TI'masBa II. Koabiza MHOro4JIeHOB

1. O CJAEACTBUAX KOMMYTATUBHOCTU, ACCOOINATHMBHOCTU U
AUNCTPUBYTHUBHOCTHA

Cymmoe. Ilycrs na mookecrse A 3amana GuHapHas aarebpamdecKas Omepauus CJIo-
skeHus1. TIpennonoRuM, 9To Ta onepanys acconuarupha, T.e. (a+b)+c=a+ (b+c¢)
JTst JTIOOBIX @, b, ¢ € A. D10 3HaUUT, 9TO CyMMa a + b+ ¢ He 3aBUCHT OT TOrO, KaK MbI
paccraBuM ckoOKY, HeTpymaHO J0Ka3aTh MO MHIYKIWH, 9TO TO YKE CaMOe BEPHO W JIJIst
M0ObIX KOHEUHBIX cyMM. Hampumep, mpu dersipex ciaraeMbiX Bce 5 CyMM

a+(b+(c+d)), a+((b+c)+d), (a+b)+(c+d), ((a+b)+c)+d, (a+(b+c))+d

pasubl. Ilosromy KOHEYHBIE CyMMbI a1 + a2 + - -+ + @, (€U, KOHEYHO, CJOKEHHUEe
aCCOLMATUBHO) OObIMHO 3aIUCLIBAIOTCs 0€3 CKOOOK; Kak Obl Mbl HU [DYILIIUPOBAJIA
claraeMble Tak, YTOObI KaXKIblil pa3 CKJIAAbIBATINCH JIBA 9JIEMEHTA, PE3YIbTAT BCETIa
Oyner omuu u TOT ke. Ho, BOODIE rOBOps, MOPSIIOK ClIaraeMbIX B CyMMe MEHSTh
HEJTB34.

OiHaKo, ecan CIOXKeHNe He TOJTBKO aCCOIUATHBHO, HO U KOMMYTATHUBHO, T.. a+b =
b+ a ans mobeix a,b € A, TO, KaK JIETKO JOKa3aTh IO WHAYKIWHU, CJATAEMBIE B
KOHEYHOM CyMMe MOXKHO MMEPECTABISATH MPOU3BOJIBHBIM 00Pa30M. DTO TMO3BOISET HAM
3AIKCHIBATD CYMMY HECKOJIBKUX 3JEMEHTOB IIPU [IOMOINU 3HAKa Y . Boiparkenus
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03HAYAIOT COOTBETCTBEHHO CYMMY 3JIEMEHTOB T1, X2, .. .,Ty € A, CyMMYy BCEX 3JIeMEH-
TOB M3 KOHEYHOI'O MHOXKeCTBa S C A M CyMMy 3J€eMeHTOB a; € A, 3aHyMepOBAHHBIX
3JIEeMEHTAMH M3 KOHeIHOro MHOxkecTBa I. Hacrto 6biBaer yaobHO pacCMATPHUBATD W
CyMMY ILyCTOI'O MHOXKECTBA CJIATa€MbIX; €€ eCTeCTBEHHO cumTarh paBHoit 0. MHorma
aHaJIOrMYHbIe 0D03HAYEHUS] TTPUMEHSIIOTCS U TOTJA, KOTIAa MHOYXKECTBO WHIEKCOB 0ec-
KOHEYHO; HAPUMED, HAM MPHUIETCH PACCMATPUBATH CYMMBI BUIA
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Takoe BbIpaXKeHUe OCMBICTIEHHO, €CJTH BCE 3JIEMEHTHI 4;, KPOMe KOHETHOrO YHCIIa, PaB-
ubl 0; B 9TOM CIy4¥ae MbI TOBOPHM, UTO IOYTH BCE @; PABHBI (.

IIycrs Temepn I, J — ABa KOHEUHBIX MHOXKECTBA, W mycTb I X J — MX OEKapTOBO
npoussenenue. lanee, nycts a;; € A — HabOP JEMEHTOB, 33HYMEPOBAHHBIX JBYMsI
unamekcamu ¢ € I, j € J. Torna onpenenena cyMmma

E Q.

(4,5)ETX T

BwmecTo Toro, 9TobBI CUMTATH CYMMY 110 J€KAPTOBY MPOU3BEIEHUIO IBYX MHOXKECTB,
MOYKHO TIOCTYTIUTE WHaJe: 3aUKCHPOBAB ¢, COCIATATh CYMMY BCeX a;j, j € J, a 3aTem
CJIOXKUTH BCE MOJYIHUBINHECS CyMMbI. Eirie ouH cnocob COCTOUT B TOM, 9TO, 3aUKCH-
POBAB j, MBI CUNTAEM CYMMY BCEX G4, ¢ € I, a 3aTeM CKJIAIbIBAEM BCE IOy UMBIINECS
cyMMbl. BBU/lY HE3ABUCUMOCTH CYMMBbL OT TOPSJIKA U CIIOCOOA IPYNIIMPOBKY CJIArae-
MBIX PE3yJIbTaT BCeraa OyIeT OIUH U TOT Ke:

