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0 Bseneunme

flz) — Lnelg (0.0.1)
f(z) — sup (0.0.2)
zeP

P — muOX)ecTBO mnaHoB, x € P — mnan, f — nenesas dbynxuus
0.0.1) Haittu 21 € P: f(z) > f(z1) Yx e P
0.0.2) Haittu 2* € P: f(z) < f(z*) Ve eP

T1,2* — onTUMAIbHBIE TIIAHBI

10.0.2) cBommres x (0.0.1):

— flz) — ;g} (0.0.3)

Mmoxecrsa ontTuMansabx maanos (0.0.2) u (0.0.3)) coBmamaior, sxcTpemanbHbe
3HAYMEHUS] PA3INIAIOTCS JINIIb 3HAKOM.

HpI/I o > O CBOIUTCA K
1(1‘) — lnf

a>b L (a—0)>0

Onpenenenune 0.0.1 /lse sxcmpemanvHoie 3a0auu

inf, F inf 0.4
f(fv)ﬂinelp, (y)HyHElQ (0.0.4)

Ha3. IKBUBANEHTMHHMU, ECAU

VeeP JyeQ f(x)>F(y), VYyeQ JxeP Fy) > f(v)

JIemma 0.0.1 3adauu (0.0.4) sxeusanenmmuo, =

i f:M i f:; 0.0.5
;gpf(ar) = Inf (y); (0.0.5)

npu 3mom obe 3adanu OaHOGpe.M,EHHO UMEM, UAU HE UMENT PEWEHUE.

,ZI;OKaBaTe.TII:CTBO.

VeeP Jye@ fle)2Fly)>v = u>v

Ananorugso v > pu.
* - *\ _
[Iycrp a* — onrumasibubiil wian, T.e. f(z*) = p.

e f(a*)=>F(y")
Ho Fly*) >v=pn = F@y*)=v = y*- onruMaibHbIi mIaH.

Yro n Tpe60BaJIOCb A0Ka3aTb.
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IIpumep 0.0.1

p(2) = max fi(z) — inf (0.0.6)
P(x,t) :=t — inf, (0.0.7)

filz)<t, i€l:n, z€P
Jloka3zaTeIbCTBO 9KBUBAJIEHTHOCTHU u (0.0.7).
T € P; to:i= Znellaﬁ fi(zo)

(zo,to) — man ((0.0.7)

W¥(xo,t0) = to = max f;(xg) = p(xo)
(zo,to) — nian = 29 € P — nnan

p(z0) = max fi(zo) < to = (o, %)
(24, ts) — ONITUMATIHHBIN TITAH =t = maXie1q fi(Ts)

YTto u TpeboBasOCh JOKa3aTh.

ITpumep 0.0.2

Z [fi()] — inf (0.0.8)

m

U, uv) =D (ui+v;) — inf, (0.0.9)

i=1

file) =w; —v;, w; >0, v,>20, i€l:n
Hoxkazarenscrso sksusaienrnocta (0.0.8) m (0.0.9).

aeR = Fu,v>0: a=u—v, |a/=u+v

x € P —mman ((0.0.8))
= fi(z) = wi —vi, |ail =ui v, ugv; >0

(z,u,v) — nuan
m m

Ylou0) =Y (u+v) = Y |filw) = plx)

=1 =1

(z,u,v) —mnan (0.0.9) = z€ P —mnan (0.0.8)
r) = Z |fi(z)| = Z ui — vi| < Z(WZ‘ + |vil) = Z(Uz +v;) = P(z,u,v)
i=1

=1 =1
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Yrto u TpeboBasioch JOKa3aTh.

3amaun

1

2*

4*

5*

Bamaga Pepma
Bripesars KBajpaTHBIE YTOJKKA KBAAPATHOTO JIUCTA TAK, YTOOBI TIOJIYIHU-
Jlach KOPOOKa HAHOOJIBIIEr0 00beMa.

Banaua Kemiepa
B map Bomcars nmuamHAP HAKOOILIIErO 00bEMA.

Bamada o mrarpe
Haiitu npsiMoit KpyroBoit KOHyC HAROOJIBIIEro 00beMa, IIPH 33 TAHHOM ILTO-
maan OOKOBOH TTOBEPXHOCTH.

o(z) = [fi(x)], — inf

‘ zEP
=1

ITocTpouTh 3KBUBAJIEHTHYIO SKCTPEMAJIbHYIO 33,129y C JIMHEUHBIMUA Orpa-
HUYEHUAMU.

—r—inf, —-1<z<1
—(u+v)—inf, z=u—v, u,v>0 —-1<z<l1

,ZLOKaBaTI), YTO 3a/a49U HE SKBUBAJICHTHBI.

Jlokazarp, 9T0

inf f(z) = inf inf f(z)

x€P i€l:k x€P;
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1 Yactp 1. JIuHeitHbIe 3KCTpeMaJIbHBIE 33124

1.1 Bekropbl n marpunbl. UHaeKcHAd TeXHUKA

M, N — KOHeYHbIE MHIEKCHBIE MHOXKECTBA.

RN — numeitHOE TPOCTPAHCTEO BEKTOPOB.

x = z[N] ¢ xomnonenramu z[j],j € N

N=1:n=RN=R"

O = O[N] — nynesoit BekT10p. €; = €;[N],i € N — i-it opr. (e;[i] = 1,¢;[k] =0
upu k # 1)

(c,z) = c[N] x 2[N] =3,y c[j] x 2[j] — cxanapnoe npoussesenne ¢ u .

A = A[M, N] — marpuna c snemenramu Ali, j],i € M,j € N

AT = AT[N, M| — TpancnorupoBanHas MaTpuna ¢ saementamu AT[j,i] =
Alijl, i€ M,je N

A[My, N1],M; C M,N; C N — noaMaTpuisI.

A[M, j] — j-it cronben, A, Ali, N] — i-a crpoka A.

E[N, N] — enunnunas marpuna (Efi, i) = 1, Efi, k] = 0,7 # k)

y = Ax = A[M, N]xz[N] — Bexrop ¢ KoopauHatamu y[i| = Afi, N|xx[N],i € M
v =uA = u[M]xA[M, N] — Bekrop c koopauuaramu v[j| = u[M|xA[M,j],j € N
z[N] > O[N] & z[j] >0 Vje N

CsBoiicTBa:
1.
Ny CN,NQZN\Nl
¢[N] x z[N] = ¢[N1] x x[N1] + ¢[Na] x x[No]
Q=2 +2)
JEN  jEN; jEN>
2.
Ny CN,NQZN\Nl
A[M,N] x z[N] = A[M, N1] x z[N1] + A[M, N3] x x[Ns]
My CM,MQ :M\Ml
u[M] x A[M, N] = u[M] x A[M1, N] + u[M>s] x A[Ms, N]
dokazaTejanbcTBO.
Ali, N] xz[N] = Ali, N1] x 2[Nq] + Ali, N3] x z[ N3]
—_— —_—

i—sI KOMIIOHEHTa 1 BEKTOpa  i—s KOMIOHEHTa 2 BEKTOPa

Yro u TpeboBasioch JOKa3aTh.

Ciaeacrsue 1.1.1
Aw =y AIM,j] x a[j]
jeEN

uA =" uli] x Ali,N]

icM
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Ny C N, E[Ny,N] x z[N] = 2[Ny]
2[N] x E[N, N1] = z[N]
,Z';OKaBaTe.TIBCTBO.
E[Ny, N]xz[N] = E[Ny, Ny|xz[N1]+E[Ny, No] xz[Na] = E[Ny, Ni]x2[N1] = 2[N1]
O[N1,N2]

No=N\MN

Yrto u TpeboBasioch JOKa3aTh.

u[M] x (A[M, N] x z[N]) = (u[M] x A[M, N]) x z[N]
JlokazaTh caMOCTOATETHLHO.
(u, Az) = (uA, x)
(u, Az) = (AT, z)
u[M] x A[M,N] = AT[N, M] x u[M]
Samaun

7 Hokazarb, 94T0

A[M,P] x B[P,N] =Y _ A[M,k] x B[k, N
keP

8% A[M,N] — marpuua ¢ JuHEHHO HE3ABUCUMbIMY CTOIOLAMH.
My C M:¥ie M\ My 3u

A[’L,N] = ui[Mo] X A[MQ,N]

Hokazarb, uro A[My, N| auHeiiHO He3aBUCUMBI.
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1.2 TIlocraHoBka 3aga4u JuHeiinoro nporpamvupoBanus (JIIT)
f(z) :=¢[N] x [N] — inf (1.2.1)
A[My, N] x 2[N] = b[M;]
A[Ms, N] x z[N] = b[M,]

z[N7] > O[N1] — 3HAKOBOE OIpAHUUEHHE.

N1 CN, MiNM,=9, NQZN\Nl, M = M; U M,
A[M, N]

()—MHOKECTBO ILJIAHOB.

(c,z) — inf
€ Q
JI. B. Kanroposuu (1912 — 1986) — 3asava niaHupOBaHUs [IPOU3BOIACTBA
(craHku - gerasu - u3Lesus).
M CTAHKOB, 1 JeTajeidl. p1 : po : ... : P, — MPOMNOPIUU JeTajel 1Jis OTHOrO
U3IeIUs.
@ik: KOMAYECTBO JeTaneil k-ro BUIa, KOTOPBIE MPOM3BOIMT i-if CTAHOK 33 JCHb.
Zik: 9aCTh JHs, KOTOPYIO - CTAHOK TPATHT Ha HM3TOTOBJICHHE JeTayeil k-ro
BUJA. .| Gk, — KOJIMYECTBO JeTaneil k-ro Buia, KOTOPble IPOU3BOAAT BCe
CTAHKW 33 JI€Hb.

n
inkzl, 1€1:m
k=1

i, >0, i€l:m, kel:n

m
. Zi:l Ak Tik
min =*=——— — sup
keln Pk

t
t — sup

Z@ AikTik
=1 Z t
Pk

, kel:n

m
inkzl, T, >0, i€1l:m, kel:n.
k=1

IT;1an paabHelnen JeaTeJIbHOCTH:
1. CymiecrBoBaHue penieHmuii.
2. Kpurepwuit onTuMaaIbHOCTH.

E,Z[I/IHCTBGHHOCTB pemeHnusd.

- w

Ornucanme BCEro MHOXKECTBA, PEITEHUA.

5. YucaeHHbIH METO/I.
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Sagada Buga
f(z) = ¢[N] x [N] — inf (1.2.2)

HA3BIBAETCSA KAHONUNECKOT 3a0aueli AUHETH020 NPO2PAMMUPOBAHUA
f(z) = (c,x) — min
Az =b
x>0

Cpeny HEOTPUIATEHLHBIX DEIeHNi HAfTH perieHne, MUHUMUBUPYIOIIee Ieje-
Byto dyuknuo. Besakas 3amaga B o0mieit hopme BbIparkaeTcs depes 331349y B
KAHOHUYECKOi (opme.

Q — muoxkectso maanos (|1.2.1)).

No=N\MN
2o[N2] = yo[N2] — 20[N2]
= 3
wo[M1] = A[M7, N| X zo[N] — b[M4]
A[My, Ni| X xo[N1]+ A[M7, Na] X yo[Na] — A[M7, Na| x zo[Na| — wo[M1] = b[Mi]
A[Mz, N1] % wo[N1] + A[Ma, Na| x yo[N2] — A[Ma, Na| x zo[Na] = b[Ma]
vo = (2o[N1], yo[Na], z0[N2], wo[M1])

A _(A[Ml,Nl] A[M,Ny|  —A[M;, Ny] —E[Ml,Ml])
0= \A[My,N1] A[My,Ny] —A[My, No] O[My, M;]

Ao = (A[M, N1], A[M, N5, —A[M, N3], —E[M, M;])
<C, JIQ> = C[Nl] X Z‘Q[Nl] + C[NQ] X yo[NQ] — C[NQ] X ZO[N2]
co = (¢[N1], ¢[Na], —¢[N2], O[M])

(¢, o) = (co,v0)

(co,v) — inf (1.2.3)
Agv =10, v>0
9
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Teopema 1.2.1 (1.2.1) u (1.2.3) sxsusasermmo.

,Z[OKaBaTeJIbCTBO.

xo € Q = crpoum vy — wian (1.2.3)).

(e, v0) = (¢, x9) — 3HAUEHUS 1ENEBOH (DYHKIMN DABHBI.

Vo = (.130[M1],y0[N2],Zo[Ng],wo[Mﬂ) — ILJIaH .
= x0 = (wo[M1], yo[N2] — 20[N2])
OueBunHo, 910 T € Q U (¢, o) = (co, Vo)

Yro u TpeboBasioch JOKa3aTh.

3amaun

9* Pemurs 3amaay JITT

rae a[k] — 3amaHHbIe YnCTA.

10
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1.3 Teopema cyiiecTBOBaHUA PEIIEHUSA
f(z) :==¢[N] x [N] — inf (1.3.1)
. {A[M, N] x 2[N] = b[M]
=V = O[N]
Ecnu ) orpanuveno, TO perieHune CyIiecTByer mo Teop. BeiieprTpacca.
zeQ: Ny(z)={j€ Nlzlj] >0}

Onpenenenune 1.3.1 Ilran x € Q) naswsaemes ba3ucHvim,

ecau A; = A[M, jl,j € Ni(x), aunetino nesasucumst. (cmoabybe A, coomeem-
CMEYI0ULUE HOCUMEAO NAGHA T, AuHeliHo Hedasucumd). Hyaesol eexmop, ecau
OH ABAAEMCA NAGHOM, bydem no onpedesenuto 6a3UCHbLM.

x — GasucHblii ian. x # 0, N = Ni(z)

S el =b (A=)

JEN4
x[j] > 0,7 € Ny, z[j] =0, € N\ Ny

Cucrema ..y, 2[j]4; = O nveer ronbko Hysesoe pemenme.

A[M, Ny] x 2[Ny] = O[M] (1.3.2)

Teopema 1.3.1 (0 cylIecTBOBAaHUM PEIIIEHUSI).
Ecau Q # @ uinf,eq f(z) > —o0, mo cywecmsyem onmumanvroil 6a3uchbiil
NAGH.

Jlemma 1.3.1 ITycmov evnoanero yeaosue meopemos u b #= Q. Tozda no arwbomy
naary To € Q MookcHo nocmpoums basuckulll naar Yo : (¢, To) > (¢, Yo)-

Jdoka3aTesbcTBO.
Bosbmem zg € Q. Iockonbky b # O, 10 Ny := Ni(z9) # &
Pacemorpum cucremy (1.3.2). Ecin ona umeer TosbKo HyJlesoe peluenue, T0 Zo
— GaswcHbIi mIaH. (Yo := o)
[Tycts uMeer HeHyJeBoe petenue zg[ Ny ]. Jomomaum zo[ N\ N4 ] = O[N\
N.]

AZO = @, 20 7é (0) (133)

1. (¢, zp) = 0. MoKHO cuuTaTh, YTO y Z) €CTH XOTs Obl OJHA [OJIOKUTENbHAS
KOMITIOHEHTa, (HHaYe 2( 3aMEHUTh Ha —Z()

x(t) :==x0 —tzg, t>0

:Al‘o—tAZO

=0

z(t) >0 7
11
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GEN\N.: z()]j]=0 vt

JEN4, 2] <0 wo[j] —tzolj] >0 VE>0

JENL, z[j] >0: x0[j] —t2)j] >0 <= t< iﬁom
zolJ]
to := min 330[]:] JjE€ N4, z[j] >0 (1.3.4)
20[J]

jo — MHJIEKC, Ha KOTOPOM JOCTHIAaeTCs MUHUMYM
x1 = x(tg) = xg — tozo € Q,

Ny (z1) & Ny(z0) (BBIONT HHIEKC jo)

=0
(¢, x1) = (¢, xo) — to (e, z0) = (¢, zo)

(¢, z0) # 0.

MozxHO cuutath, 9TO {(C, 29) > 0, HHAYE BMECTO 2( BO3BMEM —Z(.
Hoxazkewm, aro 3j | Zy[j] > 0.
Ot mporuBHOro: Tycth 2o < O.
x(t) :=x—tzo; x(t) €Q VE>0 (Az(t)=0b, z(t) > 0OVt>0)
>0
—~
(c,z(t)) = (c,z0) —t(c,20) —F—— —o0
t—+o0

IIporusopeuune ycmnosuio inf f(x) > —oco.

to — no dopmyie (1.3.4); x1 = xo —tozo € Q, Ni(x1) & Ni(o).

>0
——

(e, 1) = (¢, o) — to(c, z0) < (¢, xo)
Nrak, ecn xo He ABIAETCA 6A3MCHBIM MuaHoM, To 3xp € Q@ Ni(z1) &
N+(.’L‘0)7 <C,£I}1> < <C7 x0>'
x1 — b0 Oa3uCHBIN TUIaH, JubO HET; BO BTOPOM ciyd4ae Jdzy : Az =
@, 21 7& Q.

Torna nepeiigem oT 1 K Lo, KaK BBIIIE OT Lo K T1:
Ni(z2) & Ni(z1), (¢, 22) < (c,21)
3a KOHEYHOe YHCJIO LIAroB J0iaeM 10 6a3MCHOrO ILIaHa Y.
Yro u TpeboBasioch JOKa3aTh.

Hoka3zaTesibcTBO (T€OpEMBI O CyLIECTBOBAHUYU PEIIEHNS).

12
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b=0 = (c,z) >0 VreQ
( mycrs Jzg @ (e, z) < 0, Torga
x(t) =txg € Q Vt > 0, nockonbkry Azx(t) = O, x(t) > O;

(¢, txo) = t{c,xg) ——— —00 )
t——+oo

Urak, B 3Tom ciayvae x, = 0 — onrumasbubiit BII.

b#0:

Iockombry ) # &, cymectByet BII yq.

TTokazkem, 910 HA3UCHBIX TJTAHOB KOHEIHOE GHCIIO.

IIposepum, aro pasubie BII umeroT pasnbie HOCHTEH.

Or uporusuoro. Ilycrs yo # y1 — BIL, Ny (yo) = Ny (y1) =t Ny, yo[N4] #

Y1 [N4].
D owolildj=b, > wilild;=b = > (wli) —wnli))4; =0,
JEN JEN JEN

9TO MPOTUBOPEYUT OA3UCHOCTHU TIJIAHOB Yo U 1.

Wrak, 6a3uCHBIX IJIAHOB KOHEYHOE YUCTIO. Y1, . . ., Yr — DIL.
Buibepem z, € {y1,...,yr}: (¢, x4) = minjep:x(c, yj)-
Tlokaxkem, uto x, — ontuMabubiit BII a1a ncxomHoit 3a1a4mn.
Vo € Quo nemme 3 BIL y: (¢, z) > {(c,y) > (¢, zs)-

Yro n TpeGOBaJ’IOCB JA0Ka3aThb.

IIpumep 1.3.1
r1 — 8Ty — bxg — inf

1+ T2 + 4dx3 = 2
T, —To+ 223 =0
z; >0, j7€1:3

() OrpaHMYEHO B CHJIY NEPBOIO OIPAHUYEHUS W 3HAKOBBIX yCJIOBHUH =
= inf f(x) > —o0.

Hocurenn Ga3mCHBII ILJIaH 3Ha4-e IeJjieBoil pyHKIUn
{1}7 {2}a {3} HET
{172} (17170) -7
{1,3} HET B CHJIy 2-TO OrpAHUYEHUS
7T
{27 3} (07 3 §) =7
{1,2,3} HeT[cTOJOIbI He MOTYT OBITH JIMH. HE3aBUCHMbBIMH|
Otser: onrumasbhbie Gasucubie mwianbl — (1,1,0) u (0, %, %), fe=-T.
Samaun
13
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10
—x1 + 229 — 23 — inf

1+ 4w +23 =5
T —2x9 —x3 = —1
z; >0, jel:3
11
—x1 + 4x9 — bx3 — inf
—x1+ 22 +23> -2
2x1 + a2 + w3 =4

120, w220
12* ITapamerpuuecKas 3a7a49a, JIAHEIHOTO MPOrPAMMHUAPOBAHUS
ari + o + x3 — inf

x1—x2+ (a— 1)z =a—2
1+ x2+ (a+1l)zs=a+2
r; >0, jel:3
IMocTpouth rpaduk KCTpeMaIbHBIX (ONTHMAILHBIX) 3HAUYEHUI Ie/1eBOil

dyukuuu kak F(a).

3ameuanue 1.3.1 (oGiiee 3amedaHue)
Ecau x — BII, mo |Ny(x)| < |M]|.
Ecau [Ny (x)| = |[M|, mo BII x na3veaemcs HEBBIPOXKICHHBIM.

IIpumep 1.3.2
—T1 + x9 — x3 — inf

IE1+{E2+2(E3:2
201 —x9 +x3 =1
z;>20,7€1:3

OrpanndenHocTsb 11e1eBoi DYHKINN CHU3Y W CBEPXY OUeBUIHA —>
= ) orpanndeno. /leiicTByeM MeToI0M TIepebopa HOCHTEJIEH.

Hocurenu | BII SuaueHus 1eneBoit hyHKIHH
{1}, {2} HET

{3} (0,0,1) -1

{1,2} (1,1,0) 0

Her Takoro x, oqaoBpemenno pasroro 2 u 1/2. Ocraerca 0. Y {2} Her Toxe.
VY {3} ecrb, nposepum Gazucuocts. Y {1,2} — mposepsiem.
Y {1,3}, {2,3} 21 mz3 > 0, Ho 0.

Otser: (0,0,1) — onrumasnbHblii 1WIaH (BRIPOKAEHHDBIH), f, = —1.

14

--- downloaded from www.POFIGIST.ru ---



IIpumep 1.3.3
—x9 — inf

—x1+x2 =1

2120, 2220

Basucusrit man: (0,1).

f(0,1) = —1 — MbI He HAILIM PEIEHUE, TTIOCKOJIbKY f He OrpaHUYeHa CBEpPXY.

MuoxkecrBo mwianos: (ze — 1,22), x2 > 1; z9 — +o0o = f — —

CpaBHu co cieayroueil 3aga4deii:
To — inf

—x1+x2=1

(0,1) — onTumanbubiit BIT
21 20,2220, f>0
A rak Kak 3TO €JMHCTBEHHbIA GA3UCHDIH JIaH, TO OH OITUMAJIEH.

Obwas 360046 AUHETUH020 NPOLPAMMUPOSAHUA:

f(z) :=¢[N] x [N] — inf

oo

A[My, N]| x x[N] = b[M;]
Q A[Ms, N] x z[N] = b[Ms] (1.3.5)
J)[Nl] > @[Nl]
Teopema 1.3.2
Eeru Q# @ u ingf(x) > —00, MO I ONMUMAALHVT NAGH.
re
Jdoka3zaresbcTBO.
PaccMoTprM 9KBUBAJIEHTHYIO 33/a4y:
(co,v) — inf (1.3.6)
Agv=0b, v>0
ITo skBuBanenTrocTu y ([1.3.5) MHOXKECTBO IJIAHOB HE [YyCTO ¥ B HEM €CTh OIITH-
MaJIbHBI.
YTo um TpeboBasIOCHh JOKa3aThb.
3amaua
13*

Q={zec RN | Az =b,z >0}

Jlokazarp, 9T0 moHsTHE OHA3UCHOIO NIJIAHA PABHOCUJIHLHO MTOHATHUIO KPaiHei

(yrsoBoit) Touku. Kpaiinssa rouka:

1
o €Q, x9= 5(.%'1 +£L‘2), 1 €Q, 160 =
15
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1.4 JIuneiinble HepaBeHCTBA

Onpepnenenne 1.4.1 K C RY — xonyc (6 navanre xoopdunam,).
reK=trcK Vt>0
K* — conpascennmti xonye. K+ = {u € RN | (u,z) > 0Vr € K}

Teopema 1.4.1 (Teopema Papkaimna).

K={zcR" | (a;,z) >0, i€ M} = K = cone({a; }icrsr) = {u = Ztiaihﬁi >0,ie M}

=
JBymepHBI# coy4gai:
. <a1’$> >0 +
lasox) > 0 = K™ = cone(ay, az)
we KT : w=tia; +tray, t1,t0 >0
ai
(1]
az
Puc. 1.4.1: /Isymepubiit cydait
Jlemma 1.4.1
A= A[M,N]
Az =b, >0 (1.4.1)
(1.4.1) cosmecmua <—
(byu) >0 Yu: ud >0 (uau ATu > 0). (1.4.2)

ﬂOKaBaTeJIbCTBO.
(1.4.1) copmecrna <= > -y z[j]4; =0, 2[j] >0, j € N(4; = A[M, j]) <
b € cone({4;}jenm)

—_————

r

Beenem xonyc K = {u € RM | (b,u) >0} = {u | ud > O}

K+ =T no reopeme @apkama, (TeopeMa.

(1.4.1) coBmectna <= bel <= be KT < (byu) >0 Yue K,
K ={u|uA > 0}.

Yrto u TpeboBasioCh JOKa3aTh.
3ameuanne 1.4.1 (1.4.2) <—
(b,u) <0Vu:uA <QO. (1.4.3)

<:>: UA <0 = (—u)A >0 = ((—u),b) > 0= (u,b) <0.

<—: cmoab dice 04e6uUdHo. )

(1.4.1) cosmecmna = (b,u) < 0Vu:uAd <O.

16
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Teopema 1.4.2 Cucmema

A[My, N x 2[N] > b[M]
=b

A[Mz,N]  2[N] = M) (1.4.4)
z[N1] > O[N]
coemecmna <= (b,u) < 0VueRM:
u[M] x A[M, N1] < O[N]
u[M] x A[M, N1] = O[N,] (1.4.5)
dokasaTesbcTBO.
Cosmecrrocts (|1.4.4) sKBUBaseHTHA COBMECTHOCTH
Ay=b, v >0, (1.4.6)

riae AO = (A[M, Nl], A[M, NQ], —A[]\47 ]\72}7 —E[M, NQ])
o eMme copmecta <= (b,u) <0V u: udy <0 < (1.4.5)

u[M] x A[M, N;] < O[N]

} — U[M] x A[M, N3] = O[N]

—u[M] x E[M,M;] < O[M;] < u[M;] > O[M].
Y10 u Tpe6oBasoch JOKa3aTh.
Sameuanne 1.4.2 (|1.4.4) necosmecmua <= Ju, ydosaemsopsrowee (|1.4.5)).

Caencrue 1.4.1 (teopema Paub-1I351).

Az > b cosmecmua <= (b,u) <0

Vu: uA=0,u>0 (ATu=0, u>0)

Veaosus na muoocecmea: My = &, My = M, N1 = &, Ny = N.

3amaua

14
A[M, N]

Hokazarb: Ax = b coBMecTHA <=

—  (u)y=0 Yu:ATu=0.

17
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1.5 Kpurepuii onTuMajJIbHOCTHI

JIemma 1.5.1 (ocHoBHas semma JIIT)

(c,x) =p
Az =b (1.5.1)
z>0

A= A[M,N]

ITyemov cucmema (1) cosmecmmua, 00HAKO CMAHOBUNCA HECOBMECTNHOT NPU 3a-
Mmene p na b — A YA > 0. Toeda coemecmma cucmema

uA<e, (bu)=p. (1.5.2)
Jloka3zareJsbCTBO.
(c,x) —tu=-1

Az —tb=0 (1.5.3)
x>0, t>0

Hoxraxkem, aro cucrema (|1.5.3) HecoBmecTHA.
Ot nporuBHOro: mycrb (g, tg) ynosaersopser (|1.5.3)).

1.
to =0. <C, .T0> = 717 A.Z‘O = @7 i) Z (@)

IMycrs yo ynosnersopsier ((1.5.1). Torma x1 := yo + zo.
<C,.Z‘1> = <va0>+<0a$0> :,u_lv Axl :b7 Z1 Z@

IIpoTuBOpeune ycaoBUIO.

T
to > 0. Ty = -0
to

IMycts yo ynosaersopsier ((1.5.1). Torma x1 := yo + 2o.
1

(c,x1) = p— t—; Axi=b, 21 >0
0

IIporuBopedne ycaoBuio.

Urak, cucrema HECOBMECTHA.
o G5 = (o) ez ®
(§) o= (). #20 "

(3') HecoBmectHa, (1’) coBMecTHA.
B cuay necomecrHocru (3') (em. memmy [1.4.1):

I(v0,u0) : —y0c + upA < O, yop — (b, up) <0, v > 0.

18
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B cuny cosmecrnocru (1) u ycaoBua —ypc + upd < O:
—You + (b, ug) < 0.

[Homyannm:
—Yop + (bug) = 0;  —yoc+upA <O

Uy 1= @; us A < e, (byus) = p
Y0
Yto u TpeboBasioch JI0Ka3aTh.
f(z) :==¢[N] x [N] — inf (1.5.4)
A[My, N] x z[N] > b[M]
Q: < A[Ms, N| x z[N] = b[Ms]

Teopema 1.5.1 (kpurepuii oTUMaJIBLHOCTH).

Zi € Q — onmumanrvuod naan (1.5.4) <= Ju. = u[M]:

(e,x,) = (bu,) (1.5.5)

ux[M] x A[M, N1] < ¢[V1]

w,[M] x A[M, N, = c[N,] (1.5.6)
u*[Ml] Z @[Ml]

JloKa3aTeJbCTBO.
Heobzxodumocmsv. x, € Q) — onrumasbabiii mnan (|1.5.4]).
3amuiemM 3KBUBAJIEHTHYIO 331a4y:

(co, vy — inf
Agv = b (1.5.7)
v>0

ITo skBuBasnenrnocru y (|1.5.7) 3 onrumanbublii wian v, u (¢, ) = (Co, Vs) =: p.

<Co,’l}>:/14
Ao?]:b -
v>0

9Ta CUCTEMa COBMECTHA (U ), IPU yMEHbBIIEHUH (i CTAHOBUTCI HECOBMECTHOIA.

TTo memme [1.5.1Fuy :  usAg < cg, (b, us) = = (¢, x4)
—_——

= E53)

Ao = (A[M,N\] A[M,No] — A[M,No] — E[M,M])

co = (c[N1] c[N2] —c[N2] O[M;])

uxAg < c¢p :

ue[M] x A[M, Ny] < ¢[V1]

w [M] x A[M, No] < ¢[N3]
—uu[M] x A[M, No] < C[NQ]}

—u, [M] x E]M,M;] <O[M;] =  w[M]>O[M]

= w[M] x A[M,No] = c[No]

19
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Hocmamounocmsv. Boionnenst (1.5.5)), (1.5.6).

(L.5.6)
Ve € Q (c,x) = ¢[N1] X x[N1] + ¢[Na] x x[No] >

> w[M]x A[M, N x@[Ni]+us [M]x A[M, Na]xz[Na] = u.[M]x(A[M, N]xz[N]) =
= w,[Mi] x (A[My, N] x 2[N]) + u.[Ma] x (A[Mz, N] x 2[N])

Y

> w,[My] % b[Mi] + ue[Mo] X [Ma] = (b,u) "= (2,

Nrak, Vo € Q  (c,x.) < (¢, ).
Y10 u TpeboBaIoCh JOKA3aTh.

A={u]
[M] x A[M, N1] < ¢[N4]

[M] x A[M, N2| = ¢[No]
u[M] > O[M;]

A
A

u
u

}

Kpurepuit ontumanpaoCcTH: T, € () — ONTUMAJIBHBIN TJIAH <> Ju, € A:
(¢, 24) = (b, ux).
Ormerum, 9o

(c,x) > (byu)y VreQ,uel (1.5.8)

N=N;UN, M=M,UM,
(cM. mokazarenbeTBO gocrarounoctu: (¢, x) > (ud,x) = (u, Az) > (u,b)).

20
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1.6 Teopema aBoiicTBeHHOCTU

= inf 1.6.1
f(@) = {e,z) — inf (1.6.1)
A, g(u) = (b,u)

Kpurepnit ontuManbHOCTH: T, € ) omruMasieH <=  Ju, € A: (¢, x,) =

(b, U ).

Usgecrno, uro f(x) > g(u) Vz € QVu e A.

B gacrroctu, mpu u € A g(u) < f(z.) = g(u),
T.e. — pemienue 33aa49u JII1

g(u) := (b,u) — sup (1.6.2)
u€ A

B cuny xkpurepus ontumansaocru (1.5.1) no pemenuto x, 3azaun (1.6.1) waii-
nercs u, — peuterue 3axa4u ((1.6.2));

OoJiee TOrO,
inf f(x) = sup g(u) (1.6.3)
zeQ uc A

Ounpegnenenune 1.6.1 (1.6.2) naswsaemca sadauet, dsoticmeennot x ((1.6.1)).

[Toapobmee:
g(u) := b[M] x u[M] — sup

u[M] x A[M, N1] < c[N1]
u[M] x A[M, Ny] = ¢[No] (2)

(11.6.2) [(2")] mmeer permenue u, . [Tokaxkem, 9To HMEET DeIlleHNe U BBIIOJ-
HAETCS — COOTHOIIIEHHE IBOHCTBEHHOCTH. Uy SBJISETCS PEICHNEeM CJIejLy-
IOIIel 3a1a49u:

—(b,u) — inf

—AT [Ny, M] x u[M] > —c[Ny]
—AT[Ny, M] x u[M] = —c[N3]
u[M;] > O[M)
ITo kpUTEPHUIO ONMTUMATIHEHOCTH Jz,. = x.[N] :

—(b,us) = —(¢,z)

—x.[N] x AT[N, M;] < —b[M;]
—z.[N] x AT[N, My] = —b[M,)]
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x4 [N1] > O[N]
T €Q, u, €A, <C,$*> = <b7 u*)

ITo xpuTepHI0 ONTUMATLHOCTH st (1.6.1) @ — onTuMasbHbINA M1aH U BbI-
nosnusercs (1.6.3).

Takum obpa3om, HAMH JTOKA3aHA

Teopema 1.6.1 (I Treopema gBoiicTBeHHOCTH).
Ecau 0dna u3 napv, 060UcmeennuT 3a0ay umeem pewerue, mo u dpy2aa umeem
pewenue; npu amom svnosnaemcs (1.6.3)).

Teopema 1.6.2 O6e deoticmeennwe 3adawu (1.6.1) v (1.6.2) odnospemento
umerom pewenue <= QA # I u A # 2.

JlokazaTesibCTBO JOCTATOYHOCTH.
Q) # & 1o yCIOBUIO

A # @ 3 nnam ug 3aman (1.6.2)).

f(z) > g(up) Ve = 12%]”(:6) > —00.

I[To reopeme cyuecrsosanus [1.3.1) 3 ourumanbublit wian 3aga4du (1.6.1).
ITo nepBoii Teopeme aBoiicrBennocTH [1.6.1| (1.6.2) Toxke nMmeeT perenue.

Yro u TpeboBajioch Jd0Ka3aTh.
IIpumep 1.6.1 Hccredosamsv 3adawy JIII:
r1 + 2x9 + 3x3 — inf

T+ xo — 43 > 1

131—17222

1’120
U1 T+ a0 —4x3 > 1
U x1—$2:2
c=(1, 2, 3)

3anuiieM JIBORCTBEHHYO 3a1a4Y:
u1 + 2ug — sup

U +ug <1
ul—U2=2

—47.L1 =3

22

--- downloaded from www.POFIGIST.ru ---



u120
A= Q#£o: x9=1(20,0)

HeneBas MyHKIMSA UCXOIHOM 331291 HEOTDAHUYIEHA, CHU3Y.
Mo2KHO OCTPOUTH JABOWCTBEHHYIO 33a49y K JBOWCTBEHHOI 3a1a4€e (Mbl BEpHEM-
Csl K UCXOJIHOM 3ajia4e).

u1 + 2ug — sup

X1 ur +us <1

X9 Uy — Uy = 2

I3 —4u1 =3
[Tpu mepexoje K JABORCTBEHHON 3a/1ad€ YIUTHIBAIOTCS CIEAYIONINE TPABUIIA:
inf <« sup, ”>" — "npaBuibHoe”’ OrpaHUYEHUE-HEPABEHCTBO B 3aja4e Ha inf,
7<” — “npaBuibHOE’ OTpAHUYEHHE-HEPABEHCTBO B 3aJade Ha sup, > — “mpa-

BUJIbHOE” 3HAKOBOE OTDAHWYEHUE.
[IpaBuIbHBIM 3HAKOBBIM OTPAHUIEHUSM COOTBETCTBYOT MTPABUIbHBIE OTPAHUIEHHU I
HEpPABEHCTBA, U HAODOPOT.

Teopema 1.6.3 (II Teopema aBoiicTBeHHOCTH).
T, Uy — NAGHBL 06OTCMEEHHBT 30004,
T, Uy ONTMUMAALHDL, <> GBINOAHAOMCA YCAOBUSL JONOAHUMEADHOCTNU:

<U0, A{EO - b> =0 (164)
(¢ —upA,z9) =0 (1.6.5)
Jloka3aTejbCTBO.
Heob6xoamMocTh.

N=N,UN; M=MUM2
(e,xo) > (upA,zo) = {ug, Axo) > (ug,b)
Zo, Up ONTUMANBHBI = (¢, zg) = (b, ug)
JloCTaTOIHOCTD.
Caenyer u3 kpurepust ourumasibuocru |1.5.1 aus (1.6.1) u uepsoii reopembi
neoiicreennocT [1.6.1]

Yrto u TpeboBasioCch JOKa3aTh.

(11.6.4), (1.6.5)) sxBuBasEHTHBI COOTBETCTBEHHO
uolé] x (A[i, N] x xo[N] —b[i]) =0, € M (4"
(clj) — uolM] x A[M, j]) x wolj] =0, j € Ny, (5)
TaK Kak

1.6.4) — Z ugli] x (Afi, N] X 2o[IN] —b[i]) = 0 = Bce cnaraemble paBHBL.
1€ M,

4), () =
< wug[M] x A[M,j] = clj], eciau zo[j] >0 (5 € Ny)

uoli] =0, ecmm Ali, N] X 29[N] > b[i] (i € M)

23
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C apyroit cropousr, (4'), (5') <~
<= Ali,N] x zo[N] = 0[], ecmm uplj] >0 (i € M;)
xolj] =0, ecam up[M] x A[M, j] < c[j] (5 € Ny)
IIpumep 1.6.2 Hccredosamsv 3adawy JIII:
r1 — 8ry — 4x3 — inf
1+ T2 + 4dx3 = 2
T, —To+ 223 =0
z; >0, j7€1:3
ITposepume naan & = (1,1,0) na onmumasvrocms.

zeN

2uy — sup
ur +us <1
UL —uz < —8
duy + 2us < —4
3anuiieM yCaoBUs JOMOJTHAUTETHHOCTH]:

7 9
UL +u2 =1, uy —us = -8 = ulz—i, u2:§

[Iposepsiem 3-e orpanmyenune: —14 4+ 9 = —5 < —4

4 = (u1, ug) — MIAH ABOACTBEHHON 3a/1a491, BBIIOJIHEHbI YCJIOBUS JAOMOJHUTE b
HOCTH.

Suauur, &, U — ONTUMAJIbHBIE ILIAHbL.

3amaun

15 UccnemoBars 3aa9y JUHEHHOTO TPOTPAMMUPOBAHUS:

r1 — 3x9 + x3 — inf
2x1 — bxo + 223 = 2
—x1+ 20+ 23 >1

1’220, (E320

16 IloctpouTh mapy ABONCTBEHHBIX 3a/1a4 JMHEIHOTO MPOrPAMMUPOBAHUS, Y
KOTOPBIX MHOXKECTBA I1JIAHOB IIYCTHI.

24

--- downloaded from www.POFIGIST.ru ---



17*
—x] — 2x9 + X3 — sup

T+ T —x3 =2
1 — T2 +23 <1
1 >0, 22020
IMposepurs nnan & = (0,0, —2) HA ONTUMAJIBHOCTD.
18*
(e, x) — inf

Ar=b, ze K

(b,u) — sup
c—uAe KT
K cRN
K — xonyc, K+ — conpsizkeHHbBI# KOHYC

Hokazarb: eciu xg, ug — wianbl u (¢, g) = (b, ug), T0 g, Uy ONTUMAIHHBIL.

IIpumep 1.6.3
—x1 + 329 — 33 + T4 — SUp

1+ 2o+ 23+ 24 <2
1+ 2w0 —4x3 + 24 < —1
r; >0, jel:4
IIposepums naan & = (0,1,1,0) na onmumasvbrocms.

(Bamaua B cumMerpudHOi (opMe: BCe OIPDAHUYEHHs — HEPABEHCTBA, €CTh BCE
3HAKOBbIE OIPAHWYEHVS. )

e

2u1 — ug — inf
up +us > —1
uy + 2us > 3
uy — 4ug > —3
ur +us >1
up >0, u2 >0

YcoBrusa TOMOJMHATEILHOCTH:

UL+ 2ug = 3

N3 3HAKOBBIX OFpaHI/I‘-IeHI/Iﬁ
uy — 4UQ =-3

ug =0 — U3 HEPABEHCTB
Cucrema HecoBMecTHa; & He OLNTUMAJIEH.

25
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IIpumep 1.6.4
-1 + 29 — 23 — inf
1+ X2 + 203 = 2
201 —x9+ 13 =1
z; >0, j€1:3
Z=1(0,0,1) — onmumanvroi?

Orpanndennsi TBOMCTBEHHOM 3a0aM:
Uy + 2us < —1

ul—u2§1

IN
R

2'LL1 + uso

VeoBus NOHOMHATEILHOCTH JJIA L
2u1 +us = —1; = ug=—2u; —1

IIpoBepsieM TIepBOe W BTOPOE OTPAHWYEHNs TBONCTBEHHON 33 a4M:
1
—3u1 <1,3u; <0 <= u € [—5,0]

(u1,—2u; — 1) upu u; € [—%7 0] sBIsIeTCA TWIAHOM TBOMCTBEHHON 3ama4u,
BBLITIOJTHEHO YCIOBHE JOMOJIHATETLHOCTH = 4— OMTUMAJLHBIH MIaH.

Z=(1,1,0) — onTumasen in?

U1+2U2:71
’LL177.L2:1
1 2
Ulzga Uzz—g

[IpoBepuB 3-e orpannydenwe, YBUAUM, UTO OHO HE BBITTOJTHIETCS; & HE ONTHMAJIEH

3amaun
19

¢[N] x z[N] — inf

A[My, N x z[N] = b[M]

A[Ms, N] x z[N] = b[Ms]

A[Ms, N] x z[N] < b[Ms3]
x[N1] > O[Vq]
z[N3] < O[N3]

M:M1UM2UM3, N:N1UN2UN3, Ml,NZdZS

b[M] x u[M] — sup
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T0, U — ITAHBL STUX 33,134
Hokazars: (c,zo) = (byug) = o, Ug — OUTHMAJIBHBIE IIJIAHBI

> lz[j)l — inf

JEN

20%*

Az =0

b # O, orpanryeHns COBMECTHBI

(b,u) — sup
max |u[M] x A[M,j]| <1

JEN
JlokazaTh, 9TO 00€ 3aIa9i UMEIOT PEIeHNs W WX dKCTpeMaIbHbIe 3HaUe-
HUS PABHBI.
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1.7 Marpudubie UTPbI

A = A[M, N] — MaTpuna miarexei

Crparerna I wrpoka: p = p[M]: > .\ plil =1, p[i] >0, ie M
P — muoxkecTBO crpareruit I urpoka

Crparerus IT urpoka: ¢ = q[N] : Z]EN qlil =1, q[j] >0, j €N
Q — muoxkecTBO crpareruii II urpoka

Ormpenennm a(p, q) — CPEHIOIO BEJINYNHY TIATEXKA B KasKJION MapTHH.

B caywae p=-e;, ¢g=¢; ale;e;) = A, j]

a(ei,q) = Y Ali, 5] x qlj]

JEN

a(p,e;) = Y _ pli] x Ali, j]

icM

a(p,q) = Y _ (p[M] x A[M, j]) x q[j] = p[M] x A[M, N] x g[N]

JEN

Durcupyem p. ©(p) = min a(p, q) — rapaHTUPOBAHHBII BHIUIPHIIIL.

q€Q
I urpok BeiOupaer p, € P :

o(p«) = max o(p) = max i a(p,q)

Duxcupyem q. ¥(q) = maxa(p, q).
peP
II urpok BoiOupaer ¢, € Q :

Y¥(gs) = min Y(q) = min max a(p, q)

Teopema 1.7.1 (0 cyliecTBOBaHMYU CUTyanyuy PaBHOBECUS).
Cmpameauu ., q. cyuecmeyom.
IIpu amom napa {p«,qs} 0b6pasyem cumyayuio pasHOBECUL:

a(p,q«) < a(ps,qi) < alps,q) VpeP Yge@
JIemma 1.7.1 (;iemma 06 oumctke). Cnpasediusv. pasencmea

¢(p) = minp[M] x A[M, j] Vp € P
JEN

Y(q) = rgé‘c}gA[i,N] x q[N] Vg€ Q

JlokazaTesbcTBO.

a(p,q) — inf
©(p) (p,q) 420
p durcupoBasn

(p[M] x A[M, N]) x ¢[N] — inf

alil=1

JEN
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q[N] > O[N]

Pemenne CyHaieCTByeT B CUJIY OTPAHUYEHHOCTU MHOXKECTBa TIJIAHOB.

[To Teopeme O CyITIeCTBOBAHWH PEITIEHUST HaMIeTCs ONTUMAJIbHBIN Ga3wmc-

HBIH TIaH.
Bce mHOKeCTBO GasmcHbIX mmaHoB: {e;}, j € N.

¢(p) = mina(p,e;) = gléilrvlp[M] x A[M, j].

JEN

Yro n TpeﬁOBaJIOC]) A0Ka3aTb.

3amaga mis 1 urpoka:

¢(p) = min p[M] x A[M, j] — sup
JEN oo ———  peP
t

= max A[i, N] x ¢[N] — inf
(g) = max Ali, N] x ¢[N] — inf

S

(1.7.6) sxBuBamenTHA
t — sup

—p[M] x A[M,j]+t<0, jeN

> pli=1

ieM
p[M] > O[M]

(p,1)

(1.7.7) sxBuBaeHTHA

(q,5)

(1.7.8) u (1.7.9) — nBoiicTBEHHbIE 33,A4H:

(1.7.9):

0 0 1

1[0

p[M] | —A[M, N] :
1{0

t |1 1 01
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Muoxecrsa wianos y (1.7.8) u (1.7.9) nenycrol (u3-3a npoussosbHOCTH t 1
5)
I(p*,t*), (¢*,s*) — onTuMasbHBIE; t* = $* MO MEPBOIi Teopeme ABOHCTBEHHOCTH

Ledl

B CHUJTy 3KBHBAJIEHTHOCTH

= (P(p*) * *
. L= = 1.7.10
s =g = PP =) (1.7.10)

(1.7.10) <—
i *q) = 1.7.11
ggga(p ,q) gleaga(p, qx) ( )
% « -1.7.11 . % % %
a(p®,q*) < maxa(p,qx) —= mina(p*,q) < a(p*,q¢*) =
peEP q€Q

N — * %) = mi * =
I;leal?)(a(p, gx) = a(p*,q") Z%lclgla(p ,q)

= a(p,gx) <alp®,q") <alp®,q)

OTUM MBI IOKA3AJIM TEOPEMY O CYIIECTBOBAHUU PABHOBECHSI.

Bameuanue 1.7.1 Ilo onpedeaenuro o(p*) u ¥(¢*) u no dokasannotl eviwe

meopeme [1.7-]]

max mina = min max a(p,
max min a(p, ¢) = minmaxa(p, g)

(Omo ymeeporcdenue nas. meopemoti 0 CYUECNEOBAHUY PAGHOBECUS, UM TEO-
pemoti don Helimana, uiu meopemoti MUHUMAKCE U MAKCUMUHRG. )

3amaua

21
A= A[M, N]
Jlokazarn:
max min Afi, j] < minmax A[i, j]
i€M jEN JEN iEM

IIpuBecTn mpuMep, KOT/Ia HEPABEHCTBA, BBITOTHAIOTCSI KaK CTPOTHE.
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1.8 IlpmHNUN makcuMyMa JJid JUHEHHBIX AUCKPETHBIX CH-

creM
Z<Ck, xE) + Z(bk,uk> — sup (1.8.1)
k=1 k=1
Dk | Tp = Ap_1xk_1+ Brug, k€l:s (1.8.2)
ar | Drup <dy, kel:s (1.8.3)
To =2 (1.8.4)

A, = Ag[N,N|, By = Bp[N,M], Dy = D;[T,M]

‘ (5% I u9 i) us I3 Ts—1 Ug Ts ‘
by c1 ba Cco b3 c3 Cs—1 bs Cs

P1 —B1 FE 0 0 0 0 0 0 0 Aof
q | Dy 0 0 0 0 0 0 0 0 <d;
p2 | O -A, —-By FE 0 0 0 0 0 =0
q | 0 0 D, 0 0 0 0 0 0 < ds
ps | O 0 0 —-As —-Bs FE 0 0 0 =0
ps | O 0 0 0 0 0 ... —-A,4 —-B, E | =0
qs | 0 0 0 0 0 0 ... 0 Dy 0 < d,

<A0§7ap1> + <dk7Qk> — inf (185)

k=1
—ppBr + @D, =by, kel:s
Pk — Ph1Ar =c, ke€l:s—1
DPs = Cs
g >0, kel:s
pk:pk+1Ak+Cka k513"'?1} (18.6)
Ps = Cs
(1.8.6): mo mpeapLIyIIMM KOOPIMHATAM OIHO3HAYHO OMPENEIAETC Dy,
(C83) = > (di,q) — inf
k=1
Diig.=Blpr+bs, kel:s
g >0, kel:s
(1.8.5) pacnamaercs na s HesaBucuMmbIxX 3agad JIII:
(dk, q,y — inf (1.8.7)

ur | Diqr = B{pk+ bk
qa >0
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JlBoiicTBeHHAS 3a/1a94a:
Hy(ug) = (B py + by, ug) — sup (1.8.8)
Uk : Dkuk S dk
(Uy, — muoxecrso mwianos (1.8.8))

Hy(ug) = (bg, ug) + {pr, Brux) — bynkuns Tamuabrona

Teopema 1.8.1 (mpuHIUO MaKCHMyMa)

{up};_, — cucmema donycmumvix ynpasaerut dasn (1.8.1)).
{ui}s_, onmumarvna <= Hi(u}) = maxy, cu, Hp(ug) npuk € 1:s.
Hepepopmyauposxa: u; — pewenue ([1.8.8]).

Ty = Ap-—1Zk—1 + Brug (1.8.9)
Diup <dp, k€l:s
OrpannyeHust ABOMCTBEHHON 3a1a491:
Dlqe=BIpu+br, q>0, kel:s (1.8.10)
P =pPri1Ar +cx, kel:s—1

Ps = Cs

Cepus 3ama4 ipu Kaxaom k € 1: s

<dk7q1<:> — inf (1811)
Difqi, = Bl py + b
g >0
(B{ pr + b, ug) — sup (1.8.12)
Dyuy, < dy,

Hoka3zatesibecTBO (TeopeMbl 0 IpuHIAIIe MakcuMmyMa (1.8.1)).

. * *\ S o -
=:{z}, v} };_, — ourumanbubiii wian 3agaqu (1.8.9). ITo I reopeme apoiicrsen-
HOCTH 3 pemmenue {py, ¢;} 3amaau (1.8.10)), mo II Teopeme ABOHCTBEHHOCTH BBI-
TIOJTHSIETCS YCJIOBUE JIOMOJTHUTETHHOCTH.

(di, — Dyuj,qi) =0 Vkel:s
@ukcupyem k € 1 : s = ¢q; — nman (1.8.11), uj — nman (1.8.12) n naa mnx

BBIIIOJIHAETCA yCJIOBI/Ie JOIIOJIHUTEJIbHOCTH:
x %
(dr, — Druy,qy) =0

ci., no II reopeme apoficTBennoCTH u) — pemenue 3agaqan ((1.8.12).
<: ®ukcnpyem Vk. Juj — pemenne (1.8.12)). ITokaxkewm, uro cucrema {uj} —

ontTuMmabHoe ynpasienue (|1.8.9).
u; o I reopeme gpoificreennoctu Jg; — pemenue (1.8.11), {px, ¢;} — mian
ITockonbky Vk BbI-

nsoiicreennoi 3agaun (1.8.10), {z}, uj};_, — mman (L.8.9).
IMOJIHAETCHA YCJIOBUE JONOIHUATEbHOCTY st 3a1a4un (|1.8.10), ykazaHHbIN 11aH

ABJIHETCA OLTHMAJIbHBIM, T.€. {uj,} OUTuMasbHa
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Yrto u TpeboBasioch JOKa3aTh.

3amaua

22*% A = A[N, N] — neocobas.
B =xy”, x,y — HeHyJeBble BEKTODHI.
Jlokazarn, 9T0

(A-B)'=A"14+(1-a) A 'BA e a = <y,A_1x> #1
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1.9 Cumimiekc-mMeTo.,

f(z) := ¢|[N] x z[N] — inf (1.9.1)
A[M, N] x z[N] = b|M]
z[N] > O[N]
JIBoiicTBeHHAS 3a/1a9a:
b[M] x u[M] — sup (1.9.2)

u[M] x A[M, N] < ¢[N]

x — GaszucHblii mian: Ny = N, (x) — HOCHTEID,
A[M,j], j € Ni(r) — nuHEHHO HE3aBUCHMBI. YCJIOBHE HEBBIPOXKIEHHOCTH:
JUTst BCeX GA3MCHBIX IUTAHOB &

|N.(x)] = |M| — Bce Ga3ucHbIE TUIAHBI HEBBIPOXK IEHHBI.

A[M, N,] — HEBBIDOXKIEHHAST MATPHUIIA, HA3BIBAETCS 6A3NCHON MaTpuIeii, coor-
BETCTBYIONIEH 0A3UCHOMY ILJIAHY .
B[N, M] = (A[M,N,])~! — obparnas 6a3ucuas MaTpuIa.

B[Ny, M] x A[M,N,] = E[N,,N,]

, . 0
2y — HAYAJIbHBIN OA3UCHBIH IUIAH ¢ HOCUTEJIEM Ni) = N (z)
xo — BII z7 : (c,x1) < {c, o)
[IpeBApUTEILHO TPOBEPHM Z( HA ONTHUMAJIBHOCTD. YCJIOBHE ONTHMAJIBHOCTH:

u[M]xA[M, Nio)] = c[N_E_O)] (T. K. KOMIIOHEHTBI & IIOJIOKUTEILHBI Ha HOCHTEE)
B cuy HeBLIpOXKIEHHOCTH:

upM] = ¢[N\"] x BIN'”, M (1.9.3)
[IpoBepum, 910 ug — IIaH ABOMCTBEHHON 3aa4H.

Aolj] = uo[M] x AIM, j] —clj], jeN\N
N——"
OIIEHKH

Ecmm Aglj] <0 Vje N\ Nio), TO X, Uy — ONTUMAJBHBIE [LJIAHBL.
Mycrs jo € N\ N : Ag[jo] > 0

(1.9.3)

Noljo] =7 [NV x BIN'Y, M] x A[M, jo] —c[jo]

20[N'?]

2N = BIN®, M] x A[M, j]

WNnate roBops,
AM, N x 20[N{] = AM, jo) (1.9.4)

2olj] = -1 j=1jo
0 j#jo, jEN\NO
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(4) = Az =0
Agljo] = (¢, z0) > 0 (mo yea.)

xo(t) :xo—tZ(), t>0
Ecnn ZO[N_g_O)] < @[N_S_O)}, 10 20 <O uao(t) >0 Vt>0
f(@o(t)) = flxo) —t{c,20) = f(wo) =t Ao[jo] = —00 (I — +00)
0
>

B sTom ciydae 3a3/1a9a He MMeET perieHus.
ds € N_s_o) :zo[s] >0
Ty —tzg > 0=

o = min { 70 4 ¢ N zls] > 03 >0 (1.9.5)
zo|s]

1 = xo —tozo — ma (1.9.1). s — wHIEKC, HA KOTOPOM JOCTHTAETCS MAHUMYM

B (|1.9.5)).

Nnmeem:

z1[s] = wols] — tozo[s], s € N\ {so}
x1[jo] =to >0 — HOCHTETH TIOMEHSIIICS.

z1[j] =0 upu ocranpubix j € N, B uacrunocrn, x1[so] =0 (1.9.6)

x1 — maan 3aga4n ((1.9.1))
f(x1) = f(x0) — toAoljo] < f(z0)
[Tokaxkem, 910 =1 - 6A3UCHBIN TIIAH.
1 0 . 1
N = NP\ fso} U oy, INYY] = |M]

[Mokaxewm, aro A[M, NS)] — HEBBIPOK ICHHAS.
— ITepman-Moppucos...
MozkHO mporre:

A[M, NJ(rl)] nomyuaercsa n3 A[M, NJ(FO)] 3amMeHoil sy - croabua Ha jj - croaber.
AM,jo] = > zo[s]A[M, 5] & (1.9.4)
SENJ(FO)

npu 3TOM Zg[sg] > 0
C =C[1:m,1:m] - obparnmas
C; — j-#t cronber; P =30 | 2,Cy, z; # 0; 3amennnu, D — moJIydeHHAs MATPUIIA

Jlemma 1.9.1 3D~!, D! = VC!, V - mampuya, omaiunarowasca om
FE,, moavko j-m cmorbuom

z1 Zj—1 1 Zj+1 Zm \T
‘/j: (_77 ceey T Ty Ty Ty ey _7)

Zj i A <j Zj

(Mampuya V' na3. myavmuniuramopom.)
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,Z[OKaBaTe.]'IbCTBO.

1 zZ1
Zm 1
D71 _ U71071
U-t=Vv
1 z1 1 —Zl/Zj
Zj 1/z
Zm 1 —Zm /% 1
21
j-it cronben UV:  (UV); =L+ Doenj(—2ses) + Lf:]=
Zm
1 1 m 1
=—-— Zss + — Zs€s = — Zj€5 = €5
2 ; z; Sz_; 2z 39 J
1 72’1/,2]'
D7l = 1/z c!
—2Zm/%; 1

D7 j,-]=C74,]/2; (pabouas cTpoka)
‘)Cil[ja }

Cil[s’ } - ZsDil[jv 'L S 7é.7

Yro n TpeGOBaJ’IOCB JA0Ka3aThb.

AM N BN, M) = (A[M, N{])
N = N {s0} U Lo}
A[M, NS)] :  Ha MecTO Ay, craBurca Aj,
B[N, M) = (A[M, NV~

A[M, jo] = > z0ls]A[M,s],  zolse] > 0

SENJ(:))

By [N, M] ey, u By [jo, M] = Bolso, M]/z0][s0]
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By[s, M] = Bo[s, M] — zo[s]b1[jo, M], s € N9\ {s0}
ur [M] = ¢[N] x By [N, M
up[M] = ¢[N{”] x By[N!?, M]

Jlemma 1.9.2
u1[M] = uo[M] — Ao [jo] B1ljo, M]
,Z[OKaBaTe.]II:CTBO.
w[M] = Y cls]Bils, M] + cljo] Bljo, M] =

seN{\{so}

= Z c[s](Bo[s, M] — zo[s]b1[jo, M]) + c[jo] B [jo, M] =
sEN{P\{s0}

= Z c[s]Bols, M] —c[so] Bolso, M] —( Z cls]zo[s]—cljo]) B1ljo, M] =
(0) — (0)
seN] 20[s]B1[jo, M] sENT\{s0}

uo[M]
= uo[M] — ( Z c[slzols] — cjo]) B1ljo, M] =
seN{®
= ug[M] — Ao[jo] B [jo, M]
qTO n TpeGOBaJIOCb A0Ka3aTb.

BII T — BII Th+1
UsBecrno: xy, N_E_k), Bk[Nik'),M], flag) = {c,xk), ug[M]
Hpu k=0:  f(wo) = ¢[N\V] x 2o[NV], uo[M] = ¢[N{”] x B[N, M]
1.
ALlj] = ue[M] x A[M, j] —c[j], jeN\NW

Ecim Ag[j] <0, je N\ Nik), TO T}, — ONTUMAJIBHbIN [IIaH.

2.

e € NANP . Alin] > 0 = 2 [NP] = BN M x A[M, ji]
Ecin zk[NJ(rk)] < (O)[NJ(rk)], TO 3amada He mmeer pemenud (inf = —o0).
Nnawe

3.

[ wg[s] (k)
tp = N
k mm{Zk[S] | s€ Ny, zk[s] >0

Sk — I/IHILQKC, Ha KOTOpOM ﬂOCTI/I[‘&QTCH MI/IHI/IMyM
Trrals] = zils] — tezels], s € N\ L)
Tr+1ldk] =t

k k .
N = NN a3 U (G}
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Byy1[jr, M] = Bylsk, M/ zk[jk]
Bjs1ls, M] = By[s, M] — zi[s] Beralji, M), s € N\ {1}

f(@kt1) = f(@r) — teDilix]
U1 [M] = up[M] — A [jk] Biljr, M]

wprn, N B INSTY M, fang)s wn [M]; fzig) < flan)

Bazncapix m1aHOB KOHETHOE YHUCIIO.
B cpeanem maros cTosbKO, CKOTBKO ONDAHUYEHUN.
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1.10 BrruncaunrejbHas CXeMa CUMILJIEKC-MET0oaa

it =k | flzp) ug[M] Ajx = Aglji]
N® [ o NPT BN® M) | 2 [NP]
IIpumep 1.10.1
3x1 — x9 + 2x3 + x4 — inf

T1+To—T3—Ty4 =2

201 —xo+x3+ 224 =1

JU]ZO

zo = (1,1,0,0) — nagamsusrit BIT

B _(1 1) (1/3
a3MUCHas MaTPHUIA: 9 _1 2/3

)

jel:4

=60

c [it=0]2]1/3 4/3 [A;=4/3, Ay=—-1<0] A,
3 1 | 1[1/3 1/3 1/3 —1
~1] 2 |1|2/3 -1/3 —4/3 2
it—1] 2] -1 0]A =-4<0, Ag=—-1<0

4 3| 1 1

2 5 12 1

KypcuBom BBIZETeHA pabodasi CTPOKA.

o[1]
vl =ty =3 = Z(‘;m
5(11[2} = X9 [2] — t020[2]

fi=

fo—toly

By [4, M] = Bo[4, M]/z[1]
Bi[s, M] = Byls, M| — zo[s] x By[4, M]
u [M] = uo[M] — Ay x B1[4, M]
fo— -2

Otser: z, = (0,5,0, 3).

IIpumep 1.10.2

*3931 + o

+ 3x3 — x4 — inf

T, 4+ 209 —x3+24 =0

201 — 229 +3x3+3x4 =9

X1 — T2

l’jz

+2x3 —x4 =06
0, je€1:4
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MeTO,D; HCKYCCTBEHHOI'O basuca: nepexoaum K BCIOMOI'aTEeIbHOMI 3a/1a4e
£E1—|—2I2—.I3—|—134—|—.Z‘5 :0

201 — 229+ 3x3+ 26 =9
T —To+2x3 — x4 +27=0
z; >0, jel:7
Ts5 + xg + x7 — inf

3aaua rapaHTUPOBAHHO WMEET DEITIeHNE.
inf = 0 — monmyuwnnm pemenne; inf > 0 — MHOXKECTBO IJIAHOB MCXOIHON 3a/1a9H
myCcTo.

t=0]15 1 1 1] A;=4] A,
5 011 0 0| -1 |-1
6 910 1 0 3 3
7 610 0 1 2 2

0 BO BTOpOM CTOJI0LE FOBOPHUT O BBIPOXKICHHOCTU GA3MCHOIO ILIAHA
9/3 =6/2 = 3 — npusHak BhIpoXKAeHHOCTH BII

it=1]3[1 —1/3 1] A,=5/3] A,
5 |31 1/3 0 4/3 2
3 |13lo 178 0| -2/3 | -2
7 oo —2/3 1 1/3 -1
it—2]3[1 3 —4]A =3]A4
5 |3|1 3 —4 3 1
3 |13/0 -1 2 0 2
2 oo -2 3 -1 1

OuacHocrb 3anukiuBanus (3HadeHue 1eseBoil PYHKIUKY HEe U3MEHUJIOCD)

(Mit—3 7] 2/3 —7 35/3 | Ay=—37/3—21+1<0] A,
1 111/8 1 —4/3 1
3 3/ 0 -1 2 3
2 11/3 -1 5/3 ~1

(*) o3Hagaer, 4TO MBI MEPENIN K UCXOTHON 3a1a4e:
BO BCIIOMOTATEIbHON 3a1a49e 1ejieBas GyHKIs CTajia Obl HyJIeM, MbI 2K€ CAUTAEM
BEPXHIOID CTPOKY TaK, KaK 3TO JeJaeTCd Ha HYJIEBON UTepaluu JJid UCXOJIHON
3a/1a4H.

f={cz), u=cxB
c[N4] =(-3,3,1)
Omser: z, = (1,1,3,0), f.=T7.

3amaun
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23 PemnTh CHUMILIEKC-METOIOM:
r1 — 8rg — bry — inf
21+ 22 + 4wz =2
T4 —To+ 223 =0
z; >0, jel:3
24* PemnTh CHMILIEKC-METOIOM:
T+ X2 + 23 + x4 + x5 — Inf

T+ o+ 223 =4
—2x9 — 23+ 24 — x5 = —6
Ty — To+ 63 + x4 + 25 =12

z; >0, jel:d
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2 Yacts 1I. HesmuHelinble 3KCTpeMaJibHbIE 3a/1a9N

2.1 Heobxonumsbie yCJOBUSA ONTUMAJIBHOCTUA B CJIydae Jin-
HEMHBIX OrpaHUYeHUt

f(x) — inf (2.1.1)
A[My, N] x z[N] = b[M;]
A[Ms, N] x z[N] = b[Ms]

z[N1] > O[N]

Q) - zamkryToe BRIMyKI0e, 2 C ) — OTKPHITOE BHITYKIOE
f muddepennupyema uHa )

Omnpegenenne 2.1.1 f duddepernyupyema 6 mouxe x, ecau Ja € RY :

flx+h) = f(x)+ (a,h) + o(||h]]), ede% o v

Ecnu a cymecTByer, TO OH € IMHCTBEHHBIA 1 a4 = {82:7}[;](‘%.)} — IPaaueHT
ieN
f auddepernupyema na Q°, ecim f muddepentupyema Ve € Q°

IIpumep 2.1.1

Qz) = %(Dm,x} +{(¢c,z) +a, D=DT

1 1
Q(z+h) = §<D(x+h),x+h) +{c,x+h)+a=Q(z)+(Dxr+c,h)+ §<Dh,h)
(2.1.2)
IIo mepasencTBy Komm-Bynakosckoro

(Dh,h)_ [[DA[| - [[A]
{22 I 1]

S
h—0O

Buon: Q muddepenmmpyema wa RY,  Q'(z) = Dz + c.

JIemma 2.1.1 Ecau z,. — pewenue (2.1.1), mo Vo € Q cnpasedauso nepasen-
cmeo
(f'(xy),m —24) >0 (2.1.3)

oka3zaresbeTBO.

IIpm x = x, Bce o4YeBUIHO.

[ycts © # z..

Q BRIYKJIO = [Ty, 7] C Q, T.e. T, + t(x — x4) € AVt € [0,1].

Z,. — Touka MuHEMYMa = YVt € (0,1) 0 < f(z. +t(x —x4)) — fxs) =

= t{f" (), — x.) + o(t]|x — x.|))

oftf|lz — 2.))
tllz — .||

t— 40 = [@.1.3)

t>0: (fi(ze),r—24) + >0
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Yrto u TpeboBasioch JOKa3aTh.

3amaun

1 Haiitu rpaguent dbyHKIuNA
1 2
fl@) = 5114z — b]?,

rae A = A[M, N| — npou3Bo/ibHAs MATPHIA.

2% Tlycre ) — xBampatwanas Gynkmus u B = B[N, M| — npou3ssosibHas
MATDHIIA.
Haiitn rpaguent byukunn F(y) = Q(xo + By).

(f'(ze), ) > (f'(22),24) VI EQ

., — perenne 3anaun JIIT Buga

(f'(@).x) — inf

Teopema 2.1.1 z, € Q — onmumasvrot naan (2.1.1) =

= Ju. = u[M]:

(f' (@), @) = (b, ua)
us[M] x A[M, N1] < f'(z.)[N1] (2.1.4)
u[M] x A[M, Na] = f(2.)[N2]
YacTHbIE CTydan:
LM, =9, My =M,N, =9,No =N
f(x) — inf (2.1.5)

A[M, N] x z[N] = b[M]

Teopema 2.1.2 [Jlarpamxkal
T — onmumanvrotl naen (2.1.5) =

= Juy : f(x4) = u A

JlokazaTesbcTBO.

[To obrmeit Teopeme Fury:

<f/(x*)ﬂ‘r*> - <b7 u*> U A = f/(‘r*)

[<f/(.%‘*),$*> = <u*A’x*> = <u*7Ax*> =

= (uy, b) — mepBoe ycioBue u36BITOYHO.
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Yrto u TpeboBasioch JOKa3aTh.
II. Ny = &, N, = N.

f(z) — inf (2.1.6)
A[My, N| x z[N] > b[M]
A[Msy, N x 2[N] = b[M)]

Teopema 2.1.3 [Kyna-Taxkepa] x. — onmumarvuodi naan (2.1.6) = Ju, :

f(z) = us A
(Afi, N] X z[N] —b[i]) x us[i] =0, i€ M, (2.1.7)
U [Ml] Z @[Mﬂ
[(2.1.7) — ycunoBue jgonosnHuTebHOCTH. |
dokazaTesbcTBO.

ITo obrreit Teopeme

u A= fl(x*)7 <f/(.’E*),:L‘*> = (b, ux)
u[M7] > O[M;]

Paccvorpum 0 = <f'($*),$*> — (b, us) =
== <U*A7:C*> - <U*,b> = <U*,ASC* - b>

(Ali, N] x 2 [N] = b[i]) x u,[i] = 0 = @-1.7)
GZM: [ ]XZO[] []X\;%l

Yro u TpeboBasioch JOKa3aTh.

Sameuanue 2.1.1 B gopmyauposre meopemos yeaosue (2.1.7) moorcno
samenums pasHocusvioim (Ax, — by uy) =0
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2.2 Kpurepunii onTuMaJIbHOCTH JIJIsi BBIMTYKJIOH 11eJieBOii (pyHK-
MU U JUHEWHBIX OrpaHUYEeHU

QO — BBITIYKJIOEC OTKPBITOE MHOXKETBO.
f semykaa na Q°, ecu Vag, x1 € Q0 Vt € [0,1]

fltzr + (1 —t)mo) < tf(wq) + (1 —t)f (o) (2.2.1)
(1) f(wo +t(x1 — 20)) < flwo) +t(f(21) — f(z0))

JIemma 2.2.1 (Kpurepwnii Boinykiioctn guddepenmupyemoii dbyHKIuM)
IIyems | dugdepenyupyema na Q0. f evnyraa na Q0 < Vrg,xz, € QO :

f(x1) = f(zo) > (f'(x0), 21 — w0) (2.2.2)

lokaszaTesbcTBO.

(1) & f(er) — Flwo) > 1 1f(wo + b —a0)) — flao)] =
ol — o)1)

tHl‘l —l‘0|

lz1 — ol

(f'(w0), 21 — @o) +

t > 0, mepexoauM K TpeJiery tliIEO — (2.2.2).
Mebr gokazamu (2.2.2)) npu 1 # xg. Hpu 21 = 29 (2.2.2) TpusmnambHo.

«: @ukcupyeMm pasuble g, z; u3 0, dukcupyewm t € [0, 1].

t
f®) = (f'(x@), 21 —a(t))  |xt
f) = (f' (@), 20 —2(t)  [x(1-1)
f@®) = (f'(@(t), tor 4 (L = t)ao — 2(t) =0 =
=0

x(t) ==ty + (1 —t)zg € Q°

tf(z) + (1 =) f(20)

= (2.29)
qTO n TpeGOBaJIOCI) A0Ka3aTb.
<--PUCYHOK-!->

JIemma 2.2.2 Keadpamuunas ynxyus Q(x) = % (Dx,2)+{c,x)+a, DT = D,
aeasemca evnykaot na RY < D neompuyamenrvro onpedesena,
e. (Dh,h) >0 Vh e RN,

,Z[OKaBaTeJIbCTBO.

V1,20 € RY Q(z1) — Qzo) — (Q'(20), 21 — o) = = (D(21 — 20), 21 — 0)

(mo (2 u3 §1.)

Ecmn Q BbinykJa, 10 (D(x1 — xg),x1 — x0) > 0,

Eciu D neorpunaresnbno oupeuesena, 1o (D(x1 — xg),x1 — xg) > 0 = @ BbI-
LYKJIa 110 KPUTEPUIO.

DO =
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Yrto u TpeboBasioch JOKa3aTh.

f(z) — inf (2.2.3)
A[Ml,N X ZL'[N] > b[Mﬂ
A[My, N x z[N] > b[Ms)

[Ipenmonoxum, ato f Beimyka u qudhepeHnupyema.

Teopema 2.2.1 =, — onmumasvrolli naan 3adavy (2.2.3) <

& Fue = u[M] : (f'(22), 2) = (b ua) , ua[M] x A[M, Ni] < f' () [ V1]
ux[M] x A[M, No| = f'(z.)[N2]
,Z[OKaBaTeJIbCTBO.

=: Jlokazamo B §1.

() flx) = fz) 20

F@) = f@) T2 (Fla) (o — ) = (0)2) —
N=N1UN,
- <fl(x*)7x*> > <’U,*A,$> - <ba u*> =

M=M;UM,
= (ux, Az — b) >

Yro u TpeboBaIOCh JOKA3ATh.
Yacrusle caygan: I.

F(z) — inf (2.2.4)
A[M, N] x z[N] = b[M]

Teopema 2.2.2 z, — onmumasvhvil naan (2.2.4) ¢ evnyxaot duddepenyu-
pyemot f < Ju, : f(x,) = ulA.

,Z[OKaBaTe.]'IbCTBO.

= Jokazamno B §1.

<

(s A, — x4) = (ug, (Az —b) + (b — Az,)) =0
=0 =0
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Yrto u TpeboBasioch JOKa3aTh.

I1.
f(z) — inf (2.2.5)
A[My, N] x z[N] > b[M;]
A[Ms, N| x z[N] > b[M,]

Teopema 2.2.3 ., — onmumarvhut naak (2.2.5) ¢ ewnyraot dupdepenyu-
pyemoti pynryuet f <

& Juy = u[M] 1 f/(24) = usA,
(Afi, M] x x4[N] — bli]) u.[i] =0, i€ M,

doka3zaTesibcTBO.

=: Jlokazamo B §1.

<=
f@) = flza) > (f(24), 0 — 20) =
M=M;UM,
= (u, (Az —b) + (b— Ax,) ) = (U, Ax — b) >
———
=0 U3 yCJI. JOT-CTH.
Yro u TpeboBasioch JOKa3aTh.
Samaun

3 Ilycrs D — cummerpudHas HEOTPULATEIBHO Onpe/IesaerHtas marpuna. Jo-
Kazarh, uro u3 (Dxg,zo) = 0 cnemyer Dxy = O

4* Jlokasarb, uro KBaap. dbynxmua Q(r), orpanndennas cuusy na RY | ap-
ngeTcs BeMyKI0i Ha RV,

5* Jlokaszarhb, 9To muddepernppyemMas Ha, BBITYKIOM OTKPHITOM MHOKECTRE
Q0 byuxmusa f(z) somykaa na Q0 <

& (f'(z1) — f'(z0), 21 — 20) > 0 Vag,21 € Q°

IIpumep 2.2.1 (IIpoekTupoBaHMe TOYKU Ha MOANPOCcTpaHCcTBO) [Tycmv A =
A[M,N] — mampuya ¢ JIH3 cmpoxamu, ¢ € RY — durcuposana.

|z — ¢|| — inf
A[M, N] x z[N] = O[M]

[Bdecw || - || — esraudosa nopma.]
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<-1-PUCYHOK-!->

OKBUBaJEHTHAs 3a7a4a: [He B cMmbicye onpeenenus [0.0.1) a w3-3a paBencrsa
TOYKM MUHUMYMA.|

Q) = gl —el* — inf
Az =0

1 1 1 1
Sl —cl? = 5 w—c,x =) = 5 (Ba,2) — (o) + 5 e

Q(z) — kBaap. dbyHKUMA C HEOTPULATEIBHO ONPEAeIeHHONH Marpuueii F = Q
soinyksa Ha RN, Q' (z) = — ¢
Kpwurepwnii onTHMAaIBHOCTH:

r—c= uA
Az= O
ud = ATu; | x A creBa
Az —Ac = AATu = (AAT)u = —Ac
<~

=0

O6paruma mu AAT?
Pacemorpum OCJIY (AAT)v = 0. Ilycrs vy — pemenne =

0= <AATU07UO> = <ATU0,AT’UQ> = HAT’U()H2 = ATUQ =0

JIvmeinas kom6unanus cronbmos AT (crpox A) maer Q. 3waunt, vy = O
AAT — HeBBIPOXK/IEHHAS MATPUIIA.

3(AAT) u, = —(AAT) 1 Ac
z,=c+ATu, =c— AT(AAT)"Ac = (E — AT(AAT) ' A)c =: Pc
P=F— AT(AAT)"'A - maTpuria opTOroHaIbHOTO TPOEKTHPOBAHIS

JIemma 2.2.3 (cBoiicrBa marpunsi P).
1. PAT=0, PP=P
2. P cummempuuna, HeOMmpuyamesbHo onpedesend.
3. rank P = |N| —|M]|.

,Z[OKaBaTe.]'IBCTBO.

PAT = EAT — AT(AAT)"1AAT =0

PP =PE — PAT(AAT)'A=PE - Q(AAT ) 'A=P
CHUMM
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PT = (E - AT (AATY AT = BT — AT[(AAT) " AT = P
vz e RN (Pz,2) = (PPx,z) = (Px, Px) >0
3. PaccMorpum OHOPOAHYIO CUCTEMY ypaBHEHUH
Pz =0 (2.2.6)

PAT =0 = 3 kax vunumym |M| nun. Hesasucumbix pemennit (2.2.6)
(crpoku marpuubr A)
Ilycts ¢ — npyroe pemenne ([2.2.6]).

0 = Pxg = 29— AT(AAT) 1 Azg = 29— ATv = 29 = ATv — nuneitnas xombunanus crpok A
dim{z | Px =0} = | M|
ITo reopeme u3 anrebpsr dim {z | Pz = O} = |N| — rank P.
Yro m TpeboBasoCh JOKA3aTh.
IIpumep 2.2.2 Ilpoexmuposarue mouKkyu Ha CMaHIGPMHBLY CUMNAEKC

x=(x1,T2,...,Tpn)

1
§||;U —¢||* — inf

n
Zl‘j =1
j=1

z; >0, j€l:n

11 .1y A
1 0 0 U1

A=|(0 1 0 U2 (n+1) crpoka, n cTonbIOB
00 ... 1)

Kpurepuit onrumanbHoCTH:
Tj—cj=A+u;, j€l:n
zju; =0, j€l:n
u; 20, jel:n

/\—i—cj:a:j—uj
A+l = g — sl = 25 + uy,
TaK Kak nmbo x; =0, u; > 0, mubo z; > 0, u; =0
A+ A+
Zj:—2

49

--- downloaded from www.POFIGIST.ru ---



O6o3unaunm ty = %‘tl; zj=A+¢)+,j€Lln

zn:l'j =1
j=1

n

) =D (A+e)s =1

=1

I[lepeynopsi104uM 1OC/IEA0BATEIBHOCT {—¢;} 10 HeyObIBAHUIO;
TTOJIy MM TIOCTIEIOBATEIBHOCTD {aj} 1 a1 < as < -+ < ap

n

PN =D (A —ay)+

Jj=1

©(\) — HempephIBHAS BBIMYKJIas JOMaHasi, MOHOTOHHO BO3DACTaeT TpH A > ap
or 0 10 +o0 =
= ©(\) = 1 umeeT eIUHCTBEHHOE PEIlleHHE

A<ar: oN)=0

k k
N farari]: o\ =3 A—a) =kA—sp, sp= a

j=1 j=1
A>an: oA =nA—s,
or = (ag), k€ l:n; ¢ = ka — s
A€ fag, aps1] s @A) = @i + k(A — ax)
A>an: o) =g +nA—ay)
w1 = 0; Or+1 = ok + k(ags1 —ag), k€el:n—1 (2.2.7)

Kak nckars A7 Ecan @ < 1 < g1 npu svekoropom k, 10

1—
A = ap + —2F (2.2.8)
Ecmm ¢, < 1, TO
1- Pn
Ae =ap + (2.2.9)
OxoHYATEIHHO:
;= (A + )t (2.2.10)
Asropurm:
1. Ilepeynopsimounsaem {—c;} — {a;}: a1 <az <--- < ap.
2. IlocmemoBaTeTbHO BBIYHUCIIEM (2,3, ... MO (2.2.7) 10 Tex mop, moka He

vk <1 < i1, u Boruucasgem A, 1o dopmyse (2.2.8)).

3. Eciu ¢, < 1, To Boruucasem A, mo dpopmyse (2.2.9)).

4. Boruucasiem z no dopmyane ([2.2.10).
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Ilpumep:
c=(1,-1,0,1,0,-2)

k|1 ]2]3]d4]5]6
a [-1[—-2]0]0[1]2

p1=0; @2=0+1-0=0; 93=0+2[0—(-1)]=2

5
1

Otrser: z* = (3,0,0,1,0,0).

)92
3amaun

6* HaiiTn Bce COBCTBEHHBIE YMCJIA MATPHUIHI OPTOTOHAJIBLHOTO TPOEKTUPOBA-
HUS.

7 YKaxXuTe MATPHUIy OPTOTOHATBLHOIO MPOEKTHPOBAHUSA HA MOIIPOCTPAH-
CTBO
T1+ o —x3+ 24 =0.

8 Haiitu npoeknuio rouku ¢ = (0, —1, fi,0,0, f%) HA CTAHJAPTHBIA CHM-
ILJTEKC.

9* PemmnTh 3KCTPEMAJBHYIO 3313y
1
522 — inf

Az =0>
rae A = A[M, N] — Marpuna ¢ JuHefiHO HE3aBUCUMbIMU CTPOKAMMU.

10 PemuThb 3KCTpeMaTBHYIO 33129y
1 .
§||x —c||* — inf

x>0
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2.3 KsBaapaTudHOe mporpaMMHIpPOBaHUE
1<Dx,a:> + {(¢,x) — inf (2.3.1)

Q) =5

o LAl N]  o[N] =
z[N1] > O[N]

[M;]

b
b[M]

D cuvMerpryHa, HEOTPUIIATENLHO ONpeiesieHa (= () BBIMYKJIA)

Teopema 2.3.1 (Teopema cyIiecTBOBaHUsI).

3adaua (2.3.1) umeen pewenue <= Q # I uinfcq Q(x) > —c0.

Jlemma 2.3.1 Jlunetinas cucmema Ax = b coemecmua <= awboe pewenue
v 00Hopodnot cucmemvs vA = Q opmozonaavro b, m.e. (b,v) =0

Bes nokazarenbcrsa (dakr u3 anrebpoi).

Qx) = %(Dm,x) + {(¢,x) — inf (2.3.2)
w: A[M,N] x z[N] = b[M]

ITo Teopeme Jlarpanxa [2.1.2]
T, — ONTHMAJbHEII mIaln <= Ju, Dz, +c= ATu,

JIemma 2.3.2 3adaua (2.3.2) umeem pewenue, eciu w # & u infre, Q(z) >

—0Q.

Jloka3aTejbCTBO.

Ot nporusuoro. Ilycrs perenus HeT.

Dz — ATy =—c
—Ax =—b

= Juv=v[N]u=A\M]:

vD—-XA=0, Av=0
(e,vy + (b, \) £ 0

Torna HecoBMecTHa CHUCTEMA {

(2.3.3)

Sadurcupyem g € w.
Paccvorpum x; = xg + tv. T €Ew YVt eR.

Q1) — Q(z0) = t{Dxg +c,v) + t (Dv,v) = t(Dxg,v) +t{c,v) + %tQO\A,v) =

= t{c,v) + t{xo, Dv) + %t2<)\,Av> = t{c,v) + t{xg, AA) =
= t({c,v) + (Ao, A)) = t({c,v) + (b, \))

BuauuT, () HE OrpaHUYeHa CHU3Y Ha w. [IporuBopeuwne. (2.3.2) umeer perenue.

Yro n Tpe60BaJIOCI) A0Ka3aTb.
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Qx) = % (Dz,x) + (c,x) — inf (2.3.4)

A[My, N] x z[N] > b[M;]
0 { A[My, N] x 2[N] = b[Ms)
[N1] > O[N]

3aech D = DT, neorpuaTteabHo ompeeeHa.

Teopema 2.3.2 3adaua (2.3.4) umeem pewenue < Q # & u Q(x) ozpanuuena
cHu3y Ha ).

,D;OKaBaTe.]’IbCTBO.
A[T, N x z[N] > b[TY], rue
A[M;, N] b[M;]
| AN e
| —A[M, N] | o]
E[Ny, N] O[N]
A(z)[T) = A[T, N] x z[N] — b[T)
Hma~ CT:

=<{zeRV: Alz)h] = 0f]
Q(v)—{ €R 'A(x)[T\’y]>©T\’Y]}

— rpaHb (caydail v = & He HCKIII0YaeTcs).
I={ycT:Qy) # 2}
Q) cQ Vyel
QNNQY) =2 1pu v #Y

a=Jom=
yel
a:= inf Q(z) = min inf (7)Q() (2.3.5)

Y« — MHOXKECTBO, HA KOTOPOM Jocruraercd min B (2.3.5) ¢ Haubonbiaum KoJm-
YE€CTBOM IJIEMEHTOB.

inf = 2.3.6
xélﬂn(v*) Qz) = o ( )
O6o3uaunm 0Q(y.) = U Q(y) — orHOCHTEIbHAS TDAHUIIA TDAHU.
e
.
L. ITycrs ON(vy) # @
= inf > 2.3.7
o zeég(%)Q(w) o (2.3.7)
B wactHOCTH,
Jz0 € Q1) 1 Q) < o (2.3.8)
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Biesem muoxkecrso w, = {z € RN : A(2)[y.] = 0} w, — abdunnas obosouka
rparn Q(ws)
[Tokaxkem, 9aTO

Qz) >d Vrew.\Q (2.3.9)

Qurcupyem 71 € wy \ Q2 =  A(x)[{] < 0 upu Hekoropsix i € T
¢y = xo + t(x1 — X0)

3tz € 00(y4) ?
A(zy) = A(wo) + t(A(z1) — A(wo))
[onoxum Aol
= (ieT\ 7. 2B w111 <0} A(zo)[i] OA(%)M (2.3.10)
€ (0;1), A(x)[io] =0,
rIe iy — WHIEKC, Ha KOTOPOM JOCTUTAETCsT MUHUMYM B
B nemgom: A(zg) > O

Tt € Wy = Tt € 89("}/*)

oupeesenue o

BBIMIYKJIOCTE Q) p =

HEPaBEHCTBO
= o/ < Q) <tQ(w1) + (1 — 1)Q(z0) < tQ(21) + (1 =)o’
= Q(z1) > o = (2.3.9)
br = (0 \ ) U (0 N9) = (w2 \ Q) U Q) UdO()

e, 1o [2:3.6), 3.7, @3.9) =
inf Q(z) =« (2.3.11)

TEW«

ITo semme [2.3.2 inf B (2.3.11) mocruraercs, T. e. Iz, € w. : Q(zs) = . B

cuy 1_} 1 (2.3.9) z. € Q(7.) C Q. B cayaae 02(7,) # & TeopeMa JJOKa3aHA.
IT. Ilycrb 0Q(7y.) = @. Herpyuno nokasarb, 4ro

wse = Q1)

= u3 T JIEMMBI ceayer paspenmmMocThb 3amaun ([2.3.4)

Yro n TpeGOBaJIOC]) JA0Ka3aTb.

Teopema 2.3.3 (kpumeputl onmumasbrocmu,)
e € Q — onmumanrvuoli naak (2.3.4) & Fu, = u[M]

(byus) = (Dxy + ¢, z4) (2.3.12)
—24[N] x D[N, N1] + u.[M] x A[M, N1] < ¢[V1]
—24[N] X D[N, Na| + u.[M] x A[M, N3] = ¢[N3]
ux[M7] > O[M]
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Jloka3aTejbCTBO.
[Tepedopmynuposka obmeit Teopemsr [2.1.1

Q' (z,) =Dz, +¢, D=DT
Yro u Tpe6oBaIOCHh JOKA3ATh.

[lepenumenm ([2.3.12)):

1 1
5 <DSC*,I*> + <C,.Z‘*> = _5 <DI*,IE*> + <b7 u*>

Q(xx) q(T )

Beenem G — muoxecrBo map z = {v,u}:

—v[N] x D[N, Ny] + u[M] x A[M, Ni] < ¢[N1]
—v[N] x DIN, No] + u[M] x A[M, N] = ¢[Ns]
U[Ml] Z @[Ml]

KpuTtepnii onTEMaIbHOCTH:
T, € Q —omtumanen < Juy : 2z, = {Ts,us} € G u Q(zy) = q(24).

Jlemma 2.3.3
Ve e Q,Vz e G
Qx) = q(2)
1
q(z) = ~3 (Dv,v) + (b, u)
JlokazaTebcTBO.
M=M; UM> N=N;UN;
byu)y < (Azyu)=(wAzy < (Dv+ecz)={(c,x)+ (Dv,x)
(2.3.13)
D — HeoTpuIaTEILHO ONpeJiesieHa =
1 1 1
0< 3 (D(v—1x),v—1x) = 5 (Dv,v) + 5 (Dx,z) — (Dv,x)

[Toncrasum B (2.3.13) — mosryuaem tpebyemoe.

Yro n TpeGOBaJ'IOCI) JA0Ka3aThb.

Xy — ONTUMAJIBHBIA IWIAH =  Juy : 24 = {Zs,us} € G u Q(xy) = q(24)
ITo nemme Vz € G q(z) < Q(z«) = q(2x) — 3HAYUT, YTO z, — DEIICHHE

3KCTPEMaJIbHON 3aJa4u.
q(z) — sup (2.3.14)

zeG
(2.3.14)) ma3. deoticmeennot x (2.3.4)

Iglelgrll Qx) = max q(z) (2.3.15)

Moxkno nokazars, uro (2.3.14) = (2.3.4)).
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Teopema 2.3.4 (1-s meopema deoticmeennocmu)

Ecau odna us napw deoticmeennnir 3aday (2.3.4), (2.3.14) umeem pewerue, mo
(12.3.15))

uMeem pewerue u 8Mmopas, Npu IMoM BvbiNOAHEHO . Kax u 6 aunetinom
CAYHAE, MOHCHO 00KA3AML KPUMEPUT COBMECTIHOT PA3PEULUMOCTIU U GTNOPYHO
meopemy 060TUCMEEHHOCTU.

Sagaun
11* PemuTpb 9KCTpEeMAJIbHYIO 3a1a9y:
2 .
— ||z — ¢|]|” — inf
S llz—cl

lz;| <1 Vjel:n

12 Jlokazarp, 9TO NMPOEKIUA TOYKH ¢ HA IPOU3BOJHHOE 3AMKHYTOE BbIITYKJI0€e
MHO2KECTBO w € R™ cymiecrByer u euHCTBEHHA.

13* Ilycrp P — marpuna OpTOroHasbHOrO npoekTuposanus. Jlokasarb, 4ro
| Pc|| < |lc||, paencTBO mocruraercs < Ac =0

14 Tycrs D : D = DT, monoxurensno ompenenena. JJoka3ars, 9To

<D_1c, c>

min {; (Dz,z) + <c,x>} -1

zERN

15* PeruThb 9KCTPEMAIbHYIO 3a1a4dy.
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2.4 OcHoBHag jJeMMa HEJMHEHHOT0 NMPOorpaMMUPOBAHUS

ai(x) =0, i€l
IIycts 9 € R™ yaosnerBopser cucreme (2.4.1)

JIemma 2.4.1 (0cHO6HAA HEAUHETHOZ0 MPOZPAMMUPOSAHUA)

(2.4.1)

ITyems dynryuu a;,1 € I, nenpepoero duddepenyupyemv. 8 oxpecmuocmuy xo
u al(zo),i € I — aunetno nesasucumo. (Yeaosue peeyaaprocmu). Tozda
Vo # O : (go,a}(x0)) =0,i € I Tz = z(t) — xpusas, nenpepwsno dugddepen-

yupyemas 6 okpecmmuocmu mouku t = 0 u ydosaemsoparouaa:

<--PUCYHOK-!->

Joka3zaTeJbCTBO.
Anasuz:  nycrs z(t) cywecrsyer.

Az) ={ai(x)};, €I

Al(z) = {a}(x)}, € I — marpuna Jdxobu

ITo memromMy mpaBmiy:

st MaTpHIbL:

(3) = @13) 7

ITo Teopeme o cpemnem
ai(x(t)) = ai(x(0)) + {a;(2(7:)),2' (1)) > t
=0 1o (3’)
T — Kakas-To cpequsisi Touka (0;t) mpu t € (=4, 0)
xz(0) =z, a(zo) =0

ci. a;(z(t)) =0 mpu t € (—0,9)
cr. (3) = (24.2)

A/(.To)go = @
/

a;(r) — mumeitno wezasucumbl = rankA’(zg) = |I|

= 3J C N :|J| = ||, A'(z0)[I, J] — kBaaparnas, neocobast
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Al(wo)[I, J] % go[J] + A'(wo)[I, N C J] x go[N C J] = O
= go[J] = —(A'(zo)[L, J) ™" x A'(z0)[I, N\ J] x go[N \ J] (2.4.4)

(3") = A'(2)[I,J] x 2'[J] + A'(x)[I,N \ J] x '[N\ J] = O[]]
' ([N \ J] = g[N\ J]
{x’(t){J] = —(A'@),J) T A @)L, N\ J] x go[N \ J]

#(0) = 70 (2.4.5)

[IpaBast 4acTb HempepbBHA B OKPECTHOCTH HadanbHoro npubnumxenus (0,z).
[Ipu © = 2o marpuna A’ (x¢)[I, J| — obparuma = det(A’(x)[I, J]) — ornmaen ot
HyJISl B OKPECTHOCTH TOYKH X(). C.)'[ , (A'(z)[I,J])~! nempepbIiBHA B OKpPECTHOCTH
TOUKHE Zg. ITo Teopeme ITeano (2 HMeeT PelIeHne B OKPECTHOCTH TOUK ¢ = 0.
[ToxazkeM, ITO ITO TpeGyeMaH KPHBAd.

(2.4.5) = (3") (Bmecto go[N \ J] noacrasum z'(t)[N \ J]).

Yrto u TpeboBasioch JOKa3aTh.
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2.5 Teopema Kyuna-Takkepa B muddepennunaabaoii dpop-
Me

f(z) — inf (2.5.1)
a;(x) >0, i€ M
Q< a;(x)=0, i€ M
reUcCRY

U — orkpwitoe MuONKecTBO. f,a; € C(U)
x € Q: M(z) ={i € Mi|a;(x) =0}
I(z) = M1(z) U My — MHOMXKECTBO HHJICKCOB AKTHBHBIX OIDAHUYECHUIL.
<--PUCYHOK-!->
ai(x) >0, i€ M\ I(x)=M \ M (z)

Omnpenenenne 2.5.1 z, € Q) Ha3. MouKkotl A0KAADHOZ0 MUHUMYMG.
36 >0: f(z) > flxx) YeeQNUs(x.)
Us(z.) = {a: o — x.]| < 6}

Teopema 2.5.1 (Kyna - Takkepa) z. € () — mouka 410KGADHO20 MUHUMYMA
6 3adave (2.5.1)) u ozpanuvenun 6 ned pezyaspuo. (a;(x.) JTH3 npui € I(x,)).

= Ju, = u[I(24)]

f(z) = Z ws i) al(z.) (2.5.2)

i€l(xy)
uli] >0, i€ Mi(xy) (2.5.3)

dokasaTesbcTBo.
M (z,) # @ (uHaYe TOJLKO TIPOIIE).
Ot mpoTuBHOrO:
(12.5.2), (2.5.3) — suneiinas cucrema OTHOCUTENLHO Uy. Eciu ona He coBmecrHa,
TO dgo :
<a;($*)790> Zov ) EMl(x*)
<a;(x*)790> =0, i€ M
(f'(24), 90) <O (2.5.4)
go ~ —Uo
In(xy) = {i € I(xy) : (a}(z4),g0) = 0}
My C Ip(zy) C I(xy)
= (aj(x4), g0) > 0 upu i € I(z,) \ To(z.) (2.5.5)
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a;(z) = 0,4 € Io(xy) (2.5.6)

2, ynosiaersopsier (2.5.6)), a;(x) HermpepbiBHO muddepeHnppyema B OKPECTHOCTH
T

a;(z.) i€ Ip(zo), JIH3 [Io(xs) C Io(z0))
<a/i(x*)790> =0, i€ IO(x*) [(IO 7é O B cuny ]

ITo ocHoBHOIT MeMMe HETMHEHHOTO TPOTPAMMUDOBAHUST & = x(t), JIaIKasA B
okpectaoctu t = (.

2(0) = x4, 2'(0)=go, ai(x(t))=0, i€ ly(z.),te (=9,0)

x(t) € Q npu mambix t > 0(7)

Ha Iy(z.) oupenenenue BbIIOTHEHO KaK PAaBEHCTBO. § € I(x).
i € In(x.) — OTpAHWYEHNsT BBHITIOMHEHBI KAK PABEHCTBA

1€ I(x*) \ Io(.’L‘*) :
ai(x(t)) = ai(2(0)) + (a3(2(0)), 2" (0))t + o(t) =

= ai(x.) +(aj(2+), go)t + o(t) = (a;(2.), go)t + o(t) =

t
= t[(ag(ﬂv*),g@ +70( )] > 0 nmpu MaJbx t > 0
—_—— t

i€ M\ I(x,):

ai(zs) >0 = a;(z(t)) >0
—_————
z(0)=z,

Nrak, x(t) € Q npu mMamgbix t > 0.

— ——
=T« =90
t
= f(xs) +t| {f'(24), 90) —&—@ < f(zx) mpu mMabIx t > 0
~————— t
<0 10 (Z5.4)

910 OTPOTUBOPEYIUT TOMY, 9YTO Ty — TOYKA JIOKAJIbHOTO MUHUMYMaA.

Yro n TpeGOBaJIOCb A0Ka3aTb.

Sameuanune 2.5.1 Yeaosua Kyna-Taxkepa (2.5.2), (2.5.3) —

= Ju. =w[M]: flz) =) wlid(x.), (2.5.7)
€M

uilt]ai(zy) =0, wfi] >0, i€ M
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E53), @53 = wli] =0, i€ M\ I(z.) = M\ My(z.) >
= " Tak Kak My = Ml(.’E*) @] (Ml \ Ml(l'*))
—— —_—

3/1eCb a;=0 31€Chb wu.[i|=0

2.5.7) = w.[i] = 0 upu ¢ € M\I(z.) = M1\Mi(x.) B cuiy ycaosusa pononnurensuocru = (2.5.2), (2.5.3)

L(z,u) = f(z) — Z uli]a;(x) — dynknus Jlarpamka
ieM
ITeproe n3 yeaornit (2.5.7): L (x4, us) = O

IIpumep 2.5.1

2 [ ai(@)i=a} —23>0
QcR '{ag(x) = —xf+12>0

<-I-PHCYHOK-!->
fi(z) := 21 — inf
x €

Enuucreennoe pemenue: x, = (0,0)
I(a.) = {1,2}
f{(.f(:) = (1,0); f{(x*) =(1,0)
aj(z) = (327, -1);  dj(z.) = (0,-1)
ay(r) = (—4a,1);  ah(.) = (0,1)

fi(zy) = uia)(z.) + usah(x,) me Boimonnserca uu npu kakux U; (cm. nepsyio
KOMTIOHEHTY )
[IprvwHA: OTDAHUYEHNUS B T, HEPETYIAPHBI (TPAMEHTHI JTNHEHHO 3aBUCAMBI).

fo(x) := z9 — inf
z €0

Enuncrsennoe pemenue: ., = (0,0)
fo(xs) = (0,1);  a; Te xe

fo(ws) = ay(@.), ui =0, u;=1 =

= ycnoBus Kyna-Takkepa BbITOJTHEHbBI

3amaun
16*
f(x) — inf
Q- a;(z) >0, ie M
' xeV

V C RN — orkpsIToe BBIMyKI0e MHOKECTBO, f,a; € C1(V), f BbImyK/Ia Ha
V', a; Boruyrbl na V' (r.e. —a; Bbuiykibl na V).
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Joka3arb, 410 eciu B To4UKe X, € §) Bbinosuensl yciaosus Kyna-Takkepa,
a UMeHHO Ju, = u.[M] :

wlilai(z) =0, w.]i] >0, i€ M,
TO Ty — ry06aJbHOe peaienune 3a1a49u.

17* V C RY — orkpoitoe Boimykioe muozkectso, f € C2(V). lokaxure, 9410
feemyknana V. <= (f"(x)h,h) >0 YVh e RN Vz e V.
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2.6 JlocTaTOo4YHBIE YCJIOBUSA CTPOTOTO JIOKAJTHHOIO MUHUMY-
ma

— inf (2.6.1)
0, +¢€ M

0, ©€ M,

relU

fx

~—

a;(x)
Q< a;(x)

v

U € RY — oTKkpbITOE MHOXKECTBO

Onpegnenenune 2.6.1 ., € Q) — mouka cmpozozo A0KGADHOZO MUHUMYMA:
36>0:  flx)> flz.) xeQnUs(z,).

[Tpeanomoxkum, 94T0 B TOUKe T, € ) BhIMoaHEHb! yeaopus Kyna-Takkepa:

Jue=w M) fa) = 3 wlial(e),

i€ M

ugfila;(xe) =0, w.fi] >0, i€ M

M (x,) := {i € My(zy) | uili] > 0}
It (2,) == M (2.) U My
<--PUCYHOK-!->
u fi) =0, i€ M \IT(x,)=M;\ M (zs) (2.6.2)

Konyc G,:
(aj(z4),9) =0, i€l (x.)

(ai(2.),9) 20, i€ I(z) \ I (zs)

Teopema 2.6.1 B mouke x,. € 2 svnoanens, ycrosus Kyna-Taxkepa,
G, ={0} = z. — mouKa cmpo2020 NOKANLHOZ0 MUHUMYMA.

lokazaTesnbcTBO.
OT mpOTUBHOTO.

I{yr}, Yk € Qyr # e Yk — T, flur) < f(2s)

Yk — T«

Uk = Ty + MGy Gr = VS Ak
e — @
lgell = 1, Ax — 40 U3 {grp} MOXKHO BBLIENUTH CXOASNLYIOCS MOANOCTENOBA~
TeabHOCTh: IlycTh g — g, ||9*|| =1
(1) g« € G; nomyunmM mpoTHBOpEUe.
i€ My(z.):
0< ai(yr) — ai(zs) = (ai(me), gr) Ak
—— =
>0 =0

i € Ma: 0= a;(yx) — ai(z) = (a}(nk), gr) M
0> f(yx) — f@) = (f"(y), gr) Me

Hemum wa A, > 0, k — +o0:

63

--- downloaded from www.POFIGIST.ru ---



(al(z), ge) >0, i € My(z)

<a;($*),g*> = O, 1€ Mg

(f'(24),94) <0

I(x,) = My(2.) U Ma; I(x,) \ IF(2,) = My(z,) \ My (2.)

Oai(@.g.) = 0. € My (z.)
0> (f(@), g0 =PI i) (), 9.) =

252) . .
= ZieIJr(m*) u.i] (ai(2.),9¢) = ZigMj(x*) u[i] (ai(z+), ) =
—_——— —~ ——
=0 TIPU i€ M, >0 >0
= {(a(z4),9+) =0, i € M; (x1,)
g« € G,; nporusopeune (160 g, # Q)

Yro n Tpe60BaJIOCI) A0Ka3aTb.

CaencrBue 2.6.1 z, € Q, swnoansromesn ycaosus Kyna-Taxkepa,
[It(z.)| =|N|, ai(zs), i € IT(x.), JH3 =
= T.— MOUKE CMPO2020 AOKAALHO20 MUHN.

JloKka3aTeJbCTBO.
, :
G. ={0}, rx. (al(z.),9) =0, i € [T (x.) =
=¢9g=0
(KonmmaecTBo ypaBHEHWMI PABHO Pa3MEPHOCTH g;
B CUJy JIWH. HE3ABUCHMOCTH MATPHUIA CHCTEMBI HEOCODast)

Yro n TpeGOBaJIOCb A0Ka3aTb.

IIpumep 2.6.1 f(z) = —x1 — inf
ai(z) =23 — 23 >0

az(z) == —a} + 22 >0
r € R?
<-1-PUCYHOK-!->
x. = (1,1)— enuncrsennoe pemenue; [(x,) = {1,2}
() = (=1,0)
ay(z.) = (3, =1)
dh(z) = (—4,1)

<--PUCYHOK-!->

fl(@) = ai(z.) + ay(zs); ue = (1,1)
——

MHOXKUTEH Jlarpanxka
BBINONHATOTCs yeaoBusa Kyna-Takkepa.
It (z.) ={1,2}, [I*(z.)| =2=|N|
I /
ay (z.) m ay(z,) JTH3.
ITo ciencrBuio &, — TOYKA CTPOTOro JIOKAJBHOTO IMin.
I'pagment — HampapeHne HAKOOIBIIErO BO3PACTAHUS (DYHKITHH.

G, # {0}
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FeCYU)
F npaxnapt qudd. B 1. & € U, ecniu 3D = D[N, N],
F'(x + h) = F'(z) + Dh + o(||h])),

O(Jlh
il — 0 (h— 0)

L _ 9PF(z) | _
Heo6xomumo D, j) sy P =F (x)

F € C*(U), ecnu F"(z) nenp. na U

Ipunmep 2.6.2 Q(z) = 3(Dz+ )+ (c,z) + o, DT =D
Q =Dx+c
Q(x+h)—Q'(x)=D(x+h)+c—D(x)—c=Dh

Q€ CQ(RN)vQN =D

Teopema 2.6.2 (o cpenmem.)
F e C*(U); [z, 2 + h] cU
—_——

ompe3soxk, coedunaowut x ¢  + h
<-I-PUCYHOK-!->

F(z+h)=F(z)+ (F'(z),h) + %(F"(x + 9h)h, h)

¥ € (0,1)

Teopema 2.6.3 x, € Q, swnoanenst ycaosus Kyna-Taxxepa
(L' (24, us) =0,

usfi]a;(x) =0, usfi] >0, i € M)

u

(L (24,u2)gu, 94) >0, g€ Gy, g #£0 =

= Ty — MMOYKG CTNP0O2020 NOK. min.

Jloka3zaTesbCcTBO.
OT nporuBHOroO.
Iyere 3{yi}, yr € Q, yi # 24, Yo — T, fyr) < flas)

Yk = Tu + kG Gk — gx gkl =1 1 7.
UsBecrro, uro g. € G, |lg«]| = 1.

TTo ycnosuto teopemsr (2.6.4) (LY (2., 1s)gx, gs) > 0

() <L2c/x($*vu*)g*7g*> <0
Bwmecre ¢ 3TuMm nmeem

L(yk, us) = L(ws,ua) = fyr) — f (@) —
<0
—2ieM w(ai(yk)—ai(@)) <0
WWien; >0 >0
ufi]a;(xs) = 0,1 € My

6.3

0 Z L(yk7u*) - L(x*,u*) = ' <L;($*,u*),gk>>\k+
—_——
=0
+5 (L (4 + Vi ARGR, U ) Gh, 9e) A
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Hennm na 1A; > 0; k — +o0.
(LI (2w, us)gx, gx) < 0. IIpoTuBopeune ((2.6.4]).

Yrto u TpeboBasioch JOKa3aTh.

3amaun

18 )
H(zy,m2) = 74—/

1 x2

Hoxaxkure, uro H(x1,x2) Boruyra npu x1,xs > 0.

19*% F € C?(U),Q C U — BBIMYKJIbIl KOMITAKT,
U C RN — oTKpbITOE MHOXKECTBO.
Jlokazarnb, aro F' Ha () MOXKHO HMpEeICTaBUTh B BHIE PA3HOCTH
BBIMYKJIbIX (DYHKITHIA.
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2.7 Heobxomumbie YCJIOBHUS ONTUMAJIbHOCTH BTOPOTO IO-
paaKa

f(x) — inf (2.7.1)

a;(z) > 0,4 € M
Q Qai(x)=0,i€ M,
zecU

U — oTkpbIToe MHOXKeCTBO B RY

f,a; € C?(U)

Teopema 2.7.1 z, € 0 — Mouka A0KAALHOZ0 MUHUMYMG, 02DAHUYEHUA 6 Hell
peeyaapro, (2paduenmol AKMUESHLLL 02PaAHUNERUT AUHETHO HE3A6UCUMDL).
Tozda swnoanaromesa ycaosua Kyna-Taxkepa

[Fus + Lo (s, us) = O, wafilai(zs) = 0, uyfi] >0, i € My].
Kpome mozo, evinosnaemecs
(L, (x4, u4)g,9) > 0Vg € G, (2.7.2)

G, : ( ),g>:0,i€I+(x*)

(a;
(aj(2s),9) > 0,0 € I(w) \ I ()
w il =0,ie M\ I*(z,) (2.7.3)

JlokazaTeJsbCcTBO.
Qukcupyem g € Gy, g # 0. Jlokaxkem, 4To BbIIOIHEHO ((2.7.2)).

Iy(x.) = {i € I(2.) | {a;(2.), ) = 0}

My C It (2,) C Iy(wy) C I(zy) (2.7.4)
(af(zy),9) >0, i € I(xs) \ Iy(zs) (2.7.5)

Paccmorpum cucremy
a;(x) =0, i€ I;(xy) (2.7.6)

x, ynosaersopsier (2.7.6), aj(z.), i € I(x,), IUHEHAHO HE3ABUCHMBI
[10 OCHOBHOH JIeMM€ HEeJTMHEHHOTO TIPOrPAMMHAPOBAHMUST

3 ragkasa kpusag x = x(t) :

z(0) =z, 2/(0) = g4, ai(x(t)) =0, i € Iy(x,), upu MaIbIX t.
Hoxkaxem, uro z(t) €  upu masubix ¢ > 0.

Ipn i € Iy(x,) — paBeHCTBO (B OTPAHUIEHUSX).

Ipu i € I(z.) \ Ig(x):

ai(z(t)) = as(x(0)) +{a! (£(0)), ' (0))t-o(t) =t | (a!(z.),g) + 22

——= | npu maaeix t > 0
——— t

(mocsiennee pasencrBo — npu g := x’'(0) u nockobKy a;(zs) = 0)

i€ M\I(zy): a;j(zs) > 0= a;(x(t)) > 0 upu manbix t > 0
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Yeranosieno, 4ro x(t) € ) npu Mamsix t > 0.

L(x(t),us) = f(2() =Y wliai(x(t) = fle()— Y wli] a;i(x(t)) = f(x(t))

: . N——
ieM iel+(z.) —0, U6O I+ (2.)CI, (z2)
JIOK. MHH.
Lz ua) = flee) < fla(t) = L( x(t) S Us) =
—~~

B OKPECTHOCTH .

= L )+ s ), (0) ) (L (600) ) -(0) =), 2(0) =), €0) € [, (0] =
= <Lgx(§(t),u*)x(t) ; 17(0)7 z(t) ; z(0)

t—4+0: (L (z4,us)g,g) >0

(M 2,7 0) = g)

Yrto u TpeboBasioch JOKa3aTh.

> > 0 npu masbix ¢ > 0

IIpumep 2.7.1
f(z) == (z1 —1)* + 23 — inf
a(x) == —x1 + azi >0

a € R — napamemp

2, = (0,0) — eauHCTBEHHOE PeLIeHUE
Orpannuenre akKTUBHO

e (5 0= () - )

) 1 ) -1
a(x) = S0z, )t @ (x4) = 0 (yc0BHE PEryIsIPHOCTH BBIMOTHEHO )

f'(z) = 2d/(z,) — ycaorue Kyna-Takkepa BBITONHEHO € u, = 2 Vo € R
I (xy) = I(xy)

Gi: {(d(2:),9)=0 <= ¢g1=0

G.

={9=1(0,92)}
o(z) = (8 2%)

" e _ " _ 2 0
La::r(x*7u*) - f (.’1?*) U@ (l‘*) - (0 2 40&)

Ha G, (L (2., u.)g,9) = <(§ 9 _04a> (i) ; (;2)> = (2 —4a)g;

a< 3= (L (z:,u)g,9) >0Vg € Gy \ {O} = z, — TouKa CTPOroro JoKajb-
HOTO MHHHMyMa IO Teopeme [2.6.3}

a > 1 = (LU, (2.,u.)g,9) < 0Vg € G, \ {0}, re. yciosue ourumasbHocTH
BTOPOTO TOPSA/IKA HE BITIOJIHEHO.

3HAYUT, HE ABJISAETCS TOIKON CTPOroro JIOKAJIbHOTO MUHUMYMA M0 Teopeme [2.7.1

=1_29
=3 !

Samada
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20* PemmnTb 9KCTPEMAJIbHYIO 3a/1ay:

f(z) = (x; —1)* + 22 — inf

1
fx1+§x§ >0
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3 Yacrts III. BapuammmonHasle 3aa4n

3.1 KsaapaTudHble BapuannOHHbIE 3aIaYM.
Kpurepuii onTuMaabHOCTHI

g, f € Cla, b

b
= / {p(®)[2' () + 9O ()] — 2f (t)z(t)}dt, x € C'[a, b]
Q(z) — inf (3.1.1)
Q: z(a) = A, 2(b) = B,x € C'[c, ]
<--PUCYHOK-!->

x € () — naH.

Z, € ) — pemenne (onTuManbHbIA 1aH): Q(z) > Q(x.) Vr € )

Clla,b] = {L € Cta,b]|h(a) = 0, h(b) = 0} — MHOKECTBO JOIYCTUMBIX BapHa-
it

re€Q, heCilab] = r+aheQ VYacR

Q(x + ah) = /ba{p(;v’ +ah')? + glx + ah)? — 2f (x4 ah)}dt =

b b
=Qz) + QL/ {p2'h + gxh — fh}dt + L* // {p(h)? + gh*}dt
= f:{px’h’ + (gz — f)h}dt — nuneiinsiit o h dbyHKIHOHAT

[{(x;—h) = —l(z; )]

/ {p(h')? + gh*}dt
Q(z + ah) = Q(z) + 2ad(x; h) + a®D(h) (3.1.2)

Jlemma 3.1.1 Ecau 3hg € Cfla,b] : D(hg) < 0, mo

inf Q(z) =

z€Q

Jloka3aTeJabcTBO.

Qukcupyem xg € Q.

Q(x¢ + ahy) — KBaIPATHLI TPEXH/IeH OTH. «, KoabdunmenT y a? orpunaresn-
uolit = inf Q(z¢ + ahy) = —o0

Yro n TpeGOBaJIOCI) JA0Ka3aTb.

D(h) >0 Vhgy € Cila,b] (3.1.3)

OueBnznoe nocrarounoe ycmosue: p(t) > 0,¢g(t) > 0 Ha [a, b],
CYMTAEM €r0 BbIIOJIHEHHBIM.
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Teopema 3.1.1 z, € Q — onmumarvrod naan (3.1.1) <
< l(ze;h) =0 Yh e Clla,bl. (3.1.4)

,Z[OKaBaTeJII)CTBO.
Heobxonumocrtsb:
0 < Qz. + ah) — Q) 2al(xs: h) + a*D(h).
heCila,b]

Ilonesmum Ha
2>0, a—40: l(zs;h) >0

h € Cila,b] < —h € Cia, b]
Nmeem [(x,;—h) >0 < l(zh) <0

JlocTaTOIHOCTD:
Ouxcupyem = € Q, h = x — x,; h € Clla, b].

Q) = Q(wn + 1) BE2 Q) + 21(w0: h) + D(h) > Q(a)

Yro u TpeGoBasoch goKa3aTh.
JIemma 3.1.2 u € Cla, b), fab uh! dt =0 Vh € C}la,b] = u = const na [a,b]

,Z[OKaBaTe.]'IBCTBO.

Haitnem py(t) = cot +c1: pi(a) = ui(a),p1(b) = u1(b)
h(t) :=u1(t) — p1(t); h(a) = h(b) =0
h e Ca,b]: B (t) = u(t) —co, h € Cila,b]

b b b b
/[u(t)—co}th:/ [u(t)—co] I (t) dt:/ uw(t)h'(t) dt — /coh’(t) dt = u(t) = ¢

a

=0 =0, 100 h(a)=h(b)

Yrto u TpeboBasioch JOKa3aTh.

JlemMma 3.1.3 OcHoBHas JieMMa BapUaliOHHOI'O MCYUCICHUS.
u,v € Cla,b),
f:{uh’ +wvh} dt =0Vh € Cila,b] = u € Cla,b] uu/(t) = v(t) na [a,b]

lokazaTesbcTBO.

b b b b
/vhdt:/g’hdt:/ hdg = hgl® 7/ gh' dt =
a a a v a

=0, 10O h(a)=h(b)=0
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b
:—/ gh' dt

b b
O:/ {uh’ + vh} dt:/ (u — g)h’ dt¥h € Cila,b] =

= u(t) — g(t) = const,u(t) = g(t) + const = v’ 3,4/ = v ua [a, b].

Yro u TpeboBasioch JOKa3aTh.

b
;/ (e + (gze — )} dt =0 Vh € Clla,b] (3.1.5)

Teopema 3.1.2
Tk € Q — onmumarvrorl naaH <

s pal, € Cla,blu — (prl) + gz, = f. (3.1.6)

Jloka3aTeabcTBO.

HeobxomumocTh:

Crenyer u3 (3.1.5) 1 OCHOBHOI JTeMMBI.
JlocTaTOIHOCT:

ITokarkem, 4ro u3 ycsuosuii Teopemst ciezgyer (3.1.5)).

b b b
/ prlh dt = / px..dh = pz’ h[® 7/ (pxl)'h dt
a a ~—— a

b b
/ (Pl + (ga. — fR)) dt = / (~(pal) +gz. — fYhdt =0 VheClab]

T, — ONTUMAJIGHBIA TJIaH 1O TeopeMe (KPUTEPHUIO).

Yro n TpeGOBaJ’IOCL JA0Ka3aThb.

Liz,t) = — 2 ( dr

z(a) = A,z(b) =B

nuddepeHIEaIbLHOe YPaBHEHHe 2-0T0 IIOPAIKa, KPAEBbIe YCIOBUS
L(z,t) — oneparop rypma-Jluysuiiis

IIpumep 3.1.1
1
/ {(z)? + tx} dt — inf
0
z(0) = x(1) = 0,z € C*[0, 1]

<--PUCYHOK-!->
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p(t) =1, g(t) =0[p,g > 0], f(t)=-1/2¢
"= 12t 2" =1/2t=2" =1/4t>+co = v =1/12> + cot + 1
2(0)=0=c¢=0
x(l) =0=c¢cy = —1/12
T, (t) = 1/12(83 — 1)

3amaun
1* .
= 2 2Ydt — inf

Q=) /0 (@) + 22} dt

z(0) =0, z(1)=1, = e C'0,1]
2 2 (.’L‘/)Z

Qz) = /1 Ve dt — inf

z(1) =1, 2(2)=0, z € C1,2]

3

Q(x) ::/0 [2(t)]?dt — inf

z(0) =0, z(1) =1, =€ C0,1]

Hoxkaxkure, 4ro 3a1a4a He umeer pemenus. Haiinure inf Q(x).

b
D(h) :/ {p()? + gh?} dt >0 V€ Cllab]
Hocrarouno p(t) > 0, ¢(t) > 0 Ha [a, b].

Teopema 3.1.3 (JIexxanapa).
Ecau D — neompuuyameabho onpedeseHnan unmezpaisbhai K6adpamunnas Gop-
M@, MO HEOOTOIUMO

p(t) > 0 na [a,b] (3.1.8)
(Umenno yeaosue (3.1.8) nasweaemces ycaosuem Jescandpa.)

Jloka3aTeybCTBO.
(Ot mporusHoro): Ity € (a,b) : p(ty) <0

g0 = —p(to)/2, 300 > 0|p(t) — p(to)| < €0 Ha [to — o, to + o]
[to — o, to + o] C [a,b] =
p(t) < p(to) +e0 = —e0 = p(t) < —ep Ha [to — do, to + do)
6 € (0,d0] :

hs(t) = VA cos(E(t — t0))). £ € (to — 6.1+ )
0, unaue <!— PICTURE-!>
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s (t) = —\Fsm(‘s(t — o)) ma (tg — 0,to + 0)
™ ™
hi(t) — O0mput —tg— 0, t — tog+ 0
hs(t) € Cola, 0]

0 < hs(t) < \/g Ha [a, b]

to+4 to+d to+d
D(hs) = / p(hﬁ;)2 dt—l—/ g(h(; dt < —57/ sin? t to)) dt—i— / lg| dt =
t t to

0—0 0—9

T 4
= —50/ sin? u du + —/ lg| dt < 0 mpwm mambrx § > 0
™ a

—T

<0 —0 IPHA §—+0

[Monxyunnmu mporuBOpedne
Yrto u TpeboBasioch JOKa3aTh.

p(t) > 0 na [a,b] — ycunennoe yciobue Jlexkanapa
IIpumep: (1aKe yCUIEHHOE yCIOBUE HE SBISETCS JOCTATOTHBIM )

Dy(h) = /OW ((n)? = AR?) dt, h € C}[0, ]

p(t) = 1 — ycunennoe yciopue Jleskanapa BITOTHEHO

ho(t) = sint, hg € C}[0, 7]
Dy (ho) :/ (cost — Asin?t) dt = g(l —A)<Ompu A>1
0

3amaun
4* L
Q(x) == / 22’ (t)])?dt — inf

-1
z(—=1)=-1, z(1) =1, =€ C'0,1]
Hokazkure, uro 3ama4a He uMeer perrennst. Haitnnre inf Q(x).
5*
b
J(z) := / [a(t) 2 (t) + B(t) z(t)] dt — inf
z(a) = A, z(b) =B, z <€ C'a,b]

JokazkuTe, 9T0 TUOO 3a0a1a HE MMEET PEIIeHns, THO0 BCe ee TIAHBI OIITH-
Masbibl. CopMmynmupyiiTe COOTBETCTBYONIUE YCIOBUS B TepMUHAX (DYHK-
nmit o m 3.

6 (Jlemma Jlarpamzka)

a € Cla, b
/ £dt =0 Vh e Clla,b]
Hokaxxure, uro a(t) =0
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3.2 Kpurepuii HeoTpUIIATEJIbHOI OIIPEeAEJIEHHOCTH KBal-
paTu4dHOii hopMBI

b
D(h) = / (p(W)*+gh?} dt.h € Clla,blg € Cla,b], p € C'[ab], p(t) > 0
a \—v—/
yCI/IJIeHHoe yCJIOBI/Ie .He}KaHﬂpa
(3.2.1)
Paccmorpum
(ph')" = gh (3.2.2)

ph” +p'h — gh =0 na |a, b]
P, g
B+ =h"— =h = 0 — ypasuenue Hdkobu (2"
p p
[Ipu TI0OBIX HAYATBHBIX YCIOBUIX
L(c) =AW (c)= A c € [a,b]

3amaua (2’) uMeeT eIUHCTBEHHOE DeIleHue.
Permrenne, ynoenereopsitotee yeiosuio ho(a) = 0, h{(a) = 1, Ha3bIBaeTCs TIaB-
HBIM peIlieHneM ypaBHeHus: Axkoowu.

Teopema 3.2.1 (5IkoGwu).
D neompuyamenvro onpedesena na
Clla,b] < ho(t) > 0 na (a,b)

ycaosue Hdrxobu

Jloka3zaTesbCcTBO.
JloCTATOIHOCTD:
() (Bowonneno ycaosue Akobu = D(h) = fb

a

p(h' = s hy)? dt)

hi werp. ma [a,b] (h € Clla,b])
0

/
lim ht) = lim W)
t—a+0 ho(t)  t—a+0 h{(t)

320% . (ho(t) > 0 ua (a,b))

— 1(a)

L ho(b) >0 lim = ;)

2. ho(b) =0, HO TOrmA h{)(b) # 0,
MHAYe 110 TeopeMe eMHCTBeHHOCTH ho(t) = 0 (1y1s penteHusi ypaBHEHHs
Akobu)

lim = lim nt) _ w(b)
o t— b—0 hQ(t) B hlo(b)

b—e b—e b—e ’ b—e /
h h h

/ P <h’ — h{)> dt = / p(h)? dm/ P g,y dt+/ P <0> h? dt
a+te ho a+te ate ho a+te ho

(3.2.3)
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b—e b—e
—2/ PRyt g — / _Pho g2

ate 0 +e ho
€ b—e N\’
= ph0h2 +/ (ph > n? dt
a-+te ate h(]
b—e rN\/ b—e 1\/ b—e / 2
a-+te hO a-+e hO a-+te hO
VT qh? dt
IMoucrasum B (3.2.3):
b—e b—e b—e b—e
/ p<h'—hhg> dt:/ p(h)? dt+/ gh? dt — phoho
a-+t+e hO ate a+te ade

e — +0 (yuects, uto h € Cjla, b])

HeobxonumocTs:
JIemma 3.2.1 (sieMMa O CKPYIJIEHUM YIJIOB).
h € Cla,b], h(a) = h(b) =0
he Clla, €], he CL[¢,b] npu nexomopom & € (a,b)

D(h) >0 na Cila,b] = D(h) >0

Jloka3zaTebcTBO.
(LM)Za te [717 1]
g9(t) = { 2
0, naage

<--PUCYHOK-!->

OueBnrO, 9TO g — 9eTHAA DYHKIHA.

Bosbmem t € (0,1) u npoauddbepenumpyem:

g(t) =215 (—5) = —15t //9(t) < ;

g'(+0) = —3

B cnty wernoctn g'(—0) = 1 m Gomee obmee 3akmouenne: |¢'(t)| < 5 mpm ¢ # 0
CrenaemM roMOTETHIO C IIEHTPOM B HYJIeE:

gs(t) = dg(%), 6 > 0

gs(t) = 0 BHE (—0,0)

// Tk . ecrmt =46, ro £ =1

Buauut, 0 < g5(t) < g

95(t) = 9'(3)

Caenosarennro, g5(04) = —3, g5(0-) = 3 V5 > 0.

Kpowme Toro, |g5(t)] < % mpu t # 0Vd > 0.

Baenem dynximn hs(t) = h(t) +a1gs(t—e), rae ay = h'(€4) — ' (£_), 1o ectn
CKaYOK IPOU3BOIHOI B TOUKE &

hs € C}la,b] npu mambx § > 0
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//nado, wmobw [§ — §,& + 0] C (a,b); mozda hs(a) = hs(b) =0
Torna mposepsiem, 4T106H1 661710 Cp 1t C':
h5(€+0) =W(§+0) + (=5)n
h§(§ = 0) = 1'(¢ = 0) + (3)u
hs(§ +0) = h5(€ = 0) =0
Urak, nokazano, uro hs € Clla, b] npu maswx § > 0.
Barmmen: 0 < D(hs) = [ (I’ + a1g5(- — )2 + qlh + args(- — §)])dt =
// uecmmo 60360dum 6 Keadpam
= D(h)+au [} (al2hgs (- —&) +arg3 (- —))dt+ar [ (pl2'g5(-—€) +an (g5~
§))?]dt =
// 6800um Ho8ble 0603HAUEHUA:
= D(}AL) —|— Oéll(go) —|— Oéll(gl)
JlokaxkeMm, 9T0 Iéo) — 0, Iél) —0mpu §d — 0

I§0)7 I(gl)

L) < 8 [P 1g|(|h] + |a|2)dt; g5 < 2 = wanocts 3a cuer gs

|I‘§1)| = (ff—‘s * f€+5) P|h' | + Ial‘ )dt ; MAJIOCTh 3a CYEeT MAJOCTH MHTErPAsa
o1 = cons

// t

1)

OueBunno, 41O I( ) 0, I/ — 0 mpu 6 — 04

[Mepexons K mpeey, mojydaeM, 9To D(iz) >0

Yro n TpeGOBaJIOC]) JA0Ka3aTb.

JIemma 3.2.2 Ecau 3 mouka & € (a,b] : ho(§) =0, mo fg )2+ qh?)dt = 0.
doka3zaTesbCcTBO.

[ p(h 2dt £ phiydho = phiyhol§ — [* qh3dt =

= [ ‘ 2 4 qhf)dt = phyhol§ =

//ph0h0|a = 0 no onpedesenuro
//phiyhol¢ = 0 no yeaosuro aemmo
=0

Yro n TpeGOBaJIOCI) A0Ka3aTb.

Teneps JoKa3bIBaeM HEOOXOIMMOCTE B TeOpeMe:
[pennonoxum, aro 3¢ € (a,b) : ho(§) = 0.

<--PUCYHOK-!->

[h( (&) # 0, unade hg = 0, 9TO MIOXO B CUILYy €JIUHCTBEHHOCTH PEIICHU:]

Pacemorpuym Bapuanmio h(t) = ho(t), t € [a,&) u h(t) = 0, t € [€, D]
iL( ) = ﬁ(b) = O [0 HOCTPOEHUTO
ff 2+ gh3)dt = 0 mo mpeapIIyIEit Temve
(h +ah) = (h) + 2al(h, k) + a2D(h)
//D(h) =0, h e CO [a,b], o — sewecmeennvili napamemp
Bnecs U(h,h) = [P(ph'B + qhh)dt = [*(phiyh' + ghoh)dt
//nocaednee pasencmeo caedyem us npedudyulezo pucyrKa
[ phbh'dt = [£ dh = phihl§ — [ ahohdt //(pho)’ = aho
Torma I(h, h) = p(€)hlh(€) =: A < 0 npu mexoropom h //p(€) > 0, hy(€) # 0
// Mbr xoTum, 410661 A < 0
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<--PUCYHOK-!->

D(h+ ah) = a2\ + aD(h)] <0 npu mabix a > 0
C apyroit cropoubt, D(h + ah) > 0 no jemme o ckpyryieruu yriaos. [lomyuaem
[IPOTHBOPEYHE.

//m.e. ho(t) >0 na (a,b)
Yro n Tpe6oBasoch J0Ka3aTh.

3ameuanue 3.2.1 [lycmv svinoaneno yceaosue Arobu u
Jh. € Cila,b] : D(hy) = 0.
Tozda h,(t) = Ahg(t), t € [a,b] npu nexkomopom .

,Z[OKaBaTeJ‘IbCTBO.

b
D(h.) = [, p(hl, — #=hf)dt; D(h.) =0 mno ycnosmo
[Iputom p > 0, moabiHTErpasibHAsT (DYHKIMS HEITPEPBIBHA, =

= W,(t) = heg ho(t) = 0 wa (a,0)
[Ipeobpa3yem u mepemnuiem:
() = h*(t)ho(gz—(g*(t)ho(t) — 0 na (a,b)
0

//ho(t) >0 ma (a,b) = mooicno nanucams 6 snamenamene h3(t), a ne ho(t),
//m.e. npocmo nodeaums ewe na ho(t)

!
(x) = Z;Eg =0 na (a,b) =
= =0 =\ ma (a,b) = ha(t) = Ao(t) na (a,b) =
MO HEMPEpPHIBHOCTH ¥ Ha [a, b

Yro n TpeGOBaHOCB JA0Ka3aThb.

3amaun

7 Kak m3MeHHTCs 3aK/II0OYEHHE OCHOBHOI JIeMMbI BapHallMOHHOTO UCYHUCITIE-
HHudA, €CJIn COOTHOIIIECHUE

b
/ (uh/ +vh)dt =0
a

shimonmgerca A h € Cta,b], h(a) = 0?

8% u e Cla,bl n

b
/ uh”dt =0 Yh € C5a,b]

(h(a) = h(b) =0, K(a)="H(b)=0)
Hoxaxnre, aro u(t) = cot + ¢1.

9* u € Cla,bl n

b
/ uh"dt =0 Vh e C?a,b): h(a) = h(b) = 0.

Hoxaxxure, uro u(t) = 0.
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Q(z + ah) = Q(x) + 2al(x; h) + o*D(h)
ho(€) = 0 npn HekoropoMm & € (a,b) = inf Q(z) = —o0

ho(b) :
1. ho(b) =0

Teopema 3.2.2 ITycmo swnoaneno ycaosue Sxobu u ho(b) = 0;
ECAU Ty — HEKOMOPOE peuterue KeadpamuyHol 6apUALUOHHOT 3a0a4U, Mo 6Ce
MHOIHCECNB0 pewenuti donyckaem npedcmasienue

z(t) = z.(t) + Aho(t) YA ER (3.2.4)

dokaszaTesbcTBO.
U3 ycaosus SIko6u u Toro, uto (ho(b) = 0), crienyer hg € Cila,b], D(hg) =0
(;leMMa B JOKa3aTesbCTBE HEOOXOAUMOCTH TeopeMbl SIkobu; & = b).

[Ipoepum, uro = u3 (3.2.4) — perenue:
Q4+ Aho) = Q(xs) + 2X (24, ho) +A% D(ho) = Q(4) = x4« + Ahg — pemenue.
——— ~——
=0 =0
Y10 3TO €CTh pelleHue, Mbl yCTAHOBUJIM, TEIEPh YCTAHOBUM, Y4TO BCE PEIICHUs

IpeacTaBUMbI B TAKOM BHJE.
I/I — . h = — Cl b
Tak, IIyCTh X1 — PEIlleHue; Torja N1 = r1 — Tx € Cgla,

Q(r1) = Q(zx + h1) = Q(zx) + D(h1) Q(z1) = Q(zs) = D(h1) =0 =
= (MoYeMy 3TO — BCIIOMHHTE 3aMevaHne hi = Mo = 1 = z. + Mo

Yro n Tpe60BaJIOCI) A0Ka3aTb.

3amaun

10* Ilycrs Beimosaeno ycjosue Akobu u ho(b) = 0, a Takke

b
Bo® (e~ Ap(@) ~ [ fhode 20

Hokazknre, uro inf Q(x) = —oo.

11* Pemuth KBaJpaTUIHYI0 BAPUAIMOHHYIO 3a1ady (mpumep ['uinbepra):
1
Qx) = / [tQ [/ (t))* + 1227 | dt — inf
0

z(0) =0, z(1)=1, =€ C'0,1]

12 PemnTh KBaAPATHIHYIO BAPUAIMOHHYIO 3a1a9y

1
/ [Qta:x’ + 1:2] dt — inf
0

z(0)=0, z(1)=1, =€ C0,1]
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3.3 Kpurepuit noJI02KUTENBHOI ONIPEAEICHHOCTA NHTETPAJIb-
HOII KBaapaTU4IHON (POPMBI

/[p )2+ gh*dt, he€Clla,b]
q € Cla, b, peCt [a, b],

ycusiennoe ycaosue Jlexkanapa p(t) > 0 ua [a, b)].
D Ha3bIBaeTCs MOJIOKUTETHHO OIPEIeIeHHON (hOPMOit,

ectm D(h) > 0 npu h € C}la,b], h # 0.

Teopema 3.3.1 D noaoocumenvro onpedesena <= ycuaernnoe ycaosue dxo-
6u: ho > 0 na (a,b].

Jloka3aTeybCcTBO.

HeobxommMmocTh:

®opwma, Mo KpaiiHeil Mepe, HEOTPHUIIATEIHHO ONpPe/IeIeHa, U3 ITOrO 3aKII09aeM,
10 ho(t) > 0 Ha (a,b).

Ecmu o(b), To hg € Clla,b], D(hy) =0,

YTO MPOTHBOPEYHT MOJIOKUTEILHON OnpeiesieHHocT, ubo hg # 0
JocTaTouHOCTh:

ITo kpaiineit Mepe BBITTOIHEHO ycjaoBre SIK0O0OHM, M3 9Ero 3aKII0YNM,

gro D(h) > 0.

Honycrum, uro D(h,) = 0.

ITo 3ameqanuio kK Teopeme fAkobu h.(t) = Aho(t) npu mexkoropom A € R.

ho(b) = Aho(b) = A=0 = h.(t)

Yro u TpeboBasioch JOKa3aTh.

Teopema 3.3.2 Ilycmsb swinoaneno ycuaennoe ycaosue Axobu.

Tozda I > 0:
b

D(h) > u/ (n')? at (3.3.1)
Vh € Cila,b].
,Z[0Ka3aTenbc'rBo
= f p)(W)? + qh?] dt
uo = tgﬁri] p(t) > 0B CI/IJIy YCUJIEHHOTO yCaoBus Jlexxanapa.
€ (—Ho, Ho)

Ecau D,, nonoxurensuo oupesenena upu sekoropom £ € (0, o),

T0 HepaBeHCTBO ([3.3.1) oueBmIHO.
((p = wh')' = qh
/
hN"‘Lh/_ Lh:07 we (_MCHMO)
p—H p—p
h(a) =0, h'(a) =

h(t,p) — pemeHHe aTOI‘/’I 34,141,
0)

h(t,0) = ho(t)
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<--PUCYHOK-!->

Hokaxewm, aro I > 0: h(t, u) > 0na (a,b].
h(t,p) m W' (t, 1) nenpepoisubt Ha [a,b] X [—p1, pa], p1 < po
(Teopema 0 HempepbIBHOH 3aBucumocTu u3 IV: JuHeliHOe ypaBHEHUE BTOPOTO

nopsijika, KO3 GUIUeHTbl HEIPEPHIBHDI )
ho(t) ho(t)=ho(a) | (a)
t—a t—a t—a+0

paBHa 1 nput =a:

=1

<--PUCYHOK-!->

h(t,p)
t—a

paBHa 1 pu t = a

Hokaxkem, uro 3y >0 w > 0 ua [a, b].

Or mporusroro. 3 py, — +0, Ity € [a,b] :

h(t

hite, i) (3.3.2)
tr —a

ty — t. (Mau moAmoCIen0BATENLHOCTD). [lokaxkem, uro t, # 0 (BooOIIe roBops,

t. € [a,b]).

ycrb t;, — a, Toraa hti o) h(tesp) =h(asps) _ pr

tr—a tr—a

(a+Ix(ty —a), ) —

k—o0
(B 9TOM TIEpexo/ie MBI UCIOJIb3YeM HEMPEPHIBHOCTH MO COBOKYMHOCTH MepPeMeH-
HbBIX)

o h'(a,0) = hi(a) = 1, aro nporusopeunr (3.3.2).

tp — ti, tuFa, t. € (a,b]

[Tepexonum k npegeny B (3.3.2): % <0 = h(t,0) <a & hy(ts) <0,
YTO TIPOTHBOPEYNT YCHUIIEHHOMY yciiosmio SIko6u (cMm. teopemy [3.3.1)).

Tokasano 3y > 0 204 gy [a,b] = h(t,u) >0mHa (a,b] = D, HOIOKUTEIHHO OIpEIETeHa =

t—a
(3.3.1]
Yro u TpeboBasioch JOKa3aTh.

Teopema 3.3.3 z, — pewenue k6adpamuuHoti 8aPUALUOHHOT 360a%U, 6bLTOA-
Henvt yeaosus Aroou = Q(x. +h) > Q(x4) +/Lf;(h/)2dt Vh € Cla,b] (3 pu>
0)

Jloka3aTeabcTBo.
1 BapumamnT:

Qs +h) = Q) + (s, h) +D(h) > Q(w.) + p [ (W)dt
N—_——

=0
x4 — epuncrsennoe pemenue Q(z. +h) = Q(z.) = D(h)=0=h =0
11 BapmanT:

f;(h’)Zdt =0=h'=0= h = const, arak kak eme h(a) = h(b) =0= h =0

Yro u TpeboBasioch JOKa3aTh.
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3.4 Cxema pelieHns KBaApPATHUYHON BapHaIlMOHHONI 3aaa-
qu

Q) = [} (p(a')? + qu* — 2fa)dt — inf
x(a) = A; x(b) = B; x € Ct[a, b]

q € Cla,b], p € Cta,b]

p(t) > 0 na [a, b]

—(ph")' = qh
h(a) =0, h(a) =1
permienne ho(t)

2. eciim 3¢ € (a,b) : ho(§) =0, To inf Q(x) = —o0
TIPH BBIMOJTHEHUH YCIOBUs SIKOOM MEPEXOMMM K CJIEIYIONEMY TyHKTY.

3. —(ph) +qr=f
z(a) = A, z(b) =B
x * (t) — perenne

4. Ecim ho(b) > 0, TO T, — €IMHCTBEHHOE DEIIEHHE
Ecmu ho(b) =0, ro z(t) = z.(t) + Aho(t) VA € R — peruenne

IMpumep 3.4.1 Q(z fo — 22)dt — inf
£(0) =0, 2(5) = 1
p(t) =1, q(t) =1, f(t) =
KW' =—h<=hh"+h=0
h(0) =0, B'(0) =1
h(t) = ¢y cost + cosint
ho(t) = sint
ho(t) > 0 na (0, 3]
" +2=0,20)=0,z(3)=1
3adawa IImypma-JTuysusna
x(t) = ¢y cost + cosint
z(0)=0=c¢=0
(2) =1l=c=1
Z.(t) = sint
ho(m2) > 0 = z. — eduncmeennoe pewenue

Ilpn Mep 3.4. 2 g — T

Q(x) fo — 2?)dt — inf
00, = 1

ho(t) = smt ho(t) > 0 wa (0, )
' +x =0, x(O)f07 z(m) =1
(t) = c1cost + cosint

( ) =0=c =0

z(r)=1= cysinm =1

He UMEET PEULEHUA.

8

HH

Samada

13* (pemenue ecrb Ha caiire JEKTOPA)
HokazaTs g paccMarpuBaemMoro ciaydas, u9ro inf(Q(x)) = —oo
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Ipumep 3.4.3 Q(z) := [, ((«/)*> — 2?)dt — inf
2(0) =0, z(r) =0

2(t) = ¢y cost + cosint

2z(0)=0=0¢, =0

z(m)=0=cesinTt=0=c € R

2.(t) =0 (c2 = 0), x(t) = cosint

ho(m) = 0 = x(t) = z.(t) + Aho(t) = Asint YA € R

3amaun

(
1, z(2) =
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3.5 Heaununeiinag BapuanmmoHHas 3agada. Y paBHeHue Dii-
Jgepa

J(z) == [V F(t,a(t),a'(t))dt — inf

z(a) = A, x2(b) = B, x € C'[a, b

F € C?*(U), U C R® — oTkpbiTOE CBA3HOE.

x € Cla,b] : z(x) ={(t,z(t),2'(t)) : t € [a,b]}

00 = {z € C"[a,b] : z(x) CU} — ecrecTBennas 061acTh ompeseneHns MyHK-
nuonana J

J(w) ~ Y52 F(ty,2(ty), 2/ (t;))h — inf

ti=a+jh, j€0:n+1, h =124

x; = 1‘(tj), x’(tj) ~ -T(tj)—z(tg—l)

B(w) == 301 F(ty, a(ty), L2 0=1)) — inf

29 =A, Tny1 =B, x=(21,...,2)

Heobxonumoe ycnosue onrumasbuaocta &' (x) = 0, muddepennupyeM 1o z;
B}, (1) = Fy (b, o(ty), "5 4 (1, w(ty), "5 -
_Fa/s’(tj+17x(tj+1)7 M)%7 Jje€l:n

Fy(ty,(ty), 2" (t;)) — 3 (Fp (tin, 2(tjn), 2/ (841)) — o (8, 2(t5), 2/ (t5))) = 0
p(t) == FL(t;, (t;), 2'(t;))

Fi(ty,a(ty), a'(t))) — £aH=2ll — o, je1:n

Ouxcupyem t € [a,b] u Jt;, : t;, <t <t; .,
[Iepexonum K mpeaesy mpu n — oo:

Fy(t,a(t),2'(t)) — g Fo (t,2(t), 2/ (1) =0, t € [a,}]

xz(a) = A, z(b) =B

[Tepexomnm K mpeneny B dopmyne mis rpaduka D'

J'(x) = —L(F.,(t,z,2"))+ FL(t, 2, ") HA3BIBACTCA BAPHAIMOHHOM IPOM3BOAHOM
dbyuakupmonana J B Touke x (J'(z,t))

Q(a) = [ (p(')? + qa? — 2fx)dt

F(t,z,2") = p(z')? + q2* — 2fx

F! =2qx —2f

fr, = 2px’

Bapuanuonnas mpoun3BomHast

Q'(x) = — 4 (2pa’) + (2qz — 2f) = 2(=p(a’) + gz — f) = 2(L(z) — f)
VYpasuenwne Ditnepa: J'(x,t) =0, t € [a, ]

Q: Liz)—f=0

g @Q ypasuenue ditsiepa = ypasuenne lllrypma-/Iuysusis.
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3.6 Ilepsbiit u BTOpOii AuddepeHInaIbl THTErPAJILHOTO
dyHKIIIOHAIA

3amaua

16* UcenenoparTh 3aBUCHMOCTD PEIIEHUST OT TTApaMeTpa &:

Qx) = /0 [e(z)? — 2°] dt — inf

z(0)=0, 2(1)=1, zeC'0,1], >0

= /F(t,x,x')dt, r € C'a,b]

F € C?*(U), U CR? orkpbiToe cBA3HOE.

Q0 = {x € C'la,b] | Z(x) C U} — ecrecrsennas ob61acTh onpeaenenns QyHK-
muoHaJa J.

Z(x) = {(t,x(t), 2'(t)) | t € [a,b]}

z € C'a, b lz]|1 = 75max |x(t)| + ma>§] |’ (2)]
€

Teopema 3.6.1 Q° omxpwmo 6 C*[a,b).

JloKa3aTeJbCTBO.

V.CC()EQO dd09>0: JZQ—FhEQOHpI/I”hngdo

Zy = Z(x9), ¢ > 0 dbukcuposano.

Zs ={(r,u,v) | 3t € [a,b] |7 —t|+ |u—zo®)|+ |v—2ap(t)] <}

Jlemma 3.6.1 Z5 ozpanuueno U 3aMKEHYMO (KOMNAKMHO).

dokasaresbcTBo.

7] <t +9  Ju| < |zo(t)|+6 |v] <|zp(t)|+6 upu HeKOTOpPOM ¢ € [a, b,
x0(t), 2((t) orpanuyenst Ha [a, b] = orpanuueHHocTs Zs.

(They Upey VE) — (T, U, Vs

Vk dt, e [CL, b] : |Tk — | + |uk — xo(tk)| + | — $6(tk)| <4d

tp — te € [a,b] B mpenene [T — t] + |ux — xo(te)| + |ve — 2((t)] < 5 =
(T, U, Vi) € Zs

Yrto u TpeboBasioCh JOKa3aTh.
Jlemma 3.6.2 3 9o >0 Z5, CU.

Joka3zaTeJbCTBO.

Ot mporuBHOroO.

Vop >0 3t € la,b] : (Th,up,vg) € Zs, € COOTB. ty, (Thyug,vg) € U
O = 0+ |7 — ti| + [uk — zo(tr)| + vk — 20 (tr)| < O

(tk, Tk, Uk, Vg ) OPDAHUYEHA

Cumraem, 910 (tg, Th, Uk, Vi) — (Lxy Ta, Use, Vi)

[Tepexomum B HEPABEHCTBE K HMPEIETY

|7 = L] + Jux — mo(te)] + v — 2 ()| = 0 =
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(Tuey Uy V) = (ba, o (ta), 2 (E4) ) € Zo C U.

Ho U otkpbITO = (T4, Us, Ux) cOmepxuTcst B U BMECTE € OKPECTHOCTHIO, OHAKO
(th, ko, V) — (To, U, Vi) (tg, ug, v) € U 1O IPEINIONOKEHHIO.
[IporuBopeune.

Yro u TpeboBasioch JOKa3aTh.

2o+ h € Q0 mpu ||h|l; <6 (dp m3 Jlemmer 2).
Hokazkem, uro Z(xg + h) C U.
[Mokaxkem,uro Z(xg + h) C Zs,(C U).

Paccmorpum snement us Z(xg + h) : (t,zo(t) + h(t),z((t) + ' (t) )
Pacemorpum (¢, zo(t), z5(t) ) € Zo
Paccrosiaue 1y mexny muvu: §g > 11 > |h(t)| + |B/(¢)] lhll < do

ITo onpenenenwio (¢, x0(t) + h(t),z((t) + W' (t) ) € Zs,

Yro n Tpe60BaJIOCI) A0Ka3aTb.

b

J(x) = /F(t,x(t),x’(t) Ydt

a

Q0 — ecrecTBenHas ob6aacTh onpenenenus, xg € V.
Kak m3sectro, 3 59 >0 x+h € Q° mpu ||h|1 < o
[Tokaxkem, 9aTO

J (o +h) = J(xo) = L(h) + o([[Al[1),

e | - guneiinbiit Gynkuuonan na C'a, b].
T(zo+h) — J(z) = / H(t)dt

H(t) = FLh+FL b = (FLh+Fu ) +((F)— F))h+(FL — Fl)h] = Hy(t)+G1(t)
Apryventor y F! F!,  (t,x0 4+ Oh, ) + 9h').

b b
T(zo+ h) — J(x0) = /Hl(t)dt+/G1(t)dt —I(h) + w1 (h)
b

I(h) = /(F;h + FLR)dt

o nunefinpiit Gynknmonan na Ctla,b] (I(ah) = al(h) )

Iokaxewm, aro wy (k) = o(||h]|1)
Z5, OTPAHHIEH U 3aMKHYT, II09TOMY 10 TeopeMe Kanropa F,, F, paBHOMEPHO-
HETPepBbIBHBI HA L,
Ve>0 346€(0,%]:

€
b—a

| (8, o (t) + u, 2(t) + v — Fy(t, zo(t), 26(t)) )] <
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5
|FL (t, 20 (t) + u, g (t) +v — FL (¢, xo(t), z(t)) )| < —
|ul, |v| < 6 mpu Beex ¢ € [a,b] ( |u|+|v| < dp u mpupaIIeHHe Ha BEIXOIUT 34 L, ).

b b
for()] < [ 1Ga(0lar < = [(hl+ e < bl

a

re. wi(h) = o(||h]1).

I(h) nasbiBaerca nepsbiM guddepennuansom dyukuuonana J B TOYKE g,
oboznauaercsa dJ(zo;h), T.e. 10KA3aHO CyIIECTBOBAHUE IIPEICTABIECHUS.
[Mokazkem €IMHCTBEHHOCTb:

J(wo +h) = J(xo) = I(h) + o([[h[]1)

S (2o +h) = J(xo) = Li(h) + o([[A]l1)

Torma I(h) — I1(h) = o(||h]l1)
xo + Ah € Zs, npu Maisx A > 0.

I(AR) = 11(Ah) = o([|Ah]l1)

-1y = 2

A—0+ I(h)=U4L(h) VheClla,b]

Teopema 3.6.2 J dupdepenyupyem 6 xasicdoti mouxe o € Q°, npu smom

b
dJ(xo;h) = /( F.h+ F,, )dt

J(wo + h) = J(xo) + dJ (o3 h) + o([|A]1)
1
(w0 + h) = J(wo) = dJ (w03 h) + 5 D(R) + o([[AII7),
rie D(x) — ksagparuunas dopma B Cla, b].

D(h) = d?J(xo; h) BTOpOit MU dEpeHTIAa.
®ukcupyem t € [a, b]

1 - - -
H(t)=(F.h+FELN )+ 5( FI'h? +2F) bW + L (W)?) =
1
(Flh+ FLR )+ 5( E! h* 4+ 2F) Wb + Fl . (W)? )+
1, - . N
+5 L (F = B B2+ 2( By — Bl Yo + (Bl — Firp J(W)* ] =
= Hy(t) + Ha(t) + Ga(t)

b
D(h) = /[ FY h* 4+ 2F) Wb + Fl o (W)? ]dt
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D xBagparuunas dopua na Clla, b ( D(AR) = A2D(h) ).

b b
9
foa(e) = [ 1Ga(0ldr < = [CIhP -+ 20nl 0]+ [0 e < e IR )

a

(e u § xak B cayuae nepsoro guddepennuaa).
wa(h) = o([|A[I})

J(z),20 € Q°
b
dJ (o, h) = / (Flh+ FLIdt, heCVa,b)

J(xo 4+ h) — J(xo) = dJ(xo, h) + o(||h]|1)
T+ h) = J(wo) + &I (w0, h) + 5 D) + ol Al < 6

Eauncreennocts D:
[ycth umeercs eme ogua Keajap. dopma Di: D(h) — Dy(h) = o(||h||3). ®uxcu-
pyem hg € Clla,b] : hg Z0

D(Aho) — Di(Mho) = o(||[Ahol1?)

o(|[Mho||?
= D(ho) — D1(ho) = W
1

—0 (A—0+4)

= D(hg) = Di(ho) Vho € C'[a,b]

b
d*J(zo,h) = / [E) h* + 2F) hh' + FY, . (h')?]dt

a

Teopema 3.6.3 J(z) 6 xasicdoti mouxe xog € Q° deaorcown duddepenyupyemo,
npu IMoM 04f 6Mopozo duPdeperyuanra 6epHa GopMYaa, NPUCEIEHHAA BbLULE.
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3.7 Heobxoaumbie yCJIOBUS OIITUMAJIbHOCTH
b
J(z) = / F(t,z,2")dt — inf

(@) =4, =(b)=B, weC'ab)
FeC*(U), Q°cC'a,b] — orkpsrro B C'[a,b]

() — MHOKECTBO TLJIAHOB. T4 € {) — TOYKA JIOKAJILHOTO MUHUMYMA.

J(zs+h) > J(z:) YheCHa,b], |[hlli<p

Teopema 3.7.1 z, € Q — mouka A0KaALHO20 MuHuMYMma. Tozda

dJ(z., h) =0 (3.7.1
d?J(z.,h) >0 (3.7.2)
npu ecex h € Clla, b
3.7.1) — neobxodumoe ycaosue munumyma I nopadxa.
3.7.2) — neobxodumoe ycaosue munumyma I nopadxa.
JlokazaTesbCcTBO.

®@uxcupyem hg € Clla,b],ho # 0 (unage (3.7.1) u (3.7.2) rpusmasbub.)
o([[Aholl1)
Allholl1
—0(A—0)
= dJ(J?*,ho) > 0
—hg € C& [a7 b]
dJ(J}*, —ho) > 0= dJ(.Z‘*,ho) < 0
Mosnyuniu dJ (x4, ho) =0

= dJ (x4, ho) + lholl1 >0

1
0 < J(zs + Ahg) — J(z4) = §d2J(1‘*, Mho) + o(|[Ahol|2) (A > 0, mama.)
o([|Aholl3)
A2||hol?
—_——
—0(A—0+)

d*J(xy, ho) >0

1
= §d2J(x*,>\ho) + [holI? >0

Yrto u TpeboBasioch JOKa3aTh.

b
AT (za, h) = / (F'h+ FLB)dt, h e Clla,b]
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Jlemma 3.7.1
dJ(z.,h) =0, VYhe Clla,b] <
& FL(tx.(t), 2.(t) € Ca,b]

d
u— ", = F! na [a,b

,Z[OKaBaTeJII)CTBO.
HeobxommMocTs ciieayer u3 OCHOBHON JIEeMMbI BAPUAIMOHHOTO ucunceHus (3.1.3

u=F.,, wv=F, [u € Ca,bl,u' =0

JloCTATOIHOCTD:
b b by
/Fg,h’dt:/ v, dh = v, hlb 7/ —F!, hdt
=0 (mom. Bap.)
b d
dJ(z., h) = / (F! — ang/) hdt =0
@ ———

=0

Yro n TpeGOBaJ’IOCB JA0Ka3aThb.

Teopema 3.7.2 z, € ) — MoYKa AOKAABHOZO MUHUMYMG BAPUGUUOHHOT 3a-
dawu, moeda F!,(t,z.,2.) € C'a,b] u z. ydosaemeopaem

d
/ no_ / n_
F(t,z,z") thm, (t,z,2")=0
na [a,b].
z(a)=A, z(b)=B

Jdoka3zaresbcTBO.
OueBuHO U3 geMmbl [3.7.1]

Yro n TpeGOBaJIOCb A0Ka3aTb.

Jliobast mHTEerpasbHast KpUBas Ha3. IKCMPeMaAbl0. DKCTPEMATIh, YIOBIETBODSI-
I0Iad KPAeBbIM yCJIOBUAM, HA3. CTAIMOHAPHON KPUBOIL.

IIpumep 3.7.1
1
J(z) := / [(2")% + 24tx]dt — inf

-1
z(-1)=-1, z(1)=1, z€C-1,1]
Hatimu cmayuonapryro xpusyio.
Fl =24t, F. =3(2')?, Fl, =62
q
dt

a
dt
(") =4t* + ¢

3—(2")? = 24t, (z')? =8t
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z(t)=t* npuc=0

z(t) = —t?
*) t2, nput >0
T (t) =
—1527 npu t <0

<-1-PUCYHOK-!->

—2t, t<0’

d. ,
%((ﬂ*

2, t>0
zl(t) = { - r, € C'[-1,1]

)2 =8t

— meﬁoeame/wno, Ty — CMAYUOHAPHAA KPUBGAA.

" 2, t>0
€r, =
* -2, t<0

®opmassro npoaubdepenupyem F,

! 7" "o 7 "
th 't — Larad 7Fm’x’x =0

Teopema 3.7.3 [I'mabGepral
Iycmov zg — sxcmpemant.

