p[M] × A[M, j] + t ≤ 0, j ∈ N∑
i∈M

p[i] = 1

p[M] ≥ O[M]

(p, t)

(1.15.5) ýêâèâàëåíòíà
s → inf (1.15.7)

−A[i, N] × q[N] + s ≥ 0, i ∈ M∑
j∈N

q[j] = 1

q[N] ≥ O[N]

(q, s)

(1.15.6) è (1.15.7) � äâîéñòâåííûå çàäà÷è:
(1.15.7):

0 . . . 0 1

p[M] −A[M,N]

1

.

.

.
1

0

.

.

.
0

t 1 . . . 1 0 1

q[N] ≥ O[N]
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Ìíîæåñòâà ïëàíîâ ó (1.15.6) è (1.15.7) íåïóñòû (èç-çà ïðîèçâîëüíîñòè
t è s)
∃ (p∗, t∗), (q∗, s∗) � îïòèìàëüíûå; t∗ = s∗ ïî ïåðâîé òåîðåìå
äâîéñòâåííîñòè
Â ñèëó ýêâèâàëåíòíîñòè

t∗ = ϕ(p∗)
s∗ = ψ(q∗)

⇒ ϕ(p∗) = ψ(q∗) (1.15.8)

(1.15.8) ⇐⇒
min
q∈Q

a(p∗, q) = max
p∈P

a(p, q∗) (1.15.9)

a(p∗, q∗) ≤ max
p∈P

a(p, q∗)
(1.15.9)

= min
q∈Q

a(p∗, q) ≤ a(p∗, q∗) ⇒

⇒ max
p∈P

a(p, q∗) = a(p∗, q∗) = min
q∈Q

a(p∗, q) ⇒

⇒ a(p, q∗) ≤ a(p∗, q∗) ≤ a(p∗, q)

Ýòèì ìû äîêàçàëè òåîðåìó î ñóùåñòâîâàíèè ðàâíîâåñèÿ.
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1.16 Àíàëèç äâîéñòâåííîé çàäà÷è

ê ëèíåéíîé äèñêðåòíîé çàäà÷å

îïòèìàëüíîãî óïðàâëåíèÿ
s∑
k=1

〈ck, xk〉 +
s∑
k=1

〈bk, uk〉 → sup (1.16.1)

pk
∣∣ xk = Ak−1xk−1 + Bkuk, k ∈ 1 : s (1.16.2)

qk
∣∣ Dkuk ≤ dk, k ∈ 1 : s (1.16.3)

x0 = x̂ (1.16.4)

Ak = Ak[N,N], Bk = Bk[N,M], Dk = Dk[T,M]

u1 x1 u2 x2 u3 x3 . . . xs−1 us xs

b1 c1 b2 c2 b3 c3 . . . cs−1 bs cs
p1 −B1 E 0 0 0 0 . . . 0 0 0 A0x̂
q1 D1 0 0 0 0 0 . . . 0 0 0 ≤ d1
p2 0 −A1 −B2 E 0 0 . . . 0 0 0 = 0
q2 0 0 D2 0 0 0 . . . 0 0 0 ≤ d2
p3 0 0 0 −A2 −B3 E . . . 0 0 0 = 0
. . . . . . . . . . . . . . . .
ps 0 0 0 0 0 0 . . . −As−1 −Bs E = 0
qs 0 0 0 0 0 0 . . . 0 Ds 0 ≤ ds

〈A0x̂, p1〉 +
s∑
k=1

〈dk, qk〉 → inf (1.16.5)

−pkBk + qkDk = bk, k ∈ 1 : s

pk − pk+1Ak = ck, k ∈ 1 : s − 1

ps = cs

qk ≥ O, k ∈ 1 : s

pk = pk+1Ak + ck, k = s − 1, . . . , 1
ps = cs

}
(1.16.6)

(1.16.6): ïî ïðåäûäóùèì êîîðäèíàòàì îäíîçíà÷íî îïðåäåëÿåòñÿ pk

(1.16.5) ⇒
s∑
k=1

〈dk, qk〉 → inf

D
T
k qk = B

T
k pk + bk, k ∈ 1 : s

qk ≥ O, k ∈ 1 : s

(1.16.5) ðàñïàäàåòñÿ íà s íåçàâèñèìûõ çàäà÷ ËÏ:

〈dk, qk〉 → inf (1.16.7)

uk
∣∣ D

T
k qk = B

T
k pk + bk

qk ≥ O

Äâîéñòâåííàÿ çàäà÷à:

Hk(uk) = 〈BTk pk + bk, uk〉 → sup (1.16.8)

Uk : Dkuk ≤ dk

(Uk � ìíîæåñòâî ïëàíîâ (1.16.8))
Hk(uk) = 〈bk, uk〉 + 〈pk,Bkuk〉 � ôóíêöèÿ Ãàìèëüòîíà
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1.17 Ïðèíöèï ìàêñèìóìà äëÿ

ëèíåéíûõ äèñêðåòíûõ ñèñòåì
s∑
k=1

〈ck, xk〉 +
s∑
k=1

〈bk, uk〉 → sup (1.17.1)

pk
∣∣ xk = Ak−1xk−1 + Bkuk, k ∈ 1 : s (1.17.2)

qk
∣∣ Dkuk ≤ dk, k ∈ 1 : s (1.17.3)

x0 = x̂ (1.17.4)

Ak = Ak[N,N], Bk = Bk[N,M], Dk = Dk[T,M]

〈A0x̂, p1〉 +
s∑
k=1

〈dk, qk〉 → inf (1.17.5)

(1.17.5) ðàñïàäàåòñÿ íà s íåçàâèñèìûõ çàäà÷ ËÏ:

〈dk, qk〉 → inf (1.17.6)

uk
∣∣ D

T
k qk = B

T
k pk + bk

qk ≥ O

Äâîéñòâåííàÿ çàäà÷à:

Hk(uk) = 〈BTk pk + bk, uk〉 → sup (1.17.7)

Uk : Dkuk ≤ dk

(Uk � ìíîæåñòâî ïëàíîâ (1.17.7))
Hk(uk) = 〈bk, uk〉 + 〈pk,Bkuk〉 � ôóíêöèÿ Ãàìèëüòîíà

Òåîðåìà 1.17.1 (ïðèíöèï ìàêñèìóìà)
{u∗k}

s
k=1 � ñèñòåìà äîïóñòèìûõ óïðàâëåíèé äëÿ (1.17.1).

{u∗k}
s
k=1 îïòèìàëüíà ⇐⇒ Hk(u∗k) = maxuk∈Uk

Hk(uk) ïðè k ∈ 1 :
s.
Ïåðåôîðìóëèðîâêà: u∗k � ðåøåíèå (1.17.7).[

xk = Ak−1xk−1 + Bkuk (1.17.8)

Dkuk ≤ dk, k ∈ 1 : s

Îãðàíè÷åíèÿ äâîéñòâåííîé çàäà÷è:

D
T
k qk = B

T
k pk + bk, qk ≥ O, k ∈ 1 : s (1.17.9)

pk = pk+1Ak + ck, k ∈ 1 : s − 1

ps = cs

Ñåðèÿ çàäà÷ ïðè êàæäîì k ∈ 1 : s〈
dk, qk

〉
→ inf (1.17.10)

D
T
k qk = B

T
k pk + bk

qk ≥ O〈
B
T
k pk + bk, uk

〉
→ sup (1.17.11)

Dkuk ≤ dk ]
ÄÎÊÀÇÀÒÅËÜÑÒÂÎ (òåîðåìû î ïðèíöèïå ìàêñèìóìà)

⇒: {x∗k, u
∗
k}
s
k=1 � îïòèìàëüíûé ïëàí çàäà÷è (1.17.8). Ïî I òåîðåìå

äâîéñòâåííîñòè ∃ ðåøåíèå {pk, q
∗
k} çàäà÷è (1.17.9), ïî II òåîðåìå

äâîéñòâåííîñòè âûïîëíÿåòñÿ óñëîâèå äîïîëíèòåëüíîñòè.〈
dk −Dku

∗
k, q

∗
k

〉
= 0 ∀k ∈ 1 : s

Ôèêñèðóåì k ∈ 1 : s ⇒ q∗k � ïëàí (1.17.10), u∗k � ïëàí (1.17.11) è äëÿ
íèõ âûïîëíÿåòñÿ óñëîâèå äîïîëíèòåëüíîñòè:〈

dk −Dku
∗
k, q

∗
k

〉
= 0

ñë., ïî II òåîðåìå äâîéñòâåííîñòè u∗k � ðåøåíèå çàäà÷è (1.17.11).

⇐: Ôèêñèðóåì ∀k. ∃u∗k � ðåøåíèå (1.17.11). Ïîêàæåì, ÷òî ñèñòåìà {u∗k}
� îïòèìàëüíîå óïðàâëåíèå (1.17.8).
u∗k ïî I òåîðåìå äâîéñòâåííîñòè ∃q∗k � ðåøåíèå (1.17.10),

{pk, q
∗
k} � ïëàí äâîéñòâåííîé çàäà÷è (1.17.9), {x∗k, u

∗
k}
s
k=1 �

ïëàí (1.17.8). Ïîñêîëüêó ∀k âûïîëíÿåòñÿ óñëîâèå äîïîëíèòåëüíîñòè
äëÿ çàäà÷è (1.17.9), óêàçàííûé ïëàí ÿâëÿåòñÿ îïòèìàëüíûì, ò.å. {u∗k}
îïòèìàëüíà

×òî è òðåáîâàëîñü äîêàçàòü.

1.18 Ñèìïëåêñ-ìåòîä

f(x) := c[N] × x[N] → inf (1.18.1)

A[M,N] × x[N] = b[M]

x[N] ≥ O[N]

Äâîéñòâåííàÿ çàäà÷à:

b[M] × u[M] → sup (1.18.2)

u[M] × A[M,N] ≤ c[N]

x � áàçèñíûé ïëàí: N+ = N+(x) � íîñèòåëü,

A[M, j], j ∈ N+(x) � ëèíåéíî íåçàâèñèìû. Óñëîâèå íåâûðîæäåííîñòè:
äëÿ âñåõ áàçèñíûõ ïëàíîâ x

|N+(x)| = |M| � âñå áàçèñíûå ïëàíû íåâûðîæäåííû.

A[M,N+] � íåâûðîæäåííàÿ ìàòðèöà, íàçûâàåòñÿ áàçèñíîé ìàòðèöåé,
ñîîòâåòñòâóþùåé áàçèñíîìó ïëàíó x.

B[N+,M] = (A[M,N+])−1 � îáðàòíàÿ áàçèñíàÿ ìàòðèöà.

B[N+,M] × A[M,N+] = E[N+, N+]

x0 � íà÷àëüíûé áàçèñíûé ïëàí ñ íîñèòåëåì N
(0)
+ = N+(x0)

x0 → ÁÏ x1 : 〈c, x1〉 < 〈c, x0〉
Ïðåäâàðèòåëüíî ïðîâåðèì x0 íà îïòèìàëüíîñòü. Óñëîâèå îïòèìàëüíîñòè:

u[M]×A[M,N(0)
+ ] = c[N(0)

+ ] (ò. ê. êîìïîíåíòû x ïîëîæèòåëüíû íà íîñèòåëå)

Â ñèëó íåâûðîæäåííîñòè:

u0[M] = c[N(0)
+ ] × B[N(0)

+ ,M] (1.18.3)

Ïðîâåðèì, ÷òî u0 � ïëàí äâîéñòâåííîé çàäà÷è.

∆0[j]︸ ︷︷ ︸
îöåíêè

= u0[M] × A[M, j] − c[j], j ∈ N \ N(0)
+

Åñëè ∆0[j] ≤ 0 ∀j ∈ N \ N(0)
+ , òî x0, u0 � îïòèìàëüíûå ïëàíû.

Ïóñòü ∃j0 ∈ N \ N(0)
+ : ∆0[j0] > 0

∆0[j0]
(1.18.3)

= c[N(0)
+ ] × B[N(0)

+ ,M] × A[M, j0]︸ ︷︷ ︸
z0[N(0)

+ ]

−c[j0]

z0[N(0)
+ ] = B[N(0)

+ ,M] × A[M, j0]

Èíà÷å ãîâîðÿ,

A[M,N(0)
+ ] × z0[N(0)

+ ] = A[M, j0] (1.18.4)

z0[j] =

−1 j = j0
0 j 6= j0, j ∈ N \ N(0)

+

(4) ⇒ Az0 = O
∆0[j0] = 〈c, z0〉 > 0 (ïî óñë.)

x0(t) = x0 − tz0, t > 0

Ax0(t) = b ∀t

Åñëè z0[N(0)
+ ] ≤ O[N(0)

+ ], òî z0 ≤ O è x0(t) ≥ 0 ∀t > 0

f(x0(t)) = f(x0) − t 〈c, z0〉 = f(x0) − t∆0[j0]︸ ︷︷ ︸
>0

→ −∞ (l → +∞)
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Â ýòîì ñëó÷àå çàäà÷à íå èìååò ðåøåíèÿ.

∃s ∈ N(0)
+ : z0[s] > 0

x0 − tz0 ≥ 0 ⇒

t0 = min

{
x0[s]

z0[s]
: s ∈ N(0)

+ , z0[s] > 0

}
> 0 (1.18.5)

x1 = x0 − t0z0 � ïëàí (1.18.1). s0 � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ
ìèíèìóì â (1.18.5).
Èìååì:

x1[s] = x0[s] − t0z0[s], s ∈ N(0)
+ \ {s0}

x1[j0] = t0 > 0 � íîñèòåëü ïîìåíÿëñÿ.

x1[j] = 0 ïðè îñòàëüíûõ j ∈ N, â ÷àñòíîñòè, x1[s0] = 0 (1.18.6)

x1 � ïëàí çàäà÷è (1.18.1)

f(x1) = f(x0) − t0∆0[j0] < f(x0)

Ïîêàæåì, ÷òî x1 - áàçèñíûé ïëàí.

N
(1)
+ = N

(0)
+ \ {s0} ∪ {j0} , |N(1)

+ | = |M|

Ïîêàæåì, ÷òî A[M,N(1)
+ ] � íåâûðîæäåííàÿ.

� Øåðìàí-Ìîððèñîí...
Ìîæíî ïðîùå:

A[M,N(1)
+ ] ïîëó÷àåòñÿ èç A[M,N(0)

+ ] çàìåíîé s0 - ñòîëáöà íà j0 -

ñòîëáåö.

A[M, j0] =
∑

s∈N(0)
+

z0[s]A[M, s] ⇔ (1.18.4)

ïðè ýòîì z0[s0] > 0
C = C[1 : m, 1 : m] � îáðàòèìàÿ

Cj � j-é ñòîëáåö; P =
∑m
s=1 zsCs, zj 6= 0; çàìåíèëè, D � ïîëó÷åííàÿ

ìàòðèöà

Ëåììà 1.18.1 ∃D−1, D−1 = V C−1, V � ìàòðèöà, îòëè÷àþùàÿñÿ
îò Em òîëüêî j-ì ñòîëáöîì

Vj =
(
−
z1

zj

, . . . , −
zj−1

zj

,
1

zj

, −
zj+1

zj

, . . . , −
zm

zj

)T
(Ìàòðèöà V íàç. ìóëüòèïëèêàòîðîì.)

Äîêàçàòåëüñòâî.

D = C



1 z1

.
.
.

.

.

.
zj

.

.

.

.
.
.

zm 1


= CU

D
−1 = U

−1
C
−1

U−1 = V :



1 z1

.
.
.

.

.

.
zj

.

.

.

.
.
.

zm 1





1 −z1/zj

.
.
.

.

.

.
1/zj
.
.
.

.
.
.

−zm/zj 1



j-é ñòîëáåö UV : (UV )j = 1
zj

∑
s 6=j(−zses) + 1

zj


z1
.
.
.
zm

 =

= −
1

zj

∑
s 6=j

zses +
1

zj

m∑
s=1

zses =
1

zj

zjej = ej

D
−1 =



1 −z1/zj

.
.
.

.

.

.
1/zj
.
.
.

.
.
.

−zm/zj 1


C
−1

D
−1[j, ·] = C

−1[j, ·]/zj (ðàáî÷àÿ ñòðîêà)

D
−1[s, ·] = C

−1[s, ·] − (
zs

zj

)C−1[j, ·] = C
−1[s, ·] − zsD

−1[j, ·], s 6= j

×òî è òðåáîâàëîñü äîêàçàòü.
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1.19 Ïåðåñ÷åò îáðàòíîé áàçèñíîé

ìàòðèöû è äâîéñòâåííîãî

âåêòîðà

A[M,N(0)
+ ]; B0[N(0)

+ ,M] = (A[M,N(0)
+ ])−1

N
(1)
+ = N

(0)
+ \ {s0} ∪ {j0}

A[M,N(1)
+ ] : íà ìåñòî As0 ñòàâèòñÿ Aj0

B1[N(1)
+ ,M] = (A[M,N(1)

+ ])−1

A[M, j0] =
∑

s∈N(0)
+

z0[s]A[M, s], z0[s0] > 0

B1[N(1)
+ ,M] ñóù. è B1[j0,M] = B0[s0,M]/z0[s0]

B1[s,M] = B0[s,M] − z0[s]b1[j0,M], s ∈ N(0)
+ \ {s0}

u1[M] = c[N(1)
+ ] × B1[N(1)

+ ,M]

u0[M] = c[N(0)
+ ] × B0[N(0)

+ ,M]

Ëåììà 1.19.1

u1[M] = u0[M] −∆0[j0]B1[j0,M]

Äîêàçàòåëüñòâî.

u1[M] =
∑

s∈N(0)
+ \{s0}

c[s]B1[s,M] + c[j0]B1[j0,M] =

=
∑

s∈N(0)
+ \{s0}

c[s](B0[s,M] − z0[s]b1[j0,M]) + c[j0]B1[j0,M] =

=
∑

s∈N(0)
+

c[s]B0[s,M]

︸ ︷︷ ︸
u0[M]

−c[s0] B0[s0,M]︸ ︷︷ ︸
z0[s]B1[j0,M]

−
( ∑
s∈N(0)

+ \{s0}

c[s]z0[s]−c[j0]
)
B1[j0,M] =

= u0[M] −
( ∑
s∈N(0)

+

c[s]z0[s] − c[j0]
)
B1[j0,M] =

= u0[M] −∆0[j0]B1[j0,M]

×òî è òðåáîâàëîñü äîêàçàòü.

ÁÏ xk → ÁÏ xk+1

Èçâåñòíî: xk, N
(k)
+ , Bk[N(k)

+ ,M], f(xk) = 〈c, xk〉, uk[M]

Ïðè k = 0 : f(x0) = c[N(0)
+ ]×x0[N(0)

+ ], u0[M] = c[N(0)
+ ]×B0[N(0)

+ ,M]

1.

∆k[j] = uk[M] × A[M, j] − c[j], j ∈ N \ N(k)
+

Åñëè ∆k[j] ≤ 0, j ∈ N \ N(k)
+ , òî xk � îïòèìàëüíûé ïëàí.

2.

∃jk ∈ N\N
(k)
+ : ∆k[jk] > 0 ⇒ zk[N(k)

+ ] = Bk[N(k)
+ ,M]×A[M, jk]

Åñëè zk[N(k)
+ ] ≤ O[N(k)

+ ], òî çàäà÷à íå èìååò ðåøåíèÿ (inf = −∞).

Èíà÷å

3.

tk = min

{
xk[s]

zk[s]
| s ∈ N(k)

+ , zk[s] > 0

}

sk � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì

4.

xk+1[s] = xk[s] − tkzk[s], s ∈ N(k)
+ \

{
sk
}

xk+1[jk] = tk

N
(k+1)
+ = N

(k)
+ \

{
sk
}
∪
{
jk
}

5.
Bk+1[jk,M] = Bk[sk,M]/zk[jk]

Bk+1[s,M] = Bk[s,M] − zk[s]Bk+1[jk,M], s ∈ N(k)
+ \

{
sk
}

6.
f(xk+1) = f(xk) − tk∆k[jk]

uk+1[M] = uk[M] −∆k[jk]Bk[jk,M]

xk+1, N
(k+1)
+ , Bk+1[N(k+1)

+ ,M], f(xk+1), uk+1[M]; f(xk+1) < f(xk)

Áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî.
Â ñðåäíåì øàãîâ ñòîëüêî, ñêîëüêî îãðàíè÷åíèé.
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1.20 Âû÷èñëèòåëüíàÿ ñõåìà

ñèìïëåêñ-ìåòîäà
ÁÏ xk → ÁÏ xk+1

Èçâåñòíî: xk, N
(k)
+ , Bk[N(k)

+ ,M], f(xk) = 〈c, xk〉, uk[M]

Ïðè k = 0 : f(x0) = c[N(0)
+ ]×x0[N(0)

+ ], u0[M] = c[N(0)
+ ]×B0[N(0)

+ ,M]

1.

∆k[j] = uk[M] × A[M, j] − c[j], j ∈ N \ N(k)
+

Åñëè ∆k[j] ≤ 0, j ∈ N \ N(k)
+ , òî xk � îïòèìàëüíûé ïëàí.

2.

∃jk ∈ N\N
(k)
+ : ∆k[jk] > 0 ⇒ zk[N(k)

+ ] = Bk[N(k)
+ ,M]×A[M, jk]

Åñëè zk[N(k)
+ ] ≤ O[N(k)

+ ], òî çàäà÷à íå èìååò ðåøåíèÿ (inf = −∞).

Èíà÷å

3.

tk = min

{
xk[s]

zk[s]
| s ∈ N(k)

+ , zk[s] > 0

}

sk � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì

4.

xk+1[s] = xk[s] − tkzk[s], s ∈ N(k)
+ \

{
sk
}

xk+1[jk] = tk

N
(k+1)
+ = N

(k)
+ \

{
sk
}
∪
{
jk
}

5.

Bk+1[jk,M] = Bk[sk,M]/zk[jk]

Bk+1[s,M] = Bk[s,M] − zk[s]Bk+1[jk,M], s ∈ N(k)
+ \

{
sk
}

6.

f(xk+1) = f(xk) − tk∆k[jk]

uk+1[M] = uk[M] −∆k[jk]Bk[jk,M]

xk+1, N
(k+1)
+ , Bk+1[N(k+1)

+ ,M], f(xk+1), uk+1[M]; f(xk+1) < f(xk)

Áàçèñíûõ ïëàíîâ êîíå÷íîå ÷èñëî.
Â ñðåäíåì øàãîâ ñòîëüêî, ñêîëüêî îãðàíè÷åíèé.

it = k f(xk) uk[M] ∆jk = ∆k[jk]

N
(k)
+ xk[N(k)

+ ] Bk[N(k)
+ ,M] zk[N(k)

+ ]

Ïðèìåð 1.20.1
3x1 − x2 + 2x3 + x4 → inf

x1 + x2 − x3 − x4 = 2

2x1 − x2 + x3 + 2x4 = 1

xj ≥ 0, j ∈ 1 : 4

x0 = (1, 1, 0, 0) � íà÷àëüíûé ÁÏ

Áàçèñíàÿ ìàòðèöà:
(1 1
2 −1

) (1/3 1/3
2/3 −1/3

)
=

(1 0
0 1

)
c it = 0 2 1/3 4/3 ∆4 = 4/3, ∆3 = −1 < 0 A4
3 1 1 1/3 1/3 1/3 −1
−1 2 1 2/3 −1/3 −4/3 2

it = 1 −2 −1 0 ∆1 = −4 < 0, ∆3 = −1 < 0
4 3 1 1
2 5 2 1

Êóðñèâîì âûäåëåíà ðàáî÷àÿ ñòðîêà.

x1[4] = t0 = 3 =
x0[1]

z0[1]

x1[2] = x0[2] − t0z0[2]

f1 = f0 − t0∆4

B1[4,M] = B0[4,M]/z0[1]

B1[s,M] = B0[s,M] − z0[s] × B1[4,M]

u1[M] = u0[M] −∆4 × B1[4,M]

f∗ = −2

Îòâåò: x∗ = (0, 5, 0, 3).

Ïðèìåð 1.20.2
−3x1 + x2 + 3x3 − x4 → inf

x1 + 2x2 − x3 + x4 = 0

2x1 − 2x2 + 3x3 + 3x4 = 9

x1 − x2 + 2x3 − x4 = 6

xj ≥ 0, j ∈ 1 : 4

Ìåòîä èñêóññòâåííîãî áàçèñà: ïåðåõîäèì ê âñïîìîãàòåëüíîé çàäà÷å

x1 + 2x2 − x3 + x4 + x5 = 0

2x1 − 2x2 + 3x3 + x6 = 9

x1 − x2 + 2x3 − x4 + x7 = 6

xj ≥ 0, j ∈ 1 : 7

x5 + x6 + x7 → inf

Çàäà÷à ãàðàíòèðîâàííî èìååò ðåøåíèå.
inf = 0 � ïîëó÷èëè ðåøåíèå; inf > 0 � ìíîæåñòâî ïëàíîâ èñõîäíîé çàäà÷è
ïóñòî.

it = 0 15 1 1 1 ∆3 = 4 A3
5 0 1 0 0 −1 −1
6 9 0 1 0 3 3
7 6 0 0 1 2 2

0 âî âòîðîì ñòîëáöå ãîâîðèò î âûðîæäåííîñòè áàçèñíîãî ïëàíà
9/3 = 6/2 = 3 � ïðèçíàê âûðîæäåííîñòè ÁÏ

it = 1 3 1 −1/3 1 ∆2 = 5/3 A2
5 3 1 1/3 0 4/3 2
3 3 0 1/3 0 −2/3 −2
7 0 0 −2/3 1 1/3 −1

it = 2 3 1 3 −4 ∆1 = 3 A1
5 3 1 3 −4 3 1
3 3 0 −1 2 0 2
2 0 0 −2 3 −1 1

Îïàñíîñòü çàöèêëèâàíèÿ (çíà÷åíèå öåëåâîé ôóíêöèè íå èçìåíèëîñü)

(*) it = 3 7 2/3 −7 35/3 ∆4 = −37/3 − 21 + 1 < 0 A4
1 1 1/3 1 −4/3 1
3 3 0 −1 2 3
2 1 1/3 −1 5/3 −1

(*) îçíà÷àåò, ÷òî ìû ïåðåøëè ê èñõîäíîé çàäà÷å:
âî âñïîìîãàòåëüíîé çàäà÷å öåëåâàÿ ôóíêöèÿ ñòàëà áû íóëåì, ìû æå
ñ÷èòàåì âåðõíþþ ñòðîêó òàê, êàê ýòî äåëàåòñÿ íà íóëåâîé èòåðàöèè äëÿ
èñõîäíîé çàäà÷è.

f = 〈c, x〉, u = c × B

c[N+] = (−3, 3, 1)

Îòâåò: x∗ = (1, 1, 3, 0), f∗ = 7.
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2 Íåëèíåéíûå ýêñòðåìàëüíûå

çàäà÷è

2.1 Íåîáõîäèìûå óñëîâèÿ

îïòèìàëüíîñòè äëÿ çàäà÷è

íåëèíåéíîãî ïðîãðàììèðîâàíèÿ

ñ ëèíåéíûìè îãðàíè÷åíèÿìè
f(x) → inf (2.1.1)

A[M1, N] × x[N] ≥ b[M1]

A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1]

Ω � çàìêíóòîå âûïóêëîå, Ω0 ⊂ Ω � îòêðûòîå âûïóêëîå
f äèôôåðåíöèðóåìà íà Ω

Îïðåäåëåíèå 2.1.1 f äèôôåðåíöèðóåìà â òî÷êå x, åñëè ∃a ∈ RN :

f(x + h) = f(x) + 〈a, h〉 + o(‖h‖), ãäå
o(‖h‖)

h
−−−−→
h→O

0.

Åñëè a ñóùåñòâóåò, òî îí åäèíñòâåííûé è a =
{
∂f
∂x[i] (x)

}
i∈N

� ãðàäèåíò

f äèôôåðåíöèðóåìà íà Ω0, åñëè f äèôôåðåíöèðóåìà ∀x ∈ Ω0

Ëåììà 2.1.1 Åñëè x∗ � ðåøåíèå (2.1.1), òî ∀x ∈ Ω ñïðàâåäëèâî
íåðàâåíñòâî

〈f′(x∗), x − x∗〉 ≥ 0 (2.1.2)

Äîêàçàòåëüñòâî.
Ïðè x = x∗ âñå î÷åâèäíî.
Ïóñòü x 6= x∗.
Ω âûïóêëî ⇒ [x∗, x] ⊂ Ω, ò.å. x∗ + t(x − x∗) ∈ Ω ∀t ∈ [0, 1].
x∗ � òî÷êà ìèíèìóìà ⇒ ∀t ∈ (0, 1) 0 ≤ f(x∗ + t(x − x∗)) − f(x∗) =

= t〈f′(x∗), x − x∗〉 + o(t‖x − x∗‖)

t > 0 : 〈f′(x∗), x − x∗〉 +
o(t‖x − x∗‖)

t‖x − x∗‖
≥ 0

t → +0 ⇒ (2.1.2)

×òî è òðåáîâàëîñü äîêàçàòü.

2.2 Òåîðåìà Ëàãðàíæà è

òåîðåìà Êóíà�Òàêêåðà äëÿ

ýêñòðåìàëüíûõ çàäà÷ ñ

ëèíåéíûìè îãðàíè÷åíèÿìè
f(x) → inf (2.2.1)

A[M1, N] × x[N] ≥ b[M1]

A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1]

Ω � çàìêíóòîå âûïóêëîå, Ω0 ⊂ Ω � îòêðûòîå âûïóêëîå
f äèôôåðåíöèðóåìà íà Ω

Òåîðåìà 2.2.1 x∗ ∈ Ω � îïòèìàëüíûé ïëàí (2.2.1) ⇒

⇒ ∃u∗ = u∗[M] :

〈
f
′(x∗), x∗

〉
= 〈b, u∗〉

u∗[M] × A[M,N1] ≤ f
′(x∗)[N1] (2.2.2)

u∗[M] × A[M,N2] = f
′(x∗)[N2]

u∗[M1] ≥ O[M1]

×àñòíûå ñëó÷àè:
I.M1 = ∅,M2 = M,N1 = ∅, N2 = N

f(x) → inf (2.2.3)

A[M,N] × x[N] = b[M]

Òåîðåìà 2.2.2 [Ëàãðàíæà]
x∗ � îïòèìàëüíûé ïëàí (2.2.3) ⇒

⇒ ∃u∗ : f′(x∗) = u∗A.

Äîêàçàòåëüñòâî.
Ïî îáùåé òåîðåìå 2.2.1 ∃u∗:〈

f
′(x∗), x∗

〉
= 〈b, u∗〉 , u∗A = f

′(x∗).

[
〈
f
′(x∗), x∗

〉
= 〈u∗A, x∗〉 = 〈u∗, Ax∗〉 =

= 〈u∗, b〉 � ïåðâîå óñëîâèå èçáûòî÷íî.]

×òî è òðåáîâàëîñü äîêàçàòü.

II. N1 = ∅, N2 = N.

f(x) → inf (2.2.4)

A[M1, N] × x[N] ≥ b[M1]

A[M2, N] × x[N] = b[M2]

Òåîðåìà 2.2.3 [Êóíà-Òàêêåðà] x∗ � îïòèìàëüíûé ïëàí (2.2.4) ⇒
∃u∗ : f′(x∗) = u∗A

(A[i, N] × x∗[N] − b[i]) × u∗[i] = 0, i ∈ M1, (2.2.5)

u∗[M1] ≥ O[M1]

[(2.2.5) � óñëîâèå äîïîëíèòåëüíîñòè.]
Äîêàçàòåëüñòâî.
Ïî îáùåé òåîðåìå

u∗A = f
′(x∗),

〈
f
′(x∗), x∗

〉
= 〈b, u∗〉

u[M1] ≥ O[M1]

Ðàññìîòðèì 0 =
〈
f
′(x∗), x∗

〉
− 〈b, u∗〉 =

= 〈u∗A, x∗〉 − 〈u∗, b〉 = 〈u∗, Ax∗ − b〉∑
i∈M1

(A[i, N] × x∗[N] − b[i])︸ ︷︷ ︸
≥0

×u∗[i]︸ ︷︷ ︸
≥0

= 0 ⇒ (2.2.5)

×òî è òðåáîâàëîñü äîêàçàòü.

Çàìå÷àíèå 2.2.1 Â ôîðìóëèðîâêå òåîðåìû 2.2.3 óñëîâèå (2.2.5)
ìîæíî çàìåíèòü ðàâíîñèëüíûì 〈Ax∗ − b, u∗〉 = 0
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2.3 Êðèòåðèé âûïóêëîñòè äëÿ

äèôôåðåíöèðóåìûõ ôóíêöèé
f âûïóêëà íà Ω0, åñëè ∀x0, x1 ∈ Ω0 ∀t ∈ [0, 1]

f(tx1 + (1 − t)x0) ≤ tf(x1) + (1 − t)f(x0) (2.3.1)

Ëåììà 2.3.1 (Êðèòåðèé âûïóêëîñòè äèôôåðåíöèðóåìîé ôóíêöèè)

Ïóñòü f äèôôåðåíöèðóåìà íà Ω0. f âûïóêëà íà Ω0 ⇔ ∀x0, x1 ∈ Ω0 :

f(x1) − f(x0) ≥
〈
f
′(x0), x1 − x0

〉
(2.3.2)

Äîêàçàòåëüñòâî.

⇒:

(1′) ⇔ f(x1) − f(x0) ≥
1

t
[f(x0 + t(x1 − x0)) − f(x0)] =

=
〈
f
′(x0), x1 − x0

〉
+
o(‖t(x1 − x0)‖)

t‖x1 − x0|
‖x1 − x0‖

t > 0, ïåðåõîäèì ê ïðåäåëó lim
t→+0

→ (2.3.2).

Ìû äîêàçàëè (2.3.2) ïðè x1 6= x0. Ïðè x1 = x0 (2.3.2) òðèâèàëüíî.

⇐: Ôèêñèðóåì ðàçíûå x0, x1 èç Ω0, ôèêñèðóåì t ∈ [0, 1].

x(t) := tx1 + (1 − t)x0 ∈ Ω0

(2.3.2) : f(x1) − f(x(t)) ≥
〈
f
′(x(t)), x1 − x(t)

〉
| × t

+ f(x0) − f(x(t)) ≥
〈
f
′(x(t)), x0 − x(t)

〉
| × (1 − t)

tf(x1) + (1 − t)f(x0) − f(x(t)) ≥ 〈f′(x(t)), tx1 + (1 − t)x0 − x(t)︸ ︷︷ ︸
=0

〉 = 0 ⇒

⇒ (2.3.1)

×òî è òðåáîâàëîñü äîêàçàòü.

2.4 Êðèòåðèé âûïóêëîñòè äëÿ

êâàäðàòè÷íîé ôóíêöèè

Q(x+h) =
1

2
〈D(x+h), x+h〉+〈c, x+h〉+α = Q(x)+〈Dx+c, h〉+

1

2
〈Dh, h〉

(2.4.1)

f âûïóêëà íà Ω0, åñëè ∀x0, x1 ∈ Ω0 ∀t ∈ [0, 1]

Ëåììà 2.4.1 Êâàäðàòè÷íàÿ ôóíêöèÿ Q(x) = 1
2 〈Dx, x〉 + 〈c, x〉 + α,

DT = D, ÿâëÿåòñÿ âûïóêëîé íà RN ⇔ D íåîòðèöàòåëüíî îïðåäåëåíà,

ò. å. 〈Dh, h〉 ≥ 0 ∀h ∈ RN .

Äîêàçàòåëüñòâî.

∀x1, x0 ∈ RN Q(x1)−Q(x0)−
〈
Q
′(x0), x1 − x0

〉
=

1

2
〈D(x1 − x0), x1 − x0〉

(ïî (2.4.1) èç �1).
Åñëè Q âûïóêëà, òî 〈D(x1 − x0), x1 − x0〉 ≥ 0,
Åñëè D íåîòðèöàòåëüíî îïðåäåëåíà, òî 〈D(x1 − x0), x1 − x0〉 ≥ 0 ⇒ Q
âûïóêëà ïî êðèòåðèþ.

×òî è òðåáîâàëîñü äîêàçàòü.
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2.5 Êðèòåðèé îïòèìàëüíîñòè

äëÿ çàäà÷è íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ ñ âûïóêëîé

äèôôåðåíöèðóåìîé öåëåâîé

ôóíêöèåé è ëèíåéíûìè

îãðàíè÷åíèÿìè. ×àñòíûå ñëó÷àè

f(x) → inf (2.5.1)

A[M1, N × x[N] ≥ b[M1]

A[M2, N × x[N] ≥ b[M2]

x[N1] ≥ O[N1]

Ïðåäïîëîæèì, ÷òî f âûïóêëà è äèôôåðåíöèðóåìà.

Òåîðåìà 2.5.1 x∗ � îïòèìàëüíûé ïëàí çàäà÷è (2.5.1) ⇔

⇔ ∃u∗ = u∗[M] :
〈
f
′(x∗), x∗

〉
= 〈b, u∗〉 , u∗[M] × A[M,N1] ≤ f

′(x∗)[N1]

u∗[M] × A[M,N2] = f
′(x∗)[N2]

u∗[M1] ≥ O[M1]

Äîêàçàòåëüñòâî.

⇒: Äîêàçàíî â �1.

⇐:
(!) f(x) − f(x∗) ≥ 0

f(x) − f(x∗)
(2.3.2)
≥

〈
f
′(x∗), (x − x∗)

〉
=
〈
f
′(x∗), x

〉
−

−
〈
f
′(x∗), x∗

〉 N=N1∪N2
≥ 〈u∗A, x〉 − 〈b, u∗〉 =

= 〈u∗, Ax − b〉
M=M1∪M2

≥ 0

×òî è òðåáîâàëîñü äîêàçàòü.

×àñòíûå ñëó÷àè: I.

f(x) → inf (2.5.2)

A[M,N] × x[N] = b[M]

Òåîðåìà 2.5.2 x∗ � îïòèìàëüíûé ïëàí (2.5.2) ñ âûïóêëîé

äèôôåðåíöèðóåìîé f ⇔ ∃u∗ : f′(x∗) = u∗A.

Äîêàçàòåëüñòâî.

⇒: Äîêàçàíî â �1.

⇐:

f(x) − f(x∗)
(2.3.2)
≥

〈
f
′(x∗), x − x∗

〉
=

〈u∗A, x − x∗〉 = 〈u∗, (Ax − b)︸ ︷︷ ︸
=0

+ (b − Ax∗)︸ ︷︷ ︸
=0

〉 = 0

×òî è òðåáîâàëîñü äîêàçàòü.

II.

f(x) → inf (2.5.3)

A[M1, N] × x[N] ≥ b[M1]

A[M2, N] × x[N] ≥ b[M2]

Òåîðåìà 2.5.3 x∗ � îïòèìàëüíûé ïëàí (2.5.3) ñ âûïóêëîé
äèôôåðåíöèðóåìîé ôóíêöèåé f ⇔

⇔ ∃u∗ = u∗[M] : f′(x∗) = u∗A,

(A[i,M] × x∗[N] − b[i])u∗[i] = 0, i ∈ M1,

u∗[M1] ≥ O[M1].

Äîêàçàòåëüñòâî.

⇒: Äîêàçàíî â �1.

⇐:

f(x) − f(x∗) ≥
〈
f
′(x∗), x − x∗

〉
=

= 〈u∗, (Ax−b)+ (b − Ax∗)︸ ︷︷ ︸
=0 èç óñë. äîï-ñòè.

〉 = 〈u∗, Ax − b〉
M=M1∪M2

≥ 0

×òî è òðåáîâàëîñü äîêàçàòü.
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2.6 Ïðîåêòèðîâàíèå òî÷êè íà

ïîäïðîñòðàíñòâî
Ïðèìåð 2.6.1 (Ïðîåêòèðîâàíèå òî÷êè íà ïîäïðîñòðàíñòâî)

Ïóñòü A = A[M,N] � ìàòðèöà ñ ËÍÇ ñòðîêàìè, c ∈ RN �
ôèêñèðîâàíà.

‖x − c‖ → inf

A[M,N] × x[N] = O[M]

[Çäåñü ‖ · ‖ � åâêëèäîâà íîðìà.]

<-!-ÐÈÑÓÍÎÊ-!->

Ýêâèâàëåíòíàÿ çàäà÷à: [íå â ñìûñëå îïðåäåëåíèÿ 1.1.1, à èç-çà ðàâåíñòâà
òî÷êè ìèíèìóìà.]

Q(x) =
1

2
‖x − c‖2 → inf

Ax = O

1

2
‖x − c‖2 =

1

2
〈x − c, x − c〉 =

1

2
〈Ex, x〉 − 〈c, x〉 +

1

2
‖c‖2

Q(x) � êâàäð. ôóíêöèÿ ñ íåîòðèöàòåëüíî îïðåäåëåííîé ìàòðèöåé E ⇒ Q

âûïóêëà íà RN,Q′(x) = x − c
Êðèòåðèé îïòèìàëüíîñòè:

{
x − c = uA

Ax = O

uA = A
T
u; | × A ñëåâà

Ax︸︷︷︸
=O

−Ac = AA
T
u ⇒ (AAT )u = −Ac

Îáðàòèìà ëè AAT ?

Ðàññìîòðèì ÎÑËÓ (AAT )v = 0. Ïóñòü v0 � ðåøåíèå ⇒

0 =
〈
AA

T
v0, v0

〉
=
〈
A
T
v0, A

T
v0
〉

=
∥∥∥AT v0∥∥∥2 ⇒ A

T
v0 = O

Ëèíåéíàÿ êîìáèíàöèÿ ñòîëáöîâ AT (ñòðîê A) äàåò O. Çíà÷èò, v0 = O;
AAT � íåâûðîæäåííàÿ ìàòðèöà.

2.7 Ñâîéñòâà ìàòðèöû

îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ
P = E − A

T (AAT )−1
A � ìàòðèöà îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ

Ëåììà 2.7.1 (ñâîéñòâà ìàòðèöû P).

1. PAT = O, PP = P.

2. P ñèììåòðè÷íà, íåîòðèöàòåëüíî îïðåäåëåíà.

3. rank P = |N| − |M|.

Äîêàçàòåëüñòâî.

1.
PA

T = EA
T − A

T (AAT )−1
AA

T = O

PP = PE − PA
T (AAT )−1

A = PE − O(AAT︸ ︷︷ ︸
ñèìì.

)−1
A = P

2.

P
T = (E − A

T (AAT )−1
A)T = E

T − A
T [(AAT )−1](AT )T = P

∀x ∈ RN 〈Px, x〉 = 〈PPx, x〉 = 〈Px, Px〉 ≥ 0

3. Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó óðàâíåíèé

Px = O (2.7.1)

PAT = O ⇒ ∃ êàê ìèíèìóì |M| ëèí. íåçàâèñèìûõ ðåøåíèé
(2.7.1) (ñòðîêè ìàòðèöû A)
Ïóñòü x0 � äðóãîå ðåøåíèå (2.7.1).

O = Px0 = x0−A
T (AAT )−1

Ax0 = x0−A
T
v ⇒ x0 = A

T
v � ëèíåéíàÿ êîìáèíàöèÿ ñòðîê A

dim {x | Px = O} = |M|

Ïî òåîðåìå èç àëãåáðû dim {x | Px = O} = |N| − rank P .

×òî è òðåáîâàëîñü äîêàçàòü.
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2.8 Ïðîåêòèðîâàíèå òî÷êè íà

ñòàíäàðòíûé ñèìïëåêñ
Ïðèìåð 2.8.1 Ïðîåêòèðîâàíèå òî÷êè íà ñòàíäàðòíûé ñèìïëåêñ

x = (x1, x2, . . . , xn)

1

2
‖x − c‖2 → inf

n∑
j=1

xj = 1

xj ≥ 0, j ∈ 1 : n

A =


1 1 . . . 1
1 0 . . . 0
0 1 . . . 0
. . . . . .
0 0 . . . 1


∣∣∣∣∣
λ
u1
u2
.
.
.
un

(n + 1) ñòðîêà, n ñòîëáöîâ

Êðèòåðèé îïòèìàëüíîñòè:

xj − cj = λ + uj, j ∈ 1 : n

xjuj = 0, j ∈ 1 : n

uj ≥ 0, j ∈ 1 : n

λ + cj = xj − uj

|λ + cj | = |xj − uj | = xj + uj,

òàê êàê ëèáî xj = 0, uj ≥ 0, ëèáî xj ≥ 0, uj = 0

xj =
λ + cj + |λ + cj |

2

Îáîçíà÷èì t+ = t+|t|
2 ; xj = (λ + cj)+, j ∈ 1 : n

n∑
j=1

xj = 1

ϕ(λ) =
n∑
j=1

(λ + cj)+ = 1

Ïåðåóïîðÿäî÷èì ïîñëåäîâàòåëüíîñòü
{
−cj

}
ïî íåóáûâàíèþ;

ïîëó÷èì ïîñëåäîâàòåëüíîñòü
{
aj

}
: a1 ≤ a2 ≤ · · · ≤ an

ϕ(λ) =
n∑
j=1

(λ − aj)+

ϕ(λ) � íåïðåðûâíàÿ âûïóêëàÿ ëîìàíàÿ, ìîíîòîííî âîçðàñòàåò ïðè λ ≥ a1
îò 0 äî +∞ ⇒
⇒ ϕ(λ) = 1 èìååò åäèíñòâåííîå ðåøåíèå λ∗

λ ≤ a1 : ϕ(λ) = 0

λ ∈ [ak, ak+1] : ϕ(λ) =
k∑
j=1

(λ − aj) = kλ − sk, sk =
k∑
j=1

aj

λ ≥ an : ϕ(λ) = nλ − sn

ϕk := ϕ(ak), k ∈ 1 : n; ϕk = kak − sk

λ ∈ [ak, ak+1] : ϕ(λ) = ϕk + k(λ − ak)

λ ≥ an : ϕ(λ) = ϕn + n(λ − an)

ϕ1 = 0; ϕk+1 = ϕk + k(ak+1 − ak), k ∈ 1 : n − 1 (2.8.1)

Êàê èñêàòü λ∗? Åñëè ϕk < 1 ≤ ϕk+1 ïðè íåêîòîðîì k, òî

λ∗ = ak +
1 − ϕk

k
(2.8.2)

Åñëè ϕn < 1, òî

λ∗ = an +
1 − ϕn

n
(2.8.3)

Îêîí÷àòåëüíî:
x
∗
j = (λ∗ + cj)+ (2.8.4)

Àëãîðèòì:

1. Ïåðåóïîðÿäî÷èâàåì
{
−cj

}
−→

{
aj

}
: a1 ≤ a2 ≤ · · · ≤ an.

2. Ïîñëåäîâàòåëüíî âû÷èñëÿåì ϕ2, ϕ3, . . . ïî (2.8.1) äî òåõ ïîð, ïîêà
íå ϕk < 1 ≤ ϕk+1, è âû÷èñëÿåì λ∗ ïî ôîðìóëå (2.8.2).

3. Åñëè ϕn < 1, òî âû÷èñëÿåì λ∗ ïî ôîðìóëå (2.8.3).

4. Âû÷èñëÿåì x∗j ïî ôîðìóëå (2.8.4).
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2.9 Êâàäðàòè÷íîå

ïðîãðàììèðîâàíèå

Q(x) :=
1

2
〈Dx, x〉 + 〈c, x〉 → inf (2.9.1)

Ω

A[M1, N] × x[N] ≥ b[M1]
A[M2, N] × x[N] = b[M2]

x[N1] ≥ O[N1]

D ñèììåòðè÷íà, íåîòðèöàòåëüíî îïðåäåëåíà (⇒ Q âûïóêëà)

Òåîðåìà 2.9.1 (òåîðåìà ñóùåñòâîâàíèÿ).
Çàäà÷à (2.9.1) èìååò ðåøåíèå ⇐⇒ Ω 6= ∅ è infx∈Ω Q(x) > −∞.

Ëåììà 2.9.1 Ëèíåéíàÿ ñèñòåìà Ax = b ñîâìåñòíà ⇐⇒ ëþáîå
ðåøåíèå v îäíîðîäíîé ñèñòåìû vA = O îðòîãîíàëüíî b, ò.å. 〈b, v〉 = 0.

Áåç äîêàçàòåëüñòâà (ôàêò èç àëãåáðû).

Q(x) :=
1

2
〈Dx, x〉 + 〈c, x〉 → inf (2.9.2)

ω : A[M,N] × x[N] = b[M]

Ïî òåîðåìå Ëàãðàíæà 2.2.2

x∗ � îïòèìàëüíûé ïëàí ⇐⇒ ∃u∗ Dx∗ + c = A
T
u∗

Ëåììà 2.9.2 Çàäà÷à (2.9.2) èìååò ðåøåíèå, åñëè ω 6= ∅ è
infx∈ω Q(x) > −∞.

Äîêàçàòåëüñòâî.
Îò ïðîòèâíîãî. Ïóñòü ðåøåíèÿ íåò.

Òîãäà íåñîâìåñòíà ñèñòåìà

{
Dx − AT u = −c

−Ax = −b
⇒

⇒ ∃v = v[N] è λ = λ[M] :

vD − λA = O, Av = O
〈c, v〉 + 〈b, λ〉 6= 0 (2.9.3)

Çàôèêñèðóåì x0 ∈ ω.
Ðàññìîòðèì xt = x0 + tv. xt ∈ ω ∀t ∈ R.

Q(xt)−Q(x0) = t〈Dx0+c, v〉+
1

2
t
2〈Dv, v〉 = t〈Dx0, v〉+t〈c, v〉+

1

2
t
2〈λA, v〉 =

= t〈c, v〉 + t〈x0, Dv〉 +
1

2
t
2〈λ,Av〉 = t〈c, v〉 + t〈x0, λA〉 =

= t(〈c, v〉 + 〈Ax0, λ〉) = t(〈c, v〉 + 〈b, λ〉)

Çíà÷èò, Q íå îãðàíè÷åíà ñíèçó íà ω. Ïðîòèâîðå÷èå. (2.9.2) èìååò ðåøåíèå.

×òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 2.9.2 (êðèòåðèé îïòèìàëüíîñòè)
x∗ ∈ Ω � îïòèìàëüíûé ïëàí (2.10.1) ⇔ ∃u∗ = u∗[M]

〈b, u∗〉 = 〈Dx∗ + c, x∗〉 (2.9.4)

−x∗[N] ×D[N,N1] + u∗[M] × A[M,N1] ≤ c[N1]

−x∗[N] ×D[N,N2] + u∗[M] × A[M,N2] = c[N2]

u∗[M1] ≥ O[M1]

Äîêàçàòåëüñòâî.
Ïåðåôîðìóëèðîâêà îáùåé òåîðåìû 2.2.1.

Q
′(x∗) = Dx∗ + c, D = D

T

×òî è òðåáîâàëîñü äîêàçàòü.

Ïåðåïèøåì (2.9.4):

1

2
〈Dx∗, x∗〉 + 〈c, x∗〉︸ ︷︷ ︸

Q(x∗)

= −
1

2
〈Dx∗, x∗〉 + 〈b, u∗〉︸ ︷︷ ︸

q(x∗,u∗)

Ââåäåì G � ìíîæåñòâî ïàð z = {v, u}:

−v[N] ×D[N,N1] + u[M] × A[M,N1] ≤ c[N1]

−v[N] ×D[N,N2] + u[M] × A[M,N2] = c[N2]

u[M1] ≥ O[M1]

Êðèòåðèé îïòèìàëüíîñòè:
x∗ ∈ Ω � îïòèìàëåí ⇔ ∃u∗ : z∗ := {x∗, u∗} ∈ G è Q(x∗) = q(z∗).

Ëåììà 2.9.3
∀x ∈ Ω, ∀z ∈ G

Q(x) ≥ q(z)

q(z) = −
1

2
〈Dv, v〉 + 〈b, u〉

Äîêàçàòåëüñòâî.

〈b, u〉
M=M1∪M2

≤ 〈Ax, u〉 = 〈uA, x〉
N=N1∪N2

≤ 〈Dv + c, x〉 = 〈c, x〉+〈Dv, x〉
(2.9.5)

D � íåîòðèöàòåëüíî îïðåäåëåíà ⇒

0 ≤
1

2
〈D(v − x), v − x〉 =

1

2
〈Dv, v〉 +

1

2
〈Dx, x〉 − 〈Dv, x〉

Ïîäñòàâèì â (2.9.5) � ïîëó÷àåì òðåáóåìîå.

×òî è òðåáîâàëîñü äîêàçàòü.

x∗ � îïòèìàëüíûé ïëàí ⇒ ∃u∗ : z∗ = {x∗, u∗} ∈ G è Q(x∗) = q(z∗)
Ïî ëåììå 2.9.3 ∀z ∈ G q(z) ≤ Q(x∗) = q(z∗) � çíà÷èò, ÷òî z∗ � ðåøåíèå
ýêñòðåìàëüíîé çàäà÷è.

q(z) → sup
z∈G

(2.9.6)

(2.9.6) íàç. äâîéñòâåííîé ê (2.10.1)

min
x∈Ω

Q(x) = max
z∈G

q(z) (2.9.7)

Ìîæíî ïîêàçàòü, ÷òî (2.9.6) ⇒ (2.10.1).

Òåîðåìà 2.9.3 (1-ÿ òåîðåìà äâîéñòâåííîñòè)
Åñëè îäíà èç ïàðû äâîéñòâåííûõ çàäà÷ (2.10.1), (2.9.6) èìååò
ðåøåíèå, òî èìååò ðåøåíèå è âòîðàÿ, ïðè ýòîì âûïîëíåíî (2.9.7).
Êàê è â ëèíåéíîì ñëó÷àå, ìîæíî äîêàçàòü êðèòåðèé ñîâìåñòíîé
ðàçðåøèìîñòè è âòîðóþ òåîðåìó äâîéñòâåííîñòè.
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2.10 Òåîðåìà ñóùåñòâîâàíèÿ

äëÿ çàäà÷è êâàäðàòè÷íîãî

ïðîãðàììèðîâàíèÿ

Q(x) =
1

2
〈Dx, x〉 + 〈c, x〉 → inf (2.10.1)

Ω


A[M1, N] × x[N] ≥ b[M1]
A[M2, N] × x[N] = b[M2]
x[N1] ≥ O[N]

Çäåñü D = DT , íåîòðèöàòåëüíî îïðåäåëåíà.

Òåîðåìà 2.10.1 Çàäà÷à (2.10.1) èìååò ðåøåíèå ⇔ Ω 6= ∅ è Q(x)
îãðàíè÷åíà ñíèçó íà Ω.

Äîêàçàòåëüñòâî.

Â[T,N] × x[N] ≥ b̂[T ], ãäå

Â =


A[M1, N]
A[M2, N]
−A[M2, N]
E[N1, N]

 b̂ =


b[M1]
b[M2]
−b[M2]
O[N1]


∆(x)[T ] = Â[T,N] × x[N] − b̂[T ]

Äëÿ γ ⊂ T :

Ω(γ) =

{
x ∈ RN :

∆(x)[γ] = O[γ]

∆(x)[T \ γ] > O[T \ γ]

}

� ãðàíü (ñëó÷àé γ = ∅ íå èñêëþ÷àåòñÿ).

Γ = {γ ⊂ T : Ω(γ) 6= ∅}

Ω(γ) ⊂ Ω ∀γ ∈ Γ

Ω(γ) ∩ Ω(γ′) = ∅ ïðè γ 6= γ
′

Ω =
⋃
γ∈Γ

Ω(γ) ⇒

α := inf
x∈Ω

Q(x) = min
γ∈Γ

inf
x∈Ω

(γ)Q(x) (2.10.2)

γ∗ � ìíîæåñòâî, íà êîòîðîì äîñòèãàåòñÿ min â (2.10.2) ñ íàèáîëüøèì
êîëè÷åñòâîì ýëåìåíòîâ.

inf
x∈Ω(γ∗)

Q(x) = α (2.10.3)

Îáîçíà÷èì ∂Ω(γ∗) =
⋃

γ⊃γ∗
γ 6=γ∗

Ω(γ) � îòíîñèòåëüíàÿ ãðàíèöà ãðàíè.

I. Ïóñòü ∂Ω(γ∗) 6= ∅

α := inf
x∈∂Ω(γ∗)

Q(x) > α (2.10.4)

Â ÷àñòíîñòè,

∃x0 ∈ Ω(γ∗) : Q(x0) < α
′

(2.10.5)

Ââåäåì ìíîæåñòâî ω∗ =
{
x ∈ RN : ∆(x)[γ∗] = O

}
ω∗ � àôôèííàÿ

îáîëî÷êà ãðàíè Ω(ω∗)
Ïîêàæåì, ÷òî

Q(x) > α
′ ∀x ∈ ω∗ \ Ω (2.10.6)

Ôèêñèðóåì x1 ∈ ω∗ \ Ω ⇒ ∆(x)[i] < 0 ïðè íåêîòîðûõ i ∈ T

xt = x0 + t(x1 − x0)

∃t : xt ∈ ∂Ω(γ∗) ?

∆(xt) = ∆(x0) + t(∆(x1) −∆(x0))

Ïîëîæèì

t = min
{i∈T\γ∗:∆(x1)[i]<0}

∆(x0)[i]

∆(x0)[i] −∆(x1)[i]
(2.10.7)

t ∈ (0; 1), ∆(xt)[i0] = 0,

ãäå i0 � èíäåêñ, íà êîòîðîì äîñòèãàåòñÿ ìèíèìóì â (2.10.7)
Â öåëîì: ∆(x0) ≥ O

xt ∈ ω∗ ⇒ xt ∈ ∂Ω(γ∗)

îïðåäåëåíèå α
′

âûïóêëîñòü Q

íåðàâåíñòâî (2.10.5)

 ⇒

⇒ α
′ ≤ Q(xt) ≤ tQ(x1) + (1 − t)Q(x0) < tQ(x1) + (1 − t)α′

⇒ Q(x1) > α
′ ⇒ (2.10.6)

ω∗ = (ω∗ \ Ω) ∪ (ω∗ ∩ Ω) = (ω∗ \ Ω) ∪ Ω(γ∗) ∪ ∂Ω(γ∗)

ñë., ïî (2.10.3), (2.10.4), (2.10.6) ⇒

inf
x∈ω∗

Q(x) = α (2.10.8)

Ïî ëåììå 2.9.2 inf â (2.10.8) äîñòèãàåòñÿ, ò. å. ∃x∗ ∈ ω∗ : Q(x∗) = α. Â
ñèëó (2.10.4) è (2.10.6) x∗ ∈ Ω(γ∗) ⊂ Ω. Â ñëó÷àå ∂Ω(γ∗) 6= ∅ òåîðåìà
äîêàçàíà.
II. Ïóñòü ∂Ω(γ∗) = ∅. Íåòðóäíî ïîêàçàòü, ÷òî

ω∗ = Ω(γ∗)

⇒ èç (2.10.3) è ëåììû 2.9.2 ñëåäóåò ðàçðåøèìîñòü çàäà÷è (2.10.1)

×òî è òðåáîâàëîñü äîêàçàòü.
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2.11 Îñíîâíàÿ ëåììà íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ
ai(x) = 0, i ∈ I (2.11.1)

Ïóñòü x0 ∈ Rn óäîâëåòâîðÿåò ñèñòåìå (2.11.1)

Ëåììà 2.11.1 (îñíîâíàÿ íåëèíåéíîãî ïðîãðàììèðîâàíèÿ)
Ïóñòü ôóíêöèè ai, i ∈ I, íåïðåðûâíî äèôôåðåíöèðóåìû â îêðåñòíîñòè

x0 è a′i(x0), i ∈ I � ëèíåéíî íåçàâèñèìû. (Óñëîâèå ðåãóëÿðíîñòè).
Òîãäà
∀g0 6= O :

〈
g0, a

′
i(x0)

〉
= 0, i ∈ I ∃x = x(t) � êðèâàÿ, íåïðåðûâíî

äèôôåðåíöèðóåìàÿ â îêðåñòíîñòè òî÷êè t = 0 è óäîâëåòâîðÿþùàÿ:

x(0) = x0

x
′(0) = g0

ai(x(t)) = 0, t ∈ (−δ, δ), ∀i ∈ I (2.11.2)

<-!-ÐÈÑÓÍÎÊ-!->

Äîêàçàòåëüñòâî.
Àíàëèç: ïóñòü x(t) ñóùåñòâóåò.

A(x) =
{
ai(x)

}
i ∈ I

A
′(x) =

{
a
′
i(x)

}
i
∈ I � ìàòðèöà ßêîáè

Ïî öåïíîìó ïðàâèëó: [
ai(x(t))

]′ =
〈
a
′
i(x(t)), x

′(t)
〉

Äëÿ ìàòðèöû:

[A(x(t))]′ = A
′(x(t))x′(t) (2.11.3)

(2.11.2) :

[
ai(x(t))

]′ = 0

x(0) = x0

}
t ∈ (−δ, δ) (3′)

(3') ⇒ (2.11.2) ?
Ïî òåîðåìå î ñðåäíåì

ai(x(t)) = ai(x(0)) +
〈
a
′
i(x(τi)), x

′(τi)
〉

︸ ︷︷ ︸
=0 ïî (3')

> t

τ � êàêàÿ-òî ñðåäíÿÿ òî÷êà (0; t) ïðè t ∈ (−δ, δ)

x(0) = x0, a(x0) = 0

ñë. ai(x(t)) = 0 ïðè t ∈ (−δ, δ)
ñë. (3') ⇒ (2.11.2)

A
′(x0)g0 = O

a
′
i(x) � ëèíåéíî íåçàâèñèìû ⇒ rankA

′(x0) = |I|

⇒ ∃J ⊂ N : |J| = |I|, A′(x0)[I, J] � êâàäðàòíàÿ, íåîñîáàÿ

A
′(x0)[I, J] × g0[J] + A

′(x0)[I, N ⊂ J] × g0[N ⊂ J] = O

⇒ g0[J] = −(A′(x0)[I, J])−1 × A
′(x0)[I, N \ J] × g0[N \ J] (2.11.4)

(3′) = A
′(x)[I, J] × x

′[J] + A
′(x)[I, N \ J] × x

′[N \ J] = O[I]

x
′(t)[N \ J] = g[N \ J]{

x
′(t)[J] = −(A′(x)[I, J])−1

A
′(x)[I, N \ J] × g0[N \ J]

x(0) = x0
(2.11.5)

Ïðàâàÿ ÷àñòü íåïðåðûâíà â îêðåñòíîñòè íà÷àëüíîãî ïðèáëèæåíèÿ (0, x0).
Ïðè x = x0 ìàòðèöà A′(x0)[I, J] � îáðàòèìà ⇒ det(A′(x)[I, J]) �

îòëè÷åí îò íóëÿ â îêðåñòíîñòè òî÷êè x0. Ñë., (A′(x)[I, J])−1 íåïðåðûâíà
â îêðåñòíîñòè òî÷êè x0. Ïî òåîðåìå Ïåàíî (2.11.5) èìååò ðåøåíèå â
îêðåñòíîñòè òî÷êè t = 0. Ïîêàæåì, ÷òî ýòî òðåáóåìàÿ êðèâàÿ.
(2.11.5) ⇒ (3′) (âìåñòî g0[N \ J] ïîäñòàâèì x′(t)[N \ J]).

x
′(0) = g0(?)

Â (2.11.5) ïîäñòàâèì t = 0:

x
′(0)[N \ J] = g0[N \ J]

x
′(0)[J] = g0[J]

 ⇒ x
′(0) = g0

×òî è òðåáîâàëîñü äîêàçàòü.

2.12 Òåîðåìà Êóíà�Òàêêåðà â

äèôôåðåíöèàëüíîé ôîðìå

f(x) → inf (2.12.1)

Ω


ai(x) ≥ 0, i ∈ M1
ai(x) = 0, i ∈ M2

x ∈ U ⊂ RN

U � îòêðûòîå ìíîæåñòâî. f, ai ∈ C
(1)(U)

x ∈ Ω : M1(x) =
{
i ∈ M1|ai(x) = 0

}
I(x) = M1(x) ∪M2 � ìíîæåñòâî èíäåêñîâ àêòèâíûõ îãðàíè÷åíèé.

<-!-ÐÈÑÓÍÎÊ-!->

ai(x) > 0, i ∈ M \ I(x) = M1 \M1(x)

Îïðåäåëåíèå 2.12.1 x∗ ∈ Ω íàç. òî÷êîé ëîêàëüíîãî ìèíèìóìà.

∃δ > 0 : f(x) ≥ f(x∗) ∀x ∈ Ω ∩ Uδ(x∗)

Uδ(x∗) = {x : ‖x − x∗‖ < δ}

Òåîðåìà 2.12.1 (Êóíà - Òàêêåðà) x∗ ∈ Ω � òî÷êà ëîêàëüíîãî

ìèíèìóìà â çàäà÷å (2.12.1) è îãðàíè÷åíèÿ â íåé ðåãóëÿðíû. (a′i(x∗) ËÍÇ
ïðè i ∈ I(x∗)).

⇒ ∃u∗ = u∗[I(x∗)]

f
′(x∗) =

∑
i∈I(x∗)

u∗[i]a′i(x∗) (2.12.2)

u∗[i] ≥ 0, i ∈ M1(x∗) (2.12.3)

Äîêàçàòåëüñòâî.
M1(x∗) 6= ∅ (èíà÷å òîëüêî ïðîùå).
Îò ïðîòèâíîãî:
(2.12.2), (2.12.3) � ëèíåéíàÿ ñèñòåìà îòíîñèòåëüíî u∗. Åñëè îíà íå
ñîâìåñòíà, òî ∃g0 :

〈
a
′
i(x∗), g0

〉
≥ 0, i ∈ M1(x∗)〈

a
′
i(x∗), g0

〉
= 0, i ∈ M2〈

f
′(x∗), g0

〉
< 0 (2.12.4)

g0 v −u0

I0(x∗) =
{
i ∈ I(x∗) :

〈
a
′
i(x∗), g0

〉
= 0

}
M2 ⊂ I0(x∗) ⊂ I(x∗)

⇒
〈
a
′
i(x∗), g0

〉
> 0 ïðè i ∈ I(x∗) \ I0(x∗) (2.12.5)

ai(x) = 0, i ∈ I0(x∗) (2.12.6)

x∗ óäîâëåòâîðÿåò (2.12.6), ai(x) íåïðåðûâíî äèôôåðåíöèðóåìà â
îêðåñòíîñòè x∗.

a
′
i(x∗) i ∈ I0(x0), ËÍÇ [I0(x∗) ⊂ I0(x0)]

〈
a
′
i(x∗), g0

〉
= 0, i ∈ I0(x∗) [q0 6= O â ñèëó (2.12.4)]

Ïî îñíîâíîé ëåììå íåëèíåéíîãî ïðîãðàììèðîâàíèÿ x = x(t), ãëàäêàÿ â
îêðåñòíîñòè t = 0.

x(0) = x∗, x
′(0) = g0, ai(x(t)) = 0, i ∈ I0(x∗), t ∈ (−δ, δ)

x(t) ∈ Ω ïðè ìàëûõ t > 0(?)

Íà I0(x∗) îïðåäåëåíèå âûïîëíåíî êàê ðàâåíñòâî. i ∈ I(x).
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i ∈ I0(x∗) � îãðàíè÷åíèÿ âûïîëíåíû êàê ðàâåíñòâà
i ∈ I(x∗) \ I0(x∗) :

ai(x(t)) = ai(x(0)) + 〈a′i(x(0)), x
′(0)〉t + o(t) =

= ai(x∗)︸ ︷︷ ︸
=0

+〈a′i(x∗), g0〉t + o(t) = 〈a′i(x∗), g0〉t + o(t) =

= t
[
〈a′i(x∗), g0〉︸ ︷︷ ︸
>0 ïî (2.12.5)

+
o(t)

t

]
> 0 ïðè ìàëûõ t > 0

i ∈ M \ I(x∗) :

ai(x∗) > 0︸ ︷︷ ︸
x(0)=x∗

⇒ ai(x(t)) > 0

Èòàê, x(t) ∈ Ω ïðè ìàëûõ t > 0.

f(x(t)) = f(x(0)︸ ︷︷ ︸
=x∗

) + 〈f′(x(0)), x′(0)︸ ︷︷ ︸
=g0

〉 + o(t) =

= f(x∗) + t
[
〈f′(x∗), g0〉︸ ︷︷ ︸
<0 ïî (2.12.4)

+
o(t)

t

]
< f(x∗) ïðè ìàëûõ t > 0

Ýòî ïðîòèâîðå÷èò òîìó, ÷òî x∗ � òî÷êà ëîêàëüíîãî ìèíèìóìà.

×òî è òðåáîâàëîñü äîêàçàòü.

Çàìå÷àíèå 2.12.1 Óñëîâèÿ Êóíà-Òàêêåðà (2.12.2), (2.12.3) ⇐⇒

⇐⇒ ∃u∗ = u∗[M] : f
′(x∗) =

∑
i∈M

u∗[i]a′i(x∗), (2.12.7)

u∗[i]ai(x∗) = 0, u∗[i] ≥ 0, i ∈ M1

(2.12.2), (2.12.3) ⇒ u∗[i] = 0, i ∈ M \ I(x∗) = M1 \M1(x∗) ⇒

⇒ (2.12.7), òàê êàê M1 = M1(x∗)︸ ︷︷ ︸
çäåñü ai=0

∪ (M1 \M1(x∗))︸ ︷︷ ︸
çäåñü u∗[i]=0

(2.12.7) ⇒ u∗[i] = 0 ïðè i ∈ M\I(x∗) = M1\M1(x∗) â ñèëó óñëîâèÿ äîïîëíèòåëüíîñòè ⇒ (2.12.2), (2.12.3)

L(x, u) = f(x) −
∑
i∈M

u[i]ai(x) � ôóíêöèÿ Ëàãðàíæà

Ïåðâîå èç óñëîâèé (2.12.7): L′x(x∗, u∗) = O

2.13 Ïðèìåð çàäà÷è íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ, â

åäèíñòâåííîì ðåøåíèè

êîòîðîé íå âûïîëíÿåòñÿ

óñëîâèå Êóíà�Òàêêåðà
Ïðèìåð 2.13.1

Ω ⊂ R2 :

{
a1(x) := x31 − x2 ≥ 0
a2(x) := −x41 + x2 ≥ 0

<-!-ÐÈÑÓÍÎÊ-!->

f1(x) := x1 → inf

x ∈ Ω

Åäèíñòâåííîå ðåøåíèå: x∗ = (0, 0)
I(x∗) = {1, 2}

f
′
1(x) = (1, 0); f

′
1(x∗) = (1, 0)

a
′
1(x) = (3x21,−1); a

′
1(x∗) = (0,−1)

a
′
2(x) = (−4x31, 1); a

′
2(x∗) = (0, 1)

f′1(x∗) = u∗1a
′
1(x∗) + u∗2a

′
2(x∗) íå âûïîëíÿåòñÿ íè ïðè êàêèõ Ui (ñì.

ïåðâóþ êîìïîíåíòó)
Ïðè÷èíà: îãðàíè÷åíèÿ â x∗ íåðåãóëÿðíû (ãðàäèåíòû ëèíåéíî çàâèñèìû).

f2(x) := x2 → inf

x ∈ Ω

Åäèíñòâåííîå ðåøåíèå: x∗ = (0, 0)

f
′
2(x∗) = (0, 1); ai òå æå

f
′
2(x∗) = a

′
2(x∗), u

∗
1 = 0, u∗2 = 1 ⇒

⇒ óñëîâèÿ Êóíà-Òàêêåðà âûïîëíåíû

26

--- downloaded from www.POFIGIST.ru --- THNX to Bogatov Alexey && Authors ---



2.14 Òåîðåìà î äîñòàòî÷íîñòè

óñëîâèé Êóíà�Òàêêåðà.

Ïðèìåð
f(x) → inf (2.14.1)

Ω

ai(x) ≥ 0, i ∈ M1
ai(x) = 0, i ∈ M2

x ∈ U

U ∈ RN � îòêðûòîå ìíîæåñòâî

Îïðåäåëåíèå 2.14.1 x∗ ∈ Ω � òî÷êà ñòðîãîãî ëîêàëüíîãî ìèíèìóìà:

∃δ > 0 : f(x) > f(x∗) x ∈ Ω ∩ U̇δ(x∗).

Ïðåäïîëîæèì, ÷òî â òî÷êå x∗ ∈ Ω âûïîëíåíû óñëîâèÿ Êóíà-Òàêêåðà:

∃u∗ = u∗[M] : f
′(x∗) =

∑
i∈M

u∗[i]a′i(x∗),

u∗[i]ai(x∗) = 0, u∗[i] ≥ 0, i ∈ M1

M
+
1 (x∗) := {i ∈ M1(x∗) | u∗[i] > 0}

I
+(x∗) := M

+
1 (x∗) ∪M2

<-!-ÐÈÑÓÍÎÊ-!->

u∗[i] = 0, i ∈ M1 \ I
+(x∗) = M1 \M

+
1 (x∗) (2.14.2)

Êîíóñ G∗:
〈a′i(x∗), g〉 = 0, i ∈ I+(x∗)

〈a′i(x∗), g〉 ≥ 0, i ∈ I(x∗) \ I+(x∗)

Òåîðåìà 2.14.1 Â òî÷êå x∗ ∈ Ω âûïîëíåíû óñëîâèÿ Êóíà-Òàêêåðà,
G∗ = {O} ⇒ x∗ � òî÷êà ñòðîãîãî ëîêàëüíîãî ìèíèìóìà.

Äîêàçàòåëüñòâî.
Îò ïðîòèâíîãî.

∃
{
yk
}
, yk ∈ Ω, yk 6= x∗, yk → x∗, f(yk) ≤ f(x∗)

yk = x∗ + λkgk, gk =
yk − x∗∥∥yk − x∗

∥∥ , λk =
∥∥yk − x∗

∥∥ ;

∥∥gk∥∥ = 1, λk → +0 Èç
{
gk
}

ìîæíî âûäåëèòü ñõîäÿùóþñÿ
ïîäïîñëåäîâàòåëüíîñòü: Ïóñòü gk → g∗, ‖g∗‖ = 1
(!) g∗ ∈ G∗; ïîëó÷èì ïðîòèâîðå÷èå.
i ∈ M1(x∗):
0≤ ai(yk)︸ ︷︷ ︸

≥0

− ai(x∗)︸ ︷︷ ︸
=0

= 〈a′i(ηk), gk〉λk

i ∈ M2: 0= ai(yk) − ai(x∗) = 〈a′i(ηk), gk〉λk
0≥ f(yk) − f(x∗) = 〈f′(yk), gk〉λk
Äåëèì íà λk > 0, k → +∞:

〈a′i(x∗), g∗〉 ≥ 0, i ∈ M1(x∗)

〈a′i(x∗), g∗〉 = 0, i ∈ M2
〈f′(x∗), g∗〉 ≤ 0

I(x∗) = M1(x∗) ∪M2; I(x∗) \ I+(x∗) = M1(x∗) \M+
1 (x∗)

(!)〈a′i(xi), g∗〉 = 0, i ∈ M+
1 (x∗)

0≥ 〈f′(x∗), g∗〉
(Êóí-Òàêêåð)

=
∑
i∈M u∗[i]〈a′i(x∗), g∗〉 =

(2.14.2)
=

∑
i∈I+(x∗)

u∗[i] 〈a′i(x∗), g∗〉︸ ︷︷ ︸
=0 ïðè i∈M2

=

∑
i∈M+

1 (x∗)
u∗[i]︸ ︷︷ ︸
>0

〈a′i(x∗), g∗〉︸ ︷︷ ︸
≥0

⇒

⇒ 〈a′i(x∗), g∗〉 = 0, i ∈ M+
1 (xk)

g∗ ∈ G∗; ïðîòèâîðå÷èå (èáî g∗ 6= O)

×òî è òðåáîâàëîñü äîêàçàòü.

Ñëåäñòâèå 2.14.1 x∗ ∈ Ω, âûïîëíÿþòñÿ óñëîâèÿ Êóíà-Òàêêåðà,

|I+(x∗)| = |N|, a′i(x∗), i ∈ I+(x∗), ËÍÇ ⇒
⇒ x∗− òî÷êà ñòðîãîãî ëîêàëüíîãî ìèí.

Äîêàçàòåëüñòâî.

G∗ = {O} , ò.ê. 〈a′i(x∗), g〉 = 0, i ∈ I+(x∗) ⇒
⇒ g = O
(Êîëè÷åñòâî óðàâíåíèé ðàâíî ðàçìåðíîñòè g;
â ñèëó ëèí. íåçàâèñèìîñòè ìàòðèöà ñèñòåìû íåîñîáàÿ)

×òî è òðåáîâàëîñü äîêàçàòü.

Ïðèìåð 2.14.1 f(x) = −x1 → inf

a1(x) := x31 − x2 ≥ 0

a2(x) := −x41 + x2 ≥ 0

x ∈ R2

<-!-ÐÈÑÓÍÎÊ-!->

x∗ = (1, 1)− åäèíñòâåííîå ðåøåíèå; I(x∗) = {1, 2}
f′(x∗) = (−1, 0)
a′1(x∗) = (3,−1)

a′2(x∗) = (−4, 1)

<-!-ÐÈÑÓÍÎÊ-!->

f′(x∗) = a′1(x∗) + a′2(x∗); u∗ = (1, 1)︸ ︷︷ ︸
ìíîæèòåëè Ëàãðàíæà

âûïîëíÿþòñÿ óñëîâèÿ Êóíà-Òàêêåðà.

I+(x∗) = {1, 2} , |I+(x∗)| = 2 = |N|
a′1(x∗) è a′2(x∗) ËÍÇ.
Ïî ñëåäñòâèþ x∗ � òî÷êà ñòðîãîãî ëîêàëüíîãî min.
Ãðàäèåíò � íàïðàâëåíèå íàèáîëüøåãî âîçðàñòàíèÿ ôóíêöèè.

G∗ 6= {O}
F ∈ C1(U)
F äâàæäû äèôô. â ò. x ∈ U, åñëè ∃D = D[N,N],
F ′(x + h) = F ′(x) +Dh + o(‖h‖),
O(‖h‖)
‖h‖ → O (h → O)

Íåîáõîäèìî D[i, j] = ∂2F (x)
∂x[i]∂x[j] ; D = F ′′(x)

F ∈ C2(U), åñëè F ′′(x) íåïð. íà U
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2.15 Äîñòàòî÷íîå óñëîâèå

îïòèìàëüíîñòè âòîðîãî

ïîðÿäêà â çàäà÷å íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ

F (x + h) = F (x) + 〈F ′(x), h〉 +
1

2
〈F ′′(x + ϑh)h, h〉 (2.15.1)

Òåîðåìà 2.15.1 x∗ ∈ Ω, âûïîëíåíû óñëîâèÿ Êóíà-Òàêêåðà
(L′(x∗, u∗) = O,
u∗[i]ai(x∗) = 0, u∗[i] ≥ 0, i ∈ M1)
è

〈L′′xx(x∗, u∗)g∗, g∗〉 > 0, g ∈ G∗, g 6= O ⇒ (2.15.2)

⇒ x∗ � òî÷êà ñòðîãîãî ëîê. min.

Äîêàçàòåëüñòâî.
Îò ïðîòèâíîãî.
Ïóñòü ∃

{
yk
}
, yk ∈ Ω, yk 6= x∗, yk → x∗, f(yk) ≤ f(x∗)

yk = x∗ + λkgk, gk → g∗
∥∥gk∥∥ = 1 è ò.ä.

Èçâåñòíî, ÷òî g∗ ∈ G∗, ‖g∗‖ = 1.
Ïî óñëîâèþ òåîðåìû (2.15.2) 〈L′′xx(x∗, u∗)g∗, g∗〉 > 0

(!) 〈L′′xx(x∗, u∗)g∗, g∗〉 ≤ 0
Âìåñòå ñ ýòèì èìååì
L(yk, u∗) − L(x∗, u∗) = f(yk) − f(x∗)︸ ︷︷ ︸

≤0

−

−
∑

i ∈ M︸ ︷︷ ︸
èëèi∈M1

u∗[i]︸ ︷︷ ︸
≥0

(ai(yk)︸ ︷︷ ︸
≥0

−ai(x∗)) ≤ 0

u∗[i]ai(x∗) = 0, i ∈ M1

0 ≥ L(yk, u∗) − L(x∗, u∗)
(2.15.1)

= 〈L′x(x∗, u∗)︸ ︷︷ ︸
=O

, gk〉λk+

+ 1
2 〈L

′′
xx(x∗ + νkλkgk, u∗)gk, gk〉λ

2
k

Äåëèì íà 1
2λk > 0; k → +∞.

〈L′′xx(x∗, u∗)g∗, g∗〉 ≤ 0. Ïðîòèâîðå÷èå (2.15.2).

×òî è òðåáîâàëîñü äîêàçàòü.

2.16 Íåîáõîäèìîå óñëîâèå

îïòèìàëüíîñòè âòîðîãî

ïîðÿäêà â çàäà÷å íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ
f(x) → inf (2.16.1)

Ω

ai(x) ≥ 0, i ∈ M1
ai(x) = 0, i ∈ M2

x ∈ U

U � îòêðûòîå ìíîæåñòâî â RN

f, ai ∈ C
2(U)

Òåîðåìà 2.16.1 x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà, îãðàíè÷åíèÿ
â íåé ðåãóëÿðíû (ãðàäèåíòû àêòèâíûõ îãðàíè÷åíèé ëèíåéíî
íåçàâèñèìû).
Òîãäà âûïîëíÿþòñÿ óñëîâèÿ Êóíà-Òàêêåðà[

∃u∗ : L′x(x∗, u∗) = O, u∗[i]ai(x∗) = 0, u∗[i] ≥ 0, i ∈ M1
]
.

Êðîìå òîãî, âûïîëíÿåòñÿ

〈L′′xx(x∗, u∗)g, g〉 ≥ 0 ∀g ∈ G∗ (2.16.2)

G∗ :
〈a′i(x∗), g〉 = 0, i ∈ I+(x∗)

〈a′i(x∗), g〉 ≥ 0, i ∈ I(x∗) \ I+(x∗)

u∗[i] = 0, i ∈ M \ I+(x∗) (2.16.3)

Äîêàçàòåëüñòâî.
Ôèêñèðóåì g ∈ G∗, g 6= O. Äîêàæåì, ÷òî âûïîëíåíî (2.16.2).

Ig(x∗) =
{
i ∈ I(x∗) | 〈a′i(x∗), g〉 = 0

}
M2 ⊂ I

+(x∗) ⊂ Ig(x∗) ⊂ I(x∗) (2.16.4)

〈a′i(x∗), g〉 > 0, i ∈ I(x∗) \ Ig(x∗) (2.16.5)

Ðàññìîòðèì ñèñòåìó
ai(x) = 0, i ∈ Ig(x∗) (2.16.6)

x∗ óäîâëåòâîðÿåò (2.16.6), a′i(x∗), i ∈ Ig(x∗), ëèíåéíî íåçàâèñèìû
Ïî îñíîâíîé ëåììå íåëèíåéíîãî ïðîãðàììèðîâàíèÿ
∃ ãëàäêàÿ êðèâàÿ x = x(t) :
x(0) = x∗, x′(0) = g∗, ai(x(t)) = 0, i ∈ Ig(x∗), ïðè ìàëûõ t.
Äîêàæåì, ÷òî x(t) ∈ Ω ïðè ìàëûõ t > 0.
Ïðè i ∈ Ig(x∗) � ðàâåíñòâî (â îãðàíè÷åíèÿõ).
Ïðè i ∈ I(x∗) \ Ig(x∗):

ai(x(t)) = ai(x(0))+〈a
′
i(x(0)), x

′(0)〉t+o(t) = t

〈a′i(x∗), g〉︸ ︷︷ ︸
>0

+
o(t)

t

 ïðè ìàëûõ t > 0

(ïîñëåäíåå ðàâåíñòâî � ïðè g := x′(0) è ïîñêîëüêó ai(x∗) = 0)

i ∈ M \ I(x∗) : ai(x∗) > 0 ⇒ ai(x(t)) > 0 ïðè ìàëûõ t > 0

Óñòàíîâëåíî, ÷òî x(t) ∈ Ω ïðè ìàëûõ t > 0.

L(x(t), u∗) = f(x(t))−
∑
i∈M

u∗[i]ai(x(t)) = f(x(t))−
∑

i∈I+(x∗)

u∗[i] ai(x(t))︸ ︷︷ ︸
=0, èáî I+(x∗)⊂Ig(x∗)

=

= f(x(t))

L(x∗, u∗) = f(x∗)
ëîê. ìèí.

≤ f(x(t)) = L( x(t)︸ ︷︷ ︸
â îêðåñòíîñòè x∗

, u∗) =

= L(x∗, u∗)+〈L′x(x∗, u∗), x(t)−x∗〉+
1

2
〈L′′xx(ξ(t), u∗)·(x(t)−x∗), x(t)−x∗)〉,

ξ(t) ∈ [x∗, x(t)] ⇒

⇒
〈
L
′′
xx(ξ(t), u∗)

x(t) − x(0)

t
,
x(t) − x(0)

t

〉
≥ 0 ïðè ìàëûõ t > 0

t → +0 : 〈L′′xx(x∗, u∗)g, g〉 ≥ 0(
x(t) − x(0)

t
−→
t→+0

x
′(0) = g

)

×òî è òðåáîâàëîñü äîêàçàòü.
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2.17 Ïðèìåð íà èñïîëüçîâàíèå

óñëîâèé îïòèìàëüíîñòè

âòîðîãî ïîðÿäêà â

çàäà÷å íåëèíåéíîãî

ïðîãðàììèðîâàíèÿ
Ïðèìåð 2.17.1

f(x) := (x1 − 1)2 + x
2
2 → inf

a(x) := −x1 + αx
2
2 ≥ 0

α ∈ R � ïàðàìåòð

x∗ = (0, 0) � åäèíñòâåííîå ðåøåíèå
Îãðàíè÷åíèå àêòèâíî

f
′(x) =

(
2(x1 − 1)

2x2

)
; f

′(x∗) =
(
−2
0

)
; f

′′(x) =
(
2 0
0 2

)

a
′(x) =

(
−1

2αx2

)
; a

′(x∗) =
(
−1
0

)
(óñëîâèå ðåãóëÿðíîñòè âûïîëíåíî)

f′(x∗) = 2a′(x∗) � óñëîâèå Êóíà-Òàêêåðà âûïîëíåíî ñ u∗ = 2 ∀α ∈ R
I+(x∗) = I(x∗)
G∗ : 〈a′(x∗), g〉 = 0 ⇐⇒ g1 = 0
G∗ = {g = (0, g2)}

a
′′(x) =

(
0 0
0 2α

)

L
′′
xx(x∗, u∗) = f

′′(x∗) − u∗a
′′(x∗) =

(
2 0
0 2 − 4α

)

Íà G∗ 〈L
′′
xx(x∗, u∗)g, g〉 =

〈(
2 0
0 2 − 4α

)(
0
g2

)
,

(
0
g2

)〉
= (2 − 4α)g22

α < 1
2 ⇒ 〈L′′xx(x∗, u∗)g, g〉 > 0 ∀g ∈ G∗ \ {O} ⇒ x∗ � òî÷êà ñòðîãîãî

ëîêàëüíîãî ìèíèìóìà ïî òåîðåìå 2.15.1.

α > 1
2 ⇒ 〈L′′xx(x∗, u∗)g, g〉 < 0 ∀g ∈ G∗ \ {O}, ò.å. óñëîâèå

îïòèìàëüíîñòè âòîðîãî ïîðÿäêà íå âûïîëíåíî.
Çíà÷èò, íå ÿâëÿåòñÿ òî÷êîé ñòðîãîãî ëîêàëüíîãî ìèíèìóìà ïî òåîðåìå
2.16.1.
α = 1

2 − ?

3 Âàðèàöèîííîå èñ÷èñëåíèå

3.1 Îñíîâíàÿ ëåììà âàðèàöèîííîãî

èñ÷èñëåíèÿ
Ëåììà 3.1.1 u ∈ C[a, b],

∫ b
a uh

′ dt = 0 ∀h ∈ C1
0 [a, b] ⇒ u = const íà

[a, b]

Äîêàçàòåëüñòâî.

u1(t) =
∫ t
a
u(τ) dτ

Íàéäåì p1(t) = c0t + c1 : p1(a) = u1(a), p1(b) = u1(b)

h(t) := u1(t) − p1(t); h(a) = h(b) = 0

h ∈ C1[a, b] : h′(t) = u(t) − c0, h ∈ C
1
0 [a, b]

∫ b
a

[u(t)−c0]2 dt =
∫ b
a

[u(t)−c0]h′(t) dt =
∫ b
a
u(t)h′(t) dt︸ ︷︷ ︸

=0

−
∫ b
a
c0h

′(t) dt︸ ︷︷ ︸
=0, èáî h(a)=h(b)

⇒ u(t) ≡ c0

×òî è òðåáîâàëîñü äîêàçàòü.

Ëåììà 3.1.2 Oñíîâíàÿ ëåììà âàðèàöèîííîãî èñ÷èñëåíèÿ.
u, v ∈ C[a, b],∫ b
a{uh

′ + vh} dt = 0 ∀h ∈ C1
0 [a, b] ⇒ u ∈ C1[a, b] è u′(t) = v(t) íà [a, b]

Äîêàçàòåëüñòâî.

g(t) =
∫ b
a
v(τ) dτ

∫ b
a
vh dt =

∫ b
a
g
′
h dt =

∫ b
a
h dg = hg|ba︸ ︷︷ ︸

=0, èáî h(a)=h(b)=0

−
∫ b
a
gh
′
dt =

= −
∫ b
a
gh
′
dt

0 =
∫ b
a
{uh′ + vh} dt =

∫ b
a

(u − g)h′ dt∀h ∈ C1
0 [a, b] ⇒

⇒ u(t) − g(t) ≡ const, u(t) = g(t) + const ⇒ u
′ ∃, u′ = v íà [a, b].

×òî è òðåáîâàëîñü äîêàçàòü.
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3.2 Êâàäðàòè÷íàÿ âàðèàöèîííàÿ

çàäà÷à. Êðèòåðèé

îïòèìàëüíîñòè
p, g, f ∈ C[a, b]

Q(x) =
∫ b
a
{p(t)[x′(t)]2 + g(t)[x(t)]2 − 2f(t)x(t)}dt, x ∈ C1[a, b]

Q(x) → inf (3.2.1)

Ω : x(a) = A, x(b) = B, x ∈ C1[c, b]

<-!-ÐÈÑÓÍÎÊ-!->

x ∈ Ω � ïëàí.
x∗ ∈ Ω � ðåøåíèå (îïòèìàëüíûé ïëàí): Q(x) ≥ Q(x∗) ∀x ∈ Ω
C1

0 [a, b] = {L ∈ C1[a, b]|h(a) = 0, h(b) = 0} � ìíîæåñòâî äîïóñòèìûõ
âàðèàöèé

x ∈ Ω, h ∈ C1
0 [a, b] ⇒ x + αh ∈ Ω ∀α ∈ R

Q(x + αh) =
∫ a
b
{p(x′ + αh

′)2 + g(x + αh)2 − 2f(x + αh)}dt =

= Q(x) + 2L
∫ b
a
{px′h′ + gxh − fh}dt + L

2
∫ ∫ b

a
{p(h′)2 + gh

2}dt

l(x, h) =
∫ b
a{px

′h′ + (gx − f)h}dt � ëèíåéíûé ïî h ôóíêöèîíàë

[ l(x;−h) = −l(x;h) ]

D(h) =
∫ a
b
{p(h′)2 + gh

2}dt

Q(x + αh) = Q(x) + 2αl(x;h) + α
2
D(h) (3.2.2)

Ëåììà 3.2.1 Åñëè ∃h0 ∈ C
1
0 [a, b] : D(h0) < 0, òî

inf
x∈Ω

Q(x) = −∞.

Äîêàçàòåëüñòâî.
Ôèêñèðóåì x0 ∈ Ω.

Q(x0 + αh0) � êâàäðàòíûé òðåõ÷ëåí îòí. α, êîýôôèöèåíò ó α2

îòðèöàòåëüíûé ⇒ inf Q(x0 + αh0) = −∞

×òî è òðåáîâàëîñü äîêàçàòü.

D(h) ≥ 0 ∀h0 ∈ C
1
0 [a, b] (3.2.3)

Î÷åâèäíîå äîñòàòî÷íîå óñëîâèå: p(t) ≥ 0, g(t) ≥ 0 íà [a, b],
ñ÷èòàåì åãî âûïîëíåííûì.

Òåîðåìà 3.2.1 x∗ ∈ Ω � îïòèìàëüíûé ïëàí (3.2.1) ⇔

⇔ l(x∗;h) = 0 ∀h ∈ C1
0 [a, b]. (3.2.4)

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü:

0 ≤ Q(x∗ + αh) − Q(x∗)
(3.2.2)

=︸ ︷︷ ︸
h∈C1

0 [a,b]

2αl(x∗;h) + α
2
D(h).

Ïîäåëèì íà
2α > 0, α → +0 : l(x∗;h) ≥ 0

h ∈ C1
0 [a, b] ⇔ −h ∈ C1

0 [a, b]

Èìååì l(x∗;−h) ≥ 0 ⇔ l(x∗;h) ≤ 0
Äîñòàòî÷íîñòü:

Ôèêñèðóåì x ∈ Ω, h = x − x∗; h ∈ C1
0 [a, b].

Q(x) = Q(x∗ + h)
(3.2.2)

= Q(x∗) + 2l(x∗;h)︸ ︷︷ ︸
=0

+D(h)︸ ︷︷ ︸
≥0

≥ Q(x∗)

×òî è òðåáîâàëîñü äîêàçàòü.

(3.2.4) :
∫ b
a
{px′∗h

′ + (gx∗ − f)h)} dt = 0 ∀h ∈ C1
0 [a, b] (3.2.5)

Òåîðåìà 3.2.2

x∗ ∈ Ω − îïòèìàëüíûé ïëàí ⇔

⇔ px
′
∗ ∈ C

1[a, b] è − (px′∗)′ + gx∗ = f. (3.2.6)

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü:
Ñëåäóåò èç (3.2.5) è îñíîâíîé ëåììû.
Äîñòàòî÷íîñòü:
Ïîêàæåì, ÷òî èç óñëîâèé òåîðåìû ñëåäóåò (3.2.5).∫ b

a
px
′
∗h
′
dt =

∫ b
a
px
′
∗dh = px

′
∗h|

b
a︸ ︷︷ ︸

=0

−
∫ b
a

(px′∗)′h dt

∫ b
a
{px′∗h

′+(gx∗−f)h)} dt =
∫ b
a
{−(px′∗)′+gx∗−f}h dt = 0 ∀h ∈ C1

0 [a, b]

x∗ − îïòèìàëüíûé ïëàí ïî òåîðåìå (êðèòåðèþ).

×òî è òðåáîâàëîñü äîêàçàòü.

30

--- downloaded from www.POFIGIST.ru --- THNX to Bogatov Alexey && Authors ---



3.3 Íåîáõîäèìîå óñëîâèå

Ëåæàíäðà íåîòðèöàòåëüíîé

îïðåäåëåííîñòè èíòåãðàëüíîé

êâàäðàòè÷íîé ôîðìû
Òåîðåìà 3.3.1 (Ëåæàíäðà).
Åñëè D � íåîòðèöàòåëüíî îïðåäåëåííàÿ èíòåãðàëüíàÿ êâàäðàòè÷íàÿ
ôîðìà, òî íåîáõîäèìî

p(t) ≥ 0 íà [a, b] (3.3.1)

(Èìåííî óñëîâèå (3.3.1) íàçûâàåòñÿ óñëîâèåì Ëåæàíäðà.)

Äîêàçàòåëüñòâî.
(Îò ïðîòèâíîãî): ∃t0 ∈ (a, b) : p(t0) < 0

ε0 = −p(t0)/2, ∃δ0 > 0 |p(t) − p(t0)| ≤ ε0 íà [t0 − δ0, t0 + δ0]

[t0 − δ0, t0 + δ0] ⊂ [a, b] ⇒

p(t) ≤ p(t0) + ε0 = −ε0 ⇒ p(t) ≤ −ε0 íà [t0 − δ0, t0 + δ0]

δ ∈ (0, δ0] :

hδ(t) =

{√
δ
π

(1 + cos(π
δ

(t − t0))), t ∈ (t0 − δ, t0 + δ)

0, èíà÷å <! − PICTURE−! >

h
′
δ(t) = −

√
δ

π
sin(

δ

π
(t − t0)) íà (t0 − δ, t0 + δ)

h
′
δ(t) → 0 ïðè t → t0 − δ, t → t0 + δ

hδ(t) ∈ C
1
0 [a, b]

0 ≤ hδ(t) ≤ 2

√
δ

π
íà [a, b]

D(hδ) =
∫ t0+δ

t0−δ
p(h′δ)

2
dt+

∫ t0+δ

t0−δ
g(hδ)

2
dt ≤ −ε

π

δ

∫ t0+δ

t0−δ
sin2(

π

δ
(t−t0)) dt+

4δ

π

∫ b
a
|g| dt =

= −ε0
∫ π
−π

sin2
u du

︸ ︷︷ ︸
<0

+
4δ

π

∫ b
a
|g| dt︸ ︷︷ ︸

→0 ïðè δ→+0

< 0 ïðè ìàëûõ δ > 0

Ïîëó÷èëè ïðîòèâîðå÷èå

×òî è òðåáîâàëîñü äîêàçàòü.

p(t) > 0 íà [a, b] � óñèëåííîå óñëîâèå Ëåæàíäðà

3.4 Êðèòåðèé íåîòðèöàòåëüíîé

îïðåäåëåííîñòè èíòåãðàëüíîé

êâàäðàòè÷íîé ôîðìû.

Äîêàçàòåëüñòâî äîñòàòî÷íîñòè

D(h) =
∫ b
a
{p(h′)2+gh2} dt, h ∈ C

1
0 [a, b]g ∈ C[a, b], p ∈ C1[a, b], p(t) > 0︸ ︷︷ ︸

óñèëåííîå óñëîâèå Ëåæàíäðà

(3.4.1)
Ðàññìîòðèì

(ph′)′ = gh (3.4.2)

ph
′′ + p

′
h
′ − gh = 0 íà [a, b]

h
′′ +

p′

p
h
′ −

g

p
h = 0 � óðàâíåíèå ßêîáè (2′)

Ïðè ëþáûõ íà÷àëüíûõ óñëîâèÿõ

L(c) = A, h
′(c) = A

′
, c ∈ [a, b]

çàäà÷à (2') èìååò åäèíñòâåííîå ðåøåíèå.

Ðåøåíèå, óäîâëåòâîðÿþùåå óñëîâèþ h0(a) = 0, h′0(a) = 1, íàçûâàåòñÿ
ãëàâíûì ðåøåíèåì óðàâíåíèÿ ßêîáè.

Òåîðåìà 3.4.1 (ßêîáè).
D íåîòðèöàòåëüíî îïðåäåëåíà íà

C1
0 [a, b] ⇔ h0(t) > 0 íà (a, b)︸ ︷︷ ︸

óñëîâèå ßêîáè

Äîêàçàòåëüñòâî.
Äîñòàòî÷íîñòü:

(!) (Âûïîëíåíî óñëîâèå ßêîáè ⇒ D(h) =
∫ b
a p(h

′ − h
h0
h′0)2 dt)

h

h0
íåïð. íà [a, b] (h ∈ C

1
0 [a, b])

lim
t→a+0

h(t)

h0(t)
= lim
t→a+0

h′(t)

h′0(t)
= h

′(a)

lim
t→b−0

h(t)
h0(t) : (h0(t) > 0 íà (a, b))

1. h0(b) > 0 lim = h(b)
h0(b)

2. h0(b) = 0, íî òîãäà h′0(b) 6= 0,
èíà÷å ïî òåîðåìå åäèíñòâåííîñòè h0(t) ≡ 0 (äëÿ ðåøåíèÿ
óðàâíåíèÿ ßêîáè)

lim = lim
t→ b−0

h(t)

h0(t)
=
h′(b)

h′0(b)

∫ b−ε
a+ε

p

(
h
′ −

h

h0
h
′
0

)
dt =

∫ b−ε
a+ε

p(h′)2 dt−2
∫ b−ε
a+ε

ph′0
h0

hh
′
dt+

∫ b−ε
a+ε

p

(
h′0
h0

)
h
2
dt

(3.4.3)

−2
∫ b−ε
a+ε

ph′0
h0

hh
′
dt =

∫ b−ε
a+ε

−
ph′0
h0

dh
2 =

= −
ph′0
h0

h
2
0

∣∣∣∣∣
b−ε

a+ε
+
∫ b−ε
a+ε

(
ph′0
h0

)′
h
2
dt

∫ b−ε
a+ε

(
ph′0
h0

)′
h
2
dt =

∫ b−ε
a+ε

(ph′0)′

h0
h
2
dt

︸ ︷︷ ︸∫ b−ε
a+ε qh

2 dt

−
∫ b−ε
a+ε

(
(ph′0)

h0

)2
h
2
dt

Ïîäñòàâèì â (3.4.3):

∫ b−ε
a+ε

p

(
h
′ −

h

h0
h
′
0

)
dt =

∫ b−ε
a+ε

p(h′)2 dt +
∫ b−ε
a+ε

gh
2
dt −

ph′0
h0

h
2
0

∣∣∣∣∣
b−ε

a+ε

ε → +0 (ó÷åñòü, ÷òî h ∈ C1
0 [a, b])
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3.5 Ëåììà î ñêðóãëåíèè óãëîâ
Ëåììà 3.5.1 (ëåììà î ñêðóãëåíèè óãëîâ).

ĥ ∈ C[a, b], ĥ(a) = ĥ(b) = 0

ĥ ∈ C1[a, ξ], ĥ ∈ C1[ξ, b] ïðè íåêîòîðîì ξ ∈ (a, b)

D(h) ≥ 0 íà C
1
0 [a, b] ⇒ D(ĥ) ≥ 0

Äîêàçàòåëüñòâî.

g(t) =

{
( 1−|t|

2 )2, t ∈ [−1, 1]

0, èíà÷å

<-!-ÐÈÑÓÍÎÊ-!->

Î÷åâèäíî, ÷òî g � ÷åòíàÿ ôóíêöèÿ.
Âîçüìåì t ∈ (0, 1) è ïðîäèôôåðåíöèðóåì:

g′(t) = 2 1−t
2 (− 1

2 ) = − 1−t
2 //g(t) ≤ 1

4
g′(+0) = − 1

2
Â ñèëó ÷åòíîñòè g′(−0) = 1

2 è áîëåå îáùåå çàêëþ÷åíèå: |g′(t)| ≤ 1
2 ïðè

t 6= 0
Ñäåëàåì ãîìîòåòèþ ñ öåíòðîì â íóëå:
gδ(t) = δg( g

δ
), δ > 0

gδ(t) = 0 âíå (−δ, δ)
// Ò.ê. åñëè t = δ, òî t

δ
= 1

Çíà÷èò, 0 ≤ gδ(t) ≤
δ
4

g′δ(t) = g′( t
δ
)

Ñëåäîâàòåëüíî, g′δ(0+) = − 1
2 , g

′
δ(0−) = 1

2 ∀δ > 0.

Êðîìå òîãî, |g′δ(t)| ≤
1
2 ïðè t 6= 0 ∀δ > 0.

Ââåäåì ôóíêöèè hδ(t) = ĥ(t) + α1gδ(t − ε), ãäå α1 = ĥ′(ξ+) − ĥ′(ξ−),
òî åñòü ñêà÷îê ïðîèçâîäíîé â òî÷êå ξ

hδ ∈ C
1
0 [a, b] ïðè ìàëûõ δ > 0

//íàäî, ÷òîáû [ξ − δ, ξ + δ] ⊂ (a, b); òîãäà hδ(a) = hδ(b) = 0

Òîãäà ïðîâåðÿåì, ÷òîáû áûëî C0 è C1:

h′δ(ξ + 0) = ĥ′(ξ + 0) + (− 1
2 )α1

h′δ(ξ − 0) = ĥ′(ξ − 0) + ( 1
2 )α1

h′δ(ξ + 0) − h′δ(ξ − 0) = 0

Èòàê, äîêàçàíî, ÷òî hδ ∈ C
1
0 [a, b] ïðè ìàëûõ δ > 0.

Çàïèøåì: 0 ≤ D(hδ) =
∫ b
a (p[ĥ′ + α1g

′
δ(· − ξ)]

2 + q[ĥ+ α1gδ(· − ξ)]
2)dt =

// ÷åñòíî âîçâîäèì â êâàäðàò

= D(ĥ) +α1
∫ b
a (q[2ĥgδ(· − ξ) +α1g

2
δ(· − ξ)])dt+α1

∫ ξ+δ
ξ−δ (p[2h̃′g′δ(· − ξ) +

α1(g′δ(· − ξ))2])dt =

// ââîäèì íîâûå îáîçíà÷åíèÿ: I
(0)
δ

, I
(1)
δ

= D(ĥ) + α1I
(0)
δ

+ α1I
(1)
δ

Äîêàæåì, ÷òî I
(0)
δ

→ 0, I(1)
δ

→ 0 ïðè δ → 0

|I(0)
δ

| ≤ δ
2
∫ b
a |q|(|ĥ| + |α1|

δ
8 )dt; gδ ≤

δ
4 ⇒ ìàëîñòü çà ñ÷åò gδ

|I(1)
δ

| ≤
(∫ ξ
ξ−δ +

∫ ξ+δ
ξ

)
(p|ĥ′| +

|α1|
4 )dt ; ìàëîñòü çà ñ÷åò ìàëîñòè

èíòåãðàëà
//α1 = const

Î÷åâèäíî, ÷òî I
(0)
δ

→ 0, I(1)
δ

→ 0 ïðè δ → 0+
Ïåðåõîäÿ ê ïðåäåëó, ïîëó÷àåì, ÷òî D(ĥ) ≥ 0

×òî è òðåáîâàëîñü äîêàçàòü.

3.6 Êðèòåðèé íåîòðèöàòåëüíîé

îïðåäåëåííîñòè èíòåãðàëüíîé

êâàäðàòè÷íîé ôîðìû.

Äîêàçàòåëüñòâî íåîáõîäèìîñòè
Òåîðåìà 3.6.1 (ßêîáè).
D íåîòðèöàòåëüíî îïðåäåëåíà íà

C1
0 [a, b] ⇔ h0(t) > 0 íà (a, b)︸ ︷︷ ︸

óñëîâèå ßêîáè

Ëåììà 3.6.1 Åñëè ∃ òî÷êà ξ ∈ (a, b] : h0(ξ) = 0, òî
∫ ξ
a (p(h′0)2 +

qh2
0) dt = 0.

Äîêàçàòåëüñòâî.∫ ξ
a p(h0)2dt =

∫ ξ
a ph

′
0dh0 = ph′0h0|

ξ
a −

∫ ξ
a qh

2
0dt ⇒

⇒
∫ ξ
a (p(h′0)2 + qh2

0)dt = ph′0h0|
ξ
a =

//ph′0h0|a = 0 ïî îïðåäåëåíèþ

//ph′0h0|
ξ = 0 ïî óñëîâèþ ëåììû

=0

×òî è òðåáîâàëîñü äîêàçàòü.

Òåïåðü äîêàçûâàåì íåîáõîäèìîñòü â òåîðåìå:
Ïðåäïîëîæèì, ÷òî ∃ξ ∈ (a, b) : h0(ξ) = 0.

<-!-ÐÈÑÓÍÎÊ-!->

[h′0(ξ) 6= 0, èíà÷å h0 ≡ 0, ÷òî ïëîõî â ñèëó åäèíñòâåííîñòè ðåøåíèÿ]

Ðàññìîòðèì âàðèàöèþ ĥ(t) = h0(t), t ∈ [a, ξ) è ĥ(t) = 0, t ∈ [ξ, b]
ĥ(a) = ĥ(b) = 0 ïî ïîñòðîåíèþ

D(ĥ) =
∫ ξ
a (p(h′0)2 + qh2

0)dt = 0 ïî ïðåäûäóùåé ëåììå

D(ĥ + αh) = D(ĥ) + 2αl(ĥ, h) + α2D(h)
//D(ĥ) = 0, h ∈ C1

0 [a, b], α � âåùåñòâåííûé ïàðàìåòð

Çäåñü l(ĥ, h) =
∫ b
a (pĥ′h′ + qĥh)dt =

∫ ξ
a (ph′0h

′ + qh0h)dt
//ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç ïðåäûäóùåãî ðèñóíêà∫ ξ
a ph

′
0h
′dt =

∫ ξ
a dh = ph′0h|

ξ
a −

∫ ξ
a qh0hdt //(ph′0)′ = qh0

Òîãäà l(ĥ, h) = p(ξ)h′0h(ξ) =: λ < 0 ïðè íåêîòîðîì h //p(ξ) > 0, h′0(ξ) 6=
0
// Ìû õîòèì, ÷òîáû λ < 0

<-!-ÐÈÑÓÍÎÊ-!->

D(ĥ + αh) = α[2λ + αD(h)] < 0 ïðè ìàëûõ α > 0
C äðóãîé ñòîðîíû, D(ĥ+αh) ≥ 0 ïî ëåììå î ñêðóãëåíèè óãëîâ. Ïîëó÷àåì
ïðîòèâîðå÷èå.
//ò.å. h0(t) > 0 íà (a,b)

×òî è òðåáîâàëîñü äîêàçàòü.
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3.7 Êðèòåðèé ïîëîæèòåëüíîé

îïðåäåëåííîñòè èíòåãðàëüíîé

êâàäðàòè÷íîé ôîðìû

D(h) =
∫ b
a

[p(h′)2 + gh
2] dt, h ∈ C1

0 [a, b]

q ∈ C[a, b], p ∈ C1[a, b],

óñèëåííîå óñëîâèå Ëåæàíäðà p(t) > 0 íà [a, b].
D íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ôîðìîé,

åñëè D(h) > 0 ïðè h ∈ C1
0 [a, b], h 6≡ 0.

Òåîðåìà 3.7.1 D ïîëîæèòåëüíî îïðåäåëåíà ⇐⇒ óñèëåííîå óñëîâèå
ßêîáè: h0 > 0 íà (a, b].

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü:
Ôîðìà, ïî êðàéíåé ìåðå, íåîòðèöàòåëüíî îïðåäåëåíà, èç ýòîãî
çàêëþ÷àåì, ÷òî h0(t) > 0 íà (a, b).

Åñëè 0(b), òî h0 ∈ C
1
0 [a, b], D(h0) = 0,

÷òî ïðîòèâîðå÷èò ïîëîæèòåëüíîé îïðåäåëåííîñòè, èáî h0 6≡ 0
Äîñòàòî÷íîñòü:
Ïî êðàéíåé ìåðå âûïîëíåíî óñëîâèå ßêîáè, èç ÷åãî çàêëþ÷èì,
÷òî D(h) ≥ 0.
Äîïóñòèì, ÷òî D(h∗) = 0.
Ïî çàìå÷àíèþ ê òåîðåìå ßêîáè h∗(t) = λh0(t) ïðè íåêîòîðîì λ ∈ R.

h∗(b)︸ ︷︷ ︸
=0

= λh0(b)︸ ︷︷ ︸
>0

⇒ λ = 0 ⇒ h∗(t) ≡ 0

×òî è òðåáîâàëîñü äîêàçàòü.

3.8 Îöåíêà ñíèçó äëÿ ïîëîæèòåëüíî

îïðåäåëåííîé èíòåãðàëüíîé

êâàäðàòè÷íîé ôîðìû
Òåîðåìà 3.8.1 Ïóñòü âûïîëíåíî óñèëåííîå óñëîâèå ßêîáè.
Òîãäà ∃ µ > 0 :

D(h) ≥ µ

∫ b
a

(h′)2 dt (3.8.1)

∀h ∈ C1
0 [a, b].

Äîêàçàòåëüñòâî.

Dµ(h) :=
∫ b
a [(p(t) − µ)(h′)2 + qh2] dt

µ0 := min
t∈[a,b]

p(t) > 0 â ñèëó óñèëåííîãî óñëîâèÿ Ëåæàíäðà.

µ ∈ (−µ0, µ0)
Åñëè Dµ ïîëîæèòåëüíî îïðåäåëåíà ïðè íåêîòîðîì µ ∈ (0, µ0),
òî íåðàâåíñòâî (3.8.1) î÷åâèäíî.

((p − µ)h′)′ = qh

h
′′ +

p′

p − µ
h
′ −

q

p − µ
h = 0, µ ∈ (−µ0, µ0)

h(a) = 0, h′(a) = 1
h(t, µ) � ðåøåíèå ýòîé çàäà÷è;
h(t, 0) = h0(t)

<-!-ÐÈÑÓÍÎÊ-!->

Äîêàæåì, ÷òî ∃µ > 0 : h(t, µ) > 0 íà (a, b].
h(t, µ) è h′(t, µ) íåïðåðûâíû íà [a, b] × [−µ1, µ1], µ1 < µ0
(Òåîðåìà î íåïðåðûâíîé çàâèñèìîñòè èç ÄÓ: ëèíåéíîå óðàâíåíèå âòîðîãî
ïîðÿäêà, êîýôôèöèåíòû íåïðåðûâíû)
h0(t)
t−a ðàâíà 1 ïðè t = a :

h0(t)−h0(a)
t−a −→

t→a+0
h
′(a)︸ ︷︷ ︸
=1

<-!-ÐÈÑÓÍÎÊ-!->

h(t,µ)
t−a ðàâíà 1 ïðè t = a

Äîêàæåì, ÷òî ∃µ > 0 h(t,µ)
t−a > 0 íà [a, b].

Îò ïðîòèâíîãî. ∃ µk → +0, ∃ tk ∈ [a, b] :

h(tk, µk)

tk − a
≤ 0 (3.8.2)

tk → t∗ (èëè ïîäïîñëåäîâàòåëüíîñòü). Ïîêàæåì, ÷òî t∗ 6= 0 (âîîáùå
ãîâîðÿ, t∗ ∈ [a, b]).

Ïóñòü tk → a, òîãäà
h(tk,µk)
tk−a

=
h(tk,µk)−h(a,µk)

tk−a
= h′(a + ϑk(tk −

a), µk) −→
k→∞

(â ýòîì ïåðåõîäå ìû èñïîëüçóåì íåïðåðûâíîñòü ïî ñîâîêóïíîñòè
ïåðåìåííûõ)

−→
k→∞

h′(a, 0) = h′0(a) = 1, ÷òî ïðîòèâîðå÷èò (3.8.2).

tk → t∗, t∗ 6= a, t∗ ∈ (a, b]

Ïåðåõîäèì ê ïðåäåëó â (3.8.2):
h(t∗,0)
t∗−a

≤ 0 ⇒ h(t∗, 0) ≤ a ⇔ h0(t∗) ≤
0, ÷òî ïðîòèâîðå÷èò óñèëåííîìó óñëîâèþ ßêîáè (ñì. òåîðåìó 3.7.1).

Äîêàçàíî ∃µ > 0 h(t,µ)
t−a íà [a, b] ⇒ h(t, µ) > 0 íà (a, b] ⇒

Dµ ïîëîæèòåëüíî îïðåäåëåíà ⇒ (3.8.1)

×òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 3.8.2 x∗ � ðåøåíèå êâàäðàòè÷íîé âàðèàöèîííîé çàäà÷è,

âûïîëíåíû óñëîâèÿ ßêîáè =⇒ Q(x∗ + h) ≥ Q(x∗) + µ
∫ b
a (h′)2dt ∀h ∈

C1
0 [a, b] (∃ µ > 0)

Äîêàçàòåëüñòâî.
I âàðèàíò:

Q(x∗ + h) = Q(x∗) + l(x∗, h)︸ ︷︷ ︸
=0

+D(h) ≥ Q(x∗) + µ
∫ b
a (h′)2dt

x∗ � åäèíñòâåííîå ðåøåíèå Q(x∗ + h) = Q(x∗) ⇒ D(h) = 0 ⇒ h = O
II âàðèàíò:∫ b
a (h′)2dt = 0 ⇒ h′ ≡ 0 ⇒ h = const, à òàê êàê åùå
h(a) = h(b) = 0 =⇒ h ≡ 0

×òî è òðåáîâàëîñü äîêàçàòü.
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subsection Îïèñàíèå âñåãî ìíîæåñòâà ðåøåíèé êâàäðàòè÷íîé
âàðèàöèîííîé çàäà÷è

Çàìå÷àíèå 3.8.1 Ïóñòü âûïîëíåíî óñëîâèå ßêîáè è

∃h∗ ∈ C1
0 [a, b] : D(h∗) = 0.

Òîãäà h∗(t) = λh0(t), t ∈ [a, b] ïðè íåêîòîðîì λ.

Äîêàçàòåëüñòâî.

D(h∗) =
∫ b
a p(h

′
∗ −

h∗
h0

h′0)dt; D(h∗) = 0 ïî óñëîâèþ

Ïðèòîì p > 0, ïîäûíòåãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà ⇒

⇒ h′∗(t) − h∗(t)
h0(t) h

′
0(t) = 0 íà (a, b)

Ïðåîáðàçóåì è ïåðåïèøåì:

(∗) =
h′∗(t)h0(t)−h′∗(t)h′0(t)

h2
0(t)

= 0 íà (a, b)

//h0(t) > 0 íà (a,b) ⇒ ìîæíî íàïèñàòü â çíàìåíàòåëå h2
0(t), à íå

h0(t),
//ò.å. ïðîñòî ïîäåëèòü åùå íà h0(t)

(∗) = h∗(t)
h0(t)

′
= 0 íà (a, b) ⇒

⇒ h∗(t)
h0(t) ≡ λ íà (a, b) ⇒ h∗(t) = λh0(t) íà (a, b) ⇒

ïî íåïðåðûâíîñòè è íà [a, b]

×òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 3.8.1 Ïóñòü âûïîëíåíî óñëîâèå ßêîáè è h0(b) = 0;
åñëè x∗ � íåêîòîðîå ðåøåíèå êâàäðàòè÷íîé âàðèàöèîííîé çàäà÷è, òî
âñå ìíîæåñòâî ðåøåíèé äîïóñêàåò ïðåäñòàâëåíèå

x(t) = x∗(t) + λh0(t) ∀λ ∈ R (3.8.1)

Äîêàçàòåëüñòâî.
Èç óñëîâèÿ ßêîáè è òîãî, ÷òî (h0(b) = 0), ñëåäóåò h0 ∈ C

1
0 [a, b], D(h0) =

0
(ëåììà â äîêàçàòåëüñòâå íåîáõîäèìîñòè òåîðåìû ßêîáè; ξ = b).
Ïðîâåðèì, ÷òî x èç (3.8.1) � ðåøåíèå:

Q(x∗ + λh0) = Q(x∗) + 2λ l(x∗, h0)︸ ︷︷ ︸
=0

+λ2 D(h0)︸ ︷︷ ︸
=0

= Q(x∗) ⇒ x∗ + λh0 �

ðåøåíèå.
×òî ýòî åñòü ðåøåíèå, ìû óñòàíîâèëè, òåïåðü óñòàíîâèì, ÷òî âñå ðåøåíèÿ
ïðåäñòàâèìû â òàêîì âèäå.

Èòàê, ïóñòü x1 � ðåøåíèå; òîãäà h1 = x1 − x∗ ∈ C1
0 [a, b]

Q(x1) = Q(x∗ + h1) = Q(x∗) +D(h1) Q(x1) = Q(x∗) ⇒ D(h1) = 0 ⇒
⇒ (ïî÷åìó ýòî � âñïîìíèòå çàìå÷àíèå 3.8.1) h1 = λh0 ⇒ x1 = x∗ +
λh0

×òî è òðåáîâàëîñü äîêàçàòü.

3.9 Ñõåìà ðåøåíèÿ êâàäðàòè÷íîé

âàðèàöèîííîé çàäà÷è. Ïðèìåð
Q(x) :=

∫ b
a (p(x′)2 + qx2 − 2fx)dt → inf

x(a) = A; x(b) = B; x ∈ C1[a, b]
q ∈ C[a, b], p ∈ C1[a, b]
p(t) > 0 íà [a, b]

1. −(ph′)′ = qh

h(a) = 0, h′(a) = 1
ðåøåíèå h0(t)

2. åñëè ∃ξ ∈ (a, b) : h0(ξ) = 0, òî inf Q(x) = −∞
ïðè âûïîëíåíèè óñëîâèÿ ßêîáè ïåðåõîäèì ê ñëåäóþùåìó ïóíêòó.

3. −(ph′)′ + qx = f
x(a) = A, x(b) = B
x ∗ (t) � ðåøåíèå

4. Åñëè h0(b) > 0, òî x∗ � åäèíñòâåííîå ðåøåíèå
Åñëè h0(b) = 0, òî x(t) = x∗(t) + λh0(t) ∀λ ∈ R � ðåøåíèå

Ïðèìåð 3.9.1 Q(x) =
∫ π2
0 ((x′)2 − x2)dt → inf

x(0) = 0, x(π2 ) = 1
p(t) ≡ 1, q(t) ≡ −1, f(t) ≡ 0
h′′ = −h ⇐⇒ hh′′ + h = 0
h(0) = 0, h′(0) = 1
h(t) = c1 cos t + c2 sin t
h0(t) = sin t
h0(t) > 0 íà (0, π2 ]

x′′ + x = 0, x(0) = 0, x(π2 ) = 1
Çàäà÷à Øòóðìà-Ëèóâèëëÿ
x(t) = c1 cos t + c2 sin t
x(0) = 0 ⇒ c1 = 0
x(π2 ) = 1 ⇒ c2 = 1
x∗(t) = sin t
h0(π2) > 0 ⇒ x∗ � åäèíñòâåííîå ðåøåíèå

Ïðèìåð 3.9.2 π
2 7→ π

Q(x) :=
∫π
0 ((x′)2 − x2)dt → inf

x(0) = 0, x(π) = 1
h0(t) = sin t, h0(t) > 0 íà (0, π)
x′′ + x = 0, x(0) = 0, x(π) = 1
x(t) = c1 cos t + c2 sin t
x(0) = 0 ⇒ c1 = 0
x(π) = 1 ⇒ c2 sinπ = 1
íå èìååò ðåøåíèÿ.

Ïðèìåð 3.9.3 Q(x) :=
∫π
0 ((x′)2 − x2)dt → inf

x(0) = 0, x(π) = 0
x(t) = c1 cos t + c2 sin t
x(0) = 0 ⇒ c1 = 0
x(π) = 0 ⇒ c2 sinπ = 0 ⇒ c2 ∈ R
x∗(t) ≡ 0 (c2 = 0), x(t) = c2 sin t
h0(π) = 0 ⇒ x(t) = x∗(t) + λh0(t) = λ sin t ∀λ ∈ R
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3.10 Íåëèíåéíàÿ âàðèàöèîííàÿ

çàäà÷à. Êîíå÷íîìåðíàÿ

àïïðîêñèìàöèÿ. Óðàâíåíèå

Ýéëåðà
J(x) :=

∫ b
a F (t, x(t), x′(t))dt → inf

x(a) = A, x(b) = B, x ∈ C1[a, b]
F ∈ C2(U), U ⊂ R3 � îòêðûòîå ñâÿçíîå.

x ∈ C[a, b] : z(x) =
{
(t, x(t), x′(t)) : t ∈ [a, b]

}
Ω0 =

{
x ∈ C′′[a, b] : z(x) ⊂ U

}
� åñòåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ

ôóíêöèîíàëà J

J(x) ≈
∑n+1
j=1 F (tj , x(tj), x

′(tj))h → inf

tj = a + jh, j ∈ 0 : n + 1, h = b−a
n+1

xj = x(tj), x
′(tj) ≈

x(tj)−x(tj−1)
h

Φ(x) :=
∑n+1
j=1 F (tj , x(tj),

x(tj)−x(tj−1)
h

) → inf

x0 = A, xn+1 = B, x = (x1, ..., xn)

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè Φ′(x) = 0, äèôôåðåíöèðóåì ïî xj :

Φ′xj
(x) = F ′x(tj , x(tj),

x(tj)−x(tj−1)
h

) +

F ′
x′ (tj , x(tj),

x(tj)−x(tj−1)
h

) 1
h
−

−F ′
x′ (tj+1, x(tj+1),

x(tj+1)−x(tj)
h

) 1
h
, j ∈ 1 : n

F ′x(tj , x(tj), x
′(tj)) − 1

h
(F ′
x′ (tj+1, x(tj+1), x′(tj+1)) −

F ′
x′ (tj , x(tj), x

′(tj))) = 0

ϕ(t) := F ′
x′ (tj , x(tj), x

′(tj))

F ′x(tj , x(tj), x
′(tj)) −

ϕ(tj+h)−ϕ(tj)
h

= 0, j ∈ 1 : n
Ôèêñèðóåì t ∈ [a, b] è ∃tjn : tjn ≤ t ≤ tjn+1
Ïåðåõîäèì ê ïðåäåëó ïðè n → ∞:

F ′x(t, x(t), x′(t)) − d
dt
F ′
x′ (t, x(t), x

′(t)) = 0, t ∈ [a, b]

x(a) = A, x(b) = B

Ïåðåõîäèì ê ïðåäåëó â ôîðìóëå äëÿ ãðàôèêà Φ′.
J′(x) = − d

dt
(F ′
x′ (t, x, x

′)) + F ′x(t, x, x′) íàçûâàåòñÿ âàðèàöèîííîé

ïðîèçâîäíîé ôóíêöèîíàëà J â òî÷êå x (J′(x, t))
Q(x) :=

∫ b
a (p(x′)2 + qx2 − 2fx)dt

F (t, x, x′) = p(x′)2 + qx2 − 2fx
F ′x = 2qx − 2f

f′
x′ = 2px′

Âàðèàöèîííàÿ ïðîèçâîäíàÿ

Q′(x) = − d
dt

(2px′) + (2qx − 2f) = 2(−p(x′)′ + qx − f) = 2(L(x) − f)

Óðàâíåíèå Ýéëåðà: J′(x, t) = 0, t ∈ [a, b]
Q : L(x) − f = 0
Äëÿ Q óðàâíåíèå Ýéëåðà = óðàâíåíèå Øòóðìà-Ëèóâèëëÿ.

3.11 Åñòåñòâåííàÿ îáëàñòü

îïðåäåëåíèÿ èíòåãðàëüíîãî

ôóíêöèîíàëà. Åå îòêðûòîñòü

â ïðîñòðàíñòâå íåïðåðûâíî

äèôôåðåíöèðóåìûõ ôóíêöèé

J(x) =

b∫
a

F (t, x, x′)dt, x ∈ C1[a, b]

F ∈ C2(U), U ⊂ R3 îòêðûòîå ñâÿçíîå.

Ω0 = {x ∈ C1[a, b] | Z(x) ⊂ U} � åñòåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ
ôóíêöèîíàëà J.
Z(x) = {(t, x(t), x′(t)) | t ∈ [a, b]}
x ∈ C1[a, b] ‖x‖1 = max

t∈[a,b]
|x(t)| + max

t∈[a,b]
|x′(t)|

Òåîðåìà 3.11.1 Ω0 îòêðûòî â C1[a, b].

Äîêàçàòåëüñòâî.
∀ x0 ∈ Ω0 ∃ δ0 > 0 : x0 + h ∈ Ω0 ïðè ‖h‖1 ≤ δ0
Z0 = Z(x0), δ > 0 ôèêñèðîâàíî.

Zδ = {(τ, u, v) | ∃t ∈ [a, b] |τ − t| + |u − x0(t)| + |v − x′0(t)| ≤ δ}

Ëåììà 3.11.1 Zδ îãðàíè÷åíî è çàìêíóòî (êîìïàêòíî).

Äîêàçàòåëüñòâî.
|τ| ≤ |t|+δ |u| ≤ |x0(t)|+δ |v| ≤ |x′0(t)|+δ ïðè íåêîòîðîì t ∈ [a, b],

x0(t), x′0(t) îãðàíè÷åíû íà [a, b] ⇒ îãðàíè÷åííîñòü Zδ .
(τk, uk, vk) → (τ∗, u∗, v∗)
∀ k ∃ tk ∈ [a, b] : |τk − tk| + |uk − x0(tk)| + |vk − x′0(tk)| ≤ δ

tk → t∗ ∈ [a, b] â ïðåäåëå |τ∗ − t∗| + |u∗ − x0(t∗)| + |v∗ − x′0(t∗)| ≤
δ ⇒ (τ∗, u∗, v∗) ∈ Zδ

×òî è òðåáîâàëîñü äîêàçàòü.

Ëåììà 3.11.2 ∃ δ0 > 0 Zδ0
⊂ U.

Äîêàçàòåëüñòâî.
Îò ïðîòèâíîãî.
∀ δk > 0 ∃ tk ∈ [a, b] : (τk, uk, vk) ∈ Zδk

ñ ñîîòâ.

tk (τk, uk, vk) 6∈ U δk → 0+ |τk − tk| + |uk − x0(tk)| +
|vk − x′0(tk)| ≤ δk
(tk, τk, uk, vk) îãðàíè÷åíà
Ñ÷èòàåì, ÷òî (tk, τk, uk, vk) → (t∗, τ∗, u∗, v∗)
Ïåðåõîäèì â íåðàâåíñòâå ê ïðåäåëó
|τ∗ − t∗| + |u∗ − x0(t∗)| + |v∗ − x′0(t∗)| = 0 ⇒
(τ∗, u∗, v∗) = (t∗, x0(t∗), x′0(t∗) ) ∈ Z0 ⊂ U.
Íî U îòêðûòî ⇒ (τ∗, u∗, v∗) ñîäåðæèòñÿ â U âìåñòå ñ îêðåñòíîñòüþ,
îäíàêî (tk, uk, vk) → (τ∗, u∗, v∗) (tk, uk, vk) 6∈ U ïî
ïðåäïîëîæåíèþ.
Ïðîòèâîðå÷èå.

×òî è òðåáîâàëîñü äîêàçàòü.

x0 + h ∈ Ω0 ïðè ‖h‖1 ≤ δ0 (δ0 èç Ëåììû 2).
Äîêàæåì, ÷òî Z(x0 + h) ⊂ U.
Ïîêàæåì,÷òî Z(x0 + h) ⊂ Zδ0

(⊂ U).

Ðàññìîòðèì ýëåìåíò èç Z(x0 + h) : (t, x0(t) + h(t), x′0(t) + h′(t) )

Ðàññìîòðèì (t, x0(t), x′0(t) ) ∈ Z0
Ðàññòîÿíèå l1 ìåæäó íèìè: δ0 ≥ l1 ≥ |h(t)| + |h′(t)| ‖h1‖ ≤ δ0
Ïî îïðåäåëåíèþ (t, x0(t) + h(t), x′0(t) + h′(t) ) ∈ Zδ0

×òî è òðåáîâàëîñü äîêàçàòü.
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3.12 Ïåðâûé äèôôåðåíöèàë

èíòåãðàëüíîãî ôóíêöèîíàëà

J(x) =

b∫
a

F (t, x(t), x′(t) )dt

Ω0 � åñòåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ, x0 ∈ Ω0.

Êàê èçâåñòíî, ∃ δ0 > 0 x0 + h ∈ Ω0 ïðè ‖h‖1 ≤ δ0
Ïîêàæåì, ÷òî

J(x0 + h) − J(x0) = l(h) + o(‖h‖1),

ãäå l � ëèíåéíûé ôóíêöèîíàë íà C1[a, b].

J(x0 + h) − J(x) =

b∫
a

H(t)dt

H(t) = F̃
′
xh+F̃ ′

x′h
′ = (F ′xh+F ′

x′h
′)+[(F̃ ′x−F

′
x)h+(F̃ ′

x′−F
′
x′ )h] = H1(t)+G1(t)

Àðãóìåíòû ó F̃ ′x, F̃
′
x′ (t, x0 + ϑh, x′0 + ϑh′).

J(x0 + h) − J(x0) =

b∫
a

H1(t)dt +

b∫
a

G1(t)dt = l(h) + ω1(h)

l(h) =

b∫
a

(F ′xh + F
′
x′h

′)dt

Ýòî ëèíåéíûé ôóíêöèîíàë íà C1[a, b] ( l(αh) = αl(h) )

Ïîêàæåì, ÷òî ω1(h) = o(‖h‖1)
Zδ0

îãðàíè÷åí è çàìêíóò, ïîýòîìó ïî òåîðåìå Êàíòîðà F ′x, F
′
x′

ðàâíîìåðíîíåïðåðûâíû íà Zδ0
∀ ε > 0 ∃ δ ∈ (0,

δ0
2 ] :

|F ′x(t, x0(t) + u, x
′
0(t) + v − F

′
x(t, x0(t), x′0(t)) )| ≤

ε

b − a

|F ′
x′ (t, x0(t) + u, x

′
0(t) + v − F

′
x′ (t, x0(t), x′0(t)) )| ≤

ε

b − a

|u|, |v| < δ ïðè âñåõ t ∈ [a, b] ( |u| + |v| ≤ δ0 è ïðèðàùåíèå íà âûõîäèò
çà Zδ0

).

|ω1(h)| ≤
b∫
a

|G1(t)|dt ≤
ε

b − a

b∫
a

(|h| + |h′|)dt ≤ ε‖h‖1,

ò.å. ω1(h) = o(‖h‖1).

l(h) íàçûâàåòñÿ ïåðâûì äèôôåðåíöèàëîì ôóíêöèîíàëà J â òî÷êå x0,
îáîçíà÷àåòñÿ dJ(x0;h), ò.å. äîêàçàíî ñóùåñòâîâàíèå ïðåäñòàâëåíèÿ.

Ïîêàæåì åäèíñòâåííîñòü:

J(x0 + h) − J(x0) = l(h) + o(‖h‖1)

J(x0 + h) − J(x0) = l1(h) + o(‖h‖1)

Òîãäà l(h) − l1(h) = o(‖h‖1)
x0 + λh ∈ Zδ0 ïðè ìàëûõ λ > 0.

l(λh) − l1(λh) = o(‖λh‖1)

l(h) − l1(h) =
o(‖λh‖1)

λ‖h‖1
, λ > 0

λ → 0+ l(h) = l1(h) ∀ h ∈ C1[a, b]

Òåîðåìà 3.12.1 J äèôôåðåíöèðóåì â êàæäîé òî÷êå x0 ∈ Ω0, ïðè ýòîì

dJ(x0;h) =

b∫
a

( F ′xh + F
′
x′ )dt

J(x0 + h) = J(x0) + dJ(x0;h) + o(‖h‖1)

3.13 Âòîðîé äèôôåðåíöèàë

èíòåãðàëüíîãî ôóíêöèîíàëà

J(x0 + h) − J(x0) = dJ(x0;h) +
1

2
D(h) + o(‖h‖21),

ãäå D(x) � êâàäðàòè÷íàÿ ôîðìà â C1[a, b].
D(h) = d2J(x0;h) âòîðîé äèôôåðåíöèàë.
Ôèêñèðóåì t ∈ [a, b]

H(t) = ( F ′xh + F
′
x′h

′ ) +
1

2
( F̃ ′′xxh

2 + 2F̃ ′′
xx′hh

′ + F̃
′′
x′x′ (h

′)2 ) =

( F ′xh + F
′
x′h

′ ) +
1

2
( F ′′xxh

2 + 2F ′′
xx′hh

′ + F
′′
x′x′ (h

′)2 )+

+
1

2
[ ( F̃ ′′xx − F

′′
xx )h2 + 2( F̃ ′′

xx′ − F
′′
xx′ )hh′ + ( F̃ ′′

x′x′ − F
′′
x′x′ )(h′)2 ] =

= H1(t) +H2(t) + G2(t)

D(h) =

b∫
a

[ F ′′xxh
2 + 2F ′′

xx′hh
′ + F

′′
x′x′ (h

′)2 ]dt

D êâàäðàòè÷íàÿ ôîðìà íà C1[a, b] ( D(λh) = λ2D(h) ).

|ω2(x)| =

b∫
a

|G2(t)|dt ≤
ε

b − a

b∫
a

( |h|2 + 2|h| · |h′|+ |h′|2 )dt ≤ ε( ‖h‖21 )

(ε è δ êàê â ñëó÷àå ïåðâîãî äèôôåðåíöèàëà).

ω2(h) = o(‖h‖21)

J(x), x0 ∈ Ω0

dJ(x0, h) =
∫ b
a

[F ′xh + F
′
x′h

′]dt, h ∈ C1[a, b]

J(x0 + h) − J(x0) = dJ(x0, h) + o(‖h‖1)

J(x0 + h) = J(x0) + dJ(x0, h) +
1

2
D(h) + o(‖h‖21), ‖h‖1 ≤ δ0

Åäèíñòâåííîñòü D:

Ïóñòü èìååòñÿ åùå îäíà êâàäð. ôîðìà D1: D(h) − D1(h) = o(‖h‖21).

Ôèêñèðóåì h0 ∈ C
1[a, b] : h0 6≡ 0

D(λh0) −D1(λh0) = o(‖λh0‖
2
1)

⇒ D(h0) −D1(h0) =
o(‖λh0‖

2
1)

λ2‖h0‖21︸ ︷︷ ︸
→0 (λ→0+)

‖h0‖
2
1, λ ≥ 0

⇒ D(h0) = D1(h0) ∀h0 ∈ C
1[a, b]

d
2
J(x0, h) =

∫ b
a

[F ′′xxh
2 + 2F ′′

xx′hh
′ + F

′′
x′x′ (h

′)2]dt

Òåîðåìà 3.13.1 J(x) â êàæäîé òî÷êå x0 ∈ Ω0 äâàæäû
äèôôåðåíöèðóåìî, ïðè ýòîì äëÿ âòîðîãî äèôôåðåíöèàëà âåðíà
ôîðìóëà, ïðèâåäåííàÿ âûøå.
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3.14 Íåîáõîäèìûå óñëîâèÿ

ëîêàëüíîãî ìèíèìóìà ïåðâîãî

ïîðÿäêà â íåëèíåéíîé

âàðèàöèîííîé çàäà÷å

J(x) =
∫ b
a
F (t, x, x′)dt → inf

x(a) = A, x(b) = B, x ∈ C1[a, b],

F ∈ C2(U), Ω0 ⊂ C
1[a, b] � îòêðûòî â C

1[a, b]

Ω � ìíîæåñòâî ïëàíîâ. x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà.

J(x∗ + h) ≥ J(x∗) ∀h ∈ C1
0 [a, b], ‖h‖1 ≤ ρ

Òåîðåìà 3.14.1 x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà. Òîãäà

dJ(x∗, h) = 0 (3.14.1)

d
2
J(x∗, h) ≥ 0 (3.14.2)

ïðè âñåõ h ∈ C1
0 [a, b]

(3.14.1) � íåîáõîäèìîå óñëîâèå ìèíèìóìà I ïîðÿäêà.
(3.14.2) � íåîáõîäèìîå óñëîâèå ìèíèìóìà II ïîðÿäêà.

Äîêàçàòåëüñòâî.
Ôèêñèðóåì h0 ∈ C

1
0 [a, b], h0 6≡ 0 (èíà÷å (3.14.1) è (3.14.2) òðèâèàëüíû.)

0 ≤ J(x∗ + λh0) − J(x∗) = dJ(x∗, λh0) + o(‖λh0‖1)

⇒ dJ(x∗, h0) +
o(‖λh0‖1)

λ‖h0‖1︸ ︷︷ ︸
→0(λ→0)

‖h0‖1 ≥ 0

⇒ dJ(x∗, h0) ≥ 0

−h0 ∈ C
1
0 [a, b]

dJ(x∗,−h0) ≥ 0 ⇒ dJ(x∗, h0) ≤ 0

Ïîëó÷èëè dJ(x∗, h0) = 0

0 ≤ J(x∗ + λh0) − J(x∗) =
1

2
d
2
J(x∗, λh0) + o(‖λh0‖

2
1) (λ > 0, ìàëà.)

⇒
1

2
d
2
J(x∗, λh0) +

o(‖λh0‖
2
1)

λ2‖h0‖21︸ ︷︷ ︸
→0(λ→0+)

‖h0‖
2
1 ≥ 0

d
2
J(x∗, h0) ≥ 0

×òî è òðåáîâàëîñü äîêàçàòü.

dJ(x∗, h) =
∫ b
a

[F ′xh + F
′
x′h

′]dt, h ∈ C1
0 [a, b]

Ëåììà 3.14.1

dJ(x∗, h) = 0, ∀h ∈ C1
0 [a, b] ⇔

⇔ F
′
x′ (t, x∗(t), x′∗(t)) ∈ C1[a, b]

è
d

dt
F
′
x′ = F

′
x íà [a, b]

Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü ñëåäóåò èç îñíîâíîé ëåììû âàðèàöèîííîãî èñ÷èñëåíèÿ
3.1.2:

u = F
′
x′ , v = F

′
x [u ∈ C1[a, b], u′ = v]

Äîñòàòî÷íîñòü:

∫ b
a
F
′
x′h

′
dt =

∫ b
a
F
′
x′dh = F

′
x′h|

b
a︸ ︷︷ ︸

=0 (äîï. âàð.)

−
∫ b
a

d

dt
F
′
x′hdt

dJ(x∗, h) =
∫ b
a

(F ′x −
d

dt
F
′
x′ )︸ ︷︷ ︸

=0

hdt = 0

×òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 3.14.2 x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà âàðèàöèîííîé

çàäà÷è, òîãäà F ′
x′ (t, x∗, x

′
∗) ∈ C1[a, b] è x∗ óäîâëåòâîðÿåò

F
′
x(t, x, x′) −

d

dt
F
′
x′ (t, x, x

′) = 0

íà [a, b].
x(a) = A, x(b) = B

Äîêàçàòåëüñòâî.
Î÷åâèäíî èç ëåììû 3.14.1.

×òî è òðåáîâàëîñü äîêàçàòü.

Ëþáàÿ èíòåãðàëüíàÿ êðèâàÿ íàç. ýêñòðåìàëüþ. Ýêñòðåìàëü,
óäîâëåòâîðÿþùàÿ êðàåâûì óñëîâèÿì, íàç. ñòàöèîíàðíîé êðèâîé.
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3.15 Òåîðåìà î ñóùåñòâîâàíèè

è íåïðåðûâíîñòè âòîðîé

ïðîèçâîäíîé ó ýêñòðåìàëè

íåëèíåéíîé âàðèàöèîííîé

çàäà÷è
Òåîðåìà 3.15.1 [Ãèëüáåðòà]
Ïóñòü x0 � ýêñòðåìàëü.

T =
{
t ∈ [a, b]|F ′′

x′x′ (t, x0, x
′
0) 6= 0

}
⇒ x0 ∈ C

2(T )

Äîêàçàòåëüñòâî.

d

dt
F
′
x′ = F

′
x íà x0

Ôèêñèðóåì t0 ∈ T

1

∆t

[
F
′
x′ (t0 + ∆t, x0(t0 + ∆t), x′0(t0 + ∆t)) − F

′
x′ (t0, x0(t0), x′0(t0))

]
→

→ F
′
x(t0, x0(t0), x′0(t0))

F̃
′′
x′t + F̃

′′
x′x

x0(t0 + ∆t) − x0(t0)

∆t
+ F̃

′′
x′x′

x′0(t0 + ∆t) − x′0(t0)

∆t

Àðãóìåíò F̃ : (t0+ϑ∆t, x0(t0)+ϑ(x0(t0+∆t)−x0(t0)), x′0(t0)+ϑ(x′0(t0+

∆t) − x′0(t0)))

x′0(t0 + ∆t) − x′0(t0)

∆t
=

1

F̃ ′′
x′x′

[
F̃
′′
x′x

x′0(t0 + ∆t) − x′0(t0)

∆t
+ F̃

′′
x′x

x0(t0 + ∆t) − x0(t0)

∆t
+ F̃

′′
x′t

]

∆t → 0
x
′′
0 (t0) = F̃

′′
x′x′

[
F
′
x − F

′′
x′xx

′
0(t0) − F

′′
x′t

]
(t, x0, x

′
0)

Ïðàâàÿ ÷àñòü íåïðåðûâíà íà T ⇒ x0 ∈ C
2(T )

×òî è òðåáîâàëîñü äîêàçàòü.

Ñëåäñòâèå 3.15.1 Åñëè x0 � ýêñòðåìàëü, è íà íåé F ′′
x′x′ 6= 0 ïðè t ∈

[a, b], òî x0 ∈ C
2[a, b]

x ∈ C2[a, b]

d

dt

(
F − x

′
F
′
x′
)

= F
′
t + F

′
xx
′ + F

′
x′x

′′ − x
′′
F
′
x′ − x

′ d

dt
F
′
x′ =

= F
′
t + x

′
(
F
′
x −

d

dt
F
′
x′
)

d

dt

(
F − x

′
F
′
x′
)
≡ F

′
t

x(a) = A, x(b) = B

Äîïóñòèì, ÷òî îíî èìååò ðåøåíèå x0 ∈ C2[a, b], x′0(t) 6= 0, çà
èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà òî÷åê.
Òîãäà x0 � ñòàöèîíàðíàÿ êðèâàÿ

(
x
′
(
F
′
x −

d

dt
F
′
x′

)
= 0

)

Ñëåäñòâèå 3.15.2 Åñëè F = F (x, x′), òî ñëåäóåò ðåøàòü êðàåâóþ
çàäà÷ó

F − x
′
F
′
x′ ≡ const

x(a) = A, x(b) = B

Åñëè ðåøåíèå ñóùåñòâóåò, ∈ C2[a, b] è åãî ïðîèçâîäíàÿ îáðàùàåòñÿ â 0
ðàçâå ëèøü â êîíå÷íîì ÷èñëå òî÷åê, òî ýòî ðåøåíèå � ñòàöèîíàðíàÿ
êðèâàÿ.

3.16 Íåîáõîäèìûå óñëîâèÿ

ëîêàëüíîãî ìèíèìóìà âòîðîãî

ïîðÿäêà â íåëèíåéíîé

âàðèàöèîííîé çàäà÷å

J(x) =
∫ b
a
F (t, x, x′)dt → inf

x(a) = A, x(b) = B, x ∈ C1[a, b],

F ∈ C2(U), Ω0 ⊂ C
1[a, b] � îòêðûòî â C

1[a, b]

Ω � ìíîæåñòâî ïëàíîâ. x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà.

J(x∗ + h) ≥ J(x∗) ∀h ∈ C1
0 [a, b], ‖h‖1 ≤ ρ

Òåîðåìà 3.16.1 x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà. Òîãäà

dJ(x∗, h) = 0 (3.16.1)

d
2
J(x∗, h) ≥ 0 (3.16.2)

ïðè âñåõ h ∈ C1
0 [a, b]

(3.14.1) � íåîáõîäèìîå óñëîâèå ìèíèìóìà I ïîðÿäêà.
(3.14.2) � íåîáõîäèìîå óñëîâèå ìèíèìóìà II ïîðÿäêà.

Äîêàçàòåëüñòâî.
Ôèêñèðóåì h0 ∈ C

1
0 [a, b], h0 6≡ 0 (èíà÷å (3.14.1) è (3.14.2) òðèâèàëüíû.)

0 ≤ J(x∗ + λh0) − J(x∗) = dJ(x∗, λh0) + o(‖λh0‖1)

⇒ dJ(x∗, h0) +
o(‖λh0‖1)

λ‖h0‖1︸ ︷︷ ︸
→0(λ→0)

‖h0‖1 ≥ 0

⇒ dJ(x∗, h0) ≥ 0

−h0 ∈ C
1
0 [a, b]

dJ(x∗,−h0) ≥ 0 ⇒ dJ(x∗, h0) ≤ 0

Ïîëó÷èëè dJ(x∗, h0) = 0

0 ≤ J(x∗ + λh0) − J(x∗) =
1

2
d
2
J(x∗, λh0) + o(‖λh0‖

2
1) (λ > 0, ìàëà.)

⇒
1

2
d
2
J(x∗, λh0) +

o(‖λh0‖
2
1)

λ2‖h0‖21︸ ︷︷ ︸
→0(λ→0+)

‖h0‖
2
1 ≥ 0

d
2
J(x∗, h0) ≥ 0

×òî è òðåáîâàëîñü äîêàçàòü.

dJ(x∗, h) =
∫ b
a

[F ′xh + F
′
x′h

′]dt, h ∈ C1
0 [a, b]

Ëåììà 3.16.1

dJ(x∗, h) = 0, ∀h ∈ C1
0 [a, b] ⇔

⇔ F
′
x′ (t, x∗(t), x′∗(t)) ∈ C1[a, b]

è
d

dt
F
′
x′ = F

′
x íà [a, b]
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Äîêàçàòåëüñòâî.
Íåîáõîäèìîñòü ñëåäóåò èç îñíîâíîé ëåììû âàðèàöèîííîãî èñ÷èñëåíèÿ
3.1.2:

u = F
′
x′ , v = F

′
x [u ∈ C1[a, b], u′ = v]

Äîñòàòî÷íîñòü:

∫ b
a
F
′
x′h

′
dt =

∫ b
a
F
′
x′dh = F

′
x′h|

b
a︸ ︷︷ ︸

=0 (äîï. âàð.)

−
∫ b
a

d

dt
F
′
x′hdt

dJ(x∗, h) =
∫ b
a

(F ′x −
d

dt
F
′
x′ )︸ ︷︷ ︸

=0

hdt = 0

×òî è òðåáîâàëîñü äîêàçàòü.

Òåîðåìà 3.16.2 x∗ ∈ Ω � òî÷êà ëîêàëüíîãî ìèíèìóìà âàðèàöèîííîé

çàäà÷è, òîãäà F ′
x′ (t, x∗, x

′
∗) ∈ C1[a, b] è x∗ óäîâëåòâîðÿåò

F
′
x(t, x, x′) −

d

dt
F
′
x′ (t, x, x

′) = 0

íà [a, b].
x(a) = A, x(b) = B

Äîêàçàòåëüñòâî.
Î÷åâèäíî èç ëåììû 3.14.1.

×òî è òðåáîâàëîñü äîêàçàòü.

Ëþáàÿ èíòåãðàëüíàÿ êðèâàÿ íàç. ýêñòðåìàëüþ. Ýêñòðåìàëü,
óäîâëåòâîðÿþùàÿ êðàåâûì óñëîâèÿì, íàç. ñòàöèîíàðíîé êðèâîé.

3.17 Äîñòàòî÷íûå óñëîâèÿ ñòðîãîãî

ëîêàëüíîãî ìèíèìóìà â

íåëèíåéíîé âàðèàöèîííîé

çàäà÷å

J(x) :=
∫ b
a
F (t, x, x′)dt → inf (3.17.1)

x(a) = A, x(b) = B, x ∈ C1[a, b]

F ∈ C3(U)

Òåîðåìà 3.17.1 Ïóñòü

1 x0 � ñòàöèîíàðíàÿ êðèâàÿ (óäîâëåòâîðÿåò óðàâíåíèþ Ýéëåðà è
êðàåâûì óñëîâèÿì).

2 Íà íåé âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà p(t) > 0 íà

[a, b] (p(t) = F ′′
x′x′ (t, x0(t), x′0(t))).

3 Íà íåé âûïîëíåíî óñèëåííîå óñëîâèå ßêîáè h0(t) > 0 íà (a, b]

[
(ph′)′ = qh, h(a) = 0, h

′(a) = 1, g = v − u
′
, v = F

′′
xx, u = F

′′
xx′

]

=⇒ x0 � òî÷êà ñòðîãîãî ëîêàëüíîãî ìèíèìóìà (äëÿ (3.17.1))

J(x0 + h) > J(x0) ∀h ∈ C1
0 [a, b], h 6≡ 0, ‖h‖1 ≤ ρ

Äîêàçàòåëüñòâî.

J(x0 + h) − J(x0) = dJ(x0, h)︸ ︷︷ ︸
=0 ïî óñëîâèþ 1

+
1

2
d
2
J(x0, h) + ω2(h) =

=
1

2
d
2
y(x0, h) + ω2(h) ≥

1

2
d
2
y(x0, h) − |ω2(h)|

d2J(x0, h) = D(h) = (D(h) ïîëîæèòåëüíî îïðåäåëåíà ïî óñë. 2,3)

=
∫ b
a

(p(h′)2 + gh
2)dt ≥ µ

∫ b
a

(h′)2 dt ∀h ∈ C1
0 [a, b] (∃µ > 0)

Íàïîìíèì, ÷òî |ω2(h)| ≤ ε
b−a

∫ b
a ((h′)2 + 2|hh′ + h2) dt ïðè ‖h‖1 ≤ δ

h ∈ C1
0 [a, b]

h
2(t) =

(∫ t
a

1 · h′(τ) dτ
)2

≤
∫ t
a

12 dt
∫ t
a

(h′)2 dt ≤ (b − a)
∫ b
a

(h′)2 dt

∫ b
a h

2dt ≤ (b − a)2
∫ b
a (h′)2dt

∫ b
a
|hh′|dt ≤

(∫ b
a
h
2
dt

) 1
2
(∫ b
a

(h′)2 dt
) 1

2 ≤ (b − a)
∫ b
a

(h′)2dt

∫ b
a

((h′)2 + 2|hh′ + h
2) dt ≤ (1 + 2(b − a) + (b − a)2)

∫ b
a

(h′)2 dt

|ω2(h)| ≤ ε(b−a+1)2
b−a

∫ b
a (h′)2 dt ïðè ‖h1‖ ≤ δ

Âîçüìåì ε = µ
4

b−a
(b−a+1)2

|ω2(h)| ≤
µ

4

∫ b
a

(h′)2dt

J(x0 + h) − J(x0) ≥
µ

2

∫ b
a

(h′)2 dt −
µ

4

∫ b
a

(h′)2 dt =

= µ
4
∫ b
a (h′)2 dt ïðè ‖h‖1 ≤ δ

×òî è òðåáîâàëîñü äîêàçàòü.
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3.18 Ïàðàìåòðè÷åñêèé ìåòîä

ïîñòðîåíèÿ ãëàâíîãî ðåøåíèÿ

óðàâíåíèÿ ßêîáè. Ïðèìåð
x0 � ñòàöèîíàðíàÿ êðèâàÿ

α0 = x′0(a)

F
′
x(t, x(t, α), x′t(t, α)) −

d

dt
(F ′x(t, x(t, α), x′t(t, α)) = 0 íà [a, b]

x(a, α) = A , x
′
t(a, α) = α0 (3.18.1)

x(t, α) � ïàðàìåòðè÷åñêîå ïîëå ýêñòðåìàëåé
x(t, α0) = x0(t)
(Ñòàöèîíàðíóþ êðèâóþ ïîãðóçèì â ïîëå ýêñòðåìàëåé)

Ïóñòü x(t, α) òðèæäû äèôôåðåíöèðóåìà íà [a, b] × (α0 − ε, α0ε)
Äèôôåðåíöèðóåì (3.18.1) ïî α

x
′
α(a, α) = 0, x

′′
αt(a, α) = 1 (3.18.2)

Äèôôåðåíöèðóåì óðàâíåíèå Ýéëåðà ïî α è ïîäñòàâëÿåì α = α0

F
′′
xxx

′
α(t, α0)+F ′′xxx

′′
tα(t, α0)−

d

dt
[F
′′
x
′
xx
′
α(t, α0)+F

′′
x
′
x
′
x
′′
α(t, α0)] = 0

Àðãóìåíò ó F ′ � (t, x0, x
′
0) [x(t, α0) = x0(t)]

vx
′
α + ux

′′
tα − ux

′′
tα − u

′
x
′
α −

d

dt
(px′′tα) = 0

d

dt
(px′′tα) = (v − u

′)x′α

h0(t) = x′α(t, α0) óäîâëåòâîðÿåò óðàâíåíèþ ßêîáè

h0(a) = x′α(a, α0) = 0 ïî (3.18.2)

h′0(a) = x′′αt(a, α0) = 1 ïî (3.18.2)
h0(t) � ãëàâíîå ðåøåíèå óðàâíåíèÿ ßêîáè

x∗ � ñòàöèîíàðíàÿ êðèâàÿ, âûïîëíåíî óñèëåííîå óñëîâèå Ëåæàíäðà.

F
′
x −

d

dt
F
′
x′ = 0 x(a) = A x

′(a) = B

x(t, α), α0 = x
′
∗(a), x(t, α0) = x∗(t)

h0(t) = x′α(t, α0) � ãëàâíîå ðåøåíèå óðàâíåíèÿ ßêîáè.
Åñëè h0(t) > 0 íà [a, b], òî x∗ � òî÷êà ñòðîãîãî ëîêàëüíîãî ìèíèìóìà.

Ïðèìåð 3.18.1

J(x) :=

1∫
0

x

x′2
dt → inf x(0) = 1, x(1) = 4, x ∈ C1[0, 1]

y := x′ F = F (x, y) = x
y2

U : y > 0, x > 0

F ′y = −2x
y3

F ′′yy = 6x
y4

> 0 íà U

Ôóíêöèîíàë J � ïîëîæèòåëüíûé ðåãóëÿðíûé (íà âñåé êðèâîé
âûïîëíÿåòñÿ óñëîâèå Ëåæàíäðà).

Óðàâíåíèå Ýéëåðà: F − x′F ′ − x′ ≡ const

x

(x′)2
− x

′ −2x

(x′)3
≡ const

3x

(x′)2
=

3

4a2
, a > 0

x
′ = 2a

√
x

dx

2
√
x

= a · dt

√
x = at + b x = (at + b)2

x(0) = 1 ⇒ b2 = 1 ⇒ b = 1 èëè b = −1
x(1) = 4 ⇒ (a + b)2 = 4 ⇒ a = 1 èëè a = 3 a > 0

x∗(t) = (t + 1)2 � ñòàöèîíàðíàÿ êðèâàÿ.

x0(t) = (3t − 1)2 � ïîáî÷íàÿ êðèâàÿ. x0( 1
3 ) = 0

Óñèëåííîå óñëîâèå Ëåæàíäðà íà x∗ âûïîëíÿåòñÿ.

x = (at + b)2 � îáùåå ðåøåíèå óðàâíåíèÿ Ýéëåðà.

x(0) = 1 ⇒ b
2 = 1 x

′(0) = α ⇒ 2ab = α ⇒ a =
α

2b

x(t, α) = (
α

2b
t + b)2 = b

2(
α

2b
+ 1)2 = (

α

2
t + 1)2

α0 = 2 h0(t) = x
′
α(t, α0) = 2

t

2
(
α

2
t + 1)|α=2 = t(t + 1)

h0(t) > 0 íà (0, 1] � óñèëåííîå óñëîâèå ßêîáè âûïîëíåíî ⇒ x∗ � òî÷êà
ñòðîãîãî ëîêàëüíîãî ìèíèìóìà.

J(x∗) =

1∫
0

(t + 1)2

4(t + 1)2
dt =

1

4
J(x0) =

1∫
0

(3t − 1)2

36(3t − 1)2
dt =

1

36
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3.19 Ôîðìàëèçàöèÿ çàäà÷è î

áðàõèñòîõðîíå
Íàéòè êðèâóþ, ïî êîòîðîé òÿæåëàÿ ìàòåðèàëüíàÿ òî÷êà ñêàòûâàëàñü áû
çà êðàò÷àéøåå âðåìÿ.

P (x) = mg · sinϕ =
mg · tgϕ√
1 + tg2 ϕ

=
mg · y′(x)√
1 + (y′(x))2

ϕ ∈ (−
π

2
,
π

2
)

Ïóñòü V0 � íà÷àëüíàÿ ñêîðîñòü, dS � ýëåìåíò äóãè.

P = m
dV

dt
= m

dV

dS
·
dS

dt
= mV

dV

dS

gy′dS√
1 − (y′)2

= V · dV ⇒ 2gy′dx = dV
2 ⇒ 2gdy = dV

2

Èíòåãðèðóåì ïî [0, x] (y(0) = 0, 2gβ := V 2
0 , β =

V 2
0

2g ):

2g · y(x) = V
2(x) − V

2(0) ⇒ 2g(y + β) = V
2 ⇒ V =

√
2g ·

√
y + β

dS

dt
=
√

2g ·
√
y + β ⇒ dt =

dS
√

2g ·
√
y + β

=

√
1 + (y′)2 · dx
√

2g ·
√
y + β

Èíòåãðèðóåì ïî [0, b] (t(0) = 0):

t(b) =
1
√

2g

b∫
0

√
1 + (y′)2

y + β
dx T (y) = t(b)

T (y) :=
1
√

2g

b∫
0

√
1 + (y′)2

y + β
dx → inf (3.19.1)

y(0) = 0, y(b) = B, x ∈ C1[0, b]

T ïîëîæèòåëüíî ðåãóëÿðíà.

3.20 Ðåøåíèå çàäà÷è î

áðàõèñòîõðîíå

T (y) :=
1
√

2g

b∫
0

√
1 + (y′)2

y + β
dx → inf (3.20.1)

y(0) = 0, y(b) = B, x ∈ C1[0, b]

T ïîëîæèòåëüíî ðåãóëÿðíà.

z := y′ U : y > −β

F = F (y, z) =

√
1 + z2

y + β

F
′
z =

z√
1 + z2 ·

√
y + β

F
′′
zz =

√
1 + z2 − z z√

1+z2

(1 + z2) ·
√
y + β

=
1

√
y + β · (1 + z2)

3
2
> 0

Óðàâíåíèå Ýéëåðà (ñ ïîíèæåíèåì ïîðÿäêà)

√
1 + (y′)2
√
y + β

− y
′ y′

√
y + β ·

√
1 + (y′)2

≡ const

1
√
y + β ·

√
1 + (y′)2

=
1
√

2r
, r > 0 y + β =

2r

1 + (y′)2
(3.20.2)

Ïóñòü y′(x) = ctg 1
2ϑ(x) ϑ ∈ (0, 2π) ϑ ∈ C1(0, 2π).

(3.20.2) ⇒ y + β = 2r · sin2 ϑ
2 = r(1 − cosϑ)

Äèôôåðåíöèðóåì ïî x:

ctg
ϑ

2
= r · sinϑ

dϑ

dx
⇒ dx2r · sin2 ϑ

2
dϑ = r(1 − cosϑ)dϑ ⇒

{
x + α = r(ϑ − sinϑ)
y + β = r(1 − cosϑ)

ϑ ∈ (0, 2π) (3.20.3)

ϑ � íåçàâèñèìûé ïàðàìåòð.

Ïðîâåðèì (3.20.2):

dx

dϑ
= r(1 − cosϑ) = 2r · sin2 ϑ

2

dy

dϑ
= 2r · sin

ϑ

2
· cos

ϑ

2
⇒

dy

dx
=

cos ϑ2
sin ϑ2

= ctg
ϑ

2

2r

1 + (y′)2
=

2r

1 + ctg2 ϑ2

= 2r · sin2 ϑ

2
= r(1 − cosϑ) = y + β

Ïàðàìåòðû (3.20.3): α è r.
Ðåøåíèåì çàäà÷è (3.20.1) ÿâëÿåòñÿ äóãà êðèâîé (3.20.3) [ϑ0, ϑ1] ⊂
(0, 2π)

y(0) = 0 :

{
α = r(ϑ0 − sinϑ0)
β = r(1 − cosϑ0)

y(b) = B :

{
b + α = r(ϑ1 − sinϑ)
B + β = r(1 − cosϑ1)

Íåèçâåñòíûå: r, α, ϑ0, ϑ1, ñèñòåìà íåëèíåéíà.

Áàçîâàÿ êðèâàÿ îïðåäåëÿåòñÿ óñëîâèÿìè:

{
x + α = r(ϑ − sinϑ)
y + β = r(1 − cosϑ) ϑ ∈ (0, 2π)

x = r(ϑ − sinϑ)

y = r(1 − cosϑ)

<-!-ÐÈÑÓÍÎÊ-!->
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|OP | = |M̆P | = rϑ

x = rϑ − r sinϑ = r(ϑ − sinϑ)

y = r − r cosϑ = r(1 − cosϑ)

V0 > 0
Ðåøåíèå îïðåäåëåíî è ïðè V0 = 0 :

β =
V 2
0

2g = 0 ⇒ ϑ0 = 0 ⇒ α = 0 ⇒

⇒ x = r(ϑ − sinϑ)
y = r(1 − cosϑ)

3.21 Ìèíèìàëüíàÿ ïîâåðõíîñòü

âðàùåíèÿ

J(x) := 2π
∫ a
−a

x

√
1 + (x′)2 dt → inf

x(−a) = x(a) = A, x ∈ C1[−a, a]

a,A > 0

<-!-ÐÈÑÓÍÎÊ-!->

Âûáðàòü êðèâóþ òàê, ÷òîáû ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ áûëà
ìèíèìàëüíîé.
J(x) � ïëîùàäü ïîâåðõíîñòè âðàùåíèÿ ãðàôèêà êðèâîé x(t)

F = F (x, y) = x

√
1 + y2 U : x > 0

F
′
y = x

y√
1 + y2

, F
′′
yy =

x

(1 + y2)1/2
> 0 íà U

Óðàâíåíèå Ýéëåðà (ñ ïîíèæåíèåì ïîðÿäêà):

x

√
1 + (x′)2 − x

′ xx′√
1 + (x′)2

= λ

x(t) = λ

√
1 + (x′)2, λ > 0

x(t) ≡ λ − ïîáî÷íîå ðåøåíèå
Ãèïåðáîëè÷åñêèå ôóíêöèè:

ch(t) =
et + e−t

2
, sh(t) =

et − e−t

2

<-!-ÐÈÑÓÍÎÊ-!->

[ch t]′ = sh t, [sh t]′ = ch t

ch2(t) − sh2(t) = 1

x
′(t) = sh ξ(t)

x(t) = λ

√
1 + [2 sh ξ(t)] = λ ch ξ(t)

Äèôôåðåíöèðóåì ïî t:

sh ξ(t) = (λξ′) sh ξ(t)

λξ
′ ≡ 1; ξ

′ =
1

λ
⇒ ξ =

1

λ
(t + c)

x(t) = λ ch
t + c

λ

c = 0 â ñèëó ñèììåòðè÷íîñòè êðàåâûõ óñëîâèé

λ : λ ch
a

λ
= A

Ðåøåíèå: x(t) = λ ch t
λ

Γλ � ãðàôèê x = λ ch t
λ
, Γ1 � ãðàôèê x = ch t

⇒ Γλ = λΓ1

(t, x) ∈ Γλ ⇒ (
t

λ
,
x

λ
) ∈ Γ1 ⇒

1

λ
(t, x) ∈ Γ1 ⇐⇒ (t, x) ∈ λΓ1

<-!-ÐÈÑÓÍÎÊ-!->

ch a
λ

= a
λ
A
a

ϑ = a
λ

; ϕ(ϑ) = chϑ
ϑ

= A
a

ϕ
′(ϑ) =

1

ϑ2
[ϑ shϑ − chϑ] =

shϑ

ϑ2
[ϑ − cthϑ]

cthϑ =
eϑ + e−ϑ

eϑ − e−ϑ
=
e2ϑ + 1

e2ϑ − 1
= 1 +

2

e2ϑ − 1


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<-!-ÐÈÑÓÍÎÊ-!->

ϕ′(ϑ0) = 0 [cthϑ0 = ϑ0]
ϕ′(ϑ) < 0 ïðè ϑ < ϑ0, ϕ

′(ϑ) > 0 ïðè ϑ > ϑ0

<-!-ÐÈÑÓÍÎÊ-!->

ϕ′(ϑ0) =
chϑ0
cthϑ0

= shϑ0
A
a
> shϑ0 : ϑ1 è ϑ2 � êîðíè óðàâíåíèÿ ϕ(ϑ) = A

a
, 0 < ϑ1 < ϑ2

λ1 = a
ϑ1

, λ2 = a
ϑ2

, λ1 > λ2 > 0

x1(t) = λ1 ch t
λ1
, x2(t) = λ2 ch t

λ2

<-!-ÐÈÑÓÍÎÊ-!->

Ìîæíî äîêàçàòü, ÷òî óñèëåííîå óñëîâèå ßêîáè âûïîëíÿåòñÿ íà x1(t)
(ïðè áîëüøåì λ) è íå âûïîëíÿåòñÿ íà x2(t).

Ðåøåíèå åäèíñòâåííî, êîãäà A
a

= shϑ0 (êîãäà òî÷êà (a,A) ëåæèò íà

êàñàòåëüíîé ê ãèïåðáîëè÷åñêîìó êîñèíóñó).

[Åñëè òî÷êà (a,A) âíå êîíóñà, òî ðåøåíèå � 2 êðóãà. Ó íàñ ýòîãî áûòü
íå ìîæåò, ò.ê. x > 0.]

3.22 Èçîïåðèìåòðè÷åñêàÿ çàäà÷à∫ b
a
F (t, x, x′) dt → inf (3.22.1)

∫ b
a
G(t, x, x′) dt = l

x(a) = A, x(b) = B, x ∈ C1[a, b]

Îáúÿñíåíèå íàçâàíèÿ �èçîïåðèìåòðè÷åñêàÿ çàäà÷à�:
ïðè A = B = 0 âòîðîé èíòåãðàë äàåò îãðàíè÷åíèÿ íà äëèíó êðèâîé.

Áóäåì ïîëó÷àòü íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè.

F,G ∈ C1(U), Ω0 � åñòåñòâåííàÿ îáëàñòü çàäàíèÿ, Ω0 6= ∅
x0 � ðåøåíèå (3.22.1)

x(t, ξ) = x0(t) + ξ1h1(t) + ξ2h2(t)

h1, h2 ∈ C
1
0 [a, b], ξ = (ξ1, ξ2)

f(ξ) :=
∫ b
a
F
(
t, x(ξ, t), x′(ξ, t)

)
dt

g(ξ) :=
∫ b
a
G
(
t, x(ξ, t), x′(ξ, t)

)
dt − l

f(ξ) → inf (3.22.2)

g(ξ) = 0

ξ = O � ðåøåíèå (3.22.2) [x(t, O) = x0(t)]
Â (3.22.2) h1, h2 ôèêñèðîâàíû

∂g(O)

∂ξ2
=
∫ b
a

[
G
′
xh2 + G

′
x′h

′
2
]
dt

Ïðåäïîëîæèì, ÷òî

G′
x′ 6∈ C

1[a, b]

èëè G′
x′ ∈ C

1[a, b], íî G′x −
d
dt
G′x 6= 0 íà [a, b]

Â ýòîì ñëó÷àå ∃h̃2 ∈ C
1
0 [a, b] : ∂g(O)

∂ξ2
6= 0

h̃2 ôèêñèðîâàíà íàâñåãäà

Àðãóìåíò G′x, G
′
x′ åñòü (t, x0, x

′
0)

h1 ∈ C
1
0 [a, b] ôèêñèðîâàíà

Ïî òåîðåìå Êóíà-Òàêêåðà (òî÷íåå ãîâîðÿ, Ëàãðàíæà)

∃u ∈ R : f
′(O) = ug

′(O)

∂f(O)

∂ξ1
= u

∂g(O)

∂ξ1

∂f(O)

∂ξ2
= u

∂g(O)

∂ξ2
⇒ u =

(
∂f(O)

∂ξ2

)/(
∂g(O)

∂ξ2

)

u íå çàâèñèò îò h1 !

0 =
∂f(O)

∂ξ1
− u

∂g(O)

∂ξ1
=
∫ b
a

[
(F ′x − uG

′
x)h1 + (F ′

x′ − uG
′
x′ )h

′
1
]
dt

L = F − uG

∫ b
a

[
L
′
xh1 + L

′
x′h

′
1
]
dt = 0 ∀h1 ∈ C

1
0 [a, b]

Ïî îñíîâíîé ëåììå âàðèàöèîííîãî èñ÷èñëåíèÿ (ëåììà 3.1.2)

L
′
x′ ∈ C

1[a, b] è L′x −
d

dt
L
′
x′ = 0 íà [a, b] (3.22.3)

Ê ýòîìó íóæíî äîáàâèòü

∫ b
a
G(t, x, x′) dt = l, x(a) = A, x(b) = B
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3.23 Öåïíàÿ ëèíèÿ
Ïðèìåð 3.23.1 Öåïíàÿ ëèíèÿ
Òÿæåëàÿ îäíîðîäíàÿ öåïü äëèíû l > 2a ïîäâåøåíà â òî÷êàõ (−a,A) è
(a,A).
Îïèñàòü ïîëîæåíèå öåïè.

Ðåøåíèå.

x∗ =
p1x1 + · · · + pnxn

p1 + · · · + pn

pi � âåñ i-ãî ýëåìåíòà (ðàçáèëè öåïü íà ìàëåíüêèå ÷àñòè)
Ïðåäïîëîæèì, ÷òî âåñ íèòè ðàâåí 1 (

∑
pi = 1).

pi = 1
l
dsi

Ôîðìóëà äëÿ öåíòðà òÿæåñòè:

1

l

∫ a
−a

x ds =
1

l

∫ a
−a

x

√
1 + (x′)2 dt

∫ a
−a

x

√
1 + (x′)2 dt → inf

∫ a
−a

√
1 + (x′)2 dt = l

x(−a) = x(a) = A

L = x

√
1 + (x′)2 − u

√
1 + (x′)2 =

√
1 + (x′)2(x − u)

Ïîñêîëüêó L íå çàâèñèò îò t, óðàâíåíèå Ýéëåðà âûãëÿäèò êàê

L − x′L′
x′ := (x − u)

√
1 + (x′)2 − x′(x − u) x′√

1+(x′)2
≡ λ ⇒

⇒ x − u = λ

√
1 + (x′)2

x′ = sh ξ(t)
x − u = λ ch ξ(t)

Äèôôåðåíöèðóåì ïî t: sh ξ(t) = λξ′ sh ξ(t) ⇒ λξ′ = 1 ⇒ ξ = t−c
λ

x = u + λ ch t−c
λ

c − 0 â ñèëó ñèììåòðè÷íîñòè êðàåâûõ óñëîâèé
x = u + λ ch t

λ

l =
∫ a
−a

√
1 + (x′)2 dt =

∫ a
−a

√
1 + sh2

t

λ
dt = 2

∫ a
0

ch
t

λ
=

= 2λ sh
t

λ

∣∣∣∣a
0

= 2λ sh
a

λ

2a
λ

a
sh
a

λ
= l ⇒

shϑ

ϑ
=

l

2a
> 1 (ϑ =

a

λ
)

shϑ
ϑ

= 1 + ϑ2
3 + ϑ4

5 + . . . ñòðîãî âîçðàñòàåò îò 1 äî ∞

ϑ0 � åäèíñòâåííûé êîðåíü óðàâíåíèÿ shϑ
ϑ

= l
2a

λ0 = a
ϑ0

u0 = A − λ0 ch a
λ0

(ïîäñòàâèëè t = a)

ch(t) � öåïíàÿ ëèíèÿ
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