E Q5 = E E Q5 = E E aij.
(i,5)eIxJ el jeJ jedJ iel
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Ipouseedenus. Bee, aTo OBLIO CKA3AHO O CyMMe, OCTAETCS CIIPABEJIUBBIM U JIJIs TPO-
u3BejieHus (eCJiM OHO, KOHEYHO, ACCOLUATUBHO M KOMMYTaTuBHO). g obosnadenus
MPOU3BEIEHNS HECKOIBKAX COMHOMKUTENEH TPUMEHSETCS 3HAK | [: BRIDAsKEHUS
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O3HAYAIOT COOTBETCTBEHHO TPOU3BENEHWE 3JIEMEHTOB I1,T2,...,T, € A, mpousse-
JTeHWEe BCEX 3JIEMEHTOB M3 KOHEYHOTO MHOXKecTBa S C A, mpow3BeneHue IEMEHTOB
a; € A, 3aHyMEPOBAHHBIX JIEMEHTAMHU U3 KOHEYHOrO MHOXKeCTBa I M mpow3BeleHue
371eMEHTOB a;, 1 < 1 < 00, moYTH BCe W3 KOTOPBLIX pasHbl 1. [Ipon3ssenenuem mycroro
MHO?KECTBa COMHOXKUTENeH ymobno cuntars 1. g IBOMHBIX IPOU3BEACHNN CIIPABEI-
JIUBBI COOTHOIINEHN, AHAJIOTUYHBIE COOTHONIEHUAM JJII ABONHBIX CyMM:

[T ow=TITTos = 1o

(i,4)eIxJ i€l jeJ jeJ i€l

Csoticmeo 0. Mbl B caMbIX DPa3JHYHBIX CATYAIUAX OyIeM MOJB30BATHCSA TEM, 9TO
yMmHOKeHue Ha () BCerja Jaer HyJaeBo# pe3yabraT. UToObI He JOKA3BIBATH ITO KAXKIBII
pa3 3aHOBO, MPUBEMEM STOT PE3YJIHTAT B JOCTATOYHO 0bOIIei (hopme.

ITpemgoxenue 1. Iycmv A, B, C — abeaesvt 2pynnbt, U NYcms 0AL KAAHCOLLT INe-
Mmenmoe a € A, b € B onpedeaeno ux npoussedenue ab € C, npuvem 8bnoIHAECMCA
coomnowenue ducmpubymuenocmu: (a1 + a2)b = a1b + azb das mobox ar,a2 € A,
be B. Toeda 04 - b= 0¢ 0daa awbozo b € B.

Zloxasameavcmso. Mbr nmeem:
04-b=(04+04)b=04-b+04 -0

IIpubaBuB K 0beum 4dacTaM TOro paBeHcTBa jeMeHT —04 - b ¥ BOCIOJIb30BABLIKCH
ACCOIMATUBHOCTRIO CJIOXKeHUsi B rpymne C, mOgIydnm:

0c=04-b4+(=04:0)=(04-b+04-b)+(—04-b) =
ZOA-b—I—(OA-b—‘r(—OA-b))ZOA'b-‘rOC:OA'b.

B uvacTHOCTH, 3TO CBOACTBO BhIIOAHAETCA, ecin A — jiroboe koblo, u B = C = A.

IIpoussedenue cymm. YKaxKeM erre OIHO CBOWCTBO, BHITEKAIOIIEE M3 KOMMYTATHBHO-
CTH U aCCOIMATHUBHOCTH CJIOKEHUS, ACCOIMATHBHOCTH YMHOKEHHUSA U AUCTPUOY TUBHO-
cru. CHavana chOPMyIUPYEM ero CJIOBECHO. /1JTst TOrO, 9TOOBI TEPEMHOKUTEH HECKOIh-
KO CyMM, HaJI0 B KaXKJIOM COMHOXKUTEJIE BbIOPATDH M0 OJHOMY CIATaeMOMY, TePeMHO-
JKATh BBIOPAHHBIE CJIATAEMbIE. & 3aT€M BCE TAK IOy YE€HHbIE TPOM3BEICHNS CJI0KUTD.
SamuieM 37O Ternepb B BHUE TOYHOH (DOPMYJIBI:

( Z al,il)( Z a2,i2) ce ( Z am-r) = Z A1,5,4245 * " Apg,.-

1€l i2€12 ir€lp (i1,..0yip)€E
I x--- X1,

2. OHPE,ZLEI[EHI/IE 1 IIOCTPOEHUE KOJIELL MHOI'O4YJIEHOB

Onpedenenue xoavya mnozousenos. Ilycrb A — xonbuo. Hemycroe moaMHOMXKECTBO
A C A maspIBaeTcs MOOKOJBLOM A, €Clm OHO 3aMKHYTO OTHOCHTEIHHO ACHCTBHN B
A. Do 3HauuT, 9TO AT BCAKUX a,b € A ux cymma a + b, pazHocTh a — b u pou3BeIe-
uue ab npunaexkar A. fcHo, 9To J1060€e TOAKOIBII0 CAMO SIBISETCS] KOJBIIOM; €CJTH
KOJIBIIO A KOMMYTATHBHO U aCCOMUATUBHO, TO U JIIOOOE €ro MOJIKOJIBII0 KOMMYTATHBHO
7 acCcomuaTHBHO. Ecam Konbno A aBigeTca KoabIoM ¢ equauneii 1, u 1 mpuramie:xuT
IOIKOJBILY, TO MOIKOIBIO — TOXKE KONBIO C €IAHUIEH.

IMycts A — acconmaTurHoe KobIo ¢ eaununeit 1. Ixs sgementa t € A onpenennm
II0 MHIYKIUK ero crenenu t' ¢ nokaszarenem i € Ny. Ilonoxkum t9 = 1; ecoin amement



tl: YK€ OIpEAEeseH, TO IOJI0KHM titl = tit, MHgyKuHeﬁ 1o J JIErKO NOKA3aTh, ITO
titd =t nna mobeix i, j € Ny. Hedicrsurensuo, t't0 = tt -1 =t = 10, Ecim yxe
JI0Ka3ano, 4o t'4/ =t 10

I = () = (£19)t = 779t = (HDHL = i+ UHD),

IIycts A — KOMMyTATHBHOE ACCOMUATHBHOE KONBIO € eauHnnel, A — mogkomso A,
conepskarnee equanily 1 kombna A, a t — amement uz A. Mur roopum, A saBisieTcst
KOJILIIOM MHOTOWJICHOB OT ¢ Has KOMbIOM A u mumem A = A[t], ecim nmro6oit smement

o0
f € A omHosHawHO MpencTaBifeTca B Buae f = Y a;t', rae a; — meMenTH u3 A,
i=0
nouru Bce (T.e. BCe, KpOME€ KOHEYHOrO 4HcJja) paBHbie (), Tak 4TO HA CAMOM Jeje
IpenpIayIIas CyMMa KoHeIHa. OIHO3HAMHO ONPEIEJCHHBIE 3JIEMEHTHI ; HA3BIBAIOTCS
KO3 PpuUImeHTaM MHOTOUIEHA f.

U3 3roro onpenenenus He sICHO, JJIs BCIKOTO JIM KOJIBIA, CYIIECTBYET KOJIbIIO MHO-
FOWICHOB HaJ HuUM. HurKe MBI JOKaxKeM, 4TO 3TO Tak: AJIs JIOOOr0 acCOLUATHBHOIO
KOMMYTATHBHOI'O KOJIbIIA C egunuieil A cymecrByer koabuo A O A u snement ¢t € A,
trakme aro A = A[t]. Ho cmagama Mbr moctpomm Gosee MMPOKOE KOJBIO, a 3aTeM
BRIOEPEM B HEM TOIKOJIBIIO, SIBJISIONIEECS KOJILIIOM MHOTOYJICHOB Haj, A.

Koavuo gopmarvuviz cmenennnz pados. IlycTh A — KOMMYTATHBHOE ACCOTMATHBHOE
KOO ¢ eamanneit 1. OGosmaamm vepes A[[t]] MHOXKECTBO BCex GECKOHETHBIX MOCIIE-
mosartenbHOCTEH (a0, A1, A2, . .. ) dmementos u3 A. Ecm f = (ag, a1,a2,...) € A[[t]] -
TaKasd II0C/Ie0BATEIBHOCTD, TO depe3 fi; Oyaem 0603HAYATH ee i-10 KOMIOHEHTY dj;
5710 Gymer ymobHO, ecu smement u3 A[[t]] obosnawaerca me omHo# OykBoil f, a Gomee
CJIOKHBIM coueranneM 3uakos (Hampumep, f(g + h)). Onpenemum na A[[t]] nse Gu-
HAPHBIX AJTCOPANTICCKUX ONEPAITAN — CJIOKEHUE W YMHOKCHUE, TIOJIOKUB JJIST JTFOOBIX
f,g € Al[t]] m mo6oro i € Ny

(f + 9w = fig + 9145 FDw = figgi-s = Y fwda-

s=0 p+qg=1i

P20

Wubivu cioBamu, ecan f = (ag, a1,a9,...), g = (bo,b1,b2,...), TO
f+g: (a0+b0aa1+blaa2+627"')7 fg: (C07cl7627"')7

roe Juist jaoboro ¢ € Ny

ci = iasbi,s = Z apby.

s=0 p+qg=1i
p,q20
IIpennoxkenmne 1. Omnocