Tnasa III. MaTpurbt

1. JIENCTBUS HAJ MATPUIIAMU

Ionamue mampuuys. MaTpureit HasbIBaeTCd T00asg IPAMOYTOIbHAA TAOIUIA BHIA
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KOMIIOHEHTBI KOTOPO# @;; MOTYT OBITh 37€MEHTaMu MI000r0 MHOXKecTBa. [ToMmmnmo 060-
3HAYMEHUs G;; 751 9JIeMEHTa i-f CTPOKH u j-ro cronbua Marpuust A mbr Oymem nc-
1o1bp30Barb 0bo3HaueHne A;;. OcobeHHO 91O Oymer ymoOHO Py PaCCMOTPEHHU MAaT-
PHIIL, TOJYYEHHBIX U3 IPYTUX MATPUI] PU TOMOIIH PA3JIMYHBIX OTEPAINi; HATIPUMED,
(A(B + ())i; o3naqaer 31eMeHT i-# cTpoku u j-ro cronbdua marpuns A(B + C).

MHOXKECTBO BCEX MATPHIl ¢ KOMIOHEHTAMU W3 MHOXKeCTBa A, cocrodrnmx uz m
CTPOK ® M cTONONoB, o6osHagaerca gepes A™*™, Yacro 6piBaeT yao6HO paccMaTpu-
BATh W MATPHIIBL C IIYCTBIMU MHOXXECTBAMY CTPOK WU CTOJOIOB; 9TO MOXKET MOHA-
JIOOUTHCSI, HAMPUMED, KOTJAA MBI BHIOPACBIBAEM W3 MATPHUIIBI HECKOIHKO CTPOK WJIU
CTOJIONOB, W eciiu He Jornyckarh MaTpuibl ¢ 0 cTpok win 0 cTosibIoB, B paccy¥/jie-
HUSX TPUIETCS BBOIUTH ONPAHWYEHUsT HA PACCMATPUBAEMbBIE MATPUIILI U PAa30dUpaTh
Pa3IUYHbIE CIyYan, 9TO, KAK IPABUIO, HUYEM He ompaBaano. KoHedHo, y TaKuX MaT-
PUII HET HUKAKMX KOMIOHEHT, u sacuo, muoxectsa A%*" A™X0 nomxmel cocroars
KaXKJI0€ U3 €JIMHCTBEHHOIO 3JIEMEHTA.

AHeticmeus nad mampuyamu. B 9300M IyHKTE MBL PACCMATPUBAEM MATPHIIBL ¢ KOMIIO-
HEHTAMU U3 (PUKCUPOBAHHOIO ACCOIMUATUBHOINO KOMMYTATUBHOTO KOJIBIA C €IUHUIIEH
A. OnpesiesiuM Tpu JEWCTBUS HAJT MATPUIIAME: CJIOXKEHHE U YMHOXKEHUE MATPUIL U
YMHOKEHUE MATPUIIBI Ha 3JIeMeHT u3 A.

IIyctes marpumer A, B mpumamgmexar A™*", X cyMMO#l HA3BIBACTCA MATPHIA
A+ B € A™*" KOMIIOHEHTBI KOTOPOI PABHBI CYMMAaM COOTBETCTBYIOIIAX KOMIIOHEHT
Matput] A u B:

(A+ B);; = Ai; + By; (1<i<m, 1<j<n).

AHanornvyHo, TPOU3BEICHUEM 3jeMenTa a € A Ha marpuily A HA3bIBAETCS MaTPH-
na aA € A"™*" 371eMeHTBI KOTOPO# PABHBI MPOM3BEJICHUAM ¢ Ha COOTBETCTBYIONIAE
9JIeMEHTBI MATPUILL A:

(aA)ij = ClAij (1 S 1 S m, 1 S j S n)

Ha mepsbiii B3rsis, NpousBeeHne MATPUL, OIPEENsieTCss MEHEe €CTECTBEHHO, HO
MO3/HEE MBI TTOWMEM, TIOYEMY OHO OTIPEeseTcsT UMeHHO Tak. [lycth A € A™*™ B €
A™¥F: npoussenenunem marpun A, B Hazesaerca Marpuna AB € A™*F kommoneHTHI
KOTOPO# BBIUHUCISAIOTCS IO (hopMyie

(AB);; = ZAisst7 (I1<i<m, 1<5<k).
s=1

Takum 06paz3oM, mepeMHOKATD MATPHUIIBI MOXKHO TOJIBKO TOTIA, KOT/IA, IHCJI0 CTOJIOIOB
MEPBOTO COMHOKUTEJST PABHO YUCJIY CTPOK BTOPOrO COMHOKUTEJIST, U Y MOy YUBITIEHCST
MaTpHIb! OYJIET CTOJBKO CTPOK, CKOJIBKO Y IIePBOI'0 COMHOXKUTENIS, U CTOJIBKO CTOJIO-
OB, CKOJIbKO Y BTOPOI'O0 COMHOMKHUTEA. KOMIOHEHTHI MPOU3BEICHUST BHITUC/ISIOTCS
0 mpaBuIy "CTpoka Ha crogaber': 1Jisi TOro, YTOOBI MOIYYUTH 3JEMEHT i-fi CTPOKH
U j-ro crosibiia IPOU3BeIeHUs, HAJIO0 TIEPEMHOKHUTD EePBbIN SJIEMEHT -1 CTPOKH I1ep-
BOTO COMHOYKUTEJISI W TIEPBBIH 3JIEMEHT j-TO CTOJOIA BTOPOTO COMHOMKUTEJS, BTOPOM
3JIeMEHT ¢-# CTPOKH [ePBOr0 COMHOMKHUTENSI M BTOPOH 3JIEMEHT j-ro CTOJOIA BTOPOro
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COMHOXKUTEJIA, ..., N-f 3JIEMEHT ¢-i CTPOKHU MEPBOTO COMHOKHUTEJS U N-bIif 3JeMEHT
J-r0 cTOJI0IIa BTOPOIO COMHOYKUTEJISA, U CJIOKHUTDH BCE MOTYyIEHHBIE TTPON3BEIEHNUS.

J1 KazKapIx HaTy pPaJIbHEIX M, n gepe3 0™ %™ 0603HaIUM MATPHILY U3 1M CTPOK U 1
cTonb10B, BCE KOMIIOHEHTHI KOTOPO#t pasubl (. Takas Marpuna Ha3bIBAETCHA HYJIEBOI.
W3 koHTEKCTa OOBITHO SICHO, CKOJIBKO CTPOK M CKOJIBKO CTOJIOIOB B MATPUILE, TIOITOMY,
KaK TpaBujio, Mbl Oygem mucarb 0 BMecto 07'*™ XOoTs HAJO BCErJa MOMHHUTH, 9TO
JUIS KaXKJBIX 1M, N CBOsA HyJieBas Marpuiia. bosmee Toro, B majbHEHIIeM MbI Oyaem
obo3nadars HyseByo marpuity depes 0, a e 0, HO TOKa BCe ke OyIeM HCIIOIb30BATH
Pa3IMYIHBbIE CUMBOJIBL JJIsl Hy/ls KOJbIa A v Hy/J€BOH MaTpHIIbL.

Enuuugnoit Mmarpunieil mopsiika n Ha3bIBAeTCS KBaJAparTHas marpuna F, € A™*"
BCE JIMAroHAJbHBIE 3JEeMEHTHI KOTOPOH paBHBI 1, a HeanaroHaabHbIe - 0:

(Bn)ii =1, (En)iy=0 mpui#j (1<4,j<n).

Kaxk u nj1g HyZ1€BOM MATPHUIILL, MBI OOBIMHO OIyCKAeM YKA3AHME HA IOPATO0K €UHAIHONR
Marpuibl u aumem E smecro E,.

Beemem eme ompo obosuadenme. das marpunpr A € A™*™ gepes —A Gymem 060-
3HaYaTh MaTpuly n3 A™*™ KOTOpas MOJy9aeTcss 3aMEHON BCeX 3JIEMEHTOB MATPHUIIHI
Ha IPOTHABOIOIOKHBIE:

Csoticmea deticmeut nad mampuyamu. Berony auxke B aTom niyakre A, B, C' — mar-
PHIIBI ¢ KOMIIOHEHTAMH U3 KOMMYTATHBHOTO aCCOMMATUBHOIO KOJBIA ¢ equHuneii A,
a,b € A. HamomunM, 970 He JTI00BIE IBE MATPUIIBI MOXKHO CJIOXKUTH WU TIEPEMHOKHUTE:
CKJIQ/IBIBATH MO2KHO TOJIBKO MATPHULbI C OJIMHAKOBBIM YHCJIOM CTPOK U OAMHAKOBBIM
YUCIOM CTOJIOIOB, a8 MEePEMHOXKATH MOYKHO JIWIND TAKWE MATPUIILI, YTO B TIEPBOM U3
HUX CTOJIBKO Ke CTOJIOIOB, CKOJIBKO CTPOK BO BTODOIi; TO3TOMY BCE IEepPEUHCJEHHBIE
HUKE CBONCTBA HAJIO YUTATH TAK: €CJU ONPEIEIeHa OJHA U3 YaCTell PABEHCTBA, TO
OllpeJieJieHa W JIpyras, U OHM DaBHbI (Kpome cBoiicTB 3, 12, B KOTOpPBIX Haj0 TpeGo-
BAaTh JIHIIb, YTOObI ObLIA ONpeEjeseHa JeBas 4acTb, u coicts 4, 6, 7, 8, KOTOpBIE
BCET/Ia, OCMBICJIEHHBI).
(1) (A+B)+C=A+ (B+C);
A+ B =B+ A4;

6) (a+b)A=aA+bA,;
1-A=A4;
(ab)A = a(bA);

9) (AB)C = A(BO);

JokazarenbcrBa GONBIIMHCTBA U3 STHX CBOMCTB TPUBHATIBLHLL; cBoiicTBa (1)-(8) Bo-
001I1€e CBOJATCA K TOMY, 9TO BBIIOJIHEHBI AHAJIOTHYHBIE CBOMCTBA, 11 3JIEMEHTOB KOJIhb-
na A. Bee xe qis npumepa gokaxkem (1). Iycrs A € A™*™ | 1 iycTb UMEIOT CMBICIT
BCe feficTBus B J1eBoit wactu paseuctBa (A+B)+C = A+ (B+C); rorga B € A™*"
(unaue cymma A + B ue onpenenena), u noromy A + B € A™*™. Tns Toro, 4rofsl
umena cmbica cymma (A + B) + C neobxomumo, urober u marpuia C npuHaiexa-
na MHOKecTBy A™*™. Tlosromy onpezaenena u cymma A + (B + C), n o6e MaTpuib!
(A+B)+C, A+ (B + C) cocroaT u3 oAMHAKOBOTO IHUCJA CTPOK M OJWHAKOBOTO IHC-
na cTosbmnos. Ocranaoch moKa3aTh, YTO COOTBETCTBYIONIUE JIEMEHTHI 00EUX MATDHIL
COBIIAIAIOT; HO 9TO HEMEJJIEHHO CJISIYeT U3 aCCONUATUBHOCTHU CJIOKEHUS B KOJbIE A:



= Aij + (Bij + Cij) = Aij + (B+ C)ij = (A+ (B+0))y;-

Ocranbubie u3 cBoicTB (1)-(8) MOKA3BIBAIOTCS COBEPIIEHHO AHAJOTUYHO, U JIAXKE
HECKOJLKO mporne. CaMoe rpoMO3KOe U3 CBOWCTB — 3TO aCCOIMMATUBHOCTD yMHOMKE-
Hust Marpul (9); IPOBEJEM ero J0Ka3aTeJbCTBO MOMHOCTIO. IlycTh onpenesiena, Ha-
npuMep, npasas gacthb pasencrsa (AB)C = A(BC), u nycts B € A"**. TTockoabky
onpeneneno npomsseneane BC, marpuna C coctonT w3 k CTPOK; MyCTh I 9HCHO €e
cTonbuoB, Tak aro BC € A™*". U3 toro, yro npoussenenne A(BC) uMeer cMbIC,
ceayer, uro marpuna A umeer n croabuos; myCTb M — 9UCI0 ee CTPoK. Tenepb BuiHO,
qT0 onpenenero u nponseeaenne (AB)C, n aro obe marpunst (AB)C, A(BC') cocrosit
U3 M CTPOK U T cTOA6I0B. IIpoBepuM, UTO COOTBETCTBYIONIME 3JIEMEHTHI 3TUX MATDHIL
paBuBI. B mpuBeneHHON HuXKe BBIKIAAKE depe3 | 0O03HAUEHO IEKAPTOBO IIPOHU3BE-
nmerne MEOKeCTB {1,...,n} m {1,...,k}. Ilepeie nBa mara — BEIpAKEHHE 3JEMEHTA
npousseenns marpun, AB, C' 4epe3 3/1eMEeHTbI 9TUX MATPHIL ¥ BBIPAZKEHNE YJIEMEHTOB
marpuilbl AB depes ssemenTsl MaTpul, A, B; 3aTeM MbI OIB3yeMCs AUCTPUOY TUBHO-
CTHIO YMHOMKEHHsI OTHOCHUTEJLHO CJIOXKEHUS B KOJblE A, 3aMeHseM IBORHYIO CyMMYy
HA CYMMY 110 JEKapTOBY IIPOU3BEIEHUIO MHOXKECTB UHIEKCOB ITUX CYyMM U [OJIb3yeMCs
aCCOIMATUBHOCTHIO YMHOXKEHHUS B KoJiblle A, r1ocse yero HaunHaercs "obpaTHbiil xox"
— MBI IPOM3BOIMM TE K€ OIEPAIME B OGPATHOM MOPSI/IKE:

k k n k n

(( Z AB ”Otj = Z (ZALSBW‘)CU = (Z(AzaBsf)OtJ> =
t=1 t=1 s=1 t=1 s=1

n k

Z Aszst Ctj = Z A’LS stCtj) ZZAis(BstCtj) =
t)el —

(s, (s,t)el s=1t=1

k

=3 A ( D0 AiBaCy) = D7 AilBC)yj = (A(BC))5.

t=1

B cBoiicrax (10), (13) MbI OmycTHM UCCIEI0BAHIE CTPYKTYPbL MATPULL, OTPAHUYHB-
MIUCH JIUTITH TOKA3ATETHCTBOM TOTO, ITO COOTBETCTBYIONTAE 3JIEMEHTHI JIEBOH U TPABOi
9gacTel COBHANAIOT; B TIEPBOM CJIy9a€ UCIOIB3YETCs JIUID TUCTPUOY THBHOCTD YMHO-
JKEHUSI OTHOCUTENBHO CJIOXKEHUsI, & B MOCJAETHEM — €II€ U TO, 9TO B KOMMYTATHBHOM
ACCOUMATUBHOM KOubIe npoussenenns a(A;sBs;), (aAis)Bg], A;s(aBs;) paBHBL:

(AB+0))ij = Y Ai(B+0)gj = Y (AisByj + AisCsj) = Y AisByj + Y AisCyj =
s=1 s=1 s= s=
= (AB);; + (AC);; = (AB + AC),;,

(a(AB))ij = a(AB);; = aZAszsg = Z a(AisBsj) = > (aAis)Bsj = ((aA)B)ij,

s=1 s=1

(a(AB))ij = G(AB)ij = az AisBgj = Z Aszsy ZAzs aBsJ (A(GB))ij

(B TUX paBeHCTBAX uYepe3 n 0003HAYAETCs YUCI0 ¢Toa6noB Marpunbl A). CsoiicTBo
(11) mokasbiBaercd Tak ke, Kak (10), a o cBoticTee (12) moropopuM 4yTh moapobHee.

IIycts A € A™*"™; panoMEAM, 9TO oCo3HAYeHNe F MPUMEHAeTCd He IJId e TUHCTBEH-
HOI MAaTPHIBL, 8 A8 eAMHUIHONR MaTpulbl I, a1060ro nopsiaka n. I[Ipoussenenne FA
ompeneneno, korma F = F,,, a npoussenenne AE — xorma E = FE,; Takum o6pa3om,
HaJo J0Ka3arh, uro E,,A = AE, = A. Bce Marpulupl B 3TOM PaBEHCTBE UMEIOT M



CTPOK U M CTOJIOIOB, TaK YTO HYYKHO MPOBEPUTH JIUINb COBIAIEHUE UX COOTBETCTBY-
IOIIUX SJIEMEHTOB:
m n
(EmA)ij = Z(Em)isAsj = (En)iiAij = Aij = Aij(En)jj = ZAit(En)tj = (AEn)ij,
s=1 t=1
[OTOMY YTO AUATOHAJBHBIE d5eMeHThl (E,, )i, (Ey),; Marpun E,,, E, paBHsl 1, a Bee
OCTAJIBHBIE 3JIEMEHTBI 9TUX MATPUIL PABHBI (.

OTMerum, 9T0 YMHOKEHIE MATPHIL, BOODITE TOBOPsI, HE KOMMYTATUBHO. Bo-nepBbIx,
upoussenenne AB Moxer GbITh OnpejieneHo, a npousseienne BA — wer (manpumep,
ectm A € A3 B € A3*1); po-BTOpbIX, ecim Jazke 06a MPOU3BEICHHS OMPeICIeHbI,
OHH MOIYT HMeThb DPasHyl CTPYKTypy (Hampumep, npu A € A?*3 B € A3*2 mpo-
usBejienne AB sBIseTcs KBaApaTHOW MaTpulileil nopsiika 2, a npoussenenue BA —
KBaJpaTHOil Marpuiel nopsuka 3). Ho gaxe Korjga co crpykTypoil Bce B MOpsJKe,
npouspenenusa AB, BA moryT ObITb pa3iaddHbl, B 4eM YyOEXKJaellbCsd Ha IPUMEPE
MPOU3BEJEHUN TIOUTH JIIOOBIX TEPBBIX TOMABIIUXCA KBAAPATHBIX MATPHIL MOPIIKA 2:

CDED-(0 (DY

OrmernwM errie, 9T0 MaTpHIBl MOTYT ObTh " nemurensgyu 0"; Hanpumep,

3 3)=6 o)

Koavuyo xeadpamnviz mampuy, nopadka n. Ecam KOMMYECTBO CTPOK M KOJUYECTBO
CTONOIOB MATPHUIEI PABHO OJHOMY M TOMY YK€ YHCJIY M, TO TaKas MATPHIA HA3BIBA-
eTCA KBAJIPATHON MaTpulell mopsaaka n. Muokectso A" Beex KBAIPATHBIX MATPUIL
mopsifka n obozHauaerca depe3 A,. U3 onpeseneHuil sicHO, 9TO CyMMa U MPOU3BE-
nenue marpul, u3 A, cHoBa npunaiiexar A,, a cupaBegiuBocTb cBoiicrs (1)-(4),
(9)-(12) neiicrBuil Hau MaTPULAMU [IOKA3bIBAET, 4TO A, — aCCOLUATUBHOE KOJBLO C
equauneit £ = FE,. Mbl TOIBKO 9TO yOEOUINCH, UYTO y¥Ke TpU n = 2 KOJbIO A,
HEKOMMyTATUBHO.

JIo cux TIOp BCe BCTpEYaBIINeCs y HAC KOJIbIA OBLIA KOMMYyTATUBHBL. Ternepb y HacC
IOSIBAJIOCH MHOTO IPAMEPOB HEKOMMYTATHBHBIX KOJIEIl. BBIBAIOT M HEaCCONHATHBHBIC
KOJIbIIA;, IPHMEPOM SABJISETCS MHOXKECTBO BEKTOPOB TPEXMEPHOIO IPOCTPAHCTBA, OT-
HOCUTENIHHO OOBLIYHOTO CIIOKEHWS W BEKTOPHOTO YMHOKEHWS.

Tpancnonuposarue mampuy. Ilycrs A — marpuna n3 A™*"™; TPaHCIIOHUPOBAHHOMN IO
oTHOMeHNIO K A Marpumeit HasbBaerca marpuma AT € A™X™, 3meMeHTH KOTODOI
CUMMETPUIHBI 3JIEMEHTAM MATPUIILI A OTHOCHTEIBHO JUATOHAJIN:

(A")i; = Aji, (1<j<m, 1<i<n).

Takum 06pazoM, IPU TPAHCIIOHUPOBAHUYN CTPOKH MATPHUIIBI CTAHOBATCS €€ CTOJIOIAMH,
a CTOMOIBI — CTPOKAMM.

Janee B 3roM nyakre A u B OyayT MaTpunaMu ¢ KOMIOHEHTAMHU U3 KOMMYTa-
THBHOI'O aCCOIMATUBHOIO KOJIbIA ¢ eaunauneil A, a a — snemenrom u3 A. Cnepyromue
CBOIICTBA MMOKA3BIBAIOT, KAK CBSI3aHO TPAHCIOHUPOBAHUE C NEHCTBUSIMU HAJ[ MATPHUIIA-
mu. Kak u Bbime, ceoiicrea (15) u (16) HaI0 YHTATh Tak: €CIHM ONpe/IeseHa OHA U3
CTOPOH PABEHCTBA, TO ONPEIENEHA U APYTas, ¥ OHU PABHBI.

(14) (aA)T = aAT;

(15) (A+ B)T = AT+ BT,

(16) (AB)T = BTAT;

(17) (AT = A.

ITpusesem s goKa3areascrBo coiicrsa (16) (ocranbHble Tpusmamnbhbr). Ilycrs
A € A™X™; ecom MMeeT CMBICH JIEBasi YACTh PABEHCTBA, TO OMNPEIEICHO MPOU3BEIe-
e AB, a 9T0 3HAYWT, U4TO Y MATPUILI B YHCI0 CTPOK PABHO N; MyCTh k — YUCIO ee



cron6uos. Torma AB € A™*F a (AB)T € AF*™ . JTanee, B 310it curyamun BT € AFX",
AT € A"*™ nosromy mpomssenenne BTAT onpeneneno n npumammexur AFX™. Ana-
JIOTHYHOE PACCMOTPEHHE MOKA3BIBAET, YTO ECITH OIIPEIENCHA IIPABad 9aCTh PABEHCTBA
(16), TO ompejnesieHa U €ro JIEBas YACTb, W OO ITUX MATPHIBI UMEIOT OJUHAKOBOE
YUCJIO CTPOK M OJWHAKOBOE YHCIO cTONOnoB. Ocraercs yOeauThCS, 9TO PABHBI CO-
OTBETCTBYIOIIME KOMIOHEHTBI JIeBOI u npasoil cropon pasernctsa (16). Tonb3ysch
KOMMYTATHBHOCTBIO YMHOMKEHHS, IOy IACM:
n n n
(AB)")ij = (AB)ji =Y AjsBsi =) BuAjs =y (BY)is(AT)g = (BTA");;.

s=1 s=1 s=1
OrmMeTuM, 9TO 3TO — €IUHCTBEHHOE U3 BCEX CBOMCTB AEMCTBUI HAJ MATPHUIAMU (Kpo—
Mme gyacru cBoiicrsa (13)), B KOTOPOM CyIIECTBEHHA KOMMYTATUBHOCTL KoJiblia A; BCe
OCTaJIbHBIE CBOICTBA 6€3 TPy/Ja HEePEHOCATC Ha, CJIydail MATPUIL HaJl HEKOMMY TATHB-
HBIM, HO ACCOIMATHBHBIM KOJIBIOM. 9TO MOKA3BLIBAET, YTO TPAHCTIOHNPOBAHNE MATPWII
€CTECTBEHHO TOJILKO JIJIST MATPHIL HAJT KOMMYTATHBHBIMA KOJBIIAMMK; B CJIy9ae HEKOM-
MYTATHBHBIX KOJEl MHOTIA YAAETCA HMOANPABATH ONPEICTICHAe TPAHCIOHUPOBAHHON
MATPUIBI TAK, 9TOOBI CBOHCTBO (16) COXPAHMIOCH, HO Ui STOTO HAMO, ITOOBI HA A
ObLIa HEKOTOPas JOIOJHATEIbHAA CTPYKTYpa.

Hywmepayua cmpox v cmoabuyos ssemenmams muooicecma. OOBITHO CTPOKH U CTOMO-
I[bl MATPUIBI HyMEPYIOTCS [I€PBbIMU HATYDPAJIbHBIME YUCIAMHU; B 9TOM CJIy4dae OHU
€CTeCTBeHHBIM 00pa3oM ymopsimodenbl. OmMHAKO, HHOTAA OBIBAET YIOOHO HYMEPOBATH
UX SJIEMEHTAMM U3 HEKOTOPBLIX MHOKeCTB S u T, He 0643aTeIbHO YIOpsA0YeHHbIX. B
9TOM CJIy9Yae MATPUIA C KOMIIOHEHTAMU W3 MHOXKECTBa A MOHUMAETCa Kak 0TobpaXxke-
aue S XT — A. O6pas Ay snementa, (s,t) € S X T 1pu 3TOM 0TOOPaXKEHUA CIATACTCA
9JIEMEHTOM $-# CTPOKH U t-ro crondua mMarpunpbl A. OOBIYHBIE MATPUIBI TOSIBAAITCS
Kak "acTHbId cayyail, korma S = {1,2,...,m}, T ={1,2,...,n}.

MHuOXKecTBO MaTPHIL ¢ KOMIOHEHTaMHU U3 A, CTPOKU U CTOABIBI KOTOPHIX 3aHYMe-
poBaHbI eMenTaMu u3 MHoxkecTs S u T, obosmauaerca A>T

Bce neitcrBus Ha MarpunamMu MOTYT ObITH OMPEIETEHBI U TOT/IA, KOT/IA UX CTPOKH
¥ CTOJIOIBI 3aHYMEPOBAHDBI YJIEMEHTAME U3 [TPOU3BOJIBHBIX KOHEYHBIX MHOXKECTB. Tak,
tpascronnporannoil K Marpuie A € ASXT wazwmaercs marpuma AT € AT*Y Taxas
Euvel

(AT)s = Ay nnas eeex s€ S, teT.
Ilycts, nanee, A — KOMMyTaTHBHOE acCOIMATUBHOE KOJIbIO ¢ 1, S, T, U, V — xoneuyHbie
MHOKecTBa, u myctb A € ASXT, B € A%V Ecam a € A, To mpousseneHneM o Ha

A nazpBaercsa marpuna aA € A>T speMenTEl KOTOPO# PABHBI IPOU3BEICHAAM 4 HA
COOTBETCTBYIOIINE 3JIEMEHTHI MATPUIIBI A:

(ad)st = aAg (se8, teT).

Cymma A+ B marpur, A, B onpejesieHa TOraa u TOJIbKO Toraa, koryma S = U, T =V;
ona toxke npuHamaexkntT AS*T | u ee 3/eMEHTHI PABHBI CyMMaM COOTBETCTBYIOIIX
snemenToB marpul, A, B:

(A+B)sy=Au+Bsy  (s€b8, teT).

IIpoussenenue marpun A, B ompejesieHO TOrIa W TOJBKO TOrga, kordga 1 = U; oHO
npunarexxur ASXY i ero snements Borancisiorcs 1o GopyIie

(AB)sv = ZAstBtv (S €S, ve V).
teT

Bce cpoiicTBa meficTBuit Ha L MaTpuamMu 6€3 TPYAA IEPEHOCATCS HA MATPHITHI, CTPO-
KU ¥ CTOJIOIBI KOTOPHIX 3aHYMEPOBAHBI 9JIEMEHTAMY M3 KOHEYHBIX MHOXKECTB. B 1acT-
HOCTH, MHOXKeCTBO Ag = AS*S KBajgpaTHBIX MATPHIL, CTPOKH M CTOJOIBI KOTOPBIX



3aHYMEPOBAHBI 3JIEMEHTAMU U3 S, ABJISIETCsS] ACCOIMATUBHBIM, HO, BOODIIE TOBODSI, HE
KOMMYTATHBHBIM KOJBIOM ¢ egununeit £ = Fg.

2. OBOBUIIEHUE AENCTBUI HAJ MATPUIIAMHU

Jocmamounnie yeaosua 0aa évnoarumocmu deticmeuti nad mampuyamu. Hame nep-
BOHAYAILHOE ONPEIENICHAE MATPHAILL COCTOSIIO B TOM, 9YTO KOMIIOHCHTBI MATPHUITLI MO-
ryT ObITh 3JeMeHTaMK JI000r0 MHOMKeCTBa. B 4acTHOCTH, MyCTh AJd KaxKIbIX 4, J
3amaHo cBoe Hemycroe MHOKecTBO A;j (1 <4 < m, 1 < j < n). Torna Mbl MOXKeM
paccMaTpUBaTh MHOMKECTBO MATPUILL BUJIA

a1 ai2 N A1n

a21 as2 N ao2n
A= ,

Am1l  Am2 e Amn

KOMIIOHEHTBI @;; = A;j KOTOPBIX IPUHAJIE]KAT COOTBETCTBYIOIIEMY MHOMKECTBY Ajj.
Ecnn Ha KaskIOM U3 MHOXKECTB A;j OIpene/eHo ClIokKeHue (B YACTHOCTH, €CIH OHH
ABJIAIOTCS AJJINTUBHO 3AIMCAHHBIMU a0eJeBbIMU TPYIIIAMK), TO NOJA00HBIE MATPUIIbI
MOYKHO CKJIQJIBIBATD, W MOy IUBIIASC CyMMa TOXKe OyJeT MaTpureil Toro e TUIa.
Jlma onpeneneHns MPOU3BEISHUsT MATPHUIL B ITOA00HOMH Oostee 00IIel cuTyarun HaM
HAJIO YMETh TIePEMHOKATE JEMEHTHI, TPUHAJICKAIIHE, BOODIIE TOBOPSI, PA3HBIM MHO-
JKecTBaM. MBI TOBOpUM, 9TO Ha mape MHOXKeCTB A, BB, 3a/1aH0 YMHOKEHNE CO 3HAYE-
HusmMu B MHOXKecTBe C, ecnu 3adukcupoBaHo Jjoboe orobpaxkenne ¢ 1 A x B — C.
Mper 6ymem 3anmcbiBarh npoussenenne P(a,b) € C snementos a € A, b € B uepes ab.
IMycrs Asj, Bijk, Cir (1 <i<m,1<j5<n,1<k<p)— Hemycrble MHOKECTBA,
MpUYeM Ha KasKIOM U3 MHOXKeCTB C;i 3aJaHO KOMMYTATHBHOE aCCOIMATUBHOE CJIO-
JKEHUe, U [T KaxKJOH TPOMKYU HHIEKCOB 1,7, k 3amano ymuoxenne A;; X Bji — Ci.
IIycrs Tenepp A — MarTpuua U3 m CTPOK U N CTOJNOLOB, Takas 4To A;; € Aj; na
mobbIX ©,7, 8 B — Marpuua u3 n CrpoK u p cTosbuoB, Takad uro Bjp € Bji mia
mobbix j, k. Torna onpexnenena marpuua AB, cocrodinast m CTPOK U P, KOMIIOHEHTHI
KOTOPO# (AB);) IPHHAIJIEKAT COOTBETCTBYIOMUM MHOXKeCTBaM Cip M HAXOJATCS 110

dopmymnam
(AB)zk - ZAisBsk'

s=1
JlelicTBuTenbuo, Bee pouseenenus A;s Bgy npunaiesxkar MHOKeCTBY Cik, U UX MOK-
HO CJIOXKHUTH B Cik; opudeM pe3yabTaT CJIO0ZKEHUAd 7 Clala€MbIX HE 3aBUCUT OT TOTO,

B KaKOM TIODSZIKE MBI TH CJIOXKEHHS BBINOIHAEM, TAK YTO MBI MOXKEM 3Ty CYMMY
n

3aMTUCBIBATD, UCIOIB3YS 3HAK CYMMHDPOBAHUS ) .
s=1

Ipumep: mampuyse, pasbumovte na b6aoku. Ilycrs A — Koabno, u mwycrb St, - .., Spy;
Ti,...,T, — nBa Habopa MONAPHO HE MEPECEKAIOIUXCS HEMYCThIX KOHEYHBIX MHO-
xecTB. IlycThb
ail ai2 ... Qln
as1 a22 . agn
a =
am1 aAm2 ... Gmn

— MaTpuia, KaxKJas KOMIOHEHTa G;; KOTOPOil caMa SBJAETCA MATPULEH 1 IpUHAIe-
KuT coorsercrayomemy Muoxkecrsy A% XTi . O6oznaunm yepes S obbeTuHEHIe MHO-
KeCTB S1, . .., Sm, a depe3 T — obbequnenne Muaoxects 11, ..., T),. Ilycts A € ASXT —
MaTpUIIa, KOMIIOHEHTBI Ag; KOTOPOHR OlLpeneseHbl CaeayomuM o0pa3oM: eciau s € Sy,
t €T}, o Ay = (aij) s (3amMernM, uTo T1000M S7IEMEHT § U3 00bEANHEHHsT S TOMAPHO
HE TIePeCeKA0IXCsT MHOKECTB S;, 1 < 4 < m, IPUHANIEKUT €UHCTBEHHOMY U3 3THUX



MHOXKECTB, U TOYHO TaK YK€ KaXKIbI 37eMedT ¢t € T NpPUHAMIEKUT eIUHCTBEHHOMY
u3 MHOKeCTB 1, 1 < j < n). Met 6ynem roBopurs, uro Marpuna A pasbura Ha GJIOKH
a;;, coorBercrBytomue pazbuenusm S = S1U---USy,, T'=T1U---UT, ux MHOXKeCTB
CTPOK U CTONOLOB, a ¢ SABASETCA MATPUIEH, COCTABJIEHHONW u3 GJIOKOB Marpuupl A,
OTBEUAIOIINX ITUM PABOUEHUSIM.

Cirenytonee yTBepK,I€HHE OY€Hb TI0Je3HO, U Mbl OYIEeM YacTO IOJIb30BAThCS UM.

IIpennoxenne 1. ITycmv A — xoavyo, u nycmo S, T, R — nenycmauie KoHewHble MHO-
olcecmea.

(1) Hyemv A,B € A*T, u nycmo a,b — mampuyst, cocmasiennvie u3 6A0K0S
mampuy, A, B, omeewamrowux pasbuenusm S = Sy U---U S, T =T U---UT,
MHOIICECNE CMPOK U CTNOAOU0E IMUL MamPuly, 6 obsedunenus nonapHo He nepece-
KAIOWULTCA Henyemuixr nodmmoscecms. Tozda a + b — mampuya, cocmasiennas u3
6aoxom mampuys, A+ B € AT | omeevarowus mem srce pasbueruam mHoscecmsa
S cmpox u muoocecmea T cmoabyos.

(2) Hycmv A € AS*T, B € AT*E 4y nyems a,b — mampuyst, cocmasaenmvie u3
baokos mampuy A, B,C, omeeuwarowux pa3bueHuim

S=S%U---US,, T=TU---UT,, R=R/U---UR,
MHOAHCECTNE CTNPOK U CmO./L6’U,OB AMUL MAMPUY, 8 065€0UH6’H,Uﬂ nonapro He nepecexa-
WUTCA HENYCTNHLT nO(?MHOOfcecme. Toeda (lb — MAMPUUa, COCMABAEHHAA U3 6JL07€0M

mampuyo, AB € AS*E | omeevwarowux mem oce pasbuernuam muoocecmea S ee cmpok
u mHootcecmen R ee cmoabuyos.

Zoxazameavcmeo. ITO ObLIO TPyIHEE CHOPMYIUPOBATE, YEM TOKA3ATH; MbI OTDAHU-
IUMCsl TOKA3aTeIhCTBOM yTBep:K/IeHus (2) (yreepxaenue (1) HamHoro mporue). Iycrs
s€85; €S8, reR; CR;rorma

(AB)sr = Z Ast By = Z (Z AstBtr) =

teT =1 teT; l

= zn:(ailblj)sr = (Zn:aubu)s = ((ab)i;)sr-
=1 =1

(Z(ail)st(blj)tr) =

1 teT)

n n

T

Ceoticmea 0606ueHnbL T deticmeutt Had Mampuyamy. BOTBIIHHCTBO CBOUCTB neiicTBUi
HaJT MATPUIIAMY ¢ KOMIIOHEHTAMY U3 KOJIbIIa A OCTAroTCst CipaBeyIuBBIMU U B OoJIee
obmieit curyaluu, onvcanHol B Hadaje naparpada. I'pybo roBopsi, ecim BCe yMHO-
JKEHUS JUCTPUOYTHBHBI M KAKOE-TO W3 CBOWCTB JEHCTBUI BBITOJHAETCA JJIA OFHO-
9JIEMEHTHBIX MATPHII, TO OHO BBINOJHAETCA BCETA, KOTJA JIEBAd WJIN NPABas YaCThb
COOTBETCTBYIOIIETO COOTHOIINEHUsT Onpesesena. Mbl He OyIeM TBITATHCA TOYHO (HOp-
MYJIHPOBATH U JOKA3BIBATH 3TH CBOWCTBA B CAMOM ODIIEM CIYYae, XOTS CAEJATh 3TO
HECJIOXKHO, & OTPAHUIHUMCST JIUIIH CUTYAIHel, B KOTOPOR MBI B TajibHeHIeM OyaeM 3Tu
CBONCTBA HEOJHOKPATHO IIPAMEHSATD.

ITycTh A — abeneBa Tpymnna OTHOCHTENBHO CJIOKEHHS; TOTIA OYEBHIHO, ITO CIIOMKE-
HUE MATPUIL C KOMIIOHEHTAMK 13 A accouMaTuBHO U KOMMYTATUBHO.

[epetinem Ternepb K CBOMCTBAM, B KOTOPBIX yYACTBYET pou3eenenue marpuil. CHa-
JaJia 1M Onpeesienne aucTpubyTuBaoro ymuoxkenus. [lycrs A, B, C — agauTusHO
3AMUCAHHBIE A0EJIEBBI TPYIILL; yMHOXKeHHEe A X B — C Ha3zbBaeTcs JUCTPUOY TUBHBIM,
ecan

(Cll +a2)b=a1b+a2b, a(b1 +b2) = ab; + aby
JTst JTIOOBIX a, a1, as € A, b, b1, bs € B. Eciu 910 yMHOXKeHWE TUCTPUOYTUBHO, TO JJIs
mobbix MaTpur, A € A™X", B, B’ € B"*F ppmonHAeTcs COOTHOLIEHHE AUCTPHOYTHB-
voctu A(B + B') = AB + AB’; peficTBuTennHO,
n n
(A(B+B))iy =Y Au(B+B)s; =Y (AisBs; + AisBl;) =

s=1 s=1



= Ai B+ Y AiBl;=(AB);; + (AB');; = (AB + AB');;.
s=1 s=1

Awnasormano, gt mobeix marpun A, A’ € A™*" B € B"** grmonnsiercs coornomre-
une aucrpnbytusHoctn (A + A')B = AB + A'B.

AcconuaTuBHOCTD YMHOXKEHUS MATPUIL MOXKET ObITh JTOKA3aHA B CJIEIAYIONIEM KOH-
rekcre. [lycrs A, B, C, D, £, F — abejeBbl rpyNibl OTHOCUTENHHO CJIOXKEHUS, HA
KOTOPBIX 38JaHbI JUCTPUOYTHBHBIE YMHOMKEHHS

AxB—-D, DxC—F, BxC—E& AxE—F,

npuaem (ab)c = a(be) mua mobex a € A, b € B, ¢ € C. Torna ana moberx Mar-
purp A € A™X" B € B>k (' € CFX" BLINONHACTCS COOTHOIICHHE ACCONNATHBHOCTI
(AB)C = A(BC). JeiicTBuTeIbHO, B JOKA3ATENBCTBE ACCOIMATHBHOCTH YMHOMKEHHSI
MATDHI] HAJ[ ACCOIMATUBHBIM KOJIBIIOM A, KOTODOE MBI TIOBTODSIEM HUKE, ACTIOIL30-
BaJIMCh TOJILKO 3TH CBOHCTBA (HAOMHEUM, 4TO Yepe3 I 0603HAYEHO JIeKAPTOBO MIPOU3-
Bemerne MHOKECTB {1,...,n} m {1,...,k}):

E

(AB)uCij =Y (z”: AisBst)Ctj => (Z(AisBst)Ctj) =

1 t=1 s=1 t=1 s=1

((AB)C)i; =

k k n
t=

n k
= Z (AisBst>Ctj = Z Ais(BstCtj) = ZZ Ais(BstCtj) =
(s,t)el (s,t)el s=1t=1

n k
=3 A ( Y ABaCy) = D7 AlBC)y; = (A(BC))s5.

s=1

3. MATPUIIBEI HAJI TIOJIEM

daemenmaproie mampuyv. Beroay B 9ToM naparpade k saBiasercs (GUKCUPOBAHHBIM
TOJIEM, ¥ BCE MATPUIIHI OYIAyT MaTPUIIAMU C djieMeHTaMu u3 k.

DJIeMEHTAPHBIME MATPHUIAMHU HAZT kK HAZBIBAIOTCS KBAIPATHBIE MATPHUITHI OJHOTO U3
BHIOB

1 1
B KOTOPBIX (4, A — 9JIeMEHTHI U3 k, npudeM « # 0, Bce He OTMEUeHHbIE HeInaroHaThHbIe
97eMEHTHI paBHBI 0, 4 HE OTMEYEHHBIE JIMATOHAILHBIE 9JIeMEeHTHl paBHbI 1. Taxmm
obpazom, ecm A € k,, — 3meMeHTapHasA MATPHUIA TIEPBOTO THIIA, TO CYIIECTBYET HHIEKC
i, 1 <4 < n, uamement o # 0 u3 monsa k, rakwe gro A;; = o, A;; = 1 upn
Jj#4, Ay =0mnpul # j. Ecm A € k, — a7eMeHTapHas MaTpPULIA BTOPOTO THUIIA,
TO CYyILIECTBYIOT HHAEKCHI ¢ # j, 1 <4, < n, u anement A € k, takue uro A;; = A,
Ass = 1 s Beex s, Ay = 0 aisg Beex map (s,t) # (i,7), s # t.

PaccmarprBaroT eme u 3/1€eMEeHTapHBIE MATPHIBI TPEThero Tuna; marpuna A € k,
HA3BIBAETCS JIEMEHTAPHON MATPHUIEH TPETHErO THIIA, €CJIU CYyHNIECTBYIOT TAKHE TUCJIA
i #7§,1 <4, <n, uro Ay = Aj; =1, Agg = 1 mpu s # 4,7, a Bce OCTAIbHBIE
snemenThl MaTpuilbl A pasubl 0. TakuM 06pa3oM, sJeMeHTapHAS MATPUILA TPETHErO



THIIa UMEET BU

1

Bupodewm, sseMenTapHble MATPUIBI TPETHETO THUOA HE TAK BAXKHBI, MIOTOMY YTO
OHU MOTYT OBITH TTPEICTABJIEHBI B BUIE MPOU3BEICHUS 3JIEMEHTAPHBIX MATPUIL TEPBBIX
JBYX THTIOB. J1J1s1 COKpaIlieHus 3aiCH TOKAYKEM ITO HE B ODIIEM CIydae, a HA MPUMepe
MAaTpHUIl, TOPAIKa 2:

01y (1 -1 10 1 0 11
(Yo)=(o )0 Y)(o ) (o 1)

daemenmaprvie NPeobpasosanus 1ad cMPoKamMu Ut Had CMOAbUAMY MEMPUYDLL. DJTe-
MEHTAPHBIM TPeoOPA30BAHUEM HAJ CTPOKAMH MATPHUILI HA3HIBAETCS €6 YMHOXKEHUE
CJIeBa Ha 3JIeMEHTAPHYIO MAaTPHILY, & 3JIeMEHTapHbIM Ipeodpa3oBaHueM HaJ, CTOJIONA-
MU MATPHUIBI HA3BIBACTCS YMHOXKEHIE MATPUIIBI HA JIEMEHTAPHYIO MATPUILY CIIPABA.

Paccmorpum snemenTaprbie npeobpasoBanus noapobree. Ilycrs A — marpuna ¢
KOMITOHEHTAaMU U3 K, COCTOSINAsS U3 M CTPOK U N CTOJOIOB, W MycTh Marpuna B
TOJIyYeHa, U3 Hee YMHOXKEHUEM Ha 3jeMmeHTapHyio Marpuily X. [TocKoabKy 31eMmeH-
TapHas MATPUIA KBaJpaTHas, a TnpousBeaenne B = X A ompeneneHo TOJbBKO €CJin
YUCJIO CTPOK BTOPOI'O COMHOXKHTEJISI PABHO YHCJY CTOJIOIOB IIEPBOI'O COMHOYKHUTEJIS,
MbI tosrydaeM, 9uto X € k,. UMeerca tpu Tuna smementapubix marpuil. Ilycrs cHa-
qama X — 9JeMeHTapHas MATPUIA TEPBOrO THUIA; 3TO 3HAYUT, YTO CYIIECTBYIOT TaKWe
,1<i<m,uack, a#0,aro Xy =a, X;; =1upn j#1i, Xo¢ =0upu s #1t
(1<j,s,t<m). Torga

t, eCITu S # 1 ;
By = (XA :EX-A-:XA: y .
st ( )st ' sj4igt ss4lst aAit7 ecin s = 1,
Jj=1
HOTOMY 4TO P (PUKCUPOBAHHOM S U3 31€MEHTOB X ;j TOJIbKO JHArOHAIbHBII 3/IeMEHT
X ormmaen ot 0, v OH paBeH 1, eciu s # ¢, v paBeH « npu § = . Takum 06pa3om, npu
9JIEMEHTAPHOM NIPEOOPA30BAHUE IIEPBOTO THUIIA BCE 3JIEMEHTHI i-if CTPOKHM MaTpuibl A
YMHOXKAIOTCA Ha, 371eMeHT o 7# 0 u3 mosst k, a ocTaabHbIE 3JIEMEHTHI MaTpuibl A He
MEHSIOTCS.
[Iycrs Temeps X — smeMeHTapHAS MATPUIE BTOPOTO THIA; ITO 3HATUT, U4TO CYIIE-
cTByIOT Takme uHuekcsl § # j (1 < 4,5 < m) u saement A € k, aro X;; = A, X,s =1,
Xt =0mpum s #t, (s,t) # (4,7) (1 < s,t <m). Torma

Bst = (XA)st = ZXslAlt =

{ XosAg = Agy, ecam s #£ 1
=1

X“Alt + XijAjt = Ait + >\Ajt7 ec/im § = i,

OTOMY 9TO Npu (PUKCHPOBAHHOM S 7# § U3 IJIEMEHTOB Xy TOJBKO JMATOHAJIbHBIN
amemenT Xgq oraimder oT 0, u OH paBeH 1, a cpenu 3eMenToB X;; He paBHbI () TOJBKO
X = 1 m X;; = A Tagum oOpasoM, IpH 37eMeHTapHOM TpeodPa3soBAHUY BTOPOTO
THUIA KO BCEM JIEMEHTAM i-U CTPOKM MaTpHUIbl A mpubaB/IsioOTCs COOTBETCTBYIOIINE
SJIEMEHTHI j-f CTPOKM, YMHOYKEHHDBIE HA SJIEMEHT A 3 moJisA k, 8 OCTATIbHBIE SJEMEHTHI
Marpuubl A He MeHSoTCA.

Haxoner, ecin X — ajeMeHTapHas MaTPUIA TPETHETO THUTIA, TO CYIECTBYIOT TaKue
urgekcol § # j (1 < 4,7 < 'm), aro cpeau saementoB X,y orauyer ot ) TOJIBKO 3JIEMEHT



Xij = 1, cpeau snemenros Xj; orauder or 0 ToabKo eMent Xj; = 1, a upu s # 4,5
13 9JIEMEHTOB X ¢ TOJNBKO JUATOHATBHBIN 3meMeHT X5 = 1 He pasen 0; mosTomy

m XssAst = Ast> ecam s 7& 27.7 5
Bst = (XA)St = ZXslAlt = XijAjt = Ajt, eClIn S = i,
=1 inAit = Ait; eCc/Iin S — j

Takum obpa3om, pu JIEMEHTAPHOM IPe0OPA30BAHUE TPETHErO TUIIA i~ U j-51 CTPOKH
MEHSIIOTCSI MECTAMHU, 8 OCTAJIbHBIE JIEMEHTHI MATPUITLl A HE MEHSIIOTCS.

Paccyknasi aHaI0ru9aHO, MBI HAXOIUM, 9TO CYIMIECTBYIOT TPH THUIA JIEMEHTAPHBIX
npeobpas3oBaHuii Ha cToa0naMu MaTpruibl A:

(1) Bce 3MeMeHTBI j-r0 cTOABIA MATPUIILI A YMHOXKAIOTCS Ha d1eMeHT « 7# 0 u3
noJist k, & OCTAJbHbBIE JIEMEHTHI MATPUILI A He MEeHSIOTCs;

(2) KO BceM sseMeHTaM i-ro cTobia Marpuibl A MpubaBJIAIOTCA COOTBETCTBYIO-
IIIAE 3JIEMEHTHI J-TO CTOIONA, yMHOKEHHBIE HA 9JIEMEHT A U3 01 k, & OCTaIb-
HbIE 3JIEMEHTbI MaTpulipl A He MEHSIOTCs;

(3) i-it m j-ii cTONONBI MATPULIBI A MEHSAIOTCS MECTaMH, 8 OCTAJIbHDBIE 3JIEMEHTHI
Marpuibl A He MEHSIOTCSI.

Ipusedenue mampuys anemernmapromu npeobpazosanuamu. Ilpexe, gem cdop-
MYJIMPOBATh OCHOBHYIO TEOPEMY 3TOTO IyHKTA, MaJUM OIHO ompesenenwne. Marpu-
na A € k™*" nazbiBaercs JeCTHUNEOOPA3HON, €CAM CyIIECTBYIOT TaKue YHCaa T,
J1see s dr, IO 0 <7 <m, 1 < j; < ... < jr <N ¥ BLITOJTHAIOTCS YCIAOBUS:

(1) A1j1 = ...= Arj,p = 1,

(2) ecrm s <rui#s, 10 Ay, =0;

(8) ecimm i > 7, 10 A;j =0 st Beex §, 1 < j < m;

(4) ecmn i <71, j < ji, T0 Ajj = 0.
Ecan r = 0, T0o KOMUYIECTBO UHAEKCOB j1, . . . , J» PABHO 0, T.€. X MOTTPOCTY HET; B 3TOM
caydae JIeCTHUIIeOOpa3Has MATPUIA OKA3bIBAeTCs Hy/eBOoi Marpureil. Ecau wmcio
CTPOK WJIM YMCJIO CTOJIOIOB MaTpuiibl paBHO 0, TO BCe YCJIOBHUS BBIMOJHSIOTCS TPHU
r = 0, TaKk 9TO MaTPHUIBI C MMYCTHIM MHOXKECTBOM CTPOK WJIM CTOJIOIOB SBJISIOTCS
JIECTHUIIEOOPA3HBIMH.

Crenpyromuii npumep, B KoTopoMm m = 6, n = 9, r =4, j3 = 2, jo = 3, j3 = 6,
J4 = 8, LILTIOCTPUPYET ITO OMPEIETIEHIe U, MOXKHO HAIESTHCS, JAET MOJTHOE TTPEICTAB-
JIEHUE O TOM, YTO TaKOe JIeCTHUIEOOpa3Has Marpulla (Ha no3unuax "moj jecruunei",
OTMEUEHHBIX 3HAKOM - , CTOAT HYJIU):

1 0 a4 ais O aiy O aig
1 ags azs 0 azr 0 agg
1 asy 0 asg

1 a49

OrMerumM, 4T0 AJIMHBL CTYHEHEK MOUYT ObITh Da3iuYHbIME (B HAILEM IIPUMEPe OHU
pasasamuch 1, 3, 2, 2).
Cuienyioriee mpocToe YTBEPKACHUEe HEMEJIEHHO CJICLYeT U3 OINPEIeIeHNs .

JlemMma 1. Ecau x aecmuuyeobpasrnoti mampuue ¢ v > 0 HEHYACEHLMU CMPOKAMU
NPUNUCAMD CNPABA CMOADEY, 6ce anemenmv, Komopozo, kpome (1 + 1)-20, pasuv. 0, a
(r + 1)-i saemenm pasen 1, MO NOAYHUSUWAACA MAMPULL Modce Gydem aecmmuuye-
006pasnot.

Teopema 1. Bcakyro mMampuuy Hao NoAEM MONCHO TLOCAEO0BAMEALHOCTIDIO IAEMEH-
MAPHHIT NPeobPa3osaruli Had CMPOKAMU NPUBECTNU K AECTIHUYUEOOPAZHOT MAMPUYE.



Jokasameavcmeo. s Besikoit Marpuusl B o6o3naunmM depe3 uepes Bl MaTpHUILy,
COCTABJIEHHYIO W3 IEPBBIX ¢ CTOMOIOB MaTpuipl B. MHayKimei mo ¢ JoKakeM CIeay-
IOIIEe YTBEPKIEHUE:

(%) IIyemw k — noae, u nyemv A € K™ ™. Jlaa eécaxozo j < n mampuuy A moocro
N0CAI0BAMENDHOCTIVDIO INEMEHTNAPHOLL NPEOOPA306aHUT HAD CIIPOKAMU NEPEBECTIU 6
makyo mampuyy B, wmo BUl — aecmnuyeobpasnas mampuuya.

IIpu j = n MBI mosy4uaeM yTBepzKaeHne TeopeMbr; a1 j = 0 yTBepxKaeHue Hecco-
npepxkarenbho. Ilycrs 1 < j < n, m marpuna A nocaeaoBaTelbHOCTBIO 371€MEHTAPHbBIX
Ipeobpa3oBaHMi Hal CTPOKAMH Y3Ke PHBEIeHa K TakoMy Buay B, aro BU 1 — gecr-
uuneobpasnas Marpuna. OBO3HAUMM Yepe3 § YUCJIO CTYIEeHEK (T.€. YHUC/IO HEHYJIEBBIX
CTPOK) MaTpUIbL BUl. Ecian B;; = 0 gna Beex ¢ > S, TO MaTPULA BU! yixe asnserca
JIeCTHUTIEOOPA3HOM, ¥ HUKAKUX JIOMOJHUTEBHBIX TPEoOPA30BAHUil 1eaTh HE HaJIO.
Ecnn xe mafizerca Takoe 7 > s, 9TO 3jeMeHT o = B;; oramden ot 0, To JemaeM HaJ
CTPOKAMU MaTpPHILI B 3meMerTapHbie MpeodpasoBaHmsd

(3

pYc p® p

O CaHUA KOTOPBIX MBI ceifvac JaJNM.

(1) YMHOXkKaeM Bee 91eMeHTHI i-if CTPOKH Ha o 5 Toria Ci; =1, a Bce ocTasibHBIE

3JIEMEHTHI j-TO cTOJ0Ia MaTpullbl C' — Takue Ke, KaK y MaTpuilbl B.

(2) (Ha camowm zesie 310 He oHO, a m — 1 3jeMerTapioe npeobpazosanue). s
kaxkgoro ! # i, 1 <1 < m, npubasJisieM KO BCeM 3J7IeMeHTaM [-if CTPOKU MaTpu-
bt C' COOTBETCTBYIOIINE 3IEMEHTEI 4-i CTPOKH, yMHOKenHble HA —C; = —Byj;
B nosry4mBIeiica marpune D Bee aneMeHTH Dj; j-ro cToabia, KpoMe 37IeMeH-
ta D;; = 1, pasusl 0.

(3) Tlepecrasnsiem i-10 u (s + 1)-10 cTpoku; B osyuusineiics marpuie F Bce sie-
MEHTBI j-r0 cro/61a pasubl 0, KpoMme v1eMeHTa Fi 1, KOTOpBIN paseH 1.

Od4eBUIHO, BCe 3TH MPeOOPA3OBAHNS HE 3ATPATUBAIOT TepBbie j — 1 cTOMOIOB MaT-
purpn; nosromy FU—1 = BU—1 _ jecrrnneoGpasnast MaTpuma ¢ § HEHYIEBBIME CTPO-
kamu. o nemme 1, marpuna FU!, nonyuaomasics us FU—Y npunucsiBannem cupasa
CTONONA, BCE JTEMEHTHI KOTOPOro, KpoMe (s + 1)-ro, paerbr 0, a (s + 1)-ii amemenT
paBeH 1, TOXKe ABJIAETCS JIECTHUIEeOOpa3Hoi. YTBepkaeHue (*) I0Ka3aHO; BMECTE C
HUM JOKa3aHa 1 Teopema, 1.

Ormerum, 9TO JOKAZATETHLCTBO TEOPEMBI HE TOIBKO MMOKA3BIBAET BO3MOXKHOCTD MIPHU-
BEJIEHWs] MATPHUIIBI K JIECTHUIIEOOPA3HOMY BHUJY, HO M YKA3bIBAET aJropudm, Ipu mo-
MOIIM KOTOPOTO 3TO MOYXKHO CIeJaTh. ITOT aaropudM sSBASETCS OJHUM U3 BasKHEIi-
ITUX AJTOPUMPMOB JTHHENHONW anreOphbl U UCIOJb3YETCs I PEreHnss MHOTHX 33,1a4.
B wacraocTH, Ha 3TOM anropudmMe OCHOBAHBI MOYTH BCE METOIbI DEIEHUS CUCTEM
JIMHENHBbIX YPABHEHUMN.

TeopeMa 2. Beakyto mampuyy Had Nosem MONCHO NOCALO0BAMENHOCTIDIO IAEMEH-
MAPHOLT NPeobPa306aruli Had CMPOKAMU U CMOAOUAMY NPUSECTIU K 6UIY

Er 0r><t
(Osxr Osxt) )

2de B, — edunuvnas mampuya nopadxa r > 0, a 07t 05%7  05%t — yyaesvie mam-
DUYbL.

Zoxasameavcmeo. 1o Teopeme 1 a100y0 MaTPUIly 3JIEMEHTAPHBIMEU TPEOOPA3OBAHY-
sSIMU HAJT CTPOKAMHU MOXKHO TPEBPATHUTH B JeCTHUIeoOpaszuyw marpuity B. Ilycrs r
— YHCJIO CTYNEHEK 3TOH Marpuubl, u 1yctb Bij, = ... = B,; = 1 — Hauana srux
crynenek, Tak 410 1 < ji < ... < j,, B;j =0nupu i >r u B,;, = 1 — enuHCTBenHBIH
HEHYJIeBOI1 d1eMeHT B jg-M cTosbie 1 < s < 7. Teneps ameMeHTapHBIME TPEOOPA30Ba-
HUSIMA HAJ CTOJI0mAaMu MaTpuiibl "yObeM" BCe OCTATIBHBIE 9JIEMEHTHI IEPBBIX I CTPOK;



TOYHEe, [T KAXKA0ro s < 7 M JJid KaXkJ0ro j > j, NpubaBUM KO BCEM JIEMEHTAM
J-TO CTOJOIA MATPHUIIBI B COOTBETCTBYIOIINE IJEMEHTHI J4-TO CTOJIOIA, YMHOKEHHDBIE
Ha —B;;. B pe3synprare momyunrcs marpuna C, B koropoit Cij, = ... = G, =1,
a Bce ocrasbhble sseMerTbl paBabl 0. Ocraercs nepecraButb crosdipt Marpuiibl C
9TOOBI TIOJIYIUTH MATPUILY, YKA3AHHYIO B (DOPMYIUPOBKE TEOPEMBI.

[TockonbKy 3/1eMeHTapHOE TPEOOPABOBAHNE HAI CTPOKAME MATPUIIBI PABHOCUIBHO
YMHOXKEHUIO CJIEBA HA JIEMEHTAPHYIO MATPUILY, a JeMEeHTapHOe MpeoOpa3oBaHue HAT
CcTONOMAMY — YMHOKEHUIO HA SJIEMEHTAPHYIO MATPHUILY CIIPABA, MBI MOXKeM mepedop-
MYJIMPOBATH TEOPEMY 2 CIEAYIOMNUM 00pPa30oM.

Teopema 3. [lycms k — noae, u nycmo A€ E™*". Toeda cywecmeyrom maxoe Ha-
MYPANLHOE YUCA0 T U markue mampuuvt X € kny,, Y € ky,, xaoicdas u3 xomopur pac-
KAQODLGAECMCA 6 NPOUIBEICHUE IAEMEHTNAPHBLL MAMPUY, 4MO

Er Or><t
XAYZ (Osxr 05><t> 9

2de wepes s u t 0603HaMENDL PA3HOCIIU M — T, T — T

4. OBPATUMBIE MATPUIIEI

Obpammnas mampuya. B srom maparpade Mbl, KAK U B IPEABLIYIIEM, PACCMATPUBAEM
TOJIBKO MATPHUITLI ¢ KOMITOHEHTAMU W3 HEKOTOporo mojsa k. Marpura B HasbiBaeTCs
obparnoii k marpurie A € k™*" eciu AB u BA — equnnunbie MaTpuibl. [1ocKOTBKY
YUCJI0 CTPOK MaTpullbl AB paBHO M, a 4KMCJIO0 CTOJONOB MaTpulibl BA paBHO n, 3TH

€IUHUYHbIE MATPULBL JOJKHBI UMETh COOTBETCTBEHHO HOpPAaAKu m u n: AB = E,,,
BA=F,.

ITpemmoxenue 1. FEcau daa mampuuyse A € K™*™ cywecmeyem obpamuas mampu-
U@, MO MOALKO 00HG.

Joxazameavcemeo. Ilyers B, By — obparusie kK A marpuiel, T0 AB = AB; = E,,,
BA = ByA=E,,unoromy By = B1E,, = B1(AB) = (B1A)B=FE,B =B.

Marpuna A, y KOTOpoil ecTh 00paTHasi, HA3BIBAETCS 00PATHMOMN, a €IUHCTBEHHAS
obpaTHas K Hell Marpuia obo3nadaerca AL,

Ipeanoxenune 2. (1) Edunuunas mampuya E, obpamuma, u E, ' = E,;
(2) ecau A, B — obpamumsie mampuyst, u npoussedenue AB onpedeaeno, mo AB
~ obpamumas mampuua, npuvem (AB)™t = B1A~1;
(3) ecau A — obpamumasn mampuya, mo A~1 — mooce obpamuman mampuua,
npunem (A~H)71 = A;
(4) ecau A — obpamuman mampuya, mo AT — mooce obpamumas mampuya, npu-
wem (AT)~t = (A~HT,

Zoxazameavcmeo. Yreepxkaenue (1) ouesunno. Eciu A, B — ofparuMble MaTpUIib,
npuyeM mpoussesenne AB ompeieneHo, To
(AB)(B™'A Y = A(BB YA ' = AFA™! = AA™' = E,
(B'A™Y(AB)=BY(A'AB=B"'EB=B'B=E,
r.e. BT1A™! — o6parnas k AB marpuma. Eciu marpuma A obparnMa, TO PABEHCTBA
AA~' = E, A~' A = E noka3sBaIoT He TOJIBKO TO, 410 A~ ! — obparnas Kk A marpura,

HO 1 uT0 A — obparnas k A~! marpuna. Hakower, Tpaucnornpys pasercrsa AA~! =

E, A~'A = E u nons3ysacek TeM, uTo, 09eBnAHO, BT = E, MOJyIUM COOTHOIICHIIS
(Afl)TAT:ET:E AT(A*l)T:ET:E)

)

KOTOpbIE MOKa3bIBaloT, 9To y MaTpuipl AT ecth obparmas marpuma (A~1)T.



IIpennoxenne 3. Faemenmaprvie MATPUYDLL 0OPATIUMbL, NPUYEM OODAITVHBIE K HUM
MAMPUYDL TNOACE ABAANOMNCA INEMEHMAPHHMU MATNPUUAMU.

Jloxasameabcmeo. DIEMEHTAPHBIE MATPHUIIHI

1 1

1 1

ABJIAIOTCA, KaK JIETKO MPOBEPUTH, O6paTHbIMI/I K 3JIEMEHTAPHBIM MaTPpUIIaAM ITEPBOT'O U
BTOPOIr'O THUIIOB

1 1

1 1

(3aech a, A € k, a # 0). DuieMenTapHasi MAaTPUIA TPETHErO THUIA, OYEBHIHO, CAMA
SIBJISIETCST 0OPATHON K cebe MaTpurlei.

Ilpennoxenne 4. ITycmo

E Orxt
A = <OS;T Os><t> )
20e E, — edunuunan mampuya nopadxa r > 0, a 07%F, 05%7 05%t - yyiesne mam-
puyst. Mampuya A obpamuma mozda u moavko moada, koeda s =t = 0.

Zoxasameavcmeo. st moboit marpuiiel B ocienane s ¢CTPOK TPOU3BENCHMUST

rXxt
AB:(E" 0 )B

Os><r 05><t

COCTOSIT JIUIIB U3 HYJIEl; MOITOMY 9TO MPOM3BEIeHNE MOXKET ObITh €IMHUIHON MATPHU-
nett ronpko ecim s = 0. Crenosarensuo, eciu s # 0, To marpuna A He obpaTuMa.
Touno Tak xe, A He obparuma, eciu t # 0. Ecoim xe s = t = 0, To marpuna A
MIPEeBPAIAETCS B INHUIHYIO MATPUILy F,., KOTOpasi, KOHETHO, 06paTHMA.

Kpumeputi obpamumocmu mampuys. . B mocieayonux riaBax Mbl YBHIUM, 9TO
0OpPATIMOCTD MATPHUIIBI PABHOCHJIHHA MHOTHM Pa3HOOOPA3HBIM YCIOBHAAM, (POPMYIN-
PYEMBIM B COBEPINIEHHO Pa3IudHbIX TepMuHax. Ceifdac Mbl yKa)KeM OIHO W3 TaKUX
YCJI0BUH.

Teopema 1. ITycmo k — nose. Mampuuya A € K™*™ obpamuma mozda U MOAbLKO MO-
2da, xo2da m = n u mampuya A seasemces npoussedeHuem INEMEHMAPHBIL MATPUY,

Zoxasameavcmeo. Bce amemenTapHbie MaTPUIIBI OOPATUMBI, & TIOTOMY WX IPOU3BEIE-
Hue — Toxke obparumasa Marpura. O6parno, mycrs marpuria A obparuma. [1o Teopeme



3.3 CymIeCTBYIOT TaKOe HATYPAJBHOE UYUCTO T W Takue Marpuribl X € k., Y € k,,
KaxKJad U3 KOTOPBIX PACKIAAbIBACTCA B IIPOU3BEICHUEC JJICMECHTAPDHBIX MaTPHUIL, ITO

Er Or><t
XAY = (Osxr Os><t> )

rae depe3 s u t obo3HatMeHbI pa3sHocTu M — r, n — r. Marpumst X, Y gaBasiorca mpo-
U3BEJICHUAMH JIEMEHTAPHBIX MATPUIL U TIOTOMY OOPATHMBI; CJIEJI0BATEIBHO, U IPOU3-
BeJIeHNE TPeX OOPATUMBIX MaTPHIL

E’r 07‘><t
(()sxr Osxt) = XAY

— roxke obparumasi marpuria. [1o mpemioxennto 4 370 BO3MOXKHO TOJIBKO TOTA, KOTIA
s =t =0 wu noromy m = r = n. Terneps, BcmoMuHast, 910 MaTpuiibl X u Y 00pPaTUMBI,
IIOJIY YaeM:

A=FE,AE, = (X 'X)AYY H=X"1'(XAYV)Y ' =X"'E, Yy '=Xx"1y" L

Kaxknaga uz marpurt X, Y aBiaseTcs MPOU3BEJEHUEM SJIEMEHTAPHBIX MATPHUIL; TTOITOMY
obparHbple K HUM Marpuibl X 1, Y1 apnatorca npoussenennsmu (B 0OpaTHOM TIO-
PAIKE) MATpUIl, 0OPATHBIX K djleMeHTapHbIM. Ho, KAk MbI 3HAEM, MATPUIA, O0paTHAS
K 3JIeMEHTapHOI. caMa fBJIHeTCH SJIeMEHTAPHON, u moromy Marpumsl X L, Y71 a
BMecTe ¢ HUMHU ¥ uxX npoussenenue A = X 1Y 71, packnagpsarorcs B npoussemenus
9JIEMEHTAPHBIX MATPHII.

Buimucaenue obpamnot mampuuyst. VI37103KeHHbIE BBIINE UJEH TTO3BOJILIOT JATh aJl-
ropudM, MO3BOJIAIONNN BBISCHATE, 0OPATUMa, JTU KBAJApATHAsI MATPHUIIA, U €CJIU OHA,
obparmma, HARTH OOPATHYIO.

ITycte A — kBagpaTHAS MATPHUIA TOPSAKA 1 HAJ HEKOTOPBIM IoseM. Ilpunumem K
Hell cipaBa eJUHUYHYIO MATPUILY HOPSAJIKA 1 U HOJIYYUBILYOCH MATPHUILY

B=(A|E)

9JIEMEHTAPHLIMI TMPeoOpPA3OBAHUAME HAJ CTPOKAME TIPUBEIEM K JIECTHHIICOOPA3HOM
Marpuiie D, KOTOPYI0 TOxKE Pa300beM Ha B3 KBAIPATHBIX OJIOKA!

D= (U|V).

Kaxmoe smemenTaproe peobpa3oBaHne Ha CTPOKAMHA MATPUIILI B CBOINUTCS K YMHO-
JKEHUIO CJIEBA HA HJIEMEHTAPHYIO MATPHUILY, & BCs HOCIEI0BATEIbHOCTD JIEMEHTAPHBIX
npeobpa3oBanmii, mepeBoAdAmmux Marpuity B B marpuiy D — K yMHOKEHUIO HA TPO-
u3BeneHre X ITUX FTEMEHTAPHBIX MATPHUIl. Takum obpazom,

(U|V)=D=XB=X(A|E) = (XA|XE),

orkyna caenyer, uro U = XA, V = XE = X. Ho npoussenenne X 371eMEHTAPHBIX
MaTpulL aBiasercs obparumoil Marpuueil; u3 papercrsa U = X A MblI Tenephb moay4da-
€M, 9T0

A= X"'"X)A=X" (XA =X"U=V"'U.
BoamoxxHBL gBa CIydas.

(1) U = E. Torga marpuma A obpatuma, m A~' = V. JleficTBUTENBHO, B 3TOM
cayaae A = VU = V7IE = V!, no npennoxennto 2 marpuna A, obparHas K
obparumoii marpune V, cama obparuma, u A1 = (V1= =V,

(2) U # E. Torma matpuria A veobparuma. eiicreurensuo, Mmarpuia U, moxyda-
FOIASCS U3 JIECTHUIEOOPa3HO MATPHUIbl DD BRIOPACHIBAHUEM HECKOJBKUX MOCIETHUX
CTOJIONOB, CaMa JIECTHUIIE0Opa3Hasi; HO JIErKO BUJIETDH, YTO €IMHCTBEHHONW KBaAPATHOMN
JiecTHUIEOOpa3HOM MaTPHUIIEH, Y KOTOPOit BCE CTPOKM HEHYJIEBbIE, ABJISIETCS €IMHUY-
mag marpuna. I[lockonsky U # F, orcioma cienyer, 9To y MaTpunbl U ecTh HyJeBbIe
CTPOKU, U TO3TOMY OyIyT HyJIeBble CTPOKM W y J0boro npoussenenus UY | T.e. 910
POM3BEeHNe HUKOI/IA He CMOYXKeT CTaThb eauHuvHOi Mmarpureil. [losromy marpuia



U = X A neobparuma, a 3Ha4UT, HEOOpaTUMa ¥ MaTpuiia A: B IPOTUBHOM CJIydae
npouspegenne X A nByx o6paTMMbIX MaTpull ObLI0 ObI 0OOPATHMON MATPHUIEH.

5. TEJIO KBATEPHUOHOB

Ilocmpoenue mena keamepruonos. Jlo cux mop MbI BCTPEYAJINCH B HAIEM Kypce C
MHOTEMH noJsgMu. HamoMHuM, 9TO T0JIe — 3T0 KOMMYTATUBHOE ACCOIMATHBHOE KOJIb-
10 ¢ 1, B KOTOPOM KaK/Iblil HeHyJsieBOi ajieMeHT obparumM. OHAKO, BCTPEYAIOTCS U
JApyrue anredpanvdeckue CTPYKTYPbI, KOTOPBIE OTJIUYIAOTCS OT TTOJIeH TOJIBKO TEM, 9TO
YMHOXKEHHUE B HUX He 00s13aTeIbHO KOMMYTATHBHO; OHM HA3BIBAIOTCS TejgaMu. Takum
obpazom, MHOXKeCTBO 1, Ha KOTOPOM 33JaHBI CJIOKEHWE W YMHOXKEHUE, HA3bIBAETCS
TEJIOM, €CJIM BBITIOTHSAIOTCS CIETYIONIe CBOHCTBA:

(1) a4+ (b+c¢) = (a+b) +c ana mobeix a,b,c € T (acCOMMATUBHOCTD CIIOKEHHS );
(2) a+b=">b+ a nna mobbix a,b € T (KOMMYTATHBHOCTD CJIOYKEHUS);

(3) cymecrsyer Taxoii snement 0 € T, uro 0 + a = a musa moboro a € T

(4) mna moboro a € T cymecrByer Takoil ajement —a € T, uro a + (—a) = 0;
(5) a(be) = (ab)e ansa mobbIx a, b, ¢ € T (aCCOIMATHBHOCTD yMHOXKEHH);

(6) cymecrsyer Takoii snement 1 € T, uro 1-a = a -1 = a ana moboro a € T
(7) a(b+c) =ab+ac, (a+b)c = ac+be, a(b+c¢) = ab+ ac ana mobbix a,b,c € T
(MCTPUOY TUBHOCTE YMHOKEHHUST OTHOCUTEIHHO CJIOKEHUS);

(8) mma Beaxoro a € T, a # 0, cymecTsyer aaement a1 € T, Takoit uro aa™ ' =

a ta=1.

Iloguepkuem, ¥TO B akCuOMe 7 yYaCTBYIOT JBA COOTHOIIEHUs — JIEBAaA TUCTPUOY-
THBHOCTH W [IPABAs IUCTPUOYTHBHOCTD, 3 B aKCHOME 8 Mbl TpeOyem, 94T00bI eiuHATE 1
paBHsINCH 062 TPOM3BeIeHNd aa” ' u o~ 'a, a He OJHO M3 HUX; KOHEUHO, ITO CBI3AHO
C TeM, 9TO YMHOXEHUEe He 00s13aHO OBITh KOMMYTATHBHBIM. BCSIKOE KOMMYTATUBHOE
TeJIO ABJIAETCA I0JIEM.

Mpgr ceitgac moCTPOUM MPUMEDP HEKOMMYTATUBHOTO TEJIA, UCIIOIB3YS JIJIs STON TeTu
MaTpuibl. B KOIbIle MaTpHIl BTOPOTO MOPSIKA HAJ TOJdeM KOMILTeKcHbX uncen C

paccmorpum noamuokectso H, cocrosiee nu3 Bcex MaTpull Buia

(_ozﬁ §>’ rme «,3 € C.

ITpenmoxkenne 1. OmMHOCUMEABHO MAMPUYHBLEL CAONCEHUS U YMHOHCEHUA MHOICE-
cmeo H npedecmasasem coboli nexommymamueHoe meno.

Zloxasameavcmeo. TlokaxkeMm, 9T0 CymMMa, PA3HOCTh W MPOU3BEIEHHUE JTIOOBIX ABYX
marpui u3 1 cuoBa mpunazgexar 1. JleficTBUTEIbHO, TyCTh

X(—aﬁ i) Y(jg j) (o, B,7,0,€ C);
_( o« B v &\ [ axy B=£4
Xiy_(_ﬁ a)i(_‘s 7)_(—61F5 aiW)’

B a 0 vo0\ ay— 36 ad+ 37
w=( 5 ) (5 5)-(57% 5% )

¥ MBI BUIUM, 9TO MOJIYUIUBIITHECS MATPUIILI IPUHALTE)RAT 1.

Enunuunasa u mysesas Marpuipl, 0O4eBUAHO, npuHaanexar 1, u akcuombl (1)-(7)
BBIIOJIHSIOTCA B 1’y HOTOMY 9TO OHU BBIIOJHSIOTCH BO BceM Kodibiie Marpui; Co. Ocra-
JIOCh TOKa3aTh, YTO J0bas HeHyneras MaTpuna u3 1 obpartuma, n obparHas K Heil

a f

Marpuna Toxke mpuuagaexur 1. Ilycrs X = < — ) — HEHyJeBas MaTPHIA;

TOT/JIA,

_ﬂ o
TOT/IA, XOTS ObI OTHO M3 YHCEd &, 3 OTIMYHO OT 0, U MOTOMY BENIECTBEHHOE YKCIIO
R = aa + (38 = |a|? + |8]? Toxe e pasro 0. MBI ABHO yKasKeM OOPATHYIO MATPHILY:



(5 o )( 5 2) =" gyt )= (0 1)
Sk an

OHa, TpUHAAJIEKUT T .

TaK 9TO MATPUIIA ( ) ABJIsIeTCsT 0OpaTHON K Marpuie X, u sICHO, ITO

It Toro, 9To0bI JyHINe MOHSITh CTPYKTYPY 3TOro Tena 1, mpeacTaBUM ero dJje-

a [y
MEHTBHI B HEMHOT'O APYTOM BUJIC. HyCTb X = ( B E — IIPOU3BOJIBHBLIU 3JIEMEHT
- (0%

u3 T, u nyctb o = a + bi, B = ¢+ di, roe a, b, ¢, d — BemecTBeHHbIe YUCIa. Toraa,

C( a+bioc+di\_ (10 i 0 0 1 0 i
X_<—c+di a—bi>_a<0 1)“’(0 —i)+c<—1 0>+d<i 0)'

Marpuria, Ko3pGUIMEeHTOM TP KOTOPOI CIYKUT @, ABIAETCS eIUHUIHON MATPHUIIEH
FE; obosmaumm uepes I, J, K Marpuiibl, KOTOPhIE BXOAAT B MPEIBIAYINEE BhIPAXKEHNE
¢ ko3pdunpenramu b, ¢, d. Takum obpaszom, 1060 sieMenT u3 1T’ IpencTaBIsteTcs B
Buse aF+bl+cJ+dK, rue a, b, c,d — BelecTBEHHBIE YUCJIA, IPUYEM TAKOE [IPe/ICTaB-
JIEHUE, OYEBUTHO, eIUHCTBEHHO. HenocpeIcTBeHHBIM BBIYUCIEHUEM HAXOIUM, 9TO

I’=J?=K*=—-E, 1J=-JI=K, JK=-KJ=1I KI=-IK=1.

B wacruocru, IJ = —JI # JI, rak 9ro T — HEKOMMYTATUBHOE TEJIO. 3aMETUM €Ille,
49TO BCE CKaJigpHble Marpuilbl aF (o € R) mepecTaHoBOYHBI CO BCEMM MATPUIAMU U3
T.

Temom KBATEPHUOHOB HA3BIBAETCA TEIO H, comeprKaIiee moJe BemeCcTBEHHBIX THCET
R u Takue 3jeMeHThl 1, j, k, 4T0

(1) Beakwmii snement u3 H oquo3nauno upegcrasigercd B puie a + bi + ¢j +dk ¢
BeIEeCTBEHHBIME a, b, ¢, d;

(2) ecin a € R, z € H, 10 ax = za;

(8) i?=42=k>=-1, ij=—ji=k, jk=—kj=1i, ki=—ik=]j.
W3 »sroro ommcanwus erie He CJAEIyeT, YTO HAIIE OMpeeeHre Tejla KBATEPHUOHOB
HEMPOTHUBOPEYUNBO, W UTO TAKOH 00BEKT AeificTBUTENbHO aBisiercs Tesom. Ho Temo T,
[IOCTPOEHHOE BbIIIE, YIOBJIETBOPIET BCeM TPEOOBAHUSIM OLPEIEICHHs TeJ1d KBATEPHU-
OHOB: CKaJsipHble MarTpuiibl aF, rme a € R, obpaszyior nmoganose T, KOTOpOe MOXKHO
oroxaecteuTh ¢ R, a marpunst I, J, K yIoBIeTBOPSIOT T€M TOXKIECTBAM, KOTOPBIM
JOJIKHBI YIOBIETBOPSTD 3JEMEHTHI 4, §, k. TakuM 06pa3oM, TEI0 KBATEPHUOHOB CyIIIe-
CTBYET ¥ JeWCTBUTENBHO SIBJISIETCSA TEJIOM.

Haspanue "kBarepauon" mMeer TOT K€ KOPEHb, YTO U CJIOBA KBaJpaT, KBAPTET,
KBAapTa ¥ MHOTHE JIPYTHe; ITOT JIATWHCKUN KOPEHb O3HadaeT "derwipe, a KBaTEepHU-
OH 3a/1aeTCs YeTBEPKOU BEIECTBEHHBIX YHCEN, OTKYIA W MPOUCXOAWT €r0 Ha3BaHUE.
Obo3nauenune H nanomuHaer HaM O TOM, 9TO BIEPBbIE KBATEPHUOHBI OBLIN OTKPBITHI
UPIAHICKEM MaTeMaTHKoM YurabamoM Lamuasronom (W.Hamilton).

Bexmopo u keamepruonss. Ilycrs x = a+bi+ cj+ dk — xBarepauon (31ech a, b, ¢, d —
BEILECTBEHHBIE YUCIIA); YUCJIO G HA3BIBAETCH BEIIECTBEHHOM, MM CKAJISPHOMN, YaCThiO
KBATEPHHUOHA T, 8 CyMMa OCTaJbHBIX TPEX KOMIIOHEHT bi + c¢j + dk — ero BeKTOpPHOI1
JacThio. [IpUanHBl TAKOTO HA3BAHWS SICHBI: BCIKHUI BEKTOD B TPEXMEPHOM MPOCTPAH-
CTBE TIPEJICTABISETCH B BHJIE JNHEHHON KOMOWHAIINN OPTOB 7, 7, ?, U KBATEPHUOH
bi+ cj + dk ecTeCTBEHHO OTOXKAECTBUTH C BEKTOPOM bi —1—07) + ?, 9TO MBI B HaJbHEH-
meM u OymeM genarh. KBaTepHUOH ¢ HyJIeBO# CKASIPHON 9acThiO MbI OyIeM Ha3bIBATH
BEKTOPHBIM KBATEPHUOHOM WJIM ITPOCTO BEKTOPOM. Takum 06pa3om, BCAKHIT KBATEPHU-
OH TIPEJICTABJISETCS B BUJE CYyMMBI BEIECTBEHHOTO YUCJIA @ U BEKTOPA B TPEXMEDHOM
npocTpancTee v = bi + ¢j + dk.



VMHOXKEHIE BEKTOPHBIX KBATEPHUOHOB OY€Hb KPACUBO MHTEPIIPETUPYETCH TEOMET-
puaecku. Mo 6ynem 0603Ha9aTh qepes (U, v) CKATSPHOE TPOU3BEIEHNE BEKTOPOB U U
U TPEXMEpPHOro MPOCTPAHCTBA, & Yepe3 U X U — UX BEKTOPHOe mpou3BeaeHue. IlycThb
u="b1i+ c1j +dik, v =031+ coj + dok — ABa BEKTOPHBIX KBATEPHUOHA; TOLJA

uv = (bll +Clj +d1k)(bg’£ +02j +d2]€) = b1b2i2 + blcgij +b1d22k+clb2jl + 6162j2+
+ c1dojk + d1boki + dicaky + dldgkz = —(b1b2 + c102 + drda) + (c1da — ngl)i+
+ (—b1d2 + b2d1)] + (blcg — bgcl)k‘ = —(U,U) 4+ u X v.

Taxum 00pa3oM, BeleCTBEHHAS JaCTh ITPOU3BEICHNST BEKTOPHBIX KBATEPHUOHOB DaB-
Ha UX CKaJIAPHOMY HIPOU3BEIEHUIO, B3ATOMY CO 3HAKOM —, & BEKTOpHASd 4HacCThb — UX
BEKTOPHOMY IIPOU3BEJIEHUIO.

Conpsaotcenue xeameprnuonos. Hopma u mpuzonomempuneckas dopma sanucu kea-
mepruona. Ilycts © = a + bi + ¢j + dk € H, tne a,b, c,d — BemecTBeHHBIE YUCTA;
COIPSI>KEHHBIM K KBATEPHUOHY T HA3LIBAETCS KBATEPHUOH T = a — bi — ¢j — dk. NHaue
rOBOPsi, €CIH T = @ + U, [JIe @ — BEIIeCTBEHHAs, & U — BEKTOPHAS 9aCTH KBATEDHU-
oHa T, T0 T = a — u. Ilyctb y = a1 + w3 — APYroil KBATEepHUOH (31eCh ONATh BCE
KO3(DUIMEHTBI a1 U U] — BEIIECTBEHHAS U BEKTOPHASA YaCTH KBATEPHUOHA Y); TOIJIA

zty=(a+a1)+(u+tu)=(a+a1)—(utu)=(a—u)+(a;—uy) =T+7,

Ty=(a+u)(a; +u1) =aa; Fauy +ajutuu; =aa; — (u, u1)+aus +aju+(uxu) =
=aa; —(u,u1)—au; —aju—(uxuy) =aa; —(uy, u) —au; —agu+(ug Xu) =
=aa; —auy —arutuiu=(a—u)(a; —uy ) =Y.

O6paTI/IM BHUMaHHE Ha TO, YTO IPHU COIPAXKEHHHN IIPOU3BECACHUA COMHOXKHUTE/IIN HE
TOJIBKO 3aMEHSIOTCS HA COMPKEHHBIE, HO €ITe U [TePECTABISIOTCS B 00PATHOM TIOPSI-
Ke.

Hopwoit kBaTepunona x = a+bi+cj+dk, vae a, b, ¢, d — BelecTBeHHbIE YUCIA, Ha-
3BIBAETCA HEOTPUTIATETLHOE BerecTernoe uncio ||z|| = a? + b2+ ¢? + d%. O6osnanas,
KaK U BBIMIE, Yepe3 u BeKTop bi + ¢j + dk, Haiigem. 4910

1T =(a+u)a—u)=a®—au+au—u’=a*—u’=0a*— (—(u,u) + (uxu)=
=a® + (u,u) = a®> + v + 4+ d* = ||z]|,

W TOYHO TaK 7K€ MOKA3BIBAETCA, 9TO Tx = |||

Wuorma 6biBaeT yaoOHO MPEACTABIATh KBATEPHUOHBI B (pOpME, AHAJIOTHIHON TPH-
rOHOMETPHUYECKOH (opMe KOMILIEKCHOrO 4uciaa. £ = a + bi + ¢j + dk, rue a,b,c,d —
BEIECTBEHHBIE Yncaa, npuaem = # 0, T.e. ||z|| > 0. IIycts r = /||z||Kak u panmbme,
obozHaMmM gepes u BekTop bi+cj+dk. Torna r?| = |z|| = a? +b2+c2+d? = a®+||ul|?,
rae uepes ||u|| obo3navena quHa BEKTOPA U; TIOITOMY

(2) + (%) =+

" CYIEeCTBYET TaKOe€ BEICCTBEHHOE YUCI0 ¢, ITO

_a ]
cosp = —, sinp = .
T T
BameruM, 9T0 npu HameMm onpejenenuu sing = ||ul|/r > 0. Ecam sing > 0, mo-

AoKUM v = u/rsing; Torna nivHa ||v|| BekTopa v pasHa ||ul|/rsing = 1. Ecin
xe siny = 0, To Beibepem B KadecTBe v JI000# BekTOp mymHbl 1. B 0boux caydva-
ax x = 1(cosp + vsiny), rae v — BEKTOPHBIA KBATEPHUOH JJIMHBI 1. Amajorus ¢
TPUTOHOMETPHUIECKON (POPMOIT KOMIIIIEKCHOT'O UMC/Ia CTAHET errne G60bIeli, KOrma, Mbl
samernM, 910 v2 = —(v,v) +v X v = —|[v]|? = —1. D10, MK LY TPOUNM, TTOKAZHIBALT,
9TO B Tele KBATEPHUOHOB ypasHeHne r2 = —1 mMeeT He JBa, Kak OLITO OB B TOE, a
GECKOHETHO MHOTO PeIneHuid.



Dopmyaa Flsepa 0is npouseederus cymm yemoviper keadpamos. Vcnonp3ys KBaTep-
HUOHBI, MbI JIETKO [TOJIydaeM (POPMYITy, IPEICTABISIONTYI0 TPOU3BEIEHNE IBYX CYMM
JeThIPEX KBAJAPATOB B BUJE CYMMBI Y€TBIPEX KBAJIPATOB.

JIemma. /laa amobux xeamepruonos =,y € H nopma ||xy|| ux npouseedenus pasna
NPOU3BEIEHUIO HOPM COMHONCUTNEAET.

Loxasameavcmeo. 1lonb3ysachk TeM, 9TO BENIECTBEHHOE YHCJIO MOXKHO B IMPOU3Bee-
HUU IEPECTABUTH C JIIOOBIM KBATEPHUOHOM, IIOJLYYKM:

lzyll = (zy)(Ty) = zyyz = 2|ly||7 = 27(|y[| = [[=[ - [|y[]-

IIycrb Teneps x = a + bi 4+ ¢j + dk, y = a1 + b1i + ¢1j + d1k — 1Ba KBaTEpHUOHA,
(3mecw a, b, c,d, a1,b1,c1,dr — BemecrBennble uncia). CocunuraeM UX NPOU3BEJIEHUE:

zy=(a+bi+cj+ dk)(a1 + b1i+ c1j + dik) = (aay + bby + cc1 + ddy)+
+(aby + bay + cdy — deq)i + (acy — bdy + cay + dby)j + (ady + bey — ¢by + dag k.

Tlo nemme, npomsBeseHre HOPM KBATEPHUOHOB T, Y PABHO HOPME KBATEPHUOHA TY,
T.€. BBIMIOJTHAETCA TOXKIECTBO

(a® + V% 4+ * + d?)(a? + b2 + 2 + d?) = (aay + bby + ccy + ddy)*+
+(ab1 + ba1 + Cdl — d61)2 + (CLCl — bdl + caq + db1)2 + (ad1 + bCl — Cbl + da1)2.

9TO TOXKIECTBO HA3BIBAETCS TOXKIeCTBOM Jiepa. Haire mokasaresbcTBO HPOXOLUT
JIMLIb JIJIsl BEIECTBEHHBIX YMCEJ, HO HA CAMOM JIeJI€ €I0 JIENKO PACIpPOCTPAHUTH HA
BCE KOMMYTATHBHBIE ACCOIUATUBHBIE KOJIBI[A. 3AMETHM €Ie, 9TO JIeBas U MpaBas da-
CTH 3TOTO TOXKIECTBA IPEIACTABIAIOT COO0M MHOTOWIEHBI OT a, b, ¢, d, a1, by, c1,d1; MBI
[IOKA3aJId, YTO BCE UX 3HAYEHMS PABHBLI, HO IO TeopeMe O (POPMAJLHOM U (PYHKIHO-
HaJIbHOM DPaBEHCTBE JIJI MHOIOYJIEHOB OT HECKOJIBKUX IIEPEMEHHBIX OTCHOIa CIIeIyer,
YTO ¥ CAMHM MHOI'OYJIEHBI PABHBL.

ToxkmecTBa, AaHAJOTUYHBIE TOXKISCTBY JUIEpa, CYIIECTBYIOT €Ie TOJBKO JJIsi CYyMM
JBYX W CYMM BOCBMH KBaApaToB. I cyMM IBYX KBaJAPATOB IOKA3ATENIHCTBO AHAIO-
TUYHO TTPUBEIEHHOMY BBIIIE PACCYKICHUIO; HAIO TOJBKO BMECTO HOPMbI KBATEDHUOHA,
KCIIOJIB30BATh KBAAPAT MOIYJIS KOMILIEKCHOIO YHCJIA.

IIpedcmasaerue payuoHaibHo20 YUcAe 6 sude cymms, vemuper xkeadpamos. Mbr uc-
TTOTb3yeM KBATEPHUOHBI JJIsT TOKA3ATEIBCTRBA CJIEIYIONIET0 TEOPETHKO-IUCIOBOTO pe-
3yJIbTATA.

Teopema 1. Bcakoe nososcumensbHoe DAUUOHAABHOE HUCAO MOHCEM Obimb nped-
CMABAEHO 6 8UJE CYMMDBL KEAOPATMOE YeMBIPET PAUUOHAALHBIL “UCEN.

Sameuanne. Ha camom dese cnpasedaiuso u boaee cuavHoe ymeeporcdenue: 8cakoe
HATMYPAALHOE HUCAO MOHCEM oMb NPEeJCasAeHO 8 sude CYMMbL K8aIPamMOoS “emol-
pex HamypasbHur wucea. Ho mot ogpanuvumcs 3decv 00Ka3amessbCcmeom Ausb 0cAa0-
AEHHOT HOPMbL ITMO20 KAGCCUBECKO20 PESYADINATNG.

Joxazamesvemeo. JoctaTouHo noKazaTh, 9TO JIIODOE MOJOKUTEIHLHOE IeJI0e TUCIO
SIBJIAETCST CYMMOM KBAIPATOB YETHIPEX PAIMOHAJIBHBIX unces. JleficTBuTenbHo, ecyin
a/b € Q, rme a,b TOMOKUTETBHBIE TEJTBIE TUCIA, W TET0E TUCIO ab PABHO CyMME
KBaJIpaTOB PallMOHAIBHbBIX YHCe] a, (3,7, d, TO
a/b = (a/b)* + (B/b)* + (v/b)* + (6/b)*

— npezacrapienre a/b B BUIE CyMMbI KBAJIPATOB YeThIPEX PAMOHAIBHBIX YHCEI.

[IpeamnooxKum, 94T0 HAIllE YTBEPXKICHUE HEBEPHO; MYCTh P — HANMEHBIIIEE MOJIOKU-
TEIbHOE TIEJI0e YUCJI0, He TPECTABAMOE B BHJE CYMMBbI KBAJIPATOB YETHIPEX PAIHO-
HasbHBIX ducen. [Tokaxkem, 9To p — He"eTHOE pocToe uncio. B camom mene, p # 1,2,
rak kak 1 = 12 + 02 + 02 + 0%, 2 = 12 + 12 4 02 + 0. Ecm p — He IpPOCTOE UHCIIO,
TO P PACKJIAJBIBAETCS B TPOU3BEICHNE p = ab HATYPaJbHBIX YHCET @,b, KaxKioe u3



KOTOPBIX CTPOI'O MEHBIIIE P U IIO3TOMY IIPEJICTABIAETCA B BUJE CyMMBI KB3/IpDATOB de-
TBHIPEX PAIMOHAIBHBIX YHCENT; HO TOTMA MO TOXKIECTBY Jilepa u UX MPOU3BEJICHUE P
TOZKE TIPEICTABIACTCA B BI/Ie CyMMBI KB3/IPATOB YeTbhbIpeX PAIMOHAJIbHBIX YHUCEN, 9YTO
[IPOTUBOPEYUT HAIIEMY [IPEJIIIOJIO?KEHUIO.

Jlemma 1. Cywecmsyom maxue ueavie “ucaa a,b, c, we ece pasuoe 0, 4mo
2,32, 2. 2,32, .2 2
a“ 4+ b* + ¢ + p, a“ 4+ b* + ¢ < p°.

Jloxasameavcmeo. Ecmu —1 gaBigercd KBaJpaTUIHBIM BBIYETOM TIO MOMYIO P, TO
CYyIIECTBYeT Ieoe 9ucao a, Takoe 910 0 < a < p—1m a?> = —1 (mod p). Torma
A+ 12 4+0%=a*+1=p, AA+124+0°<(p—172+1=p*—2p<p’

Ilyctsb Temeps —1 — KBaAPATUIHBIN HEBBIYET MO MOIYIIIO P, U MYCTh d — HAUMEHBIIAH
KBaIPATHIHBIA HEBBIYET IO MOLYIO p; Toraa 2 < d < p, a d — 1 m —d KBagpaTuIHbIE
BbIMEeTHI ([IOCJIE/IHEE [IOTOMY, Y9TO NPOU3BEIEHHE KBA/IPATUYHBIX HEBBIYETOB SIBJIAETCH
KBaJAparudubiM Bbruerom). Cie0BaTesIbHO, CyIIECTBYIOT TaKUe LeJble Yucia a1, b,
uro a? =d — 1 (mod p), b2 =p — d (mod p), 0 < a1,b; < p. IIycTs a — To U3 wwCcen
ai, p — a1, KOTOPOE MeHbIle p/2, u aHajaorudHo b — To u3 uucen by, p — by, Koropoe
menbie p/2. Torna

>+ +12=(d-1)+(p—d)+1=0 (mod p), a® +b* + 12 < 3p?/4 < p*.

Bephremcs k pokazaresbcrBy Teopembl. [1o slemme, cyrmecTByer 1ieioe 9ucyio m,
takoe uto 0 < m < p u a® + b?> + ¢ = mp. IockoNbKy 1O HaleMy IIpenosIozKe-
HUIO D — HANMEHBIIIeE TIOJIOKUATETHHOE TIEI0e THCI0, He TPEICTABIMOE B BUIE CYMMbI
KBaIPATOB YETHIPEX PAIMOHAIBHBIX YHCET, CYIIECTBYIOT TAKUE PAIMOHATbHBIE YUCIIA
a, 3,7, 6, aro m = a? + 3% + % + §2. Torma aucaa m, mp, 1/m? apnaiorca HopMaMu
KBATEPHUOHOB « + (i +vj + 0k, a+ bi+ ¢j, 1/m, nosroMy ux mpomssejeHue p paBHO
HOpMeE KBATEPHUOHA,

(o + Bi+vj+ 0k)(a+ bi+cj)/m,
BCE KOMITOHEHTBI KOTOPOr0, OY€BUIHO, PAIMOHAILHEI. VITak, B IPOTUBOpEYHE C MMpe-
MTOJIOKEHUEM YHCII0 P OKA3aJI0Ch PABHBIM CYMME KBAJPATOB Y€ThIPEX PAIMOHAIbHBIX
KOMITOHEHT HEKOTOPOT'O KBATEPHUOHA.