T = {t € [a,b]|F}). . (t, xo, ) # 0}
= T € 02<T)

loka3zaTesibcTBO.

d
yr ", = F, ma xg
Qukcupyem tg € T

1

AL [FL, (to + At, zo(to + At), z((to + At)) — FL (to, zo(to), 7o (to))] —

— Fy(to, zo(to), 20 (t0))

(to + At) —xo(to) | zn To(to + At) — z5(to)

At vl At
AprMeHT F: (to +9At, xg (to) -‘1-19(370 (to + Aﬁ) — Jlo(to)), .’176(t0) +19<.’176(t0 + At) -
z(to)))

l‘6(t0 —+ At) — .Ta(to) - 1 ~ $6(t0 —+ At) — (Eé(to) + F/ l‘o(to —+ At) — xo(to)

~ ~ To
1 i
z't + Fm’m

/
At CF, w'w At 'w At

At — 0 B
g (to) = Forgr [Fy — Faia@o(to) — Fiiy
(tv L0, xéj)

[Ipasas gacTb Henpepbisia Ha T = x9 € C?(T)
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Yrto u TpeboBasioch JOKa3aTh.

CaencrBue 3.7.1 Ecau xg — aKxempemans, u na wet EFl ., # 0 npu t € [a,b],
mo zo € C?[a, b]

Omnpenenenue 3.7.1 Ecau Fy (t,r,y) = 0 na ecem U, mo dynxyuonan J
na3. peryaapubiM. [Toaoocumenvo pezyaapen, ecau F) (t,z,y) > 0 na U, u
ompuyamenvno pezyaapen, ecau Fy (t,x,y) <0 na U.

3amaun
17*
/ {22(1 — 2/)*}dt — inf
x(f ) L, (1) =1 ze Cl[*la 1]
Jlokazarh, 9TO 3a7a49a HE UMEET peIleHus; HaiTu inf.
18
/{ 2(1 — 2*)}dt — inf
z(0)=z(1) =0
Joxkazarb, 910 KpuBas Io(t) = 0 ABIAETCS TOYKON JIOKAJTHHOIO MUHUMY-
Ma,
onnaxko inf J(z) = —oc.
z € C?[a,b]

d d
% (F - x’F,;.,) =F/ +F.2' +F,2" —2"F, — x'%FJ@ =

- Ft’+x’<F; CZF;)

d /A nli — !
= (F x Fm) = F|
z(a)=A, z(b)=DB

Jomyctum, 4To OHO UMmeeT pemtenue zg € C2[a, b], z((t) # 0, 3a uckmoOYeHHEM
KOHEYHOI'O YHCJIa TOYEK.

Torma xg — crarmoHapHasi KpUBasd

d
!/ F/ _ 7FI, —

Caencrsue 3.7.2 Ecau F = F(z,2'), mo caedyem pewams xpaesyro 3adawy
F —2'F), = const
z(a) = A, z(b)=B

Ecau pewenue cywecmeyem, € C?[a, b] u e2o npouseodnas obpawaemcs 6 0 pas-
8€ AUWD 8 KOHEYHOM YUCAE MOYEK, MO IMO PEWEHUE — CMAUUOHAPHAA KPUBGA.

92

--- downloaded from www.POFIGIST.ru ---



T, — CTallMOHApHAdA KpUBad U

b
d*J(xo,h) = D(h) = / [p(h)? + 2uhh’ 4+ vh?] dt > 0 Yh € C}[a, b),
raep="F! ., w=F), v=F].
Hpeanonoxkum, uro F € C3(U), p(t) = F, . (t, z.(t), 2, (t)) > 0 na [a, b]
Ilo Teopeme Tumbbepra x, € C?[a,b] = p,u,v € C'a,b]
[Ipusenem D(h) K KAHOHUYECKOMY BUJLY:

b b b
2/ uhh/ dt = u dh? = (uh2)|’;—/ u'h? dt

a M b N—— a
heCla,b] =0

D(h) = /b[p(h')2 + (v —u)h2dt
g=v—u

D(h) > 0 na C}[a,b] = rnashoe pemenue ypapHeHus SIKOOM MOJIOKUTETHHO
Ha (a,b

=

(ph') =gh  (g=v—u)
ha) =0, h'(a)=1
Teopema 3.7.4
FecC3U)
T — MOYKA AOK. MiN. 68 8aPUAYUOHHOT 3adayue u Ha Hel p(t) > 0 na [a,b] =

Ti — cmayuonapuaa kpueas u ho(t) > 0 na (a,b).

amada

19
dJ(z°,h) >0 Vh € Cjla,b] =

= p(t) = FJ,. (t,zo(t), z((t)) > 0 na [a,b]

yciosue Jlexxkanapa
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3.8 locTaTo4HbIE YCJIOBUSA CTPOTOTO JIOKAJTHHOTO MUHUMY-
ma

b
J(z) = / F(t,z,2")dt — inf (3.8.1)
z(a)=A, z(b)=B, z¢cC'a,b
F e C*U)
Teopema 3.8.1 ITycmo

1 zy — cmayuonapras Kpusas (ydosaemsopsem ypasnenuro Jiaepa u kpa-
E6VLM, YCAOBUAM,).

2 Ha neti eoinoaneno ycuaennoe yeaosue Jeocandpa p(t) > 0 na[a,b]  (p(t) =
Epla (8 20(8), 26(1)))-

3 Ha netd evnoaneno ycuaennoe ycaosue Arobu ho(t) > 0 na (a, b

[ (ph) =qh, h(a)=0, h(a)=1, g=v—u, v=Fl u=F/,]

= Iy — MOYKa CMP0O2020 A0KANHO20 Murumyma (daq (3.8.1))
J(wo+h) > J(20) Yh € Clla,b], 20, |hlli < p
JdokaszaTesibCcTBO.
1
J(@wo+h) = J(xo) =  dJ(vo,h)  +=d*J(wo, h) +wa(h) =
~——— 2
=0 TI0 ycJaoBHIO 1
Lo Lo
=54 y(xo, h) + wa(h) = 3@ y(@o, h) — w2 ()]
d?J(zg,h) = D(h) = (D(h) nonoxurenbHO onpeesena o yci. 2,3)
b b
= / (p(h')? + gh*)dt > ﬂ/ (R")*dt Vh e Cila,b] (3p>0)
Hamomuum, uaro |we(h)| < 75 f; (k)2 + 2|hh' + h?) dt wpm ||h||; <&

h € Cjla,b]

R3(t) = (/:Lh’(T) d7>2 </;12 dt/:(h’)Q dt < (b—a)/ab(h’)2 dt

[P R2dt < (b—a)? [V (W)%dt

/abhh’dt < (/:h? dt)é (/ab (n')? dt) <(b—a) /ab (R')2at
b

/ ((W)? +2|hh + h*) dt < (14 2(b—a) + (b—a)?) /b(h’)2 dt

a a

(NI
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lwa(h)| < S0z’ f (h')% dt mpw ||hy || < 6

Bospmem € = & m
I b
foath)) < [ (w0

b b
T(zo+ h) — J(x0) > g/ (W) dt %/ (W)? dt =

= 4 [L () dt npw ||B]|y < 6

Yro n TpeGOBaJ’IOCB JA0Ka3aThb.
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3.9 Ilapamerpudeckuii MeTO IMOCTPOEHUS IJIABHOTO pe-
mieHns ypaBueHuns fkobu

To — CTAIMOHADHASA KPUBAd
!
ap = 7p(a)

Fl(t,z(t, ), 2} (t,a)) — %(F;(t,a:(t,oz),x;(t,a)) =0 na [a, b

z(a,a) = A , zi(a,a) =g (3.9.1)
z(t, ) — nmapamerpudeckoe 1oJie KcrpemMasiei

x(t, ap) = xo(t)
(CranuonapHyI0 KPUBYIO MOTPY3WM B MOJIE IKCTPEMAJIeii)

Mycrs x(t, o) Tpuxkabl quddepennupyema Ha [a, b] X (ap — €, ape)

Huddepennupyenm (3.9.1)) 1o «

2 (a,a) =0, 2zl (a,a)=1 (3.9.2)

at

Huddepennupyem ypaBaenue Jiyrlepa mo ( U MOACTABIAEM v = (i

d 12 ’"
Fll (8, 00) + Floaly (b o) = 2 [Fa'nal, (t,a0) + Fa'a'al}(t, a0)] = 0

rr- o x

Aprymenr y F' — (t,x0,2) [2(t, 00) = 20(t)]

d
! 1 1 ! 1 _
VI, F UL, — ULy — U Tn, — —(pry,) =0

dt

o) = (0 ')l

o z!, (¢, ag) ynoBmeTBOpseT ypasHeHUIO AKOOH

o(a) =z}, (a,a0) = 0 no (3.9.2)

o(a) = zg4(a, a0) = 1 mo (3.9.2)

o(t) — rmaBHoe perienue ypasHenus Axobu

2, — CTal[MOHAPHAs KPHUBAas, BLIIOJHEHO YCUJIEHHOE ycjioBue Jlexkanapa.

t)

x
x

S oSS

FI d /

—_— — P e I =
e~ g 0 z(a)=A z'(a) =B

QJ(LL,O(), Qg = J’{k(a)’ Qf(t, 010) = x*(t)

ho(t) = 2,(t,g) — ruaBHOe perienue ypapHenus xkobu.
Ecau ho(t) > 0 na [a,b], To £, — TOYKA CTPOrOro JIOKAJILHOIO MUHUMYMA.

IIpumep 3.9.1

J(x) ::/%dt —inf  2(0)=1, z(1)=4, z¢cC0,1]
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F=F(y) =1 U:y>0,z>0
2 F,=%>0mU

y:i=a
[
E y oyl Yy
OynuKIroHAT J — TMOJIOKUATETLHBIN PETYISAPHBIIM (Ha BCE KPUBOU BBINIOJHAECTCA

ycioBue Jlexanapa).

Vpapuenue Ditnepa: F — o' F' — 2’ = const

, —2x
const

—.Z‘

(@) (x

D

Vr=at+b

z(0)=1=b=1=b=1wmb=—
()=4=(a+b)?=4=a=1wma=3 a>0

2.(t) = (t +1)? — cranmmonapnas KpI/IBaH
zo(t) = (3t — 1) — mobounas kpusas. xo(3) =0

Ycustennoe ycsioBue Jlexxanapa Ha T, BBIIOJIHSIETCS
x = (at + b)? — obmiee perenye ypapHenus Jiigepa.

e
t —t+0b)> =10 1 t+1)?
p{ta) = (gt + D) = Pl + 17 = (54 1)
«
ap=2  ho(t) =z (t,a0) = 2§(§t +1)|am2 = t(t+1)
ho(t) > 0 wa (0,1] — ycunenHoe ycioBue SIKOGM BBITIONHEHO = I, — TOYKA
CTPOTroro JTOKaJbHOTO MUHUMYMa
1 1
/ (t+1)2 1 / (Bt-1 1
4(t + 1)2 1 36(3t — 1) 36
0 0
Samaun
20%*
1
/ (") 2? dt — inf
0
z(0)=1, z(1)=+v2, =zeC0,1]
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21%* )
/ [(z')? 4 2pcos ] dt — inf
0

z(0) ==2(1) =0, z¢€C'0,1]
p > 0 — mapameTp

Haiitu sup p : kpusas z(t) = 0 gBisercss TOYKOH CTPOroro JIOKaJIbLHOrO
muHEMYMa. (Bazaga Ditnepa)

22
b dt

J(:@:/O &
z(0)=0, x(b)=B, xcC0,b, b, B>0

Haiitu TOouKy CcTpOroro JOKajbHOIO MUHUMYMA.
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3.10 3amaua o OHpaxmcToOXpoHe
Haiitu kpuByr0, M0 KOTOPOIi TsZKeIas MATEPUATHHAST TOYKA CKATHIBAJIACH OBI 34
Kparyaiiimee BpeMs.

mg-tge _ mg-y(z)
Vittg?e V14 (@)

[Iycts V) — HagamgbHAs CKOPOCTH, dS — 3JIEMEHT IyTH.

av av dS av

P(z) =mg-sinp = c,oe(fz E)

gy'dS
1—(y')?

Wurerpupyem no [0, z] (y(0) =0, 2¢g8:= VOQ, 8=

=V -dV = 2gy/de = dV? = 2gdy = dV?

V2
%)

29 y(x) =V3(x) - V2(0) =29y +B)=V>*=V =129 Vy+3
ds

— ds VIt )2 do
—_— 2 . d fr— =
dt g-Vy+ o= dl V29 -Vy+B V29 Vy+ B
Nurerpupyem no [0,b] (¢(0) = 0):

b
1 1+ (y')? B
1 (VI )
= y)* — in
T(y) := \/%0/ ST dx f (3.10.1)

y(0) =0, y(b)=DB, =x<cC0,b]

T TONOKUTETHLHO PETY/ISPHA.

zi=y U:y>-0

F=F(yz)= Y117
’ y+p
2_ z
Fl = z P == L

- 0
VIS B¢ A B Vyed 0+l

VYpapuenue Diisepa (C NOHUKEHUEM IIOPSIIKA)

1+ ()?* Yy

NOE] -y TS BN TS oL = const
1 1 2r
iR va 0 vriE e (3102
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Iycrs ¢ (z) = ctg 39(z) 9 € (0,27) 9 € C1(0,2m).

[B102) = y+ B = 2r -sin® g =7r(1 — cos¥)

Huddepennupyem 1o z:

9 . ,dv .oV

ctg 5= smﬁa = dx2r - sin §d19 =r(1 — cos¥)dv =

= r(¥ — sind
rha=r@=sind) 6o (3.10.3)
y+ 5 =r(1—cos®)
1) — HE3aBUCUMBII TapaMeTp.
IIposepum ((3.10.2):

dx 0, dy 0

(1 — — 9 . gin2 = =L — 9 . gin — - il

79 r(1 —cos¥) = 2r -sin 5 g9 = 2rosing coso =
dy cosg
A = cto —
dx Sing &9

2r 2r U
= =27 -sin® — = 7(1 —cos¥) =y +
1+ ()2 1+4ctg?? g )=y +h
[Tapamerpsr (3.10.3): a u 7.
Pemernnem 3amaqw ((3.10.1) aeaaerca ayra kpusoit ([3.10.3) [90,1] C (0, 27)
= r(¥g —sin? b = r(¢¥; — sind
y(0) =0 a =1r(% — sinvy) (b) =B +a =r(¥; —sind)
B =r(1-—cost) B+ =r(l—cost)

Heussecrubie: 1, o, ¥g, 91, cucrema HejmHeiHa.

BazoBasa kpuBas onpenenasgeTcs yCIOBASIMU:

x4+ a=r(d—-snd)
y+ 08 =r(1—cost) 9 € (0,2m)

x =r(d — sin)
y=r7r(l—cos?)
<-I-PUCYHOK-!->
|OP| = |MP| =19
x=rd—rsind = r(d — sind)
y=r—rcostd =r(l—cost)
Vo >0

Pemmenne onpeneneno u npu Vo =0 :
2
ﬂ—‘;—g=0:>190=0:>04202>

z =71 —sind)

= y=r(l—cos?)
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3.11 MwuHuMaabHasg IIOBEPXHOCTH BPAII€eHUA

J(x) = 271'/ zy/14 (2')? dt — inf

r(—a) =x(a) = A, =z € C'—a,d
a,A>0
<--PUCYHOK-!->

BriGpaTh KpuBy10 Tak, 9TOOBI TUIOMAIL TMTOBEPXHOCTU BPAIIEHUS ObLIa, MUHU-
MaJIbHOM.
J(x) — mroiaib MOBEPXHOCTHU BpallieHus rpadpuka KpuBoii (t)

F=F(z,y) =21+ y? U: 2>0
Fleg—t— F = > 0maU

VA T W
VYpasuenue Dilsiepa (C HOHUKEHUEM IIOPAIKA):

/

x\/1+ (2/)2 S

1+ (@)

z(t) = M1+ (@)%, A>0

z(t) = A — unobounoe peliexue
lNunepbonmaeckue HyHKITHN:

el +et ] el —et
5
<--PICYHOK-!->
[cht]" =sht, [sht]'=cht
ch?(t) —sh?(t) =1
2/(t) = sh€(t)
2(t) = A1+ [Psh(t)] = Ach ()

Huddepennupyem 1o t:

ch(t) =

she(t) = (M) shE(t)

1 1
N=1, ¢== = —(t
3 S /\if )\( +¢)
t+c
t) = Ach
x(t) ch—
C = 0 B CI/I.Hy CI/IMMeTpI/I‘{HOCTI/I KpaeBbIX yC.TIOBPII?I
a
A: Ach—=4
R

Pemenme: (t) = Ach £
I'y — rpaduk =z = /\Ch%, I'y — rpaduk x = cht

=1\ = A
t x 1
(t,x) eTy = (X’X) el = X(t’x) el <= (t,x) € \I';
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<--PUCYHOK-!->

hi-ge ho _ A
V=% »0)=5%" =2

1 shd

o'(W) = 19—2[19sh13l —chd] = WW — cth ]
e e e 41 2
(Cthﬂ: o) — eV e20 _1 :1+e219_1)
<-I-PUCYHOK-!->

@' (W) =0 [cthg =]
¢’ (¥) < 0 mpu ¥ < ¥, ¢'(¥) > 0 mpu ¥ > v

<--PUCYHOK-!->

h 9
/(190) = cctlllﬁoo = Sh’190
>s

AS)
=n

9o : 91 u ¥ — KopHU ypaBHenus @(9) = %, 0< ) <o
7/\2:1%, )\1>/\2>O
)\1 Ch)%, l’g(t) :>\2Ch>\i2

Rl

1

Il 2=

ﬂfl(t)

<--PUCYHOK-!->

Moxuo nokazarb, 4ro ycusienHoe ycsiosue Jkobu binosnsercd na x1(t) (upu
GOJIBIIIEM A) W HE BBHITIOJIHSETCS HA To(t).
Pemenue eIMHCTBEHHO, KO, % = shdy (korma Touka (a,A) JEKUT Ha Kaca-
TEJIbHON K IUnepOOIMIeCKOMY KOCUHYCY ).

[Ecain Touka (a, A) BHe KOHyca, TO pelleHne — 2 Kpyra. ¥ Hac 3Toro ObITh
He MOXerT, T.K. x > 0.]
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3.12 WN3omepumerpuyeckas 3agadva

b
/ F(t,z,z")dt — inf (3.12.1)

b
/ G(t,x,x')dt =1

z(a) = A, z(b) = B, x € C'[a, b]

OObsicHeHVEe HA3BAHUS “M30TMEPUMETPUYECKAs 3312498
npu A = B = 0 BTOpoil MHTErpaJl JaeT OrpaHUYEHUST Ha JJINHY KPUBOIA.

Bynem monmy9ars He0OXOUMBIE YCIOBHST ONTHMATBHOCTH.
F,G € CY(U), Q° — ecrecrsennas obnacts 3amanus, 0 # @

T — pelleHue
x(t,8) = wo(t) + E1hi(t) + E2ha(t)
hi, he € Cyla,b], €= (&,&)

b
7€) = / F (26, 1), 2/ (6.8)) dt

b
9(§) :=/ G (t,z(&,t),2'(6,1)) dt — 1
f(§) — inf (3.12.2)
9(&) =0

¢ = O — pewenue (3.12.2) [z(t,0) = xo(t)]
B (3.12.2) hi, hy dukcupoBaHbI

ag(@)) _/b / Y
852 - . [Gmh2+Gz’ 2] dt

[Ipemxnonoxum, 910
/x’ ¢ Cl [a, b]
wm G, € C'la,b], no G, — L G' # 0 na [a,b]

B srom ciyuae 3hy € Clla, b] : 8(‘9’2?) #0

ho dHUKCHPOBAHA HABCETIA

Aprymenr G, G, ecrs (t,z0, ()

hy € Clla,b] duxcuposana

ITo reopeme Kyna-Takkepa (rounee rosopsi, Jlarpanxa)

JueR: f(0)=ug(0)
9f(0) _ 99(0)

o6~ Vo
g ()
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U He 3aBUCHT OT hj !

_9f(©)  8g(@) _ (", : g
0= L w2~ [ G+ (Pl — Gl e

L=F—uG

b
/ [Lohy + LK dt =0 Vhi € Clla,b)

ITo ocHOBHO JleMMe BapualuoHHOrO ucuucjaenus (nemma |3.1.3)

L, e Ca,b)u L — %L;, =0 na [a, b| (3.12.3)

K sromy mHyx)HO 100aBUTH
b
/ G(t,z,2")dt =1, =x(a)=A, z(b)=B
a

IIpumep 3.12.1 HenHas JuHUSA
Taocenasn odnopodnas uenv daunse | > 2a nodeewena 6 moukar (—a,A) u

(a, A).

Onucamsb noaosicenue uenu.

Pernenne.

_ b1zt A Pen
T it

P; — BEC 4-T0 37eMenTa (pasOuIu Ierb HA MAJCHbKUE YaCTH)
[Ipennonoxkum, uro Bec Huth pased 1 (> p; = 1).
1
pi = fdsi
®opmyna s HEHTPA TAZKECTH:

1 [ 1 [
7/ a?ds:j/ xy/1+ (27)2dt
a —a

/ zy/1+ (2/)2dt — inf
V14 (2)2dt =1

z(—a) =z(a)=A

L=ay/T+ @) —uy/T+ @ = 1+ @)z —u)
[Mockonpky L He 3aBUCHT OT ¢, ypaBHEHUE DiljIepa BBITVISIUT KaK
L—2L,:=(x— 1 N2 — gz —u)——— =
'L, (x —u)\/1+ ()2 — 2/ (z u)m A=

= —u=A/1+(a/)?

' =sh§(t)
x—u = Achg&(t)

104

--- downloaded from www.POFIGIST.ru ---



Hudddepenmupyen no t: sh&(t) = A sh§(t) = A =1= ¢ =5¢
x=u-+ Ach t_T"
¢ — 0 B CHJIy CHMMETPUYIHOCTH KPAEBBIX YCJIOBHUIl

— t
xr=u+Achy
a a t a t
1:/ \/1+(x’)2dt=/ ,/1+sh2xdt:2/ ch+ =
—a —a 0
oxsh ] Zoxen @
= S —_ = S —_
Ao A
Aa sh l a
2a—sh—=l=>—=—>1 (¥=—
aas A s 2a> ( )\)
sho — 1+%2+%4+... cTporo Bo3pacraer or 1 10 0o
Yy — €IMHCTBEHHBII KOPEHD yPABHEHUS % = ﬁ

do= &

9o
ug =A—Aochy-  (noxcrasunu t = a)

ch(t) — nennas nmuHUS
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