I'maBa IV. BekTopHBIE IPOCTPAHCTBA W CHCTEMbI JIMHEHHBIX ypPaBHEHUM

1. CUCTEMBI JIUHENHBIX YPABHEHUNII

Cucmemni arzebpauseckux ypaenenutd. [lycrs k — mome. Anrebpanieckum ypaBHEHU-

eM Hal k ¢ HEM3BECTHBIMH 1, . . ., Ty, HASBIBACTCH BHIPAYKCHHE BUIA
f(l‘l,. .. ,a:n) = 0,
rae f(x1,...,2,) — MHOrOWIEH u3 k[T1,...,2,]. OTMeTUM, 94TO B ypABHEHUH 3HAK

PABEHCTBA HE MMeeT OOBITHOIO COMEPIKATEHHOTO CMBIC/IA: OH HE O3HAYAET, UTO CJIEBA,
¥ CIIPaBa, OT HEr0 CTOWUT OJIMH W TOT Ke MHOrowieH. Habop u3 HEeCKOIbKUX aaredpau-
YeCKUX yPaBHEHUH HaJ OJIHUM M TeM K€ IOJIEM C OJHUMHU U TeMU K€ HEeN3BeCTHBIMHU
Ha3BIBAETCA CHCTEMOIl anredpandecKnx ypaBHEHHI.

Mycrs fi(z1,-.-52n), -y fm(21, .-+, Tpn) — MHOTOWIECHBI ¢ KOIMDMUIUECHTAMHI U3 II0-
Jist k; pelneHneM CUCTEMBI aJIreOpanvdecKnX ypaBHEHUH

fl (xh'”?x’n) 207

HA3LIBACTCS HAOOD (a1, ..., Gy, ) SJTEMEHTOB U3 NOJA Kk, TAKUX 9TO

fl (a17--~>an) :Oa

fm(a17--~,an) =0.

31ech 3HaKU PaBEHCTBA YK€ UMEIOT OOBbIMHbLIHA COopepyKaTelbHbIH CMBICI: s JII060-
ro i s3navenme f;(ai,...,a,) MHOrOYREHA [ (X1,...,%,) OPHHAIJICKAT MOMIO K, W
Tpebyercsi, YTOOBI ITOT 37aeMeHT moJs k pasusics (.

JBe cucTeMbl anreOpandecKux ypaBHEHHI HaJl OOHAM W TeM YKe MOJIeM ¢ OJHAME 1
TEeMU K€ HEeH3BECTHLIMU Ha3bIBAIOTCH PABHOCIJILHLIME, €C/IM BCIKOE pellleHue IepBoi
CHCTEMBI ABJISeTCsl pellleHreM BTOPOil CHCTeMBbl, a BCAKOe pellleHne BTOPOil CHCTeMbl
ABJIAeTCA pelleHreM neppoii cucrembl. Creayoliee npeaioKeHne JaeT 10CTATOUYHbIH
LIPU3HAK PABHOCU/IbHOCTH JIBYX CHCTEM ajire0pauyuecKux ypaBHeHMIA.

IIpenmoxenne 1. [lycmo

fl (xl,...7$n)207 g1 ($17...,$n)20,

fm(1,...,zn) =0, gp (T1,...,2n) =0

dee cucmemst aszebpauneckur ypasuenud nad nosem k. Ecau cywecmeyem maxoe
namypaavhoe wucao N > 1, wmo N-e cmenenu ecex mnoz20unenos fi, ..., fm npu-
nadaestcam udeanry Koavua k[T, . .., Tn], NOPOAHCOCHHOMY MHOLOUAEHAMY G1, - - . , Jp, U
naobopom, N-e cmeneny 6cex MHOZOMAEHO8 (1, . . . , §p NPUHAOAENHCATN UOEGAY KONLUQ
klx1, ..., 2], noposicdennomy mmozouaenamu fi,..., fm, MO 3MU CuCmemd, PaEHO-
CUNBHDL,

IZoxazameavcmeo. Tlycrs (ay,...,a,) — pemende BTopoi cucremsl. g modoro i,
1 <i < m, vuorousen f}¥ npunaAIeKUT WAL, TOPOKIEHHOMY G1, - - . , Jp} TIOITOMY
CYIIECTBYIOT TAKye MHOTOYIEHEL 1, ..., Ay € k[T1,. .., &y, 9TO

(fi(z1,... ,xn))N =hi(z1,...,zn)g1(x1, .. 2n) + o hp(X1, 2R gp (T, T).
Torna

(filay,... 7an))N =hi(ar,...,an)91(01,...,an) + ... hplar,...,an)gp(ar, ..., an) =
=hi(a,...,an) -0+ ... hp(a1,...,a,)-0=0,
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orkyna caenyer, 4ro fi(ai,...,a,) = 0. Takum obpaszom, (ai,. .., a,) yAOBIETBOPSET
BCEM YPaBHEHWSIM TIEPBOIl cCTeMbl. AHATIOTMYHO MMOKA3bIBAETCS, UTO BCAKOE PEIeHre
NEePBOIl CUCTEMBI ABJAACTCA U PEIIEHueM BTOPOH CUCTEMBI.

Sameuanne. Fcau nose k anrzebpauiecku 3aMEHYMO, MO 5MO JOCMAMOYHOE YCAO-
BUE PABHOCUNLHOCTIU JGYT CUCTNEM AA2EOPAUNECKUT YPASHENUTT AGAACTCA U HEOOTO-
dumvim. Jokasameavcmeo amozo ymeepocdenus, useecmuozo xax "Teopema uno-
b6epma o wyasx', 2o0paszdo caoochee.

DeMeHTapHBIM TTPeODPA30OBAHNEM HAJ CUCTEMON aJrebpanvyecKnX ypaBHEHW Ha-
3BIBAETCHA TPEOOPA30BAHIE OIHOTO U3 JIBYX THIIOB!

(1) samena ommoro m3 ypapmeHwuit cucrembl f;(Z1,...,Z,) = 0 Ha ypaBHeHHE
afi(z1,...,2,) =0,10€ a € k, a # 0;

(2) samena ommoro m3 ypapmemuit cucremnbl fi(z1,...,7,) = 0 Ha ypaBHenue
filz, ..., zn) + M(21,. .. 20) fi(2z1,. .. 2n) = 0, tae fj(z1,...,2,) = 0 — mpyroe
(me To ke camoe!) ypasaenue cucremsr, a h(1,...,%,) € klz1,...,z,].

W3 mpennoxenns 1 HEMEIICHHO Oy A€M

CaeacrBue. Iaemenmapuvie npeobpa3o8arus MEHAIOM CUCTNEMY HA PLEHOCUALHYNO
eti cucmemy.

Cucmemuvt aunetinns ypaenenudi. CucreMa ypaBHEHUH, J€Bble YaCTU KOTOPLIX ABJIs-
IOTCS MHOTOYJI€HAMH TOJHON CTemeHn He OOJbINe 1, HA3bIBAETCI CHCTEMON JTHHEHHBIX
ypasuenwuii. [IockonMbKy BCAKHI MHOTOUIEH U3 k;[a:l, - ,.73,1,] MOJIHOI cTenenu He 60JIb-
me 1 uMeer BUI a1X1 + - - - + Gn Ty — b, CUCTEMaMU JIMHEHHBIX YPABHEHWUH HAJM, TOJIEM
k SIBIAIOTCS CHCTEMBI

T7ie a;j, b; — mroOble smeMeHTH! U3 k. OOBIYHO YIeHbI HyJeBO CTelleHH, KOTOPbIe Ha3bl-
BAIOTCsT CBOOOMHBIMU UJIEHAMHU JIMHEHHBIX YPABHEHUH, TIEPEHOCATCS B MPABYIO YaCTh,
TaK 9TO CHUCTEMa JUHEHHBLIX ypaBHEHMH npuobpeTaeT B,

TlepBag m3 HEUX HA3BIBAETCA MATpUIEH KO3PDUINEHTOB CUCTEMBI, WIH, KOPOUe, MAT-
putieit cuCTeMbl, & BTOPAast, MOJIYIeHHAS U3 MEPBOI IPUIUCHIBAHNEM CTOJIONA cBOOO/I-
HbIX YJICHOB — PACLIMPEHHOU Marpuueil Cucrembl.

[Tpu moMOITH MATPHUITEI CHCTEMBL €8 MOXKHO 3aMucaTh B 00JIee KOMIIAKTHOM BHUIE:
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Pemmenus cucrembl ymobHO 3ammcbiBaTh HE B BUIE CTPOYKM, KAK MBI J€JIAJN BHIIIE,
a B BUIE cronbna: cronber (ag, .. ., an)T ABJSIETCST PEIIeHNeM BBITNIENPUBEIEHHON CH-
CTeMbI, eCIIN

Cucmemvt aunetnnr ypasuenud ¢ obpamumsimu mampuuemu. Kaxigoe nuxeiinoe
YPaBHEHWE HAKJIAJIbIBAET Ha HEU3BECTHBIE BEJIWYWHBLI X1, ...,~T, HEKOTOPOE OrpaHU-
YeHWe; eCJTU UMEETCd 1 TAKWX OrPAHUYEeHU U OHU HE3aBUCHUMBI JIPYT OT APYTa, TO MBI
BIIPABE PACCUUTHIBATH HA TO, 9TO CMOXKEM OJHO3HAYHO BOCCTAHOBUTH 3HAYCHUS BCEX
HEU3BECTHBIX. B MKOJIBHOM Kypce, KAK IPABUJIO, MBI CTAJIKMBAEMCH HMEHHO C TAKAMU
cucremamu. Bosiee TOYHO BBICKA3aHHBIE COODPAXKEHUS 3BYIaT TaK.

Teopema Kpamepa. ITycmo

a1 T1+ -+ 01Ty :bl

Ap1 1+ FAnpTn :bn

— cucmema N AUREUHBET ypasHenull ¢ N HeudsecmHbIMU, U nYycmbs A — mampuuya
amotli cucmemnl. Feau mampuuya A obpamuma, mo cucmema umeem eduncmeenmoe
peuwerue
aq b1
=A!

a’ll bn

Zoxazameavemeo. st mOKa3aTenbCTBa CYNIECTBOBAHUS PEIIEHUS JTOCTATOYHO MPO-
BEPUTH, 4TO CTONDEI, YKA3aHHBIH B (POPMYIUPOBKE TEOPEMBI, NEHCTBUTEIBHO MIPE/I-
crasisier coboit pernenue cucrembl. Ho 310 HEIOCPEICTBEHHO ClIeAyeT U3 aCCOLUATHB-
HOCTH YMHOYKEHUS MATPHIIL:

aq by b1 b1 by
als]=a(at| o |)=@an || =8| =|:

an b b bn b

Tenepb JIOKaxKeM eMHCTREHHOCTE 3Toro pemenus. [lycrs cronber (ay, ..., a,)T —
MIPOM3BOJILHOE PEIEHNE HAIIEeH CHCTEMBI; TOLIA
a al ai aq b1
—E| | =@ty [ =ar(af s |)=a] ]

ay, an, an an by,

T.e. JIODOE DEIEeHNe CHCTEMbI COBMAIAET C TeM, KOTOPOe YKA3aHO B (DOPMYJIMPOBKE
TEOPEMBI.

Memod Taycca das pewenus npousBosbHBLL CUCTEM AUHETHLT Ypashenud. Perre-
HU€ MPOW3BOJBHON CHCTEMBI JUHEHHBIX yPABHEHUI MOYKeT OBITH IMOJyYeHO Mpeobpa-
30BAHUEM ITOM CUCTEMBbl B TAKYIO PABHOCUJIBHYIO € CUCTeMYy, JJjid KOTOPOWU omnuca-
HEe MHOYKECTBA peliennit oueBuano. /1 10CTHKEeHUS 3TOH 1Me T MBI BOCITOTb3YEMCS
37eMeHTapHbIMU TpeoOpaszoBanusivu. He Bcerna snementapHoe npeobpa3oBaHue Ha/l
CUCTEMOH JIMHEHHBIX yPABHEHNH IPUBOIUT OIIATH K CUCTEMe JINHEHHBIX YPABHEHUII: B
OTIPENIeSIEHNH, TAHHOM BBIIIE, PA3PEIIAIOCh K YPABHEHUIO TPUOABIIATH APYTrOe ypPaB-
HEHne, yMHOXKEHHOe Ha j1f000#1 MHOrOwieH. Ho 1ocTaTodqHO M Tex u3 3IeMEeHTAPHBIX
Mpeobpa3oBaHmii, KOTOPbIE COXPAHSIOT JIMHEHHOCTb CUCTEMBI:

(1) ymuOKeHUE 00enX YacTeil OMHOrO U3 ypaBHeHuil Ha sjaeMent a # 0 u3 nons k;



(2) npubapsienue K 06€MM JACTSIM OJHOTO U3 YPABHEHUI COOTBETCTBYIONIMX YaCTelH
JIPYTOrO YPABHEHUS, yMHOKEHHBIX HA DJEMEHT a € k.

JobaBuM croma erre oaHO Ipeodpa30BaHne, KOTOPOE He MEHAEeT CaMy CUCTEMY ypPaB-
HEHUI, HO MEHSIET MATPUILY ¥ PACHIMPEHHYIO MATPUILY CUCTEMBI, KOTOPbIE 3aBUCAT OT
TOTO, B KAKOM TOPSIJIKE 3aTMCAHBI YPABHEHUSI:

(3) nepemena MecTaMu JBYX ypABHEHWUH CHCTEMBI.

Takum ob6pazoM, meMeHTapHBIE TPeOOPA3OBAHNSA — 3TO MPEOOPA3OBAHNUS, IEPEBO-
JISIIAE CHCTEMY

€ b1
A =|:
xn b?’IL
B CUCTEMY
1 bl
DA : | =D ,
T, bm

e D — npousBosibHas djeMenTapraas Marpuna. Orcioja cpady BUIHO, 94TO DU 3J1e-
MEHTapPHOM TIPEOOPA3OBAHNN HAJl CUCTEMOI JIMHEHHBIX YPABHEHUI ee MATPUIA U €
paCIIUpPEHHAs MATPHUIIA IPETEPIEBAIOT dJIeMeHTapHble MPeodpa3oBaHust HaJ CTPOKa-
MM, OIMUCHIBAEMbBIE TEMU YK€ CAMBIMH dJIeMEHTAPHbIMU MaTpuriamMu. Ho Mbl 3HaEM, 94TO
SJIEMEHTAPHBIMY TPEOOPAZOBAHUAMY HAJL CTPOKAMHE PACIIUPEHHON MATPHUITBI CHCTEMBI
ee MOXKHO CJIejaTh CcryreHdaroit marpuiei. Ilosromy npum momorum 31eMeHTapHBIX
npeobpa3oBanuil (KOTOpbIe, HAIOMHUAM, HE MEHSIOT MHOYKECTBO DEIIEHU# CHCTEMbI)
JEO0YI0 CHCTEMY JIMHEHHBIX YPAaBHEHUN MOYKHO CBECTH K PABHOCHJIBLHOHN il cucreme
BHAIA

’ / /
Tj, + a1, 41T +1 + ...+ 0'l‘j2—|—.. . —|—O'$jr + ... Fay, T, = b17

Tjyt+ ...+ 0z + ...+ ah, T, =Dbh,

(Baech 1 < j1 < ja < -+ < jp < M), niu xxe BUIA
xj, +ah T+ Oyt 4 0y, .+ ah, 3, =0,

xj2++0:c37++a’2nxn :0,

Zj, + +a‘{r‘n Ln 0,
0 =1,
0 =

Bo BropoMm ciiydae cucrema He MMeEeT PelleHuil, TaK KaK HHU [IPU KAKUX 3HAYCHUIX
HEW3BECTHBIX 3HaUeHWe MHOrowieHa (0 He oKaykeTcda paBHBIM 1. B mepBom ciywae,
Ha00O0POT, PeIIeHns ecTh; 0olee TOTO, BCeM HEM3BECTHBIM T;, KPOME Tj , XLjy, ... Tj, ,
MOYKHO TIPUAATH TPOU3BOIbHDIE 3HAYEHNA (¢; € K, ¥ TOT/Ia 3HAUEHNA (v, HeN3BECTHBIX
T, OLpeAe/IATCA U3 CHCTEMbl yKe OJHO3HATHO:

_ ro
Qj, = bs - E A O -

>
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Ecmu r = n, to "cBobonubix" Hem3BecTHBIX HE Oy/IeT, U y CHCTEMBI OYIET JIWIIb OIHO
pelieHue.

Nrak, cucrema JuHEHHBIX YPABHEHHI MOXKET BOOOINE HE WMETh PeIleHuil, MIn
UMeTb eJMHCTBEHHOe peuleHue (Kak B ciaydae, ouucbiBaeMom Teopemoil Kpamepa),
WA UMETh MHOTO PElIeHUil, 3aBUCAIINX OT N — T NapaMeTpOB, NPUHAMAIOIIAX IIPO-
U3BOJIbHBIE 3HAYECHUs (3/€Ch 1 — YUC/IO HEM3BECTHBIX, & T — YUCJIO HEHYJIEBLIX yPaB-
HeHUil CTYNEHYATON CUCTEMbBI, PABHOCUJIbHON ucxonHoil cucreme). dng roro, 4robbi
pa30bparbcd B TOM, OT Y€r0 3aBUCUT XAPAKTEDP MHOXKECTBA DEINEHUH CHCTEMBI, HAM
[IPUJIETCsT BOCIOIB30BATHCA HEKOTOPBIMU OCHOBOIOJAralonuMy (hakTaMu JIMHEHHOH
anredpPhI, N3JIOKEHUI0 KOTOPBIX MOCBSIIEHbI CAeAyIoNue naparpadmn.

2. BEKTOPHBIE IIPOCTPAHCTBA

Onpedesenue sexmopnozo npocmpancmsa. llycts k — mome, a V' — MHO)KeCTBO, Ha
KOTOPOM OTPENIETIEHO CIIOYKEHWE, & TaKyKe YMHOXKEHHe Ha d/IeMeHThl u3 nons k. Ta-
KM 00pa30M, KazKJIbIM JIEMEHTaM U, v € V COmoCTaBIsieTcs uX cyMmMa u +v € V| a
KaXXapiM 3jieMentaM v € V| a € k — npoussenenune av € V. Muoxkecrso V HasbiBa-
eTCs BEKTOPHBIM (MJIM JIMHEHHBIM) [IPOCTPAHCTBOM HAJ[ [I0JeM K, €CIU BBIIOIHIAIOTCH
CJaeAyIoLImMe CBOINCTBA:
(1) u+ (v+w)=(u+v)+w aus TOOBIX U, v, w € V;
(2) u+v="v+u wis mobbix u,v € V;
(3) cymecrsyer Taxoii snement 6 € V. aro v + 0 = v gns moboro v € V;
(4) anst Besroro v € Vo cymiecTByer Takoit asmeMentT —v € V), uro v + (—v) = 6,
(5) a(u+v) = au+ av ana mobeix a € k, u,v € V;
(6) (a+b)v =av+ bv nus mrb6EIX a,b € k, v € V;
(7) (ab)v = a(bv) mna awbbix a,b € k, v € V;

(8) 1-v=wv myua moboro v € V (S,ELGCL 1 oznagaer emunuity nons k).
DJIeMEHTHI BEKTOPHOTO MPOCTPAHCTBA, HA3BIBAIOTCA BeKTOpaMu. Ileperie 4 cBolicTBA
MOKA3BIBAIOT, YTO OTHOCUTEILHO CJIOXKEHNs BEKTOPHOE TMPOCTPAHCTBO sBAsieTcs abe-
qeBoit Tpymnmoit. BekTop 6 u3 akcuoMbl 3 HA3BIBAETCsST HYJIEBBIM BEKTOPOM, a BEKTOD
—¥ U3 aKCHOMBI 4 — MPOTUBOIIOIOKHBIM K ¥ BEKTOPOM. MBI y2Ke yIOMHHAJN, 9TO BO
BCAKOHN abeIeBO#l IpyINe HyJIeBOW M IMPOTHBOIIOJIOXKHBINA 3JIEMEHTHI OIPEeAeIeHbI O
HO3HAYHO; TIOCKOJIBKY JIOKA3ATENbCTBA TPUBHAIBHBI W HE 3AHUMAIOT MHOTO MEeCTa, U
MOCKONIBKY MBI 9acTO OyIeM HCTIOb30BATE €I1e IBa CTOJh YK€ TPUBWAJIBHBIX YTBEP-
KJeHust (O IePBOM U3 HUX MbI YK€ FOBOPUJIN), IPUBEIEM 3/IECh 9TH JI0KA3ATEIHCTBA.

IIpennoxenne 1. ITycmoe V — sexmoproe npocmpancmeo Had noaem k.
(1) Ecau 0,01 — maxue eexmopvt us V, wmo v+ 6 = v+ 01 = v daa awbozo
sexmopa v €V, mo 0 = 0.

(2) Ecau ui,us,v € V makosv, wmo uy +v = ug +v =0, mo u = us.

(3) ab =60 das mobozo a € k.

(4) 0-v =46 das mobozo sexmopa v € V.

(5) (=1)-v=—v daa moboeo eexmopa v € V.

Hoxazameavcmeso. (1) Basas B kauecrBe v cuadasna BekTop 6, a 3arem BekTOp 61,
nonyuum: 8 = 6+ 61, 01 = 01 + 0, orkyna u cuemayer, uro 6 = ;.

(2 ur=ur+0=u1 + (v+uz) = (u1 +v) +us = 0 + ug = us.

(3) Toab3ysich AUCTPUOYTUBHOCTHIO YMHOKEHUS 110 BEKTODHOMY COMHOMKUTEIO
(akcuoMa 5), mogydaem:

af = af+0 = ab+(ab+(—ab)) = (ab+ab)+(—ab) = a(0+0)+(—ab) = af+(—ab) = 6.
(4) Tlomp3ysich akcoMoit 6, mosyuaeM:
0-v=0-v4+0=0-v+0-v+(—0-v))=0-v+0-v)+(-0-v) =

=(04+0v+(-0-v)=0-v4+(=0-v) =0.



(5) TIo akcromam (8) u (6) u 1O yrKe JOKA3AHHOMY CBOWCTBY (4), mMeeM:

(—Dv=(-Dv+0=(-lv+(w+(—v)=((-Dv+1-v)+ (—v) =
=(-14+1v+(—v)=0-v+(-v) =0+ (—v) = —v.

Hpumepor sexmoprois npocmparcms. 1lodTu, Bce 9T0 n3y4aeTcs B MATEMATUKE, TPO-
HCXOJUT B PA3JUIHBIX BEKTOPHBIX TPOCTpaHCTBaX. [IpuBeieM JUIb HECKOJIBKO MPH-
MEpPOB.

1. Usyuaromuecss B reOMETPUH BEKTOPHI HA TJIOCKOCTHA U B MPOCTPAHCTBE COCTAB-
JISTIOT BEKTOPHBIE MIPOCTPAHCTBA HAJL MOJIeM BermecTBeHHbx uncesr R. Mbr Oynem Ha-
3bIBATh WX 'TE€OMETPUYECKUMHU' BEKTOPHBIMU MTPOCTPAHCTBAMH.

2. B mone BermecTBeHHBIX unces R onpeneneHo cioxkeHre U yMHOXKEHUe Ha Palld-
OHAJIbHBIE YUCIIA; U3 AKCHOM TOJs, B YaCTHOCTH, BBITEKAET, 9TO B R BBITOJHIIOTCS
BCe TpebOBaHUs, KOTOPBIM JIOJKHO YAOBJIETBOPSITH BEKTOPHOE [IPOCTPAHCTBO HAJL 110~
sneMm panpoHadbHeIX dncea Q. CopeplieHHO aHAJOTHIHO, JIOO0E TOJNe U IasKe TeJo
MOXKET PacCMATPUBATHCA KAK BEKTOPHOE MTPOCTPAHCTBO HAJ COMEPIKAIUMCH B HEM
monem. Hanpumep, nome kommiekcubix aucen C u teno kBarepuuonos H sasisioTcst
BEKTOPHBIMHU TPOCTPAHCTBAME HaT Kaxkabim u3 noseit Q, R, C.

3. MuokecTBO Beex HempepwlBHBIX Ha orpeske [0, 1] dyHkumnit — BekTOpHOE MPO-
crpaHcTBo Hag R.

4. Tlyers k — mosie; TOrma KOJBIO MHOTOWIEHOB k[Z] — BEKTOPHOE TPOCTPAHCTEO
HaJI moJjieM k.

5. Ilycte k — mone, a m, n — HATypanbHBIE YHCIA; TOTAA MHOKECTBO k™" Beex
MaTpHI ¢ KOMIIOHEHTAMH U3 Kk sBJSIETCST BEKTOPHBIM MPOCTPAHCTBOM HAJ TOJeM K
(v mepsble 8 CBOHCTB JEHCTBUIl HaJ MATPUIAMEM KAaK pa3 U ABJIAIOTCS aKCHUOMAMU
BEKTOPHOI'O IIPOCTPAHCTEA).

U3 npocrpancTs kX" 0coGEHHO BaXKHBIM ABJISIETCS TPOCTPAHCTBO CTOJIOIOB
OHO HA3BIBAETCA APUPMETUICCKUM BEKTOPHBIM MPOCTPAHCTBOM PAa3MEPHOCTH M U
obozuagaercs k™. Crosa "pazmeproctu m'" 37eCh HE UMEIOT HUKAKOTO COIEPKATE b
HOIO cMbICa (110 Kpaiineii Mepe, [10Ka), U UX CJelyer PACCMATPUBATD KAK YaCTh OYEHb
JIMHHOTO MMEHW MpocTpancTBa k™. B manmbHeiinmeM, KOraa MBI JaTUM OIpPEIE/ICEHAE
Pa3MepHOCTH TPOCTPAHCTBA, MbI JIOKAYKEM, YTO PA3MEPHOCTH ""apudMeTnIecKoro BeK-
TOPHOrO IIPOCTPAHCTBA pasMepHocTu m" pasHa m.

mx1.
ks

Junetinoe xomounoyuu. Ilycts V' — BekTOpHOE pocTpaHcTBO HAM ToeM k. Jluneii-
HOIT KOMOMHAINEH BEKTOPOB U1, . . ., U, € V ¢ KO3pdUImeHTaMu oy, . . . , &, € k Ha3bI-
BAETCA BEKTOP QU1 + ...+ apUy € V. YI00HO cUuTaTh, ITO JHHEHHON KOMOMHAIIIEH
MyCcTOro HabOpa BEKTOPOB SIBJISETCS HYJEBON BEKTOP. Takoe ompeneneHmne eCTeCcTBEH-
HO, HOTOMY YTO JIMHEHHAs KOMOUHAIIUS 7 BEKTOPOB SIBJISETCH CYMMOMN T CJIADAeMbIX,
TaK YTO JUHENHAs KOMOWHAIMS TyCTOro Habopa JTOMKHA OBITH cyMMoit () caraeMbIx,
a TAKYI0 CYMMY €CTECTBEHHO CUMTATh HYJIEBBIM BEKTOpPOM. Takum 06pa3oM, HYJIEBOM
BEKTOpP SIBIASAETCA JTUHEHHON KOMOMHAIHEN BEKTOPOB M3 JIOO0r0 KOHEIHOIO HAbOpa
BEKTOPOB.

Hawm wacto 6ymer ymobHO m0/Ib30BaTHCA CASAYIONUM IPOCTHIM YTBEPKICHUEM, KO-
TOpOE MOYKHO OBLIO OB HA3BATH " TPAH3UTHBHOCTHIO JIMHEHHBIX KOMOMHAIMI".

Jlemma 1. Ilyems vy, ...,V — KaKUue-mo 6eKMOPbL U3 8EKMOPHO20 NPOCTPAHCME,
V, u nyems uq,..., Uy, — AuHETHbIE KOMOUHAUUY 6eKMopos u3 S (He 00azamenvho
pasausnve). Tozda ecarxan AuHETiHaA KOMOUNGUUA BEKMOPOS UL, . . ., Uy ABAACTCH U
AURETHOT KOMOUHAUUET, BEKMOPOB V1, . . ., Umpy.

Zoxasameavcmeo. Ilycth w = aquy + ... + QpUy, Ta€ A, ..., 0, € k. Kaxaprii us
BEKTOPOB Uj, 1 < i < n, ABIAETCS JTUHEHHOW KOMOWHAIINEH BEKTOPOB U1,...,U;, W
HOTOMY IpeAcTaBisercd B Buie u; = B1v1 + ... + BimUm, tue Bi; € k mins scex j,



1 < 57 < m. [losTromy BekTOpP

n m m n
v=2> i) By =D (D aibiy)y;
i=1  j=1 j=1 =1
IpeACcTaBageT coOoi MMHEHHYI0 KOMOMHAIIUIO BEKTOPOB V1, . - - , Upy.-

Iodnpocmpancmea. Iopoowcdarowue mroocecmea. Ilycrs V' — BekTopHOE 1IpOCTpaH-
creo Han mosieM k. Henycroe nogmuoxkectBo U mpoctpancTBa V' HA3BIBAETCS OAIIPO-
cTpancTBoM V, ecau jjis J06bIX BeKTopos u,u’ € U u mjia noboro o € k BeKTOPb
u + v/, au npunagnexxar U. Ecau u — mo6oit a1leMeHT U3 HellycToro MHoxkecTsa U,
10 BeKTOPHI 6 = 0-u, —u = (—1)u npuragzexur U. Takum 00pa3oM, m060e TOAIpo-
CTPAHCTBO COIEPKUT HYJIEBOH BEKTOD 6 W BMECTE ¢ KaXK/JbIM BEKTOPOM U COJEPIKHUT
TaKKe U MPOTUBOITOJIOKHBIN BEKTOD —U.

JIioboe mommpocTpamcTso U mpocTpancTBa V' caMo SIBASETCS ITPOCTPAHCTBOM HAT
nomeM k. HelcTBUTENbHO, TIPK CI0KEHUH BEKTOPOB U3 U 1 mpn yMHOKEHHH BEKTOPA
u3 U Ha 371eMeHT v € k MbI CHOBa MOJIy4aeM BeKTOpbI u3 U. MbI yike OTMETHIIH, 9TO B
U BBITIONTHAIOTCS AKCUOMBL 3 U 4 OIpeiesieHns] BEKTOPHOTO IPOCTPAHCTBA; OCTAJBHBIE
AKCHOMBI TTPEICTABJISIIOT COOOI PABEHCTBA, KOTOPBIE BBITIOIHSIIOTCS BO BCEM MTPOCTPAH-
cree V, u Tem 6osee B ero wactu U.

YacTo ObIBaeT MOJIE3HO HEMHOTO OCJIAOUTH WM, HA0DOPOT, YCUIUTH TPEOOBAHUS,
OTIPEIETISONIHE TIOATPOCTPAHCTBO.

IIpennoxenne 2. ITycmo V — eexmoproe npocmparcmeo nad nosem k, u nycms U
— e20 Henycmoe nodmuosicecmao. Caedyousue Yca08usi PaEHOCUNLHYL.

(1) U - nodnpocmpancmeo V.
(2) dasr mobux u,u’ € U u arobozo « € k sexmop au + u' npunadaescum U.
(3) Jhobas aunetinas xombunayus eexmopos uz U npunadaesrcum U.

JZoxazameavcmeo. (1) = (3). Eciu U — nognpoctpanctso V', To 17151 TIOOBIX BEKTOPOB
ULy .o, Uy € U B MOOBIX 1, . .., 0, € kK BEKTOPBHI ai1U1, . . . , Uy TpuHaIme:kaT U, a
TOT/IA W UX CYMMa, q\1U] + ... + Qupuu, npuHamiexut U.

(3) = (2). Ecsin ar06as mureliHas koMOuHamus BeKTOpoB u3 U npuragiexut U,
TO, B YaCTHOCTH, U JIMHEHHAA KoMOuHAImA au + v’ = au + 1 -« Bekropos u,u’ € U
upuHaAIeKUT MHOKecTBY U.

(2) = (1). Iycrs w € U; Torga mo (2) smement 0 = (—1)u + u npunagexur U.
Hanee, onarb 1o (2) snement au = au + 0 upunaanexkur U. Hakonern, nosaras B
(2) a = 1, monygaem, uaro u + v’ = 1-u + v npuragnexxnt U mna moberx u,u’ € U.
Urak, ecan Boinosteno yeaosue (2), o U — nopnpocrpasncrso V.

Iycts uq, ..., U, — dMEMEHTHI BEKTOPHOTO mpocTpancTBa V. Hamd mosiem k; ux Ju-
HeilHO 0600YKOI HA3BIBAETCS MHOXKECTBO BCEX UX JIMHEWHBIX KOMOWHAITHI BEKTOPOB
u3z S. Mol 6ymem 0603HAYATL JHHEHHYIO 000JI0UKY BEKTOPOB Ui, ..., U, € V uepes
(u1,...,un). B gacraocrn, (0) = {6}. Bamernm, uro maa moboro i, 1 < i < n Bek-
TOp U; = 1 - u; ABIgeTCa JUHEHHON KOMOMHAIIHMEH BEKTOPOB Uf,...,U, W TOTOMY
w; € (U1, ...y Up).

ITpeamoxxenue 3. Jlunetinaa 060404Ka A100bLT BEKMOPOS UL, - - . , Uy U3 BEKMOPHOZ0
npocmpancmsa V. asasemca nodnpocmpancmeom V.

Joxasameavemeo. Iycts u,u’ € (u,...,uy), @ € k; Torna sunelinas KoMOWHATIAS
o+ u' muHeHHbIX KOMOUHAIMI U, U BEKTOPOB U1, . .., U, CAMa ABJSETCs, IO TPAaH3U-
THUBHOCTH JIMHEHHBIX KOMOMHAIINIH, TUHEHHON KOMOUHAIINEH BEKTOPOB U1, . . . , Uy ¥ MO~
TOMY TIPUHAIJIEIKUT (U7, . . . ; Uy, ). [0 TPEIJIOKEHUIO 2 OTCIONA CIAEAYET, UTO (U, . . . , Uy )
— MOIPOCTPAHCTBO V.



MbI roBOpUM, 9TO BEKTODBI U1, . . . , Uy TOPOKAAOT V , ecian (U1, ..., U,) = V. O1-
METHM, YTO €CJIU K CEeMENCTBY BEKTOPOB, TOPOKAAIOIMNX V', MOGABUTH eI1e HECKOIbKO
BEKTOPOB, TO TO PACIIMPEHHOE CeMeHCTBO BEKTOPOB TOXKe Oymer mopoxkaarh V. Ec-
Ji B mpocTpancTBe V HalgeTcsa KOHEIHbIH HaOOP BEKTOPOB, KOTOPBIA TOPOXKIAET ITO
MTPOCTPAHCTBO, TO TMPOCTPAHCTBO V HA3BIBAETCS KOHEYHO MOPOXKIEHHBIM. B gacTHO-
cTu, JIuHeHAS 000M0YKa (U1, . . . , U, ) JIEOOBIX BEKTOPOB V1, . . ., Uy € V NOpOKIaeTcs
TUMU BEKTOPAMH U [IOTOMY ABJIAETCH KOHEYHO MOPOXKIEHHBIM IIPOCTPAHCTBOM (XOTs
€aMO IPOCTPAHCTBO V' MOXKeT u He ObITh KOHEYHO IIOPOXKIEHHBIM ).

Junetino sasucumocms u nesasucumocms. Ilycrs V — BeKTOpHOE TPOCTPAHCTBO HAJL,

nomem k. BekTopwr vy, ...,v, € V Ha3bIBalOTCA JTUHEHHO HE3ABUCHUMBIMHU, €C/IH HHU
ONWH W3 BEKTOPOB v;, 1 < ¢ < n, He ABIAETCS JUHEHHONH KOMOMHAIMEH OCTAIbHBIX
BEKTOPOB V1, ..., Vi—1,Vit1,--., Uy U3 ITOrO cemeiicrBa. Bekropor v1,...,v, € V Ha-

3BIBAIOTCS JIMHEHHO 3aBUCUMBIMU, €CJIH OHU He SIBJISIOTCS JTUHEIHO He3aBUCHMbBIMU.

SamMeTnM, 9TO 1O ITOMY OMPEIEIEHHI0 MyCTOe CEMENCTBO BEKTOPOB JIMHEIHO He3a-
BUCHMO: HU OJMH W3 BEKTOPOB, TMPUHAJIEKAIIMX €My, He SBJISETCS JTUHEHHON KOM-
OGuHanyell OCTAILHBIX BEKTOPOB, MOTOMY 9TO MPUHA/JIEKANTUX IYCTOMY MHOMXKECTBY
BEKTOPOB nonpocty Her. CeMelicTBO, COCTOLINEE U3 eJIMHCTBEHHOIO BeKTOpa v € V|
JIMHEHHO HE3aBUCHUMO TOT/IA U TOJIBKO TOTIA, KOTIA ITOT BEKTOD HE MPeICTABISET CO-
6ot TUHEHHYI0 KOMOWHAIMIO MyCTOTO MHOXKECTBA, BEKTOPOB, T.e. Korjma v # 0. Kcin
U1 = Vg, TO BEKTOPHI U1, Ve JMHEHHO 3aBUCHMBI, MOCKOIBKY vy = 1 - v; — JuHeHHas
KOMOWHAIINSA BEKTOPA V1.

SaMeruM eme, YT0 eCIu BEKTOPLI U1, . - . , Uy, JJHHEMHO HE3aBUCUMBL, TO JIH00asd 4acTh
9TOTO CeMENCTBA BEKTOPOB TOXKE JIMHEHHO HE3aBUCUMA;, TOYHEE TOBOPS, 3TO O3HAYAET,
aro ecnr 1 <41 < ig < ... < %y, < N, TO BEKTOPHL V;,, Vi, - - . , V;,, JAHEHHO HE3aBU-
cumbl. B gacTHOCTH, eciiv cpeiu BEKTODPOB V1, ...,V €CThb HYJIEBOH BEKTOD WJIHU JBA
OJIMHAKOBBIX BEKTOPA, TO BEKTOPHL V1, . . . , Uy, JTUHEHHO 3aBUCUMBI.

JIerko moHATh, 9T0 B IpocTpaHcTBe "reoMerpudeckux" BEKTOPOB /IBa BEKTOPA JIU-
HETHO HE3ABUCUMBI TOIIA U TOJIBKO TOIJIA, KOI/IA OHU HE KOJUIMHEAPHBI, & TPU BEKTOPA
JIMHEHHO HE3ABUCUMbBI TOTIA W TOJBKO TOTIA, KOTJA OHM HE KOMILJIAHADHEI.

JIuneitnasg koMOUHAIAA 1V + ... + QO Up BEKTOPOB V1,...,U, € V Ha3BIBACTCA
TPUBHUAJIHHOMN, €CTTH BCE KOIPPHUIMEHTHI (] . . . , &, paBHBI 0. TpuBnambHOM MBI OymeMm
CYUTATH U JTUHEHHYIO KOMOMHAIIWIO MyCTOTO MOIMHOYKECTBA MHOXKECTBA BEKTOPOB. lc-
HO, YTO BCAKAas TPUBUAJIbHAS KOMOUHAIINS BEKTOPOB PaBHA HyJieBoMmy BekTopy 0. Oka-
3BIBAETCS, 0OPATHOE YTBEPKIEHNE XaPAKTEPU3YET JMUHEHHO HE3ABUCUMBIE CeMEeNCTBa,
BEKTOPOB.

Ilpennoxenne 4. ITycms V — eexmoprnoe npocmpancmeo wad nosem k. Bexmopnt
Vi,...,0n €V 4unetino Hezasucums, mozda u moavko mozda, xKozda u3 moz0, 4wmo
UL AUHETHAA KOMOUHGUUA PABHAE HYyAe8oMY eexmopy 0, caedyem, wmo sma sunetnas
KOMOUHAUUA TNPUBUAADHA.

Zloxaszameavcmeo. Mpbl Oynem JTOKA3BIBATH CAEAYIONIEE YTBEPKICHUE, OI€BUIHO, PAB-
HOCWUJIBHOE YTBEPXKIEHUIO TTPEJIOKEHHUSI: BEKTOPHI U1, . . . , Uy € V JUHEHHO 3aBUCHMBI
TOT/IA U TOJBKO TOT/IA, KOT/IA, CYIIECTBYET UX HETPUBUAJIbHAS JIMHEHHAS KOMOWHAIIAS,
paBHag HYJIEBOMY BEKTODY.

Ecan BexkTopst v1, ..., v, € V auHEHO 3aBUCHMBI, TO HafigeTcs Takoe 4, 1 <1 < n,
9TO BEKTOP V; fABJISETCH JIMHENHOU KOMOMHAIMENH BEKTOPOB V1, ..., Vi—1,Vitls-- -, Un-
DTO 3HAYUT, YTO CYIIECTBYIOT IMEMEHTBI (U1, . .., (i1, Qjt1, - -, Oy € Kk, TAKHE 9TO

Vi = Q1U1 + ..o+ QG_1Vi—1 + Q1 Vg1 .o Uy,

Torma vy + ... + aj—1v;—1 + (=1)v; + Q110541 + ... + @uu, = 0, u 372 TuHelHAS
KOMOMHAIMS HE TPUBUAJBbHA, TOTOMY 4TO Kodduituent npu v; pased —1 #£ 0.



O6partHo, ycTb q1v1 + . . . + ;v + . . . + U, — HeTPUBHATIBHAS JTUHEHHAS KOMOU-
HAaINs BEKTOPOB V1, ..., VU, € V, paBHasd HylIeBOMYy BeKTOpPy. Torma cpemu ko3dduiu-
€HTOB 9TOI KOMOMHAITUN €CTh XOTs ObI OOWH HEHYJIEBOH KOI(PDUIIMEHT o, H BEKTOP

v; = (—aq/a)vr + .o+ (—i—1 /) vim1 + (—aip1 /@) vig1 + oo+ (—a /@)ty

OKAa3bIBAETCS JIMHEHHON KOMOWHAIMEH BEKTOPOB U1, . .., Vi1, Vit1ls«- - Un-
Crenyrolee MpocToe yTBEPKIAEHUE OKA3bIBAETCS OYeHb I10JIE3HBIM.

Jlemma 2. Iycmos V — sexmoproe npocmpancmeo nad nosem k, u nycmov vy, ..., Up, W
— sexkmopw u3 V. Ecau eexmopvt vi,...,U, AUHETUHO HE3ABUCUMbL, G GEKMOPbHL
VlyevesUny W AUHETHO 3ABUCUMDL, MO GEKMOP W ABAAEMCA AuHelnoT KombuHayuel
8EeKMOPO6 V1, . .., Up.

Loxazameavemeo. o onpenesnennio TuHEHHO 3aBUCHMOIO MHOXKECTBA, KAKOH-TO U3
BEKTOPOB U1, . . . , Up, W SBJSETCS JUHEHHONR KoMOUHAIme OCTaIbHBIX BEKTOPOB; JIEM-
Ma, YTBEPXKIAeT, YTO B KAYeCTBE TAKOrO BEKTOPA BO3MOXKHO B3ATh MMEHHO T0DABJIEH-
HBII BeKTOp w. eficTBUTENBbHO, TOCKOMBKY BEKTODDI U1, . . ., Un, W JIUHEHHO 3aBUCH-
MBI, CYIIECTBYIOT 3JIEMEHTBI (1, . . ., Oy, 3 € k, He Bce paBHbIe 0, TAKHE ITO

avy + ...+ apu, + fw =6.

Ecmu § = 0, 1o HenyneBbiM Oymer onwH u3 KOI(DQDUIUEHTOB A, . . ., Ay TIPH ITOM
6yner

a1+ ...+ apvy = .o apu, + 0w =aqvy + ..+ apu, + fw =0,

a W3 3TOro IO TPEJIOKEHUIO 4 CIelyeT, 9TO BEKTOPBI U1, ..., Uy B IPOTHBOPEYHE C
YCJIOBHEM JIeMMblL JuHeHHO 3aBucuMbl. CieoBarensho, 3 # 0, u

w=(—a1/B)vi+ ...+ (—an/B)vy € (v1,...,0,).

Fasucoi. Ilycrs V' — BekropHOe mpocrpadHcTBo Hag noseMm k. Mbl ropopum, 410 Jiu-
HEIHO HE3ABUCUMBIE BEKTODPBI U1,...,VU, € V COCTABASIOT MAKCAMAJILHOE JIMHEHHO
HE3aBHCHMOE CEMEHCTBO BEKTOPOB IIPOCTpaHcTBa V, ecnn Aj1s J1000r0o BekTopa w € V.
BEKTOPBIL U1, ..., Up, W YK€ OYAYT TUHEHHO 3aBUCUMBI. EC/IM BEKTOPBI V1, ...,U, € V
MIOPOXKJAIOT IMIPOCTPAHCTBO V', & MpH BHIOPACHIBAHUY W3 TOr0 HAOOPA, JI000r0 BEKTOPA,
v;, 1 <4 < n ocraBimuecs BEKTOPBL V1, .. ., Vi—1,Vitl, - - -, Uy YK€ HE MOPOKIA0T V,
TO MBI TOBOPUM, UTO BEKTODPBI V1, ..., U, COCTABISIIOT MUHUMAJIBHOE TTOPOKIAIOINIEES
MIPOCTPAHCTBO V' ceMeicTBO.

Teopema 1. ITycms V — sexmoproe npocmpancmeo Had noaem k, v nycms v, ..., 0, €
V. Caedyrowue ycaosus pasHOCUALHDL:
(1) sexmopoi vy, ..., U, AUHETHO HE3ABUCUMbL U NOPOICIaIOM Npocmpancmso V ;
(2) sexmopoL v1, ...,V COCMABAKIOM MAKCUMAADHOE AUHETHO HE3ABUCUMOE Ce-
Mmelicmeo eexmopos npocmpanemsa V ;
(3) sexmopol V1, ..., Uy COCMABAAIOM MUHUMAABHOE NOPONHCOGOULEE NPOCTNPAH-

cmeo V' cemeticmeo.

Joxasameswvcmeo. (1) = (2). IlycTb BEKTOPBI U1, . . . , Uy, JUHEHHO HE3ABUCAMBL U T10-
POXKIAIOT TPOCTPAHCTBO V, m mycTh w — i000it BekTop 3 V. IIOCKOIBKY BEKTOPHI
V1, ..., Up TOPOKIAIOT V, BEKTOP W SBIAETCA WX JUHEHHON KOMOMHAIMEH, N TIOTOMY
BEKTODPBL V1, ..., Un, W JUHEHHO 3aBuCHMbBL. CJ1eI0BATEIBLHO, BEKTOPBL U1, .. ., Uy CO-
CTaBJSAIOT MaKCHMAJbHOE JIMHEHHO HEe3aBHUCHMOE CeMeiiCTBO BEKTOPOB NMPOCTPAHCTBA
V.

(2) = (3). IlycTb BEKTOPHL V1, . . ., Uy COCTABJIAIOT MAKCHMAaJbHOE JIMHEHHO He3a-
BHCHMOE CEMENCTBO BeKTOpPOB npocTpancrsa V. Torma mra moboro sektopa w € V
BEKTODPBL U1, ...,Un, W JUHEHHO 3aBUCUMbI, U [0 JIEMME 2 WMEHHO J0DABJICHHBINH K
JINHEHHO HEe3aBUCUMBIM BEKTOPAM V1, . . ., Uy BEKTOD W SIBJIAETCS JUHEHHON KOMOMHA-
1ueil BEKTOPOB V1, . .., Un. VITAK, BEKTOPBL V1, .. ., Uy MOPOKIAIOT MPOCTPAHCTBO V.



Hamporus, npu BeIOpachIBaHUM U3 9TOTO CEeMEHCTBa J000r0 BeKTopa v, 1 < ¢ < n,
OCTABIIIUECA BEKTOPBI V1, ..., Vi—1,Vit+1,--., Uy HE MOPOKIAOT V, MOTOMY YTO BEK-
TOPBI V1, ..., VU, JAHEHHO HE3aBHUCHUMBI, U YK€ BEKTOpP ¥; HE MOXKET OBITH JIMHEHHOM
KOMOUuHAIMENR BEKTOPOB V1, . . ., Vi—1, Vit1, - - - , Up. TaKUM 0OPaA30M, BEKTOPBI V1, . . . , Up,
COCTABJISIIOT MUHUMAJIBHOE TTOPOXKIAIOIIEe MPOCTPAHCTBO V' ceMeliCTBO.

(3) = (1). Ilycrb BEKTODBI V1, ..., U, COCTABISIOT MHHHMAJBHOE OPOXKIAMOIIEe
poCTPaHcTBO V' ceMeficTBO; MOKAXKeM, ITO OHHU JUHEHHO HE3aBHCHUMBI. Ecan ObI 3TO
OBLIO HEe TaK, TO Hameacd Obl BeKTOp v;, 1 < ¢ < N, KOTOPBIH ObLI Obl JTHHEHAHOM
KOMOUMHAIMEH OCTAJIbHBIX BEKTOPOB V1, . . ., Vi—1,Vit1, - - - , Up; HO TOTIA JTI000H BEKTOP
u3 V| KOTODBI ABASIETCS JTUHEHHON KOMOMHAIIUEH BEKTOPOB VU1, - . ., Vi—1, Uit1,-- -, Un
U BEKTOPA U;, ObLI Obl 110 TPAH3UTHBHOCTH JUHEHHBIX KOMOuHamii (jemma 1) Jiu-
HEHHOM KOMOWHAITHE! BEKTOPOB U1, . .., Vi—1,Uit1,- .-, Upn, KOTOPbIE, TAKUM 00Pa30M,
MTOPOXKAan OB TPOCTPAHCTBO V, & 3TO MPOTUBOPEYUT TOMY, 9TO BEKTOPHI V1, .. ., Up
COCTABJISIOT MAHUMAJIBHOE ITOPOXKIAOIIEE MPOCTPAHCTBO V' ceMelicTBO.

Eciniu BekTODBI V1, . . . , Uy, YiIOBIETBODPSIOT J1060MY U3 TpebGoBanuii (1), (2), (3) Toub-
KO 4TO JIOKA3AHHOI TeopeMbl (2 3HAYUT, U BCEM YTUM TPEOOBAHUAM ), TO Mbl TOBOPUM,
qTo V1, . . ., Vn — 0azuc V. OrMmernm, 9To 1715 6a3nca BasKeH MOPSIIOK, B KOTOPOM pac-
MTOJIOYKEHBI COCTABJISIONINE €I0 BEKTOPBI: OA3UCHI U1, Vg, . .., Uy U V2, V1, ..., Uy CIATA-
TOTCSI PA3IUIHBIMA OA3UCAMMI.

Cywecmsosanue basuce. Bce TeopeMbr 0 CynecTBOBAHIET DA3UCOB, OOIAMAIOINX TEMU
NJIN MHBIMHK CBOIL/'ICTBaMI/I7 BLITCKAIOT W3 CJACAYIOIETro YTBEPXKACHUA, YCUJINBAIOMICTO
9acTb YTBEPKJIeHuil TeopeMbr 1.

Jlemma 3. Ilycmo eexmopw v1,...,vN nopootcdarom npocmpancmeo V. Ecau eex-
mopel Vi, ..., 0, 2de 1 < iy,... i, < N, aunelino nezasucumsvt, a s 4106020 j,
1 <j <N, sexkmopwt Vi, ..., 0, ,V; AUREUHO 3G6UCUMbL, MO Vi, , Vjy, - . - , Vg, — 6G3UC

npocmpancmsa V.

Joxrazamesvcmeo. Ilo memme 2 Bee BekTOpsL v; (1 < j < N), SBASTIOTCS IHHEHHBIMU
KOMOMHAIUSAMU BEKTOPOB Vj,, Vigs - - - 5 Vs, - IIOCKOIBKY BEKTOPBL V1, ..., VN HOPOKIa-
TOT TIPOCTPAHCTBO V', 10001 BeKTOp U3 V' dBIgeTca nX JuHEeHHON KoMOnHAIINeH, a 3Ha-
9UT, TI0 TPAH3UTUBHOCTH JTUHEHHBIX KOMOMHAIINH, 1 TUHEHHON KOMOnHAIne BEKTOPOB

Viy, Vig, - - -, V4, . TaKUM 0Opa30M, BEKTODPEBL Vi, , Viy, - - - , Vi, HE TOIBKO JMHEHHO He3a-
BHCHMBI, HO €Ile U ITOPOXK/IAI0T IPOCTPAHCTBO V| & 3TO U 3HAYUUT, UTO VU;, , Viy, - - - , Vi,
— bazuc V.

Teopema 2. ITycme V — Koneuno noposicdernnoe sexmoproe npocmparcmeo 1ad no-
aem k. Toeda:

(1) 8 npocmpancmee V' ecms xomsa 6o 0dun 6asuc;

(2) ecau cucmema 6exMOPOS V1, . .., VN nopodxcdaem npocmpancmeo V., mo us nee
MOIHCHO 8BLOPAMb NOJCUCTNEMY, ABAAMOWYIOCA basucom npocmpancmea V ;

(3) Ecau sexmopol uy, ..., U, AUHETHO HE3ABUCUMbL, TO cyuecmeyem 6a3uc npo-
cmpamncmea V, codeporcausut 6ce 6eKmMopoL Ui, . . ., Ur.

Zloxasameavcmeo. Bee Tpu yTBepiKOeHHUS JOKA3BIBAIOTCA OAUHAKOBO. Ilockombky V/
— KOHEYHO MOPOXKIEHHOE BEKTOPHOE MPOCTPAHCTBO, HANHIYTCS BEKTOPBI U1, ...,UN,
KOTOpBIe IopoxkaatoT mpocrpanctso V. Ilycrs 1 < 4q1,...,4s < N; npu s > N cpenu
BEKTOPOB U, ..., Ur, Vi, -.,V;, OYIAYT OAMHAKOBBIE, U TIOTOMY 3TH BEKTODPHI JIMHEH-
HO 3aBucuMbl. Hamporus, npu s = 0 MBI MOJIy9aeM CeMEHCTBO BEKTODPOB Ug,. . ., Uy,
KOTOpbIe juHeino He3aBucuMbl. Ilycts s, 0 < s < N — camoe 0OJbIIIOE W3 YUCEN,
OOJIAIAIONINX CBORCTBOM: CYIIECTBYIOT TAKHE &1, ...,0s, 1 < 11,...,ts < N, 9TO BEK-
TOPBL Ui, ..., Ur,Viy,...,V;, JUHEHHO He3aBucuMbl. Ecim w — 000l U3 BEKTOPOB
UL, ..., Up, V1, .., UN, TO BEKTOPBL Ui, ..., Ur, Vs, ..,V;,, W JTUHEHHO 3ABUCHMBI: €C-
U w = uj Jjs HeKoToporo j, 1 < j <7, To cpefin BEKTOPOB U, . .., Uy, Vg s -+ -, Vi, W



€CTh OMMHAKOBBIE, & €CJIM W = v; JJIs HEKOTOPOTO i, TO 3TH BEKTOPbI JWHEHHO 3a-
BHCHUMBI, TIOTOMY 9TO § ObLIO HAMOOJBIIMM KOJMYECTBOM BEKTOPOB M3 MHOXKECTBA
{v1,...,vn}, nOGaBIEHEE KOTOPBIX K U7, - . . , Uy MOTJIO ObI OCTABHTH CEMEHCTBO BEKTO-
poB JiuHeiHO He3aBucuMbiM. 110 neMme 3 BEKTODPBL U1, . .., U, Vjy, . . . , Vi, COCTABIAIOT
6asuc mpocrpancTBa V. Tem caMbiM MBI mOKa3anm yTeepxKaerue (3). YTBep:KaeHust
(1), (2) momyuarcs, ecii B OPEABIIYINEM PACCYXKICHUH HONOKUTH 1 = 0 (T.e. B3ITh
B KAYECTBE U1, . . ., Uy MYCTOE CEMECTBO BEKTOPOB).

Teopema 0 AUHETHOT 3G6UCUMOCTIU SUHETHOL KomOuHayus. . Mbl mokaxkeM majee,
9TO BCe HA3MCHI MPOCTPAHCTBA, COCTOAT M3 OJUHAKOBOTO UHCIIA JIeMEeHTOB. Jlokasa-
TEIBCTBO OCHOBAHO HA CJEAYIOIMEM BaXXHOM (pakTe, HA3BIBAEMOM TEOPEMOH O JMHE-
HOH 3aBUCUMOCTH JIMHEAHBIX KOMOUHAIINIA.

Teopema 3. [Iycmv V — sexmoproe npocmparcmeo nad nosem k, u nycmsv vy, ..., 0,
— eexmopwt u3 V. Ilycmov, danee, Ui, ..., Uy, — AUHEUHDIE KOMOUHGUUY BEKTNOPOS
VlyevoyUn. Beau m > n, mo eexmopovt Uy, . .., Uy AUHETHO 3068UCUMbBL.

Samevyanue. B meopeme HUue20 HE 2060PUTNCA 0 Caywae, Kozda m < N HECMOTPA
HA MO, YMO KOAUYECTNEO AUHETHBIT KOMOUHAUUT MAA0, OHU MO2YM OWMb AUHETUHO
306UCUMBLMU.

Zloxaszameavcmeo. JlokazarenbcTBo OymeM BECTH MHAYKIHEH IO KOJUIECTBY 7 KOM-
6uHUpyeMbIx BeKTOpOB. Kcim n = 0, To Bce JMuHENHbIE KOMOWHAIIAN U1, . . . , Uy MY-
CTOTO MHOXKECTBA BEKTOPOB PAaBHBI HYJIEBOMY BEKTODPY, U ITOCKOJBKY UX KOJUIECTBO
m > n = 0 #He MeHbIe 1, cCpeii BEKTOPOB U1, . . ., Uy, €CTh HYJIEBOH BEKTOP, & IO-
TOMY BEKTOPBI U1, ..., Uy, JUHEHHO 3aBucuMbl. Ilycrs n > 0, u mycTh Teopema yxke
JIOKa3aHa /uid N — 1 KOMOMHUPYEMBIX BEKTODOB.

ITocKOMBKY BEKTODBI U, . . . , Uy SBISIOTCS JIMHEAHBIMU KOMOWHAIIMSIMU BEKTOPOB
Vl,..., Uy, CYIIECTBYIOT TaKUe 3JIeMeHTH a;; € k (1 <i¢<m, 1 < j <n), ar0

Uy =011 V1 + 12 V2 F - AU,

U =1 V1 + Q21 V2 + - -+ Q2nUnp,

U =0m1V1 + Qm2avV2 + - - - + Qi Up-

Ecmu a1 = a1 = ... = apm1 = 0, TO BEKTOPBI U1, ..., Uy, SBJASIOTCS HA CAMOM
Jiejie IMHEHHBIMU KOMOMHAIIASAMU 12 — 1 BEKTOPOB Vg, . . ., Uy MOITOMY IO TPEITIOJI0-
JKEeHUIO WHAYKIHH M > n > N — 1 BEeKTOPOB Ui, . . ., Uy, JAHEHHO 33aBUCHMBIL. 1lycTh
cpenn KO3(pOUIMEHTOB (v;1 €CTh HEHYJIEBbIe; MEHSISI, €CJIN HAI0, HyMEPaIni0 BEKTOPOB
UL, .-« Uy, MBI MOXKEM, HE yMaJisisi OOIIHOCTH, CYUTATh, 9To 11 7# 0. Torma m — 1
BEKTOPOB w; = u; — (a1 /a11)ur (2 < i < m) ABAAIOTCS JTUHEHHBIME KOMOMHAIMSAMU
n—1 < m—1 BEKTOPOB V3, . . . , Up, U [0 TPEATOI0KEHWIO HHAYKITHH OHU JIMHEHHO 33~
BucuMbl. Cile/10BaTe/IbHO, OAUH U3 ITUX BEKTOPOB W, IpecTaBider cob0i auHeiiny1o
KOMOMHAIIAIO BEKTOPOB W2, - . . y Wj—1,Wj41,- .., Wn. HO KaxKIBII U3 NEePEIUCICHHDBIX
BEKTOPOB fABJideTcd JUHEIHOR KoMOUHANUel BEKTOPOB Ul , U2, . -« s Uj—1, Ujip1s -« - U,
MO3TOMY TIO TPAH3WTHBHOCTH JIWHEHHBIX KOMOWHAIMN BEKTOD wW;, & BMeCTe C HUM 1
BeKTOp u; = wj + (aj1)/@11u1, Opeacrasaser coboil IHHEHHYI0 KOMOUHAUIO BEKTO-
POB U1, U2y -+ Uj—1, Ujsls - -+, Um. A DTO 3HAUUT, YTO BEKTOPBL UL, ..., Uy JUHEHHO
3aBUCUMEL.

Pasmeprocmo npocmparcmea. Ilpexne, 4em naTh onpeeneHne Pa3MepHOCTH, TOKa-
KeM, 9TO jrobbie 1Ba 0a3nca mPOCTPAHCTBA COCTOAT U3 OJUHAKOBOIO YHCIIA JIEMEH-
TOB.

IIpennoxenne 5. I[Tycmov Uy, ..., Upy; V1,. .., 0, — 063ucv, npocmpancmea V. Tozda
m=n.



Zoxasamesvcmeo. 11oCKOTBKY BEKTODBI U1, . . . , Uy, COCTABJISIOT 0A3UC MPOCTPAHCTBA
V', oun mopoxgator V. BekTopsl v1,. .., U,, KAK ¥ BCE BEKTOPBI N3 MPOCTPaHCTBA V,
SABJIAIOTCA WX JUHEHHBIMU KOMOMHAIMAMY; €cu Obl ObIIIO M > M, TO IO TEOpeME O
JIMHETHOM 3aBUCHMOCTH JTUHEHHBIX KOMOUHAINI BEKTOPBI V1, . . . , Uy, OBLITH ObI JTUHEHHO
3aBUCUMBI, & 3TO MPOTUBOPEYUT TOMY, 9TO OHU COCTaBJsA0T Oazuc. CremnoBareapHO,
n < m; TOYHO TaK ¥Ke JTOKA3bIBAETCs, 9TO M < Nn.

IIycTb Temeps mpocTparcTBO V' KOHEYHO MOPOXKIEHO; TOTJA B HEM €CTh KOHEUHBIE
6a3mncel, 1 TI00bIe ABa HA3MCA COCTOAT U3 OAMHAKOBOTO KOJIMYECTBA JJIEMEHTOB. UHCIO
371eMEHTOB B 6a31ce KOHEYHO IOPOXKIEHHOrO IPOCTPAHCTBA, V HA3BIBAETCH Pa3MePHO-
crpio V' ou obosnadaerca dim V. MHOrga OfHO U TO K€ MHOXKECTBO PACCMaTPUBAETCS
KaK BEKTOPHOE MPOCTPAHCTBO HAJT PA3HBIMU MOJISIMU; B TAKUX CIyYasix PA3MEPHOCTh
V Kak BEKTOpPHOTO IIPOCTPAHCTBA HAI mojeM k obozmadaror depes dimyg V.

Beskoe npocTpaHCTBO KOHEYHOR Pa3MEPHOCTHU 1 IOPOXKIAETCA CBOUM 0a31COM, CO-
CTOAIIMM U3 7 3JIEMEHTOB; IIO3TOMY OHO KOHEYHO HmopoxkiaeHo. ObpaTHO, y BCAKOrO
KOHEYHO IIOPO2KAEHHOI'O IIPOCTPAHCTBA, Pa3sMEPHOCTh KoHe4YHa. [103ToMy KOHEeYHO 11o-
POKIEHHOE TTPOCTPAHCTBO — 3TO TO ¥KE CAMOE, YTO MPOCTPAHCTBO KOHEUHOI pasmep-
HOCTH; TAKHE TIPOCTPAHCTBA, HA3HIBAIOTCS KOHETHOMEPHDBIMH.

W3 Teopembr 2 cpa3y CAEOyIOT CIAEAYIONINE YTBEPIKICHUA.

IIpenmnoxenne 6. ITycmo V — konewnomeproe npocmparcmseo wad nosem k.

(1) Ecau eexmopwi v1,. ..,V noposicdarom npocmpancmeo V, mo m > dimV;
ecau npu smom m =dimV, mo vy,...,v, — 6a3uc V.

(2) Ecau sexmopvt v, ..., 0;m € V aunetino nesagucumol, mo m < dimV'; ecau
npu smom m = dim V', mo vy,..., v, — basuc V.

JZoxazameswvcmeo. (1). 1o Teopeme 2 u3 MOPOKAAOIIEH V' CUCTEMbL BEKTOPOB VU1, . . . , Upy,
MOXKHO BBIIEIUTD MOJCUCTEMY, SIBJISIONLYIOCS DA3UCOM U TOTOMY cocTosAmnty o u3 dim V'
snemenToB. CrnegoBaresnbro, m > dimV, a eciu m = dim V, To BbLAeIeHHDBIH Oa3uC
COBHAJIAECT CO BCEHU CHCTEMON BEKTOPOB V1, . .., Um.

(2). ITo Teopeme 2 K JIMHEAHO HE3ABUCUMON CUCTEME BEKTOPOB V1, . . . , Uy € V MOK-
HO J00aBUTH HECKOJBKO BEKTOPOB TaK, YTOOBI MOIyunics Hasuc V'; mOCKOIbKY JH000#
6azuc cocronT u3 dim V' 371eMEeHTOB, YHCIIO 3JIEMEHTOB 1M HCXOMHOM CHCTEMbI BEKTOPOB
ue 6ospine dim V. Eciu ke smneiino m = dim V', 10 kosimaecTBO m100ABIEHHBIX BEK-
TOPOB paBHO 0, M IOTOMY YK€ CHCTEMA, V1, - - . , Up, ABJIAETCS O0A3UCOM IPOCTPAHCTBA.

CaenctBue. ITycmov V — Koneunomeprnoe npocmpancmeo wad noaem k u nycmo U —
ez20 nodnpocmparcmeo. Tozda dimU < dimV. Ecau npu amom dimU = dimV, mo
U=V.

Zoxasameavcmeo. Beskuit 6asuc uq, . .., Uy, mpocTpancTBa U COCTaBJISI€T JTUHEHHO
HE3ABUCUMYI0 CHCTEMY BEKTOPOB npocTpancTsa V, mostomy m = dimU < dim V. Ec-
g ipu 3roMm m = dim U =dim V| 1o uy, ..., U, —6a3uc V, u 3Ha9uT, BCAKNUHA BEKTOD
n3 V' saBasieTcs JuHERHON KOMOMHANMEH BEKTOPOB U1, . . . , Uy, ¥ ITOTOMY IIPUHAIICIKUAT

U.

Pasmeprocms apupmemuneckoz2o sexmoprozo npocmpancmea. Hamommmm, 9To apud-
METHYECKUM BEKTOPHBIM IIPOCTPAHCTBOM PA3MEPHOCTHU T HA3BIBACTCA ITPOCTPAHCTBO
cronbros k™.

IIpennoxenne 7. Iycmo k — noae. Pazmeprocmo npocmparcmea k™ pasna n.



Zoxasamensvcmeo. O6oznauum uepes e; € k" (1 < i < n) cronben, y KoToporo i-it
3JIEMEHT paBeH 1, a BCe OCTaJIbHBIE 3JIEMEHTHI PAaBHBI 0:

1 0 0

0 1 0
€1 = . ) €2 = . y oy En =

0 0 1
Tlokaxem, 91O €1, €9, . .., e, — 6a3uc k™; u3 aToro n Oyzmer ciaegoBaThb, 9ro dim k™ = n.
HeitcTBATENBHO, AJ1d JIIOOBIX KO3PMUINEHTOB (1, A3, . .., 0, € k MBI HMeeM: ajeq +
Qg€ + ...+ apey =

1 0 0 o 0 0

0 1 0 0 Qs 0
a1 . + Qo : + ...t a, | = : + . + ...+ . =

Q 09
N =

0 0 1 0 0 o,

Q2

n

Otcioma caemyeT, BO-HePBHIX, 9TO m06of cromben (aq,qs,...,an)T € k™ apaser-
co mHefHON KoMOuHanmenr aie; + ages + ... + Qpe, BEKTOPOB €1,€9,...,6y,, & BO-
BTOPBIX, YTO ECJIU 3Ta KOMOUHAITMS PaBHa HYJEBOMY BEKTOpY, To (aq,aa, ..., an)T =
(0,0,...,0)T, a MOTOMY (] = Qi = ... = Qp = (0, TaK 9TO BEKTOPBI €1,€2,...,€Ey
JIMHENHO HE3aBUCHUMBI.

Bazuc ey, eq,...,e, npocrpancrea k", MOCTPOEHHBIN B MPUBEIEHHOM IOKA3ATETh-
CTBE, HA3BIBACTCS KAHOHMIECKUM 0a3MCOM MpocTpaHcTBa k™.

Koopdunamu sexmopa. Ilycts V — KOHEYHOMEpDHOE IPOCTPAHCTBO HaJ IOJeM k u
IycTh v1,...,U, — ero 6a3uc. Torma moboit BekTop v € V mpeacraBiasgercsa B BHIE
JIMHEHHOM KOMOMHAIINN BEKTOPOB Oa3nca:

V=11 F ...+ QpUn, at,...,an €k

Ecim v = vy + ... + Bpv, — Opyroe HnpeiacraBieHHe TOrO YK€ BEKTOpa B BUIE JIU-
HeHHOM KoMOMHAIIMKM BEKTOPOB Gasmca, 1o (o — B1)vy + ... + (n — Bn)vn = 0, 1,
[IOCKOJIbKY BEKTOPBI V1, . . . , Uy, JIMHEHHO HE3ABUCUMBL, OTCIOJIA CIIEIAYET, YTO o — 31 =
oo = ayy— B, = 0. Takum obpazom, k03 DUITHEHTHI TUHEHHON KOMOMHAIIMYA BEKTOPOB
0a3uca, PaBHOM BEKTOPY v, OMPEIEICHbl OJHO3ZHATHO; OHU HA3LIBAIOTCA KOODIUHATAMU

BEeKTOpPA v B Gasuce vy, .. ., U,. Jalle BCEro KOOPAUHATHI BEKTOPA (1, . . . , Oy 3ATTUCHI-
BAIOT B BHAE CcTON6HA (Q1, (2, ..., Q,)T, KOTODBIH Ha3bIBAETCA CTOIGIOM KOODJHHAT
BEKTOpa v B baswuce v1, ..., Vy. JII0OOH BEKTOP MOXKET OBITH IIPEICTABICH B BUAE IPO-

U3BEIEHUS IBYX MATPUIL: CTPOKM M3 OA3BMCHBIX JIEMEHTOB U CTOJIONA KOOPIUHAT:
a
v=a0aqv1 + ...+ Uy = v1aq + .. Fvpay = (U1, ..., 0,)
7%

OrmeruM, 9TO JeficTBUA HAJ BEKTOpAMU M AeHCTBHs HaJ CTOADLAMU KOOPIAHHAT
COTJIACOBAHDI: CTOJIOEI] KOOPANHAT CyMMBI BEKTOPOB B HEKOTOPOM Ha3MCce PABEH CYMMe
CTOJIOIOB KOOPAUHAT CJAraeMbIX B TOM ke Hasuce, a cTOJOeIl KOOPIUHAT ITPOU3BEIe-
HUS 9JIeMeHTa « € k Ha BEKTOpP PaBeH IIPOU3BEICHUIO (v Ha CTOJI0EI] KOOPAUHAT BEKTO-

pa (B Tom e 6asuce). JeicTBuTeIbHO, TYCTh (1, ;. ., an)T, (B, ..., 3n)T cronbp!
KOOPJMHAT BEKTOPOB U, v € V B basmuce vy, ..., Uy; TOLIA

utv=_(aqv1 + ...+ @up) + (V1 + ...+ Bpon) = (a1 + B1)v1 + ... + O,
au = al(avr + ...+ apv,) = (aar)vy + +H(aay )y,

T.€. CTOJIOUBI KOOPJMHAT BEKTOPOB U+, At B TOM ke Hazuce pasHbl (a1 + 01, ..., @p+
Bn)" u (aaq,. .., aq,) COOTBETCTBEHHO.



O npouseedenuu cmpoxy u3 8eKIMOPO6 HG CKAAAPBIE Mampuyb. B manbHeineM Mbr
qacTo 6yIeM MoMb30BATHC CAETYIONIAMHE IPOCTHIMU YTBEPXK IACHUSIMH.

ITpemioxenue 8. ITycmo vy, ..., 0, — AUHETHO HE3GGUCUMbBLE IAEMEHIIBL U3 HEKO-
MOPO20 GEKMOPHO20 TPOCTPAHCMEa Had nosem k, u nycmv A, B € K"™*™ - dee mam-
puyst ¢ Komnonenwmamu u3 k. Ecau (v1,...,v,)A = (v1,...,0,)B, mo A= B.

oxazamesvemeo. O6a TPOU3BEIEHNUS IPEJCTABISIOT CODOI CTPOKHU JITIUMHBL M C KOM-
nounentamu u3 V. na moboro j, 1 < j < m, j-e 37eMeHTHI 00enX CTPOK COBIIAIAIOT,
T.€.

lelj + ...+ UnAnj = lelj + ...+ ’Uanj.

Ho rorna nuneiinaga komGunanus (Aq;—Bi;)v1+. . .+ ((Anj — Bypj) Uy, IHHEHHO HE3ABH-
CUMBIX BEKTOPOB U1,...,U, OKa3blBaercd paBHOil 0; wnosTOoMy /U1 BCeX 1,
1 <4 < n, Bomonnsierca coorHomenne A;; — By = 0, 1e. Aj; = Byj.

ITpepgiokenue 9. Ilycms sexmopo, V1, ..., U, NOPOHCIGIOM BEKMOPHOE TPOCTIPUH-
cmeo V' nad nosem k, u nyecmov uq, . .., Uy, — at0bve sexmopwt us V. Tozada cywecmey-
em mampuya C € k"™ maxas wmo

(ulvu% s vum) = (vla s 7vn)c'
Zloxaszameavcmeo. I1oCKOMBKY BEKTOPBI V1, . . . , Uy, TTOPOXKIAIOT MPOCTPAHCTBO V', BEK-
TOPBI U1, ..., Uy € V — UX JuHeliHbIE KOMOUHAIINN, & 3HAYWUT, CYIIIECTBYIOT 3J€MEHTHI

a;; €k (1<i<n,1<j<m), rakue 410

U] =Q11 V1 + Q21 V2 + -+ QpiUp,

U =012 V1 + Qiag V2 + - -+ QpaUp,

Um=01mV1 + Q2m V2 + -+ QpmUn -
9Ty CUCTEMY DaBEHCTB MOXKHO 3alUCaTh B BUAC OAHOTO MATPUYIHOT'O PABEHCTBA
(U1, U2y Um) = (U1, ..., 0,)C,

rae uepes C' € k™™ obo3HadeHa MaTpUIa

a1 a12 . A1m
Q21 Q22 Q2m
Qnpl  Qp2 Anm

O6paruM BHUMaHWE HA TO, YTO 3JieMeHTHhl B Marpurie C' pacrmoiOKeHbl HE TaM, T
OHU OBLIN B IPEIIIECTBYIOIIEH CHCTEME PABEHCTB, & HA CHMMETPUIHBIX OTHOCUTEIHHO
AAarOHAIU TIO3UINIX.

Yeaosue mozo, 4mobv, HabOP AUHETHLT KOMOUHGUUT SNEMENTNOE 0A3UCA CHOBA ObLA
basucom. Mampuya nepexoda.

Teopema 4. ITycms uq,...,Uu, — 6a3uc 6eKMOPHO20 NPocmparncmen Had nosem k, u
NYCMb V1, ..., Uy, — GEKMOPLL U3 V, c8A3AHHBIE ¢ DA3UCOM COOMHOULEHUEM

(U1, vy Um) = (U1, ..., upn)C,

2de C € kK™ — mampuue ¢ xomnonenmamu u3 k. Jas mozo, 4mobb, 6exmopst
V1« v vy U MOACE COCTNAGAAN Oa3UC NpocMparcmea V , neobxodumo u docmamouno,
wmobo, mampuya C Goiaa 06pamumot mampuyel (omxyda, 6 wacmuocmu, caedyem,
wmo m = n).



oxasameavemeo. Heobxodumocmo. Ilyctbuy, . .., v, — 6a3uc V; TOrma BEKTOPHI UC-
XOTHOIr0 0a3KCa ABJIAITCH JTUHEHHBIMY KOMOMHALIASAMA BEKTOPOB U1, - . - , Uy, U IIOTOMY
CyWIECTBYeT Takad Marpuna D € k™*™ gro

(Ugy.eoytupn) = (V1,...,Um)D.

Ms! nosydaeM Temeps:

(U1y .o oyun) By = (U1, ... un) = (1,...,0m)D =
= ((ul,...,un)C')D = (u1,...,un)(CD).

Takum 06pa30oM, IPOU3BEICHAA CTPOKK U3 JTMHEHHO HE3ABUCUMbBIX BEKTOPOB (U1, . - . , Uy )
ua Marputiel F,, CD € k"*" cosnajaior; caenosareasuo, CD = FE,. TouHo Tak xKe
nokasoieaeM, uro DC = E,,. Paseucrea CD = E,, DC = E,, o3uagaior, yro D —
obparnas Kk C' marpuna, a sHauuT, Mmarpuna C obparuma.

Locmamounocme. 3aMeTnM, 9TO PA3MEPHOCTD TTPOCTPAHCTBA V' paBHA KOTHIECTBY
7 3JEMEHTOB B 0a3uce Ui, ..., U,. Ilycrs marpuna C obparnma; TOrJa OHA HEOOXO-
JUMO SIBJISIETCS KBaJApaTHOH Marpureit, T.e. m = n = dim V. JoMHOX)ast 0be gacTu
COOTHOIIIEHU S

(v1y..y0n) = (U1, ..., un)C

na mMarpuny C~1) nonyuaum, uro (uq,...,u,) = (vi,...,v,)C™L, orkyna BuaHO, YTO
BCE BEKTOPBI DAZUCA U, . . . , Uy ABJISIOTCS JIMHEHHBIMYA KOMOWHAITUSIMA BEKTOPOB VU1, - . . , Up,.
TTockonmbKy BesKmit BeKTOp u3 V — nuHeliHast KOMOMHAINST DA3UCHBIX BEKTOPOB U, . . . , Up,
IO TPAH3UTUBHOCTY JIMHEHHBIX KOMOWHAIINI OTCIO/IA CJIEIyeT, YTO BCAKHN BEKTOD U3
V — nuneiHas KOMOMHAIMA BEKTOPOB V1, . . . , Up. 1L03TOMY BEKTOPBI V1, . . . , Uy, TIOPOK-
JIAIOT TPOCTPAHCTBO V5 HO UX KOJUYECTBO N PABHO Pa3MEPHOCTH MpocTpancTBa V, u
TTOITOMY OHH COCTaBJsTIOT Gazuc V.

IlycTb uy, ..., Up, V1, ...,V — ABa 6a3WCa BEKTOPHOTO TPOCTPAHCTBa V HAJ, TOJIEM
k; obparumas marpuna C € ky, takas ato (v1,...,0,) = (u1,...,u,)C (oHA Cyme-
CTBYET 1O [IPE/JIOKEHHIO 9 U eJIMHCTBEHHA 110 IIPEJJIOKEHUIO 8) HA3BIBAETCs MATPHIIEH
repexoaa ot basuca uq, . . ., U, K 0a3uCy v1,. .., Up.

IIpenmoxenune 10. ITycmv uy,..., U, u},...,u,, — dea 6asuca 6eKMOPHO20 NPO-
emparemea V' nad nosem k, u nycms C — mampuya nepexoda om nepeoz2o 6asuca Ko
emopomy. ITycmo, danee, (a1,...,a,)T, (af,...,al)T — cmoabyw woopdunam nexo-
mopozo eexmopa v € V 6 nepsom u emopom basucax. Tozda

(65} a

o, o,

Zoxasameavcmeo. OB6o3HAMMM 71 KPATKOCTH CTOJIONBI KoOpAMHAT (avg, ... ,am)
(af,...,al)T gepes X, X'. U3 onpenenenuii cTon61a KOOPJAUHAT U MATPHUIIBI TIEPEXO/IA
TTOJTyYaeM COOTHOIITEHN ST

v=(Ut,...,up)X = (ul,...,ul)X’, (W), eeyul) = (ug, ..., u,)C;

n

OTOMY
(U un) X = (U, ul) X = ((u,. . un)O) X = (u1, ..., u,)(CXT),

orkyaa caeayer, 9ro X = C X', 10TOMY 9TO BEKTOPBL U, . . . , Uy, JUHEHHO HE3ABUCHU-
MBIL.

IIpenmoxenne 11. Ilycms Uy, ..., Up; V1, ..., Up; Wi, ..., Wy — MPU 0G3UCGL 6EKMOP-
Hno20 npocmpancmea V. nad nosem k, u nycmov C' — mampuya nepexoda om basuca
ULy ..., Uy K OG3UCY V1, - .., Uy, & D — mampuya nepexoda om ba3uca v1,...,0, & 0a-
3UCY W1, - . ., Wy,. To2da mampuya nepexoda om 6a3uca Uy, . . . , Uy K 6A3UCY W1, . .., Wy,
pasna CD, a mampuya nepexoda om 6a3uca v1, . . ., Uy K 6a3UCY Ui, . . . , Uy, poena C L.



Zoxasamesvcmeo. Tlo onpeneseHnio MaTPUIB IIEPEXOIA
(U1, y0n) = (U1, ..., Uuy)C, (wi, ..., wy) = (v1,...,0,)D,
OTKYZa CJIEILYET, YTO
(wy,...,wp) = (v1,...,0,)D = ((ul, ... ,un)C’)D = (u1,...,un)(CD),

a 310 3Ha4uT, uro C'D — marpuua nepexona or 6asuca uy, . . . , U, K 0a3UCy Wi, . . . , Wy.
TouHO Tak Ke pPAaBEHCTBO

(U, .. un) = (u1,...,un)(CC™H) = ((ur,...,u,)C)C™ = (v1,...,0,)C "

nokazeBaet, uro C ™1 — MaTpuIa Hepexona oT 6a3UCA, U, . . ., Uy K OABUCY Ui, . . . , Up.

3. PAHT MATPHUIIBI

Onpedeaenue parza mampuyst. llycrs A € K™*™ — Marpuiia ¢ KOMIOHEHTAMU W3

nosist k, COCTOSAMIASA U3 M CTPOK U N cToj010B. Torma Bce cToiabubl MaTpuibl A mpu-
HajeKaT apudMeTndeckoMy BeKTOpHOMY mpocrpanctBy k™. Jlumeiinas obosmouka
CTOJIONOB ABIILETCST MOIPOCTPAHCTBOM M-MEPHOTO TpocTpaHcTBa k™ U moTOoMy KO-
HEYHOMEPHA, €€ PA3MEPHOCTH HA3BIBACTCS PAHTOM MaTpUIlhl A n obo3unauaercs rank A.
ScnHo, uro panr Mmarpunibt A € k"™ He GoJIbIe KOJIUYECTBA 1 CTOJIOIOB, MTOPOXK IAT0-
IUX JITHEHHYIO 000JI0UKY, U He DOJIbINE KOJMUIECTBA M CTPOK MATPUILHI, TOTOMY YTO
Pa3MEPHOCTh JIMHEHHON 000J0YKH, SIBIMIONIEHC MTOAIPOCTPAHCTBOM TPOCTPAHCTBA
k™, we 6oapme dim k™ = m.

Pane npoussedenua mampuy. Ciemyroniee modTH TPUBUAIBHOE YTBEPIKIEHNE OKa3bI-
BAETCSH 9aCTO MOJIE3HBIM.

ITpemoxenue 1. Ilycms A, B — dee mampuub, ¢ Komnornenmamu usd noas k, co-
cmoswue u3 00uRaKo6020 wucaa cmpok. Ecau cywecmeyem makas mampuya X ¢
womnouenmamu u3 k, wvmo B = AX, mo ece cmoabuv, mampuuyvs B asasromces
AUHETHUMUY KOMOUHAUUAMU cmoabuoe mampuyb A. Obpamno, ecau 6ce cmoabube
MAMPUYL, B ABAAOMCA AUHETHOMU KOMOUHGUUAMY CMOAOY0E8 Mampuyse A, mo cy-
weemeyem maxas mampuya X ¢ xomnonenmamu uz k, wmo B = AX.

Zloxasameavcmeo. Ilycrs
A Ay By By,
a=  |.na= 1 | b= : |,....bp=] :
A Amn B By
— cronbupr marpun A, B, n nycrs X € k™*P — rakasg marpuna, 9o B = AX | r.e.
(by ... by)=(a1 ... an)X.

TlockonbKY MATPHUIIBI, pA30UTHIE HA OJIOKH, MOXKHO MEPEMHOYKATDH, KaK eC/iu ObI OJI0KH
ObLIM 3J€MEHTAMH MATPHUIl, MBI OJydaeM, 9To Ajd joboro j, 1 < j < p cromber
by = Xy +...+a, Xy = Xyja1 +... + X0, apiagercd jauneiinoil komMOuHaluei
CTOJIOIOB a1, ..., Oy,

O6patHO, TycTh BCe CTONONBI b ABIAIOTCA THHEHHBIMI KOMOWHATIAMHA CTOJIOIOB
ai,...,a,. Torga cymecTByloT Takne 37MeMeHTH o;; € k, 1 <4 < n, 1 < j < p, 910
b; = ayja1 + ... 4+ ap;0, 4049 BCEX j, & 9TO 3HAYUT, 9TO

B=(by ... b)=(a ... a)|..... e A RN

Caencrsue. [lycmo k — nose, u nycmv A € k™*" B € k"*P. Toeda rank AB <
rank A, rank AB < rank B.



Joxazamesvcmeo. Tlo npenpiaymemMy MpeioKeHUI0 BCe CTOMOIBI MaTpUIlbl A B npu-
HaJJ1exKaT JuHeHON 000/I09Ke CTOIDLOB MAaTPULBL A, K I03TOMY JuHEHHAs 000J109Ka,
cTon610B Marpuibl AB aBisieTCs IOAINPOCTPAHCTBOM JIMHEHHOH 00010YKK CTOIOIOB
marpunpl A. TTosromy panr marpunnsl AB, paBHbI pa3sMepHOCTH JUMHERHONR 000109-
KI €€ CTONOLOB, He OOJIbIIe PA3MEPHOCTH JUHEHHOH 000/I09KH CTOIOH0B MaTpuLbl A,
KOTOpast paBHa paHry A.

YyTh clIokHEe JOKA3bIBAETCs BTOpoe yTBepxKaenne. Ilycrs r = rank B m mycrh
B’ € kP*" — marpuma, cTOROIBI KOTOPOH COCTABIAIOT 6a3uC JUHEHHOH 000J0YKH
crosiboB Marpuiibl B. Bee cronbipl maTputipl B sIBASIOTCS JTUHEHHBIMA KOMOWHA-
IUSIMA CTONOIOB MaTrpuisl B', m mo npemimoxennto 1 CymECTByeT Takas MATPHIA
X € k™*P uaro B = B'X. Torma nmo yxe JOKAa3aHHOMY TICPBOMY YTBEPIKJICHUIO CIIC]-
creus rank AB = rank A(B'X) = rank(AB’)X < rank AB’. Ho marpuna AB’ cocro-

WUT U3 T CTOJOIIOB, TTOITOMY €€ PAHT He MOXKET OBbITH OOJIBIIE T, M MBI TIOJYIaeM:

rank AB < rank AB’ < r = rank B.

Hneapuanmuocms panza npu asemenmaphvtx npeobpasosanuar. OmHO U3 OCHOBHBIX
CBOICTB paHra MaTPHUIIBI — €r0 MHBAPUAHTHOCTD IIPU JIEMEHTAPHBIX IPEO0OPaA30BaAHN-
AX.

Teopema 1. Pamz mMampuys, HE MEHAECMCA NPU YMHOHCEHUU MAMPUUDL CAEEE UAY
CNPasa 1a obpamumyio mempuyy. B wacmmuocmu, pane mampuyst ne MEHAECCA NPU
INEMEHMAPHBLT NPEOOPAZOSAHUAT HAD CMPOKAMU UAU HAO CTNOAOUAMU MATPUYDL.

(HanmomHWM, 9TO 3J€MeHTapHBIE TPEOOPA30BAHNS HAJ MATPHUIEH — 3TO YMHOKEHHE
MarTpulpl CleBa WM CIIpaBa Ha 3JeMeHTapHble MaTPUIlbl, KOTOPbIe, KaK Mbl BUIEJIN
paHbllle, OOPATUMBI).

Zoxasameavcmeo. Ilycts A marpria ¢ KOMIOHEHTaMH U3 10 k, u nyctb B = AX,
C =YA, roe X, Y — obparumble MATpUIBLI ¢ KOMIOHeHTamMu u3 k. ITo Toapko 9To
JIOKa3aHHOMY CJIEJICTBUIO TIPEITIOYKeHust 1

rank B = rank AX <rank A, rank C' = rank Y A < rank A.
C apyroit cropons;, A = AE = A(XX™!) = (AX)X ! = BX~!, u touno rax »xe
A =Y~1C; no Tomy e creacTBHIO

rank A = rank BX ! < rank B, rank A = rank Y ~'C < rank C.

Pane cmynenvamot mampuys. Kak MBI 3HaEM, MPH TTOMOIIH 3J€MEHTAPHBIX Mpeod-
Pa30BaHUIl HAJT CTPOYKAMY MATPUILA, MOXKET OBITH CIEJIAHa, CTYIeHIATON. DIeMeHTap-
Hble MpeoOPA30OBAHNS HE MEHSIIOT PAHT, HOITOMY €CJU MbI OYIeM yMeTb BBIUYUC/ISITH
PaHT CTYNEHYATHIX MATPUI], MbI CMOYXKEeM Ha#Tu par soboi marpursl. Ho panr cry-
MEeHYaTOW MaTPHUIIbl HANTU OY€Hb OPOCTO.

Teopema 2. Pane cmynenwamot Mampuyst ¢ KOMNOHEHMAMY U3 NOAAL PABEH YUCAY
HEHYACEHLT CINPOK ITNOT MATRPUUDLL (UAU, YO MO JICE, YUCAY CTRYNEHER).

Joxazameavcmeo. Hamomuum, uro marpura A € k™*" Ha3bIBAETCS CTYNEHYATOMH,

€CJI CYIIECTBYIOT TAKHE YUCHA Ty j1y...,0r, 9TO0 < r <m, 1 <51 < ... <jpr<nm
BBITIOTHSTIOTCS YCJIOBHS:
(1) A1j1 = ... = Arj,. = 1;

(2) ecrm s <rmi#s, 10 Ay, =0;

(3) ecnim i > 1, 10 Aj; =0 qa Beex j, 1 < j < ny

(4) ecmn i <7, j < ji, 10 Ajj = 0.
U3 ycaosuii (1) u (2) Mbl Buaum, 910 B jo-M croubie marpunbl A s-ii siemMeHT pa-
BeH 1, a Bce ocTajibHbIE 3/leMeHThl paBHbI . Takum 0bpazoM, js-it CcTOIOEIT MATPUITHI
A coBIasaeT ¢ BEKTOPOM €; U3 KAHOHMYECKOTO Hazuca {e1,...,e;,} IPOCTPAHCTBA



cronbios k™. BekTops! €1, ..., e, IUHEHHO HE3ABUCUMBI; B TO YK€ BpeMs BCE CTOJO-
bl Marpulpbl A — ux auHeliHble KOMOUHAIMY, TIOCKOJIbKY 110 YCJIOBUIO (3) HeHyJeBble
9JIEMEHTBI €CTh TOJBKO B IEPBBIX 7 cTpokax marpunbl A. Takmm o6pasom, BEKTOPHI
€1,...,6€r COCTABIAIOT 0A3KMC JHHEHAHON 000/09KK cTONOHOB MaTpunbl A, m moromy
Pa3MEpPHOCTh 3TOH JuHEHHOH 00onoukn pasHa r. Ho mo ompenenennio panra MMeHHO
9Ta PA3MEPHOCTh U €CTh PAHT MaTPUILI A.

Er 07‘><t
(Osxr Osxt) )

2de B, — edunuvnas mampuya nopadxa v > 0, a 07t 05%7  05%t — yyaesvie mam-
DU, PAGEH T

Caencrsue. Pane mampuisbe

DTO yTBEPKIEHNE — OYEBUIHOE CJIEICTBUE TEOPEMBI 2: YKA3aHHAs B €ro (popMyu-
POBKE MaTpHIla ABJIAETCA CTYIIeHYATOI.

Panz mparcnonuposarnnoti mampuuyss. B onpeseneHuu panra CTPOKU U CTOJIOIBI MAT-
pulibl Urpasu pasHbie Posu. Mbl MOKazKeM, 9TO HA CAMOM J€Ji€ OHU PABHOIIPABHBI 110
OTHOITIEHUIO K PAHTY.

Teopema 3. IIycme A — Mampuya ¢ KOMROKERMAMU U3 HeKOMOPozo noas k. Toeda
rank AT = rank A.

Zoxasameavcmeo. Mbl Bumenu, 9To CyIIeCTBYIOT Takue obparuMbie MaTpuilsl X, Y,

TaKue 4YTO ¢
Er 0%
XAY = (OSXT 05><t> ’

rie F, — equanunad Marpuia mopaika r > 0, a 07Xt 0°%7, Torma

Er Or><t T Er Qrxs
VIATXT = (XAY)T - <Os><r 05><t> - <0t><r 0t><s> )

npugem Marpunpl X, YT Toxe obparumer. 1lo Teopeme 1 m ClIemCTBHIO TEOPEMbI 2
MBI TTOJTY 9aeM:

E O’r><t
rank A = rank X AY = rank (OSXTT 0‘“”) =r=

E. 07 T AT % T T
= rank otxr  otxs | = rankY A" X" =rank A".

[MockombKy cTonbup Marputisl AT aengiores crpokamu MaTpurbl A, Mbl IoJTy4aem
CIIeyIoIee

Caencreue. Pasmeprocmv AuHeliHOT 00040%KY CMPOK MAMPUUDBL PAEHA €€ DAH2Y.

Takum 06pa3oM, paHT MATPUITHEI MOKHO OBLTO OBI ONPENeIaTh HE TOJBKO KaK pa3-
MEPHOCTD JUHEHHON 000JIOYKN CTOIOIOB MATPHIIHI, HO M KaK PA3MEPHOCTH JIMHEHAHOM
000JTOYKH ee CTPOK.

Heswvipoorcdennve mampuuynt. Ilycrs k — mone. Ksagparaas Marpuia mopsaka n
KOMTIOHEHTaM¥ 13 k HA3bIBAETCsT HEBBIPDOXKIEHHOM, ecyin ee paHr paseH n. Kcrs MHOTO
YTBEPKIEHUHN, PABHOCUIBHBIX YKA3AHHOMY CBOWCTBY.

J— knxn

Teopema 4. ITycmv k — nose, u nycms A € k, — K6a0PAMHAA MAMPUUL C

rKomnonenmamu ug k. Caedyroujue yeaoeus pasHOCUAbIbL:
(1) mampuuya A neewiposicdera;
(2) pasmeprocms aunelnot 060a0uKY cMosbU08 mampuyss A pasna n;
(3) pasmeprocms aunetinot 060404KY cMPox Mampuust A pasna n;
(4) cmoabub mampuyst A Auneline HE3A6UCUMbL;



(5) cmporu mampuybt A AUHETHO HE3AGUCUMDL;

(6) cmoabuyb mampuuse A noposicdarom npocmparnemeo cmoabuyos k™ ;

(7) cmporu mampuybe A noposicdarom npocmparncmeo cmpox k1*";

(8) mampuuya A obpamuma;

(9) mampuya A npedcmasanemcs 6 sude NPouU3EEIEHUS IACMEHTAPHOLT MATNDULY,

Zoxasameavcmeo. (1) < (2), (1) & (3) — npocro nepedpasupoOBKH OIPEIETICHHI:
MaTPHUIIA HEBBIPOXKJIEHA, KOTIA €€ PAHT, T.e. PA3MEPHOCTH JIHHEHHOU O0DOMOUKM ee
cT0s16110B (CTPOK), paBeH n.

(2) = (6). JTureitnas o6omovKa cTOMGIOB MATPUIET A ipencrasaser coboi Toampo-
CTPAaHCTBO MPOCTPAHCTBA cToJ01H0B k™. Ecau pasMepHOCTH 3TOro MOAIPOCTPAHCTBA,
COBIIAJIAET € PA3MEPHOCTHIO N BCErO MPOCTPAHCTBA k™, TO MOANIPOCTPAHCTBO COBIAIA-
€T CO BCEM MPOCTPAHCTBOM, T.€. k™ SIBJISIeTCST TNHEHHON 000I0YKON CTONOIIOB MATPUITHI
A, a 3T0 U 3HAYUT, YTO CTOIOLBI MATPULLL A MOPOXKIAIOT IPOCTPAHCTEO CTOJOIOB k™.

(6) = (4). Eciu n croabrios Marpunpl A NOPOXKAAIOT TPOCTPAHCTBO k™, pazmep-
HOCTH KOTOPOTO PaBHA 7, TO OHU JIMHEHHO HE3ABUCUMBI.

(4) = (2). Ecm n cronfnos MaTpunbl A THHERHO HE3ABHCUMBI, TO PA3MEPHOCTD UX
JIHeHOM 00010uKY He MeHbIe . C Apyroii CTOPOHBI, JTHHEHasT 000JI0YKa, CTOJIOIIOB
MAaTPHUIIBI COAEP:KUTC B k™, ¥ IOTOMY ee pa3MepHOCTh He Dosbirne, yem dim k™ = n.

TouHo Tak ke JoKasbBaercd, 9ro (3) = (7) = (5) = (3).

(1) = (8). Cymectsytor Takme obparumbre Marpuisl X, Y, uro X AY = B, rne

Marpuna B nMeer Bug,
E 0r><t
B= <0t>:7' Otxt)

(3mech t = m — r). TIOCKONIBKY TIpU YMHOMKEHUH HA OOpATHMbIE MATPUIBI PAHT HE
MeHseTCs, Mbl TioJiydaeM, uro rank A = rank B = r; eciiu A — HeBBIDOKIEHHAA MaT-
puiia, To r = rank A = n, a Torma mnoaydaercd, 4ro B — enuHudHasg marpuna. Mrax,
XAY = FE, oTKyz#a CIemyer, 9To MaTPHUIA,

A= (X'X)AYY H) =X XAY)Y '=X"'Ey ' =X"'y!

[PEICTABIAETCS B BUIE IIPOM3BeIeHHs oOpaTuMbIx Marpun X 1, Y1, a moTomy m
cama obparuma.

(8) = (1). Eciin marpunia A obparuMa, TO OHA MOIYIAETCA YMHOKEHUEM eIUHUY-
HO# Marpursl F #a obparumyto Marpuity A. [lockoabKy mpu yMHOKEHUH Ha 00paTH-
MYIO MAQTPHILY PAHT MATPHUIILI HE MEHSIeTCs, MbI mojy4daem, uro rank A = rank F = n,
T.e. MaTpula A HEBBIPOKIEHA.

(8) & (9) — OBLIO MOKA3aHO paHee.

B crenyrormeit riiaBe Mbl 700ABUM K 9THM JEBATH XaPAKTEPU3ANUAM HEBBIPOXK ICH-
HBIX MATPWUIL eIlle O/THY — B TEPMHUHAX ONPEIeTUTENS MATPHUIIHI.

Pane xax maxcumasvhibiii nopadok nesviposicdennunr nodmampuy. Ilycrs A € k™™
— HeKoTopasd Marpuna, n myctb 1 < i1 < ... <1, <m, 1 < j; < ... < j; <n.
IMonmarpuneit Mmarpunst A, COCTaBIEHHON U3 CTPOK C HOMEPAMH i1, . . . , i H CTONOIOB
C HOMEPaMHU j1,. .., jq MBI Ha3bIBaeM MaTDUILY
) Ai1j1 Aiqu
_71---~~,,?q —
e =
A A

Teopema 5. I[Tycmv A — mampuua ¢ Komnorwewmamu u3 noas k, panz Komopot pasen
r. Tozda ece xeadpammvie nodmampuyse mampuuyb, A, nopadok Komopwuix boavwe T,
BLIPONCOEHB, HO 6 MaMPuye A CYwecmeyem HesuPOHCOEHHAA KEaOPamHtaL NooMam-
PUYE nopadka T.



Sameuanne. Panee daa panza Mampuyss Yy Hac 6v40 064 onpedeseHus: 3mo pasmep-
HOCTL AUHETHOT 060A0WKU CTOADU0E MAMPULDL U PAZMEPHOCTL AUHETHOT 000A0MKU
cmpor, mampuyst. B xascdom us nur cmoabubt u cmpoku uzpaiom pasuoie posu. baa-
20daps meopeme § Mot moocem damsv euse 00no onpedesenue, 8 KOMOPOM CMPOKU U
CMOoAbUDL 8000UWE HE YNOMUHANOMCA: PAHZ HEHYALEOT MAMPUYD, — IMO HaubosbULEE
YUCAO T, TAKOE, MO CPEOU KEAOPATHHL NOOMATMPUY, MATPUYDE A, UMEIOWUT NO-
PACOK T, eCMb HEGUPOHCIEHHBIE MamPuybl. Bo mmozur yuebhukar panz mampuibt
UMEHHO MAK U ONPEJeAsemea.

Zloxaszameavcmeo. Bce BhITEKAET M3 CHEIYIONINX ABYX JIEMM.

Jlemma 1. ITyecmv B — mampuya ¢ Komnowenmamu u3 noas k, panz xomopot pa-
een r. Tozda pane mo6oti nodmampuys, mampuuyb, B, cocmasiennoli us HECKONKUL
CMoAbY08 U 6CeT CMpPokx mMampuub, B, ne boavue T, HO HOTemca Nnodmampuya parea
7, COCTNABAECHNAA U3 KAKUL-MO T CMOAOUOE U 6CeL CMPOr mampuyb, B.

Jlemma 2. ITycmv B — mampuya ¢ Komnonewmamu u3 noas k, pane xomopot pa-
een 1. Tozda pane 41060t nodmampuyb, mampuuybt B, cocmasiennoti us HeCKONbKUL
CMPOK U 8CexT CMOAOU06 Mampuub, B, He boavue T, HO HATIEMCA NOOIMAMPUUAL POH2G
T, COCTNABAEHHAA U3 KAKUL-TO T CMPOK U GCEL CMOAOUOE MampPUub, B.

JelicTBUTENBHO, U3 3TUX JIEMM CJIEyeT, YTO PAHT JII0OOH MOAMATPUIIEI MATPUIIHI
A ue Gosbiie parra A, u mosToMy m0Hast KBAAPATHAS TOIMATPUIA TIOPSATOK KOTOPOH
Goabiue r = rank A, seipoxkena. Janee, no memme 1 nafigyres r cToa610B MATPUIIBL
A ¢ momepavu 1 < ji < ... < j, <n, Takux 9r0 panr marpuisl B = A{! 0" pasen
7, a [0 JeMMe 2 HaiiayTcs r cTpok Marpunsl B ¢ nHomepavu 1 < i1 < ... < i < m,
TaK®WX 9TO paHr moamarpuibl C' MaTpuner B, cocTaBmeHHOI U3 9TUX CTPOK, PaBeH 7.
Ho scuo, uro C' = Al’llfr, rakuM obpazom, C' KBajapaTHas TOAMATPUIIA MATPUITET A
MOPSIKA T; OHA HEBBIPOKJEHA, TOTOMY YTO €€ PAHT PaBeH 7.

Ocramoch yoeauThCs B CIPABEIJIMBOCTU JeMM 1, 2; OHM JTOKA3bIBAIOTCH OIUHAKO-
BO, IO3TOMY MbI OT'PAHUIUMCS JIUIIb JTOKA3aTeJTbCTBOM JemMMmbl 1. Ilycts by,..., 0,
— crojbusl Marpuibl B, u nycrs C' — moaMarpuiia MaTpunbl B, COCTABIEHHAsT U3
cronbuos bj,,...,b; (1 <j1 <...<jg <n);rorma (bj,,...,b; ) C (by,...,b,), n
MOTOMY

rank C' = dim(bj,,...,b; ) < dim(by,...,b,) = rank B =r.

Mycrs Teepb ¢ = r; cToabuwt by, . . ., by, nopokgaooT nuHeiiny0 060109Ky (b1, ..., by,),
U [03TOMY CTOJIOUBL by, , ..., bj , u3 KoTopbIx cocrout Marpuia C, MOXKHO BbIOPATH
TaK, 4TOOb! OHI 00pa30BbIBaY 6a3uc 91oil uuenoit obonouku. Torma (bj,, ..., b; ) =
(b1,...,b,) u moTtomy

rank C' = dim(b ,bj ) =dim(by,...,b,) =rank B =r.

Gurees

4. TEOPEMBI O CYILIECTBOBAHUU U CTPYKTYPE MHOYKECTBA PEIIEHUNI
CUCTEM JIMHENHBIX YPABHEHU

Yeaosua paspewsumocmu cucmems, SUHEGHNT Ypaskenut. B 9TOM myHKTE MBI HCCIIe-
AyeM CUCTeMY JUHEHHbIX ypPaBHEHUN
ail T1+aiz Tz + - +ar, = by,

(%) a1 1+ ax T2 + - +apT, = b,

Am1Z1 + AGm2T2 + ++ FamnTn = bm



C cucremoii (*) CBA3aHbI JBE MATPUIIHI

a11 a2 ... A1n ail a2 ... A1n b1
A= a21 az2 ... a2n 7 B = azi a2 ... a2n bo 7
Am1 Am?2 Amn Am1 Am2 Amn bm

KOTOPBIE HA3BIBAIOTCA COOTBETCTBEHHO MATPUIIEH CUCTEMbBI U PACIIKPEHHON MaTpUIlei
CHUCTEMBI.

Cirenytoriasi TeopeMa yKa3bIBAET HEOOXOIUMOE U JJOCTATOYHOE YCJOBUE Pa3periiu-
MOCTH CHCTEMBI (k).

Teopema 1 (Teopema Kpomekepa-Kamenmu). Cucmema (%) umeem zoms G
00H0 pewerue mozda U Moabko mozda, %0206 Panz MAMPUUbLL CUCTNEMbL DAGEH DUH-
2y ee pacwupennolt mampuys,. Ecau cucmema umeem pewenue, mo 3mo peusenue
edunemeenno mozda u moavko moezda, xK020a PaHz MAMPUYBL CUCTIEMbE DAGEH “YUCAY
HEUBBECTNHOLT.

Zoxasameavcmeo. llyctn

aii a12 A1n by

a21 a22 A2n by
a; = . , 02 = . g ey T . ; b=

am1 am?2 Amn an

— cTosdupl MaTpunpl cucteMbl A u croaben ¢cBOCOMHBIX 4IEHOB. JInneiinaa 060109-
Ka (a1, 0, ...,0,) CTOJOIOB MATPUIIBI CUCTEMbI SBJISIETCS MOAMTPOCTPAHCTBOM JIMHEI-
HOIt o6ostouku (a1, da, ..., 0y, b) cTONONOB pacumpentHoii marpunbl. Eciu y cucre-
MBI €CTh PEIIEeHNE (1, X3, ..., Ay, TO, OUEBUIHO, (101 + Qs + ... + a0, = b, T.e.
b e (a,as,...,a,) unoromy (ay,0,...,0,) = (aj,ds,...,dy,,b); HO TOrAA

rank A = dim(ay, as,...,a,) = dim{ay,as, ..., a,, b) = rank B.

O6parsno, ecin rank A = rank B, to

dim({ay, as,...,a,) = rank A = rank B = dim{ay, as, ..., a,, b),
T.€. PA3MEPHOCTH MOANPOCTPAHCTBEA, (A1, G2, . - . , 0y ) PABHA PA3BMEPHOCTH COJEPIKAIIETO
€ro MPOCTPAHCTBA (1,0, ..., 0y, B), & TOTOMY MOANPOCTPAHCTBO COBIAIAET CO BCEM
npocrpancTsoM. B actHocTH, crober b € (a1, as, ..., a,,b) = (ai,a9,...,0a,) gABjs-
ercs JIMHENHOM KoMOWHAImeil cTobIoB a1, ds, ..., 0y, U IOTOMY CYIIECTBYIOT TaKHe
a1,Q02,...,0, €k, 970 q101 + @02 + . .. + a0, = b. Ho 310 cooTHOIIEHNE O3HAMAET,
YTO (U1, (3, . . ., (U — PEIIEHUE CHCTEMBI ().

IIycrs aq,Q9,...,an, B1,02,..., 0, — /Ba Pa3/jid4YHbIX PELIEHUs] CUCTEMbI, TOLJA
XOTsI ObI OIWH U3 3JEMEHTOB o — (1,2 — B2, ..., 0 — (B, oTauden or 0, HO

(1 =PB1)a1+...+(an—LBn)an = (1o +...+apa,) — (frar+...+Bpa,) =b—b =10,

a 9TO 3HAYUT, YTO CTOJONBL 01, A2, . . ., (), JUHEHHO 3ABUCUMBI, U TIOTOMY Pa3MEPHOCTH
X JTUHEHHOH 000J0YKM MEHBIIEe, YeM UHUCJIO CTOJIOIOB, T.€.

rank A = dim({ay, ag,...,a,) < n.

O6parso, nycrb rank A # n; HOCKOJIbLKY PAHr MaTPUILL He OOJIbIIe KOJAYECTBa N
ee croabLoB, U3 3TOro IPeAoaoKeHus ciaeayer, 4ro rank A < n. Toraa

dim(ay, ag,...,a,) =rank A < n,

¥ TIOTOMY CTOJIOIBI (1, Ao, . . . , Oy, JUHEHHO 3aBUCHMBI, 8 3HAYHUT, CYIIECTBYIOT dJIE€MEH-
TBL V1,72, - - - » Vn, HE Bce papable 0 U Takue, 410 Y101 + Y202 + ... + Yp0, = 6. Ecin
cucTeMa (*) UMEET PEIIEHUE V1, (g, . . ., Qp, TO (101 + . .. + @pa, = b, U HoTOMY

(a1 +71)ar+. ..+ (an+yn)a, = (o +. ..+ anay)+ (a1 +. .. +y,0,) = b+60 = b.



Takum 06pazom, a1 + V1,2 + Y2, - .., QA + Yp — TOXKE PEIIEHUE CUCTEMBI (%), ¥ OHO
OTINYaeTCs OT UCXOMHOTO PEIIeHH (v, Qla, . - . , Qly, TIOTOMY 9TO XOTs OBl OIUH U3 3JIe-
MeHTOB 7y; ornuded ot 0. Urtak, ecnu cucrema () mmeer pemenue u rank A # n, To
5TO pelleHre He eJIUHCTBEHHOE.

O meopeme Kpamepa. Boiie Mbl Bumen n, 970 CUCTEMA N YPABHEHUH ¢ N HEM3BECTHBI-
MH, MaTPHUIA KOTOPO# obpaTnMa, nMeeT eJuHCcTBeHHoe perenne. [Tokaxkem, 4To 10T
ke dakT BhiBoaUTCH M3 reopembl Kponekepa-Kanennu. IIycts A u B — marpuua u
PACHINPEHHAS MATPUIA CUCTEMBI 1 YpaBHEHU ¢ n Hem3BecTHbIMU. OOe ITH MATPUIIHI
COCTOSIT W3 N CTPOK, MOITOMY WX DPAHTH He TIpeBocxonsat n. Jlamee, MOCKOJBKY Jid-
Heiinas 0007104YKa CTOA0IOB MaTpHUILl A comepxKuTca B TuHEAHON 0601049Ke CTOIOO0B
Marpuipbl B, panr Mmarpunbl A He 6oabiie panra marpunsl B. Hakonen, obparnmas
MaTPHIA — 9TO TO K€ CaMoe, YTO HEBBLIPOKIEHHAST MATPHUIA; TOITOMY, €CJIN MATPHUIIA
A obparuma, TO ee panr paseH n. rax, jjs marpunbl A U paclImPEHHONR MaTPHUIIbI
B cucrembl n ypaBHeHMIi C N HEM3BECTHBIMH, MATPHUIA KOTOPOU 00pATUMa, BBITOTHSI-
FOTCSI COOTHOIIEHU ST
n =rank A <rank B < n.

DTO BO3ZMOKHO, TOJIBKO KOTJIa BCE HEPABEHCTBA CTAHOBATCS PABEHCTBAMU, T.€. rank A =
rank B, rank A = n. Ilo Teopeme Kponekepa-Karmemm nepsoe u3 3TUX PaBEHCTB ra-
PaAHTHPYET CYNIECTBOBAHUE PEINEHHsT CUCTEMBI, a BTOPOE — €r0 €IHHCTBEHHOCTb.

Odnopoduvie cucmemvs AuretHux ypasrenud. CucTeMa JUHENHBIX YpaBHEHUN HA3BI-
BAETCsT OMHOPOIHOM, ecinu CBODOIHBIE WIEHBI BCeX ypaBHeHuil cucrembl pasubr 0. Ta-
KUM 00pa30M, OMHOPOIHASA CHCTEMa JTMHEHHBIX YPABHEHMH — 9TO CHCTEMa BHJIA

a1 T1+ a2 o+ +apr, =0,

az1 T1+asy Ty + - +azr, =0,

Am1T1 + AGm2Z2 + -+ +AmpTn = 0.

Ecnn Bcem memzBecTHBIM NpuaaTh 3Hadenue 0, TO MBI MOTYYIHM, OYEBUIHO, PENIEHUE
HaIei OJHOPOIHON CHCTEMbI; OHO HA3bIBAETCH TPUBUAIBHBIM perreHneM. Takum obpa-
30M, y OJHOPOJHON CUCTEMbI JIMHEHHBIX YPABHECHUN BCEr/1a €CTh PelleHue — TPUBUAJIb-
HOe; 9acTO ObIBAET BAYXKHO BBISICHUTDH, €CTh JIU Y CUCTEMbI HETPUBHAJIBHBIE DEIEHUS,
T.e. TAKUE DEIeHUS Q, ..., ,, B KOTOPBIX XOTsS ObI ONWH 3aeMeHT oy, 1 < i < n,
owinued or (. I3 TeopeMbl cpa3y BbIT€KaeT HEOOXOJAMMOE H JIOCTATOYHOE YCJIOBHE
CyIIIECTBOBAHNA HETPUBUAJIBLHOIO DEIIeHUS.

Teopema 2. /Jlaa mozo, 4mobv. 00HOPOOHAA CUCTNEME NUHETHBIT YPABHEHUT UMEAG
HEMPUBUAALHBIE PEUEHUA, HEOOT00UMO U FOCTNAMOYHO, HM0obbL PaH2 MATPULLL 20T
CUCTEMDL ObLA MEHLULE WUCAG HEUSBECTIVHDBIL.

Hoxazamesvemeo. CkazaTh, 9TO y OMHOPOTHON CHCTEMbl JUHEHHBIX YPABHEHUN HeT
HETPUBUAJIBHBIX PelleHuil — 3TO BCe PABHO, YTO CKa3arlb, YTO y HEe €CTb JIUIIb OJHO
pertenue — TpuBuaibaoe. [lo Teopeme Kponekepa-Kamenmm st 370oro HeobXoqumo n
JIOCTATOYHO, YTOOBI PAHT MATPUITHI CHCTEMBI OBLT PABEH YUC/TY HEU3BeCTHRIX. [loaToMy
HETPUBHAJIbHBIE PelIeHNs CYILIEeCTBYIOT TOrJa U TOJIBKO TOIJIA, KOIJa PAHI MaTPUIIHI
CHUCTEMBI HE PABEH YHUCJIY HEM3BECTHBIX; IIOCKOJIBKY PAHT MATPHUIIBI CHCTEMBI HE OOIh-
11e, YeM KOJIMYECTBO ee CTOJIONO0B, KOTOPOE PABHO YUCJIY HEM3BECTHBIX, 3TO BO3MOXKHO
TOTJA ¥ TOJBKO TOTJI4, KOTJI4 PAHT MATPUIIbl CUCTEMBI MEHBIINE YHUCJIA HEM3BECTHBIX.

Hecmvorps Ha TpuBHATBHOCTD TOI TEOPEMBI, ABA CIEACTBUSA U3 HEE OKA3BIBAIOTCS
OYeHb YaCTO IMOJIe3HbIMU.

Caencreue 1. FEcau 6 00nopodhoti cucmeme AUHETHBT YPABHEHUT YUCAO YPAEHEHUT
MEHBULE YUCAL HEUSBECTIHBIT, O CUCTEMA UMEETM HEMPUBULALHOE Peulerue.



Zoxasamesvcmeo. Ilycts A — MaTpuiia OqHOPOTHON CHCTEMBI M JTUHEHHBIX ypaBHe-
HUll ¢ N HeM3BeCTHBIMEU. PaHr Marpuiibl A He BObINeE, 9eM YUCII0 ee CTPOK, T.e. 9UCII0
m ypaBHenuii cucrembl. Ecin m < n, to rank A < m < n, u no reopeme 2 cucrema
HMMEET HETPUBUAJILHBIE DEIIeHUs.

CaencrBue 2. O0nopodhas cucmema 1 AUHETHBLT YPasHeHUul ¢ N HeU38eCMHbLMU
UMEETN, HEMPUBUAALHLE PEULEHUA MO020G U MOAbKO Mmoz2da, Kozda mampuya mot
CUCTEMDL BBLPONCIENQ.

Hoxasameavemeo. Ilycrs A — MaTpuma OOHOPOIHONH CHCTEMBI 1 TMHEAHBIX YPABHEHUA
C M HEM3BECTHBIMM. DTO KBAJIPATHAs MATpHUIA mopsaxka n. 1o Teopeme 2 cucrema
MMEET HETPUBUAJBHBIE PEIIEHUsT TOTJA U TOJBKO TOraa, Korma rank A < n, T.e. Koraa
MaTpuila A BBIPOKIEHA.

Ceasv mescdy mHoMCECTBAMU DeWeHUl HEOHOPOIHOUT U 00HOPOOHOT cucmem. . Mol
y2Ke UCIIOJIB30BaId JIJIs CACTEM JIMHENHBIX YPaBHEHUH MATPUYHYIO 3aIMCh
I b1
Al | =
mn bm.
Teneps MbI e1rie OOJbITIE COKPATHM €€, BBEIsA 0003HAUEHUS I CTOJIOIIOB HEM3BECTHBIX

U CBOOOIHBIX YJICHOB
I b1

’Iﬂ, bm,

TErepb CUCTEMa JIMHEMHBIX ypaBHeHI/Ifl 3alUCHhIBALTCA COBCEM KOPOTKO:
AX =b.

PemmenusavMu 370 crCTeMbl ABJIAIOTCA cToOnB X € k™, Takue uro AXy = b.

Hapsiny ¢ HeomHoponHoii cucremoii nuHeiabx ypaaenuii AX = b mbr 6ynem pac-
CMATPHBATh ONHOPOAHYIO CHCTeMy C TOi ke marpuneii AX = 6. YcranoBuM, Kak
CBSI3aHBI MHOYKECTBA, PEIEHUN 3TUX CUCTEM.

Teopema 3. ITycmo X, C k™ — wmnoocecmea pewenuti HeodHopodnoti cucmembt
AX = b u odnopodnoti cucmemsr ¢ moi orce mampuuyetd AX =0, u nyems Xg € X -
KaKoe-mo peuerue 1eodnopodnuot cucmemnt. Ecau Yy € Y — arwboe pewenue 0dnopod-
Hoti cucmems,, mo Xo + Yy — mooice pewenue Heodnopodnoti cucmemst. Jai 6cakozo
pewenus X1 € X Heodnopodnotli cucmemst Hatidemes maxoe pewenue 00HOPoOHOT
cucmemwvr Yo € ), wmo X1 = Xo + Yp.

amevanue. Ecau mor 0603nauum wepes Xg + L) muoocecmso ecex cmoabuos euda
Xo+ Yy, 2de Yy € Y, mo ymeeporcdenue meopemo, npumem eud: X = Xo + ).

Hoxazameavemeso. Ecn Xg € X, Yy €Y, ro AXy = b, AYy = 6, u noromy
AXo+Yy) = AXo+ AYy=b+0 =0,

a 970 3ua9uT, 9T0 X0+ Yy € X. mycts Tenepsh X1 € X — elnie OHO peleHne HeOTHOPO/I-
HOM cucTeMBbl; 3TO 3HaUuT, uTo AX| = b. Ilonoxum Yy = X1 — Xo; Torna X1 = Xo+Y)
1, KPOMe TOrO,

AYy = A(X; — X)) =AX, —AXp=b—-b=0,
T.e. Yy — pelienre OTHOPOAHON cucTembl, u Yy € ).

ITompobHee 0 cTPOEHUN MHOKECTBA PEITeHN OTHOPOIHON CUCTEMBI JIMHEHHBIX YPAB-
HEHUIl MBI IOTOBOPUM B CJIEIYIONIEM maparpade.



5. JIMHEMHBIE OTOBPAXKEHWS

Onpedeaenue u npumeps, sunetinnr omobpasicenud. Ilycts U u V' — nBa BEKTOPHBIX
IPOCTPAHCTBA HAJ, OOHUM U TeM ke noneM k. Orobpaxkenne A : U — V HaswiBaercs
JIMHEHHBIM, €CIW I MI0OBIX BeKTOpoB u,u € U m moboro a € k BBITOIHAIOTCS
coorromenns A(u 4+ u') = A(u) + A['), Alau) = aA(u).

Yacro ObBaeT curyanms, B koTopoit U u V MOryT paccMaTrpuBaTbCs Kak IIPO-
CTPAHCTBA HAJ pa3HbiMu noasmu. Eciu A aBiagercd nunefinbiM oTobparkenunem U B
V', paccMaTpuBaeMbIME KaK IPOCTPAHCTBA HAJ, mMOseM k, TO MbI TOBOpHM, 9r0 A —
k-nuneiinoe orobpaykeHue, I JIWHEHHOoe 0ToOpaskeHne Hal mojaeM k.

W3 onpenenenus anHefiHOro 0TOOpazkeHns cpazy CaeayioT "mycTaKoBbe TeopeMbr”
O JINHEHHBIX OTOOPAYKEHUIX.

IIpennoxenne 1. ITycmo U, V — sexmophsie npocmparcmea nad noasem k, u nycmo
A — aunetinoe omobpasicerue npocmparcmea U 6 npocmpancmeo V. Tozda:

(1) A(ov) = 9\/;

(2) A(—u) = —A(u) daa awbozo v € U;

(3) A(ui+. —l—un) =A(u1)+. ..+ A(u,) 0as 4060z 6exmopos uy, ..., u, € U;

(4) A(aguy + 4 anty) = atA(ur) + ..+ anA(uy,) daa abur sexmopos
ULy ...y Uy € U U AOOBL O, . .., 0y € k.

Joxasameavcmeo. (1) A(0y) = A0y + 0u) = A(Oy) + A(0y), u noromy

Oy = —Ay) + A(By) = —A(0y) + (A(By) + A(0y)) =
= (—A(fu) + (A(Ov)) + A(Ov) = 0v + A(0y) = A(by).

(2) A(—u) = A((-1)u) = (-1)A(u) = —A(u).

(3) Munykwst 1o n.

(4) Mo onpeznenenunto juneiinoro orobpaskenus A(q;u;) = a;A(u;) ans Beex i,
1 <i < n, arorga no ceoiicray (3)

Alciur + ..o 4 apuy) = a1 A(ur) + ... 4+ an A(uy).

Kak u mpu ompeaenennn mogIpoCTPaHCTBA, TTOAE3HO JATh HECKOIBKO Dosee cabyro
dopmMy ompeneieHus JUHEITHOTO 0TOOPaKeHNS.

IIpennoxenne 2. ITycmo U, V — sexmoproie npocmparcmea Had nosem k, u nycmo
A — omobpasicernue npocmpancmea U 6 npocmpanemeo V. Jlaa mozo, umobv. omobpa-
otcernue A 0biao aunetinbm, neobrodumo u docmamouno, wmobvs das a106bx u, u’' € U
u Mm0b020 o € k evnoanasocs coommouwenue Alau +u') = aA(u) + A(w).

Hoxazamesvcmeo. Heobxomumocts oueBuana: ecan A — nuHeiinoe 0TobpaXKeHue, TO
Alau+u') = Alau) + A(u') = aA(u) + A(u'). Jokaxem nocrarounocts. [lomaras B
coornomennn A(au+u') = aA(u) + A(u') caasana o = 1, a 3arem v’ = 0, nomy4um:

Al o) = ALt o) = 1+ Alw) + AQ) = A(w) + AG),
Alau) = Alau + 0) = aA(u) + A(0) = aA(u) + 0 = aA(u),

a 3TO U 3HAYWT, YTO OTODpakenune A JTHHEHHO.

B nmambreiimem Mbl He 6ymeM OOBIYHO MOTIEPKUBATDH (DYHKIIMOHATBHBIN XapakTep
JIMHEHHOTO OTOOpasKeHUsT U PACCMATPUBATDH €ro JIEHCTBAE HA BEKTOP KAK yMHOXKEHUE;
mo3TOMY OOBIMHO MBI Oymem mucarh Au Bmecto A(u).

[TouTu Best MaTeMaTHKa 3aHUMAETCSI UCCIETOBAHNEM JIMHEHHBIX oToOpaxkenuit. [Tpu-
B€JIEM JINIIb HECKOJIBKO IIPUMEPOB.

1. TIpoek1ust BEKTOPOB B TPEXMEPHOM M€OMETPHUIECKOM TTPOCTPAHCTBE HA KAKYIO-TO
ITOCKOCTD WJIM TIPSIMYTO — JIMHEHHOe 0TOOpaskeHue.

2. IToBopoT BCEX BEKTOPOB TJIOCKOCTH B MOJOXKWUTEIHHOM HAMPABIEHWN HA ONWH
M TOT K€ yIoJ, & TaKyKe 3aMeHa BEKTOpa HA CUMMETPHUYHBIA C HUM OTHOCHUTEIHHO



HEKOTOPOI MPSMON — TUHeHHbIe 0TOOpAXKEHUs TPOCTPAHCTBA BEKTOPOB HA, IJIOCKOCTH
B cebs.

3. BekTopHOe yMHOKEHNE TPEXMEPHBIX TEOMETPUIECKIX BEKTOPOB HA HEKOTOPBIi
bUKCUPOBAHHBIN BEKTODP — JIMHEHHbIE OTODPAXKEHUS IIPOCTPAHCTBA TPEXMEPHBIX BEK-
TOPOB B cebst, a CKAJIAPHOE YMHOXKEHWE Ha HEKOTOPBIN (DHKCUPOBAHHBIN BEKTOD — JIU-
HeiiHoe 0TOOpaXKeHWe MPOCTPAHCTBA TPEXMEDPHBIX TeOMETPUYECKUX BEKTOPOB B MOJIE
BEITIECTBEHHBIX IUCET.

4. Iycrs C1(0,1) — mpocTpaHcTBO BCex HenpepbIBHO AuddepeHInpyeMbIX Ha OT-
peske (0,1) dynxuuii. BagTue npou3BogHON ABIAETCA JHHEHHBIM OTOOPAKEHHEM 3TO-
IO MPOCTPAHCTBA, B IPOCTPAHCTBO Beex HempepbiBabix Ha (0, 1) dyukiuii. YMHOKeHNe
Ha mobyio dymrkmmo w3 C1(0,1) apagerca TUHEHHBIM 0TOOpasKeHHeM MPOCTPAHCTBA
C1(0,1) B cebs.

5. Ilycte k — mone; ymuOXKeHne HA m060H MHOTOUNEH f(x) € k[z] m B3aTue npo-
W3BOMIHOMN SBJISIFOTCS JIMHEHHBIME OTOOPAKEHUSIMA TTPOCTPAHCTEA MHOTOYWIEHOB k[T B
cebs (man moseM k). DT mpuMepsl — anarebpandeckue aHAJIOTH MTPUMEPOB U3 MYHKTA
4.

6. B3siTrie compsizKEHHOTO I KOMILJTIEKCHOTO YMCJIa WU JJIsi KBATEPHUOHA, TP
craBisier coboii R-nmuneiinoe orobpaxkenue npocrpancrsa C (coorsercrsenno, H) B
cebs.

7. TpaHCIOHEPOBAHUE MATPHUIL SABJILAETCH JTUHEHHBIM OTOOPAKEHUEM K3 IIPOCTPAH-
crBa k™*™ B mpocrpancTeo k"X,

8. Ilycts k —none, u mycts A € K™*™ — MaTpuIia ¢ KOMIOHEHTAMY U3 K, COCTOSTIAS
u3 m CcTPoK u n cTonbios. Onpenennm orobpazkenne A : k™ — k™ nomoxus A(X) =
AX pust mro6oro cronbua X € k™. W3 cpoiicrB aeficTBuil Haj MaTpPULIAMU CIEIyeT,
9TO 9TO OTOOparkeHue JIMHEITHO.

B zaksouenve ompemenviM JUHEHHBIE 0TOOPAYKEHMSI, KOTOPBIE CYIIECTBYIOT st
JTIOOBIX TPOCTPAHCTB.

IIycts U, V — npocrpanctBa mHan mosem k. OTobpazkenue, KOTOPOE CTABUT B COOT-
BeTcTBHE JI000MY BeKTOpPY 3 U HyIeBO# BEKTOp MPOCTPAHCTBA V| ABIAETCS JHHEH-
HBIM OTOOparKEHHEeM; OHO HA3BIBAETCST HYJIEBBIM JIMHEHHBIM 0TOOparkeHreM u 0003HA-
qaercs depe3 . Touree roBOpst, pedh UIET HE 00 OTHOM JIWHEAHOM OTOOPAYKEHWH:
JITS KaXKI0M maphl MPOCTPAHCTE €CTh CBOE HYJIEBOE OTODpaXKeHNUe.

Jlist 106010 mpocTpamcTBa V' ero TOXKIECTBEHHOE 0TOOpasKeHNe Ha ceOs sIBSETCS
nuHeliHbIM; 0HO obo3Hadaercs £ (uiu Ey, €Ciiu HyKHO fBHO OOO3HAYUTL [IPOCTPAH-
CTBO, Ha KOTOPOM J€HCTBYeT 9T0 0TOGpaXKeHUe) U HA3bIBAETCH EJIMHUYHBIM 0TOGpa-
JKEHUEM.

Hdpo u 06pas aunetinozo omobpasicenus. Ilycrs U u V' — nBa BEKTOPHBIX IIPOCTPAH-
crBa Hag nonem k, u nyctb A : U — V — nunelinoe orobpazkenue. dnpom A Ha3bI-
BaeTCs MHOYKECTBO BcexX BeKTOpoB u € U, Takux uro Au = 0; sapo orobpakenust A
obozuauaercst gepes Ker A. Ilycrs teneps Uy — mi060e nogmuoxkectso U; 0bo3HaUNM
qepe3 AUy MHOXKECTBO BCEX TeX BEKTOPOB v € V| HjId KOTOPBIX €CTh TAKOH 3JIEMEHT
ug € Uy (mpoobpas v), arto Aug = v. Takum obpasom, AUy = {Au|u € Uy}. B
JacTHOCTH, MHOXKecTBO AU HasbiBaeTcsa oOpa3oM JMHEHHOro orobpazxkenus A u 06o-
sHagaercs Im A.

IIpennoxenne 3. ITycmv U u V — dea sexmopnwuix npocmpancmea nad noaem k, u
nyemo A : U — V — aunetinoe omobpasicenue. Tozda ez2o adpo Ker A asaaemea nod-
npocmpancmeom npocmpancmea U. s a06o20 nodnpocmpancmea Uy npocmpan-
emea U mmoocecmeo AUy — modnpocmparcmeo npocmpancmes V; 6 wacmuocmu,
nodnpocmpancmeom V. aeasemca obpas Im A = AU.



Joxasameavcmeo. Iycts u,u’ € Ker A; sto smaunr, uro Au = Au' = 0. Ecm o -
mro6Goi snement mons k, to A(autu') = aAu+Au' = 0, re. autu’ € Ker A. Tlo mpu-
3HaKy IIOAIPOCTPAHCTBA 3TO 03HadaeT, uTo Ker A — mogmpocTpaHCTBO IPOCTPAHCTBA
U.

IMycts Temeps v,v’ € AUp; Torma CymecTByIOT Takue aneMenThl u,u’ € Uy, 9ro
Au = v, Av' = v'. Ecim o — moboit snement nons k, o au + u' € Uy, moroMy 4TO
Uy — mogmpocTpaHcTBO mpoctpancrsa U, u

av +v' = adu+ Au' = Alau +u') € AUy;

O TPU3HAKY MOJANPOCTPAHCTBA 3TO o3HadaeT, uro AUy — moampocTpanCcTBO TPOCTPaH-
crBa V.

Teopema 1. ITycms A : U — V - aunetinoe omobpasicenue 6eKmopHbLE NpocmpaHemes
nad noaem k, u nyecmo npocmpancmeo U xoneunomepro. Tozda sdpo u obpas A sae-
AANOMECA KOHEUYHOMEPHOLMY NPOCTNPAHCTNEAMY, U

dim U = dim Ker A + dim Im A.

Zoxasameavcmeo. dAapo Ker A orobpazkenus A aBIsieTcs NOANPOCTPAHCTBOM KOHEY-
HOMEPHOTO IpocTpancTBa U U MOTOMY OHO TOXKE KOHeYHOMEPHO. IIycThb U, ..., Uy, —
kakoii-to 6azuc aapa Ker A; Torma uq, . . . , Uy, — JUHEHHO HE3aABUCUMBIE BEKTODDI PO~
crpancTBa U, M UX MOXKHO BKJIOYUTH B HEKOTODPBIA BABUC Ui, .. ., Uy, Umt1y - - - 5 Un
npocrpanctea U. Bee Gymer moka3aHo, eciiv MbI YIOCTOBEPUMCS B TOM, 9TO BEKTODBI
A, ..., Auy, coctapnsator 6asuc obpasa Im A; aeficteuTenbHo, TOrIA

dim Ker A = m, dimImA =n —m, dimU = n,

n coornomenne dim U = dim Ker A + dim Im A Bemonnasgercs.

Ecmu v € Im A, to cymecrByer Bektop u € U, takoit uro Au = v; HOCKOIBKY
ULy ey Uy Ut - - - 5 Uy — OA3UC TPOCTPAHCTBA U, BEKTOP U TPEACTABAAETCI B BUIE
U= QiU + ... + @pUm + Xpmp1Umt1 + - - - + QpUp, © TOTOMY

v=Au=A(a1us + ... + @plm + Qpmp1Umsr + ... + apuy,) =
=arAu + ...+ a'rrzAUm + aer+1Aum+1 +...+ anAUTL =
=0+ ...+ anl + amp1 At + - F o Auy = a1 At + -+ ap A,

Takum obpaszom, BeKTOPBI AUma1, - - -, Au, mopoxkmaror nmpocrpanctso Im A; noka-
JKE€M, 9TO OHM JIMHEWHO HE3ABUCHUMBL. I1ycTh (i1 Alpmy1 + ... + anAu, = 0, Toe Bee
KODDUATHEHTHT Qi p 1, - - - Oy TPUHATTIEKAT TOJTIO kj TOTIA

A(am+1u7n+1 +...+ anun) = 07

H TIOTOMY BEKTOP (i 1Um+1+ - - -+ @iy, puHaAe:xuT aapy Ker A orobpaxkenuns A.
Cule10BaTEIBHO, 3TOT BEKTOP SBJISIETCS JIMHEHHON KOMOUHALIMEH BEKTOPOB U1, - - - 5 U,
cocTaBAIUX Oasuc npocrpancrsa Ker A, T.e.

O 1Um41 + .o F apUy = aquy + ..o+ Qg
JIJI HEKOTOPBIX (U, - . . , Qty € k3 TAKHM 00pa3oM, JIMHeliHas KOMOUHALMA
(_al)ul +...+ (_anL)um + Um41Um+1 +...+ AnUp

paBHA HYJIEBOMY BEKTODY, a MOTOMY Bce ee KodhdurmenTsl papabl 0. B gactHOCTH,
Umt1=...=a, =0. Urak, Bcsaras nuaeliHas KOMOUHAINS BEKTOPOB Aty 11, - - ., Aty
paBHas HyJEBOMY BEKTOPY 0, ABJseTcs TPUBHAJBHON JMHEHHON KoMOMHAaImel, a 910
3HAYHUT, 9TO BEKTOPBL Ay, 11, - - ., Al, ITHHEHHO HE3ABHCUMBL.



Cmpyxmypa mHoocecmsa peweruti 00HOPOOHOT CUCTIEMbL AUHETUHBLT YPasHeHUl. Mbl
ceifdac mpuMeHnM TeopeMy 1 K JUHEHHBIM OTOOpaKEeHUIM U3 mpuMepa 8.

Jlemma 1. ITyems k — noae, A € K™ ™ u nyems A : k" — k™ — aunetinoe omob-
pavicenue, onpedesennoe Popmyaot: A(Xo) = AXo dan awbozo cmoabua Xy € k™.
Tozda Ker A cosnadaem ¢ mnoscecmeom peuteruti 00HOPoOHOT cucmemst SUHETHBLL

ypasuenuii AX =0, a Im A cosnadaem ¢ aunetinoti 060404%01 cMOAOGYOE MAMPULbL
A.

Zoxasameavcmeo. Oba yTeep:kaenusi oueBnanbl. Crosabderr Xg € k™ TOrma m TOIBKO
TOr/IA MPUHAMAIEKUT sapy oroOpaxenus A, xorga § = A(Xy) = AXy, T.e. xorma
cronbert Xg mpesacTapiisier coboil pereHne OTHOPOIHON CHCTeMbl JIMHEHHBIX YpaBHE-
uuit AX = 0. Janee, myctb a1, ..., 0, — cToabupl Marpunpl A; Torma obpa3 orobpa-
xeansa A COCTOMT M3 BCEX BEKTOPOB BHIA

(6751 Qaq oy
A =A :(Cll Cln) =a11 + ...+ apQy,
O/‘TL a7l an
IO Q, ...,y € k, T.€. 3TOT 00pa3 COBIAIAET C MHOXKECTBOM BCEX JHHEHHBIX KOMOH-

Haui cTondLOB MAaTPHUIBL A.

Teopema 2. ITycmv k — noae. Muostcecmeo pewenuti 00HOPOOHOT cucmemv m Au-
HEUHBLET YypasHenua ¢ N neussecmubimu AX = 0, 2de A € k™™™ — mampuua cucmemot,
ABAACNCA NOOINPOCMPAHCNGOM NPocmpancmea k™, U pasmepHocms npocmparncmsa
pewenuti 3moti 00HOPOOHOT cucmemb, PasHa N — 7.

Hoxazamesvemeo. Ilycrs A — nuneitnoe orobpaxkenwe u3 aemmbl 1. Torma mHOXKe-
cTBO pemennii ) cucrembr coBnaaaer ¢ Ker A n motomy sBIseTCsa MOAIPOCTPAHCTBOM
npocrpancrsa k™. ITockoapky Im A — nmmeiinas 000ma04Yka CTOJOIOB MaTpuObl A,
pasMepHocTh pocTpancTsa Im A pasna panry marpurisl A. [lo Teopeme 1

dim%) = dimKer A = dim k" — dimIm A =n —r.

Zeticmeus nad AunetinbmMu 0omobpascerusmu. XOTS OCHOBHOI LIEJIbIO, JJId KOTOPOI
MBI CTAJIM PACCMATPUBATD 3/1€Ch JIMHEHHBIE OTOOPAXKEHU ST, DBLIO JI0KA3ATEIBCTBO TEO-
PeMbI 2, MBI TPHUBEIEM 3eCh €I HEKOTOPbIe dIeMeHTapHbe (DAKThI O JIMHEHHBIX
OTODPAKEHHUSIX.

IIycts U, V — BekTOpHBIE TIPOCTPAHCTBA HAL OJHHUM W TEM K€ TomeM k; CyMMOii
nByx orobpazkennii A, B : U — V a nponsBefeHreM 37eMeHTa « € k Ha 0TOOparKeHne
A naseBatorcsa orobpaxkenne A+ B, aA : U — V, 3agannbe Gopmynamu:

(A+Bu=Au+ Bu, (aA)u=ca(Au) anascex ue U.

Ilycrs Temepsr W — eme ofHO MPOCTPAHCTBO HaJ, ToJeM k; MPOU3BEIEHHEM OTOOpa-
weauit AV — W, B: U — V naswiBaerca orobpaxkenue AB : U — W, 3amannoe
dopmyoit

(AB)u = A(Bu) nns Bcex u € U.

Mpbr BuuM, 9TO, KaK 4 /I MATPHUIL, CyMMa U IIPOU3BEICHIE OTOOPAaKEHUIT HEe BCeraa,
ONpPeNesIEHbI: CYMMa, onpeesena, ecan "Hadana" v "KoHIB!" craraeMbix OJUHAKOBHI,
a mpom3BeJeHne — ecan "'Hadas 0" IepBOro COMHOXKHUTE COBIaaaeT ¢ "kommom" BTO-
poro.

IIpenmoxenue 4. Cymma, npoussedenue aunelinsx omobpascenud (ecau onu onpe-
denennl) U NPou3eedenue IACMEHMA U3 OCHOBHOZ0 NOAA HA AUHETNHOE 0MObPaICenUe
— CHOBG AUNHETHBDLE OMOOPANCEHUA.



Joxazameavcmeo. Ilycrs A, B — nuneitasie orobpaxkenus, o € k, u nycts U — 10
IPOCTPAHCTBO, U3 KOTOPOro geiicreyer orobpakenwme B. Ina mobux u,u’ € U n
moboro f € k momydaeM, MONb3ysaCh JTUHEHHOCTHIO OTOOPaXKEHUIT M ONpeIeeHuIMU
Jeiicreuii Haya Humu (eciau B 1epBoM cayuae onpejenena cymma A + B, a B tperbem
— npoussenenue AB):

(A+B)(Bu+u)=ABu+u)+ B(Bu+u') = BAu+ Au' + Bu+ Bu' =
= B(Au + Bu) + (Au' + Bu') = B(A+ B)u + (A + B)u/';
(@A) (Bu -+ ) = a(A(Bu+ o)) = a(BAu + Au') = BlaAu) + adu’ =
— Bladu+ (A
(AB)(Bu+ ') = A(BBu +u') = A(BBu + Bu') = BA(Bu) + A(Bu') =
= B(AB)u + (AB)u'.

OTH COOTHOIICHUS U O3HAYAIOT, YTO BCE PACCMATPUBAECMbIE OTOOpAXKEHUS JTUHEHHBI.

HeitcTBrst HAI OTOOPAYKEHUSIMHA O0JIIAIOT TEMH YK€ CBONCTBAMM, UTO U JEHCTBUS
HaJ, MATPUIAMHU, TOJHKO HEKOTOPBIE U3 HUX BBITJIAIAT €CTECTBEHHEE U TOKA3LIBAIOTCS
TIPOITIe, Y€M COOTBETCTBYIOITNE CBOMCTBa JelicTBuil Had Marputiamu. IlpwBemem st
coiicrBa. Beiony 4wepes A, B, C o6o3Ha4YeHbI JUHEHHbIE OTOOPAXKeHus, a depe3 «, 3
— 3sieMenThl nostst k. Kak u auis cBoiicrs aeficTBuii Haj MaTPHALAMU, MHOIHE M3 9THX
CBOMCTB Ha/0 YUTATH TaK: €CAN ONPeaeaeHa O/THA U3 YacTell paBeHCTRA, TO OMPEIEIEHa,
U IpyTas, U OHU DABHBI.

(1) (A+B)+C=A+ (B+C);
(2) A+ B=B+ A

(3) A+ 0 =4

(4) A+ (-1)A=0;

(5) a(A+ B) =aA+ ab;
(6) (a+ B)A =aA+ BA;
(7) 1- A=A

(8) (af)A = a(pA);

(9) (AB)C = A(BC);

10) A(B+C) = AB + AC;
11) (A+ B)C = AC + BC;
12) =A, AE = A;

13) a(AB) = (aA)B = A(aB).

[TokaxkeMm, HampUMep, YTO YMHOXKEHWE JMHEHHBIX OTOOPAYKEHWH ACCOIMATUBHO.
IIycrb A W — P, B:V — W ,C: U — V — nunelinble 0TOOPaKeHU;, TOIIA
anst mroboro u € U

((AB)C)u = (AB)(Cu) = A(B(Cu)) = A(BC)u) = (A(BC))u,

&
)

r.e. orobpaxenus (AB)C u A(BC) coBuagaior.

Hzomoppusm sexmopnvix npocmpancme. Ilycrs U, V — BeKTOpHBIE NPOCTPAHCTBA
Ha noneM k. Beskoe 6nekrmBrOE nuaeiiHOe oToOpaxkenne A : U — V HaswiBaercs
n3omopdusmom mpocrparcrsa U ma mpoctpanctBo V; eciam msomopdusm U ma V
CYIIECTBYET, TO TOBOPAT, uTo TipocTpancTBa U u V' u3oMopdHbI.

Iycts A : U — V — uzoMopdu3M BEKTOPHBIX MPOCTPAHCTE HAJ MoJieM k; TOraa,
orobpaxkenue A OUEKTUBHO, U MOITOMY CYIeCTByeT obparnoe orobpazkenue B :V —
U, t.e. Takoe orobparkenne, 4To misd Bcex 4 € U, v € V BBIMOTHAIOTCH COOTHOIIEHU ST
A(Bv) = v, B(Au) = u. Kak u3sectHo, o6parHoe oTobpaxkenue 13 Toxke GHEKTHBHO;
TTOKaYKeM, YTO OHO €Ille W JINHEHHO, T.e. TOXKe SBJISIETCS W30MOP(U3MOM BEKTODHBIX
IPOCTPAHCTB. JefcTBUTe bHO, 118 JTH0LIX BEKTOPOB v, v’ € V 1 moboro a € k Mbl



nMeeM:
AB(av +0")) = av + v = aA(Bv) + A(Bv') = A(aBuv + Bv').

IMockombKy A — MHBLEKTHBHOE 0TOOpasKeHne, OTCIoa cenyer, uro B(av+v') = aBu+
Bv' nng mobex v,v’ € V, a € k, a 370 1 03HaYaeT, 4TO 0TOOpasKeHue BB JIHHEHHO.

NzomopdHbIe TTPOCTPAHCTBA OJMHAKOBBI MO CBOEH CTPYKTYpE, XOTs MPUPOIA UX
SJIEMEHTOB MOYKET ObITh Pa3JndHa (MIPUMEp — MPOCTPAHCTBO "reomerprueckux Bek-
topos u R?). B wactroctn, ecmm A : U — V — m30MOpdHU3M BEKTOPHLIX IIPOCTPAHCTB
uHas mosieM k, u Uy — KOHEUHOMEPHOE MOAIPOCTPAHCTBO MpocTpaHcTBa U, TO mpo-
crpanctBo AUy C V' Toxke KOHEYHOMEPHO M €r0 Pa3MepHOCTb PABHA Pa3MEpPHOCTH
Uy. Heticteurensuo, mycts Ag : Uy — V — orpanmaenne Ha Uy orobpaxkenns A; ode-
BUJIHO, 9TO oToOpazkenue Ag muneiino, Ker A9 = Ker A = {6}, Im Ay = AUy = AUy,
U TIOTOMY

dim AUy = dimIm Ay = dim Uy — dim Ker Ag = dim Uj.

ITpeamoxkenune 5. ITycmo A : U — V — usomopdusm GEKMOPHOLE NPOCMPAHCNE
Hnad nosem k.

(1) Ecau sexmopvi Uy, . . ., Uy € U nopoostcdarom nodnpocmpancmeo Uy npocmpan-
emea U, mo eexmopvr Auy, ..., Au,, nopoocdatom nodnpocmpancmeo AUy
npocmparcmsa V.

(2) Ecau eexmopvl ui,..., Uy, € U Aunelino He3a6uUCuMb, MO U GEKMOpbL
Auq, ..., Auy € V' aunetino nezasucumoL.

(3) Ecau Uy — xoneunomepnoe nodnpocmpancmeo npocmpancmea U, mo AUy —
Konewnomeproe nodnpocmparcmeo npocmpancmea V, u dim AUy = dim Uj.

(4) Ecau npocmpancmeo U konewnomepro, mo npocmpancmeo V. xonewnomepho,
udimU =dim V.

Hoxasamesvcmeo. (1) Iycerb Uy mOpoKIAETCA BEKTOPAMU U1, . . . , Uy, TOrHA Uy =
{aju + ...+ apuy | a1, ..., € k}, m moTomy
AUy = {Au|u € Up} = {Alaus + ... + apuy) |aa, ..., a, €k} =
={atAu; + ... + o Au, | ag, ..., € K

r.e. AUy coBnamaer ¢ MHOXKECTBOM JIMHEHHBIX KOMOMHAIMA BEKTOPOB Au1, . . ., Aty,.
(2) Ecau sexropst Aug,..., Au,, JUHEHHO 3aBUCUMbBI, TO CYIIECTBYIOT TaKue
Qai,...,a, €k, He Bee pasuble 0, uto ar Aug + ... + a, Au,, = 0. Torma,

Alaquy + ...+ apuy) = anAug + ... + apAu, = 0 = A(0),

U, TIOCKOJIBKY A — HHBEKTUBHOE OTODPAKEHUE, 1 U1+ . . .+, = 0; HO 3TO 03HAYALT,
YTO BEKTODPDI U, . . . , Uy, JAHCHHO 3ABUCHMBIL.

(3) Eciu uq, ..., Uy, — 6azuc Uy, To BekTOpbL Au1, . . ., Aty DOPOKIAIOT HOAIPO-
crparctBo AUy mo cBodictBy (1) u JaMHEHHO He3aBUCHMBI MO CBOHCTBY (2); TakuM
obpazom, Auq, ..., Au,, — 6asuc AUy, u noromy dim AUy = m = dim Uj.

(4) Tockonbky orobpaxkenue A ciopbektusno, AU = V; mo csoiicty (3) Torma
dim V = dim AU = dimU.

VYkaxem Baxkaeiniuii npumep u3zoMmopdu3Ma BeKTOPHbIX npocrpancrs. llycrs V -
KOHETHOMEPHOE BEKTOPHOE MMPOCTPAHCTRBO HAJ MOJIeM k, U TIYCTh V1, . . . , Uy, — €70 Ba3uc.
Torma orobpaxenne D, ., , conocTapagiomee KaxaoMy croabmy X = (aq,...,an)"
BEKTOD

o

(V1. 00) X = (V1,...,vn) | 1| = v 4.+ oy,
a"L

Kak n obpaTHOe K HeMmy oroOpazkenne W, . . COTIOCTABISIONIEE KAYKIOMY BEKTOPY
u3 V' cronberr ero KOOpIWHAT, SIBJIAIOTCI U30MOP(MpU3MaMI BEKTOPHBIX IMPOCTPAHCTB.



JeiicTBUTENIbHO, OHU GUEKTUBHBI (HAPUMED, HOTOMY, YTO SBJSIOTCS B3aUMHO 00paT-
HBIMH OTOOPAKEHUAMHN) 1 THHEHHBI — 114 orobpazkenus Py, o, 9TO OYEBHAHO, & [T
orobpaxkerusa Wy, . ., ITO PaBHOCUIBPHO U3BeCTHOMY HaM (aKTy O TOM, 9TO cTojbern
KOOD/IMHAT CYyMMbI BEKTOPOB PABEH CYyMMe CTOJIOIOB KOOD/UHAT CJIAraeMbIX, 4 CTOJ-
6el; KOOPAWHAT MPOW3BEIeHNs IJIEMEHTa U3 k HA BEKTOD PABEH IMPOU3BEIECHUIO ITOTO
9JIEMEHTA Ha CTOJDEI] KOOPIWHAT BEKTOPa. TakmMm 0O6pa3oM, BCSIKOE BEKTOPHOE IPO-
CTPAHCTBO PA3MEPHOCTH 1 U3MOPGHO apUPMETUICCKOMY BEKTOPHOMY MPOCTPAHCTBY
Pa3MEPHOCTH N; OTHAKO, TOT W30MOP(U3M HE ABJISETCA KAHOHUIECKUM — OH 3aBUCUT
oT BbIOOpa Ha3mca MPOCTPAHCTBA.

Mampuya aunetinozo omobpasicenus. Ilycrs U, V — KOoHEIHOMEPHDBIE BEKTOPHBIE TTPO-
cTpaHCTBa, HaL nojeM k, u nycrb A : U — V — nmmeitnoe orobpaxkenne. Bribepem

Ga3UCHI Uy, - .., Uy U V1, ..., Uy, TpocTpancTs U u V; Bekropsr Auyg, . .., Au, npuHai-
JIEXKAT TIPOCTPAHCTBY V ¥ TIOTOMY SIBJASAIOTCS JIMHEHHBLIMA KOMOWHAIIUAME 3JIEMEHTOB
6azuca v1,. .., Un. Takum 06pa3om, cynmecTByIOT (O4eBUIHO, €IUHCTBEHHBIE) DJIEMEH-

ol A;j € k, Takue 41O

Aup =A 01 + Aoy va + -+ -+ A1 Uy,
Aup =A12v1 + A 2 + -+ - + ApaUm,

-Aun :Aln v+ A2’n, vy + - Am’n,vm-

Marpuna
A _ A21 A22 e A2’I’L
Aml Am2 Amn
Ha3bIBAeTCS MaTpuleil auneiinoro orobpaxkenus A B 6a3ucax Ui, ..., Up U U1, . .., Up,.

O6paruM BHUMAHHE HA TO, 9TO JEMEHTHI B MATpuile A pacromokeHbl HE TaM, TIe
OHM OBLIN B MPEIIIECTBYIOIIEH CHCTEME PABEHCTB, & HA CHMMETPUYHBIX OTHOCHTEIBHO
JVaroHaJ/u 1O3UIULX.

Ornpenenenne MATPUITHL JTUHEAHOTO OTOOPaXKeHUsT YIOOHO 3AMUCATH B MATPUIHOM
dopme: A — 310 Takask MATPUIA C KOMIOHEHTAMU U3 1oJist k, 94T

A(u, ..o yuy) = (Aug,y .o Aug) = (01, -0, 0m)A
(MOCKOMBKY BEKTODBL V1,. .., Uy, JUHEHHO HE3ABHCHMBI, Marpuna A ompemensercs

9THUM COOTHOIIICHUEM O,ZLHOBHBHHO) .

IlIpenmoxkenue 6. ITycmo uy, ..., Uy U V1, ..., Uy — 6a3UCHL BEKTNOPHBLL NPOCTNPAHCNG
U vV nad noaem k, unyemsv A : U — V — aunetinoe omobpasicenue, a A — mampuya
omobpasicenua A e ewbpannoz basucar. Jaree, nyemv u € U, a X = (v1,...,%,)7,
Y = (y1,---,9Ym)" — cmoabuyn xoopdunam eexmopos u € U, Au € V & mex oice
basucax. Toeda Y = AX.

oxasameavcmeo. Ilo onpeneneHusM CTOMOIOB KOODAWHAT W MATPHUIIBI JUHEHHOTO
OTODPA’KEHUST Mbl HUMEEM CJIETYIOIINE COOTHOIIEHMUSI:

w=(U,...,un)X, Au = (v1,...,0,)Y, A(ug, ..o un) = (v1,. .o, om)4;
HOJIB3YSICh ACCONMATUBHOCTBIO YMHOMKEHUsT MATPHIIL, TTOIYydaeM OTCIOJIA:
(U1, 0m)Y = Au=A((u1, ..., un)X) = (A(ur,...,un)) X =
= ((vl, . ,vm)A)X = (v1,...,0m)(AX).

U3 TOro, 4To MpousBeNeHusl CTPOKH JIMHEHHO HE3ABUCUMBIX BEKTOPOB (U1, . . ., Uy, ) HA
crosibnet Y, AX € k™ coemapaior, cienyer, uro Y = AX.



IIpennoxenne 7. Ilycmv uy, ..., Uy U V1, ..., Uy — 043UCH BEKTMOPHBLL TPOCTPGHCNE
U uV nad noaem k, unycmov A : U — V — qunetinoe omobpasicenue, a A — mampuya
omobpasicenus A 6 ewubpannwx basucar. Obosnavum wepes A : k™ — k™ omobpa-
olcenue, conocmasastowee xKaxcdomy cmoabuy X € k™ cmonbey AX € k™. Tozda
omobpasicenua Dy, o, A u Ay, ., npocmpancmea k™ 6 npocmpancmeo V. cos-
nadawom.

n n

Hoxazamensvcemso. Ilyers X € k™ — cronber; koopiaunar BekTopa u € U B Gasuce
UL, ..oy Uy, Y € K™ — cronbern koopaunar BekTopa Au € V B 6asuce vy, ..., 0,. U3
onpenenenud u3oMopbu3MoB Py, ., Py, e, CHEOYET, UTO

m

u = (I)ul,...,u X7 Au = (I)vl,...,v Y;

n m

a m3 mpenpiaymero npeioxkenua — 4ro Y = AX. Takum obpasom, g maoboro
cronba X € k™

-A(I)ul,...,unX =Au = ‘bvl,...,vmy = (I)vl,...,vaX = (I)vl,.. -A,X

Um
JlokazaHHOE yTBEPKJICHUE yI00HO HPOULIIOCTPUPOBATD CACAYIONEH TuarpaMMoii,
Ha KOTOpOMH mjia KpaTkocTH u3oMopgusmsel @, . u &, , 0003HAUEHLI depe3

CIJ[U] u <I>[1,]:

n m

A/

kKt —— k™

(*) P J J‘P[rv]

v —— V.

JIBUTAsICH IO CTPEKaM, MOYKHO JIBYMs CocobaMu momnacth u3 k™ B V; o 1oKa3aHHO-
My Ipeiozkenusi, 0ba crocoba JAT OTHO U TO ¥Ke 0ToOparkenue. Takue nuarpaMmMbl
Ha3bIBAIOTCST KOMMYTATUBHBIMU, 8 CAMO YTBEDPXK/IEHUE MOXKHO KPATKO COPMYIHPO-
BATBH TAK: IHATPAMMA (%) KOMMYTATHBHA.

CaencrBue. ITyecmo A: U — V — aunetinoe omobpasicenue 00Ho20 KOHEUHOMEPHO20
npocmpancmes 6 dpyzoe, a A — mampuue omobpasicenus A 6 Kaxux-mo 6asucer
npocmpancme U, V. Tozda rank A = dimIm A.

oxasamesvcmeo. B obosnadennax npesioykenus 7 mokaxem, 9to Im A = &, Im A’;
TIOCKOMLKY, Kak MBI yke 3naeM, dim Im A" = rank A, n mockonsky @, — m3omopdnswm,
orciona Oyuner cienosarb, uro dimIm A = dimIm A’ = rank A. Ho coorHolienue
Im A = &, Im A" cpasy cremyer u3 mpeyioKenus 7; AeHCTBUTENHHO, OTOOPasKEHHe
®(,) CIOPBHEKTUBHO, U TIOTOMY

ImAZ{Au|u€U}:{A<I>[u]X|X€k’"}:
= {(I)[U]A/X | X e k’"’} = {(I)MY ‘ Y e ImAI}.

ITpeagoxxenue 8. Iycmov A: U — V — aunetinoe omobpasicenue 6eKmopHbia npo-
emparems Had noaem k, u nycms uy, . .., Up, Uy, ..., U, — 06a 6a3uca nPOCMPaHCMEa
U, avi,...,0m, V],...,v, — d6a 6asuca npocmpancmea V. Hanee, nyems C — mam-
puya nepexoda om basuca Ui,. .., U, ¥ 6asucy ul,...,u,, D — mampuya neperoda

om 6a3uca V1, ..., Uy % Oasucy Vi, ..., v A — mampuua omobpascerus A ¢ 6asu-

CAT Up,y. .. Uy, V1,...,Um, A" — mampuya omobpascenus A 6 bazucazx ul,...,u,

vy, ...,v),. Toeda A’ = D~LAC.

Zoxasameavcmeo. 1o onpenenennsy MaTpUIBL TIEPEX0IA OTO OIHOTO Hasuca K JIpy-
TOMY U MATDPUITHI JIHHEHHOTO OTOOPAYKEHUST Mbl HMEEM CJIEIVIOIINE COOTHOIEHUSI:

(. .oyul) = (ug, ..., u,)C, (Wi, .. v) = (v1,...,om)D,
Alur, .. un) = (1, vm) A, A(ullv e vu;) = (vllv e vvqln)A/§



HOJIB3YSCh ACCONMATUBHOCTBIO YMHOMKEHUST MATPHIL, TTOIYyIaeM OTCIOJIA:
Auy, .. ul) = A((ur, .. up)0) = (Au, ... un))C =
= ((v1,---,vm)A)C = (v1,...,vm)(AC).
C apyroit cropoHbI,
Al ) = (], o)A = ((vi, - vm) D) A" = (vi, .. v ) (DA').

U3 TOrO, 9TO MPOU3BEIEHUS CTPOKH JIMHEHHO HE3ABUCHMBIX BEKTOPOB (U1, .. ., Uy ) HA
marpunnl AC, DA’ € k™*" copnanator, cienyer, uro AC = DA', 1.e.

A'=(D'D)A' =D Y (DA') = D AC.

IIpennoxenne 9. [Tycmv A, B: U — V — d6a aunelinox omobpascenua 6exmopHo-
20 npocmpancme U 6 eexmoproe npocmparcmeo V wad mem srce nosem k, u nycmo
ULy eey Up, V1y--.,Um — Basucet npocmpanceme U u V. ITycmo, danee, A, B — mam-
puybt omobpasicenuti A, B 6 ewbpannwz 6asucar. Tozda mempuya cymmor A+ B 6
mex oice bazucaxr paeha A + B.

Zloxaszameavcmeo. Ilo onpeneneHnio MATPUIBI JUHEHHOTO OTOOPAKEHNI MBI MMEEM
CTeIYIOIINE COOTHOIIEHNS:

Alug, ..o yun) = (V1,00 0m) A, B(u, ..., uy) = (v1,...,0m)B.
Bcemomunasa onpenenenne CyMMbI OTOOPAXKEHMI, IOy IaeM:
(A+ B)(ug,...,un) = ((A+ Buy, ..., (A+ B)u,) = (Auy + Buy, ..., Au, + Buy,) =
= (Auq,. .., Aup) + (Buy,...,Bu,) =
= (1, 0m)A+ (V1,. .., Um)B = (v1,...,0m)(A+ B),
a 9To u 3HauuT, uro A + B — Mmarpura nuneitnoro orobpaxkenus A + B.

IIpennoxenne 10. [Tycmv A — aunetinoe omobpasicenue 6eKmopHo20 NPoCMpaHCMe
U 6 sexmopnoe npocmpancmeo V. wad mem oice nosem k, u nycmv Uy, ..., Uy, U1,...,0m
— 6asucot npocmpancme U u V. [Tycms, danee, A — mampuua omobpasicenus A 6 6vi-
bpannnxr basucax. Toeda daa abozo a € k mampuya omobpasicenusn aA 6 mex oice
basucax pasna aA.

JlokazaTeabCTBO AHAJOTUYHO JOKA3ATENbCTBY MPEIBIIYIIEr0 MPEeIIOKEHNUS.

IIpennoxenne 11. ITycmo U, V, W — gexmophvie npocmpancmes Had 00HUM U
mem oice noaem k, u nyemv A 1V — W, B : U — V — aunelinsie omobpasice-

nua. IHyemo, dasee, Ui,...,Up, Vi,...,Um, Wi,..., Wy — basucet npocmparcmes U,
V, W. Ecau A — mampuya omobpasicenus A 6 6a3ucat vi,...,Um, Wi,...,Wp, a B
— mampuya omobpastcenus B 6 basucax Ui, ..., Uy, V1, .., Um, MO MAMPUYA NPOU3-
sedenusn omobpasicenutt A, B 6 6asucax ui, ..., U, Wi,..., Wy PAHA NPOUIBEIEHUIO

AB mampuy, commoncumenets.

Zloxasameavcmeo. Tlo onpeneneHnio MaTPUILI TUHEHHOTO OTOOPAKEHNUS MBI TMEEM
CIAENYIOMINE COOTHOIIEHUS:

A1, ..o om) = (w1, ..., wp)A, B(ui,...,un) = (v1,...,0m)B.
Benomunast onpeienienne npon3peeHnsi 0TOOPAYKEHUI, TTOTyTaeM:
(AB)(u1, ..., un) = A(B(ui, ... un)) = A((v1, ..., vm)B) = (A(v1,...,vm)) B =
= ((wi,...,wp)A)B = (wy,...,w,)(AB),
a 370 M 3Ha4uT, uro AB — Marpuna JanHelHoro orobpaxenus AB.

JlokazaHHbIE MTPEIJIOKEHHUsT TIOKA3BIBAIOT, YTO KA3aBIIHECS UCKYCCTBEHHBIME OIpe-
JeneHus AefcTBUI Ha MAaTpPUIIAMU HA CAMOM JIejie ABJAIOTCS peau3alludaMi OY€Hb
€CTECTBEHHBIX JCHCTBHHA HAZ OTOOPAXKeHUIMU.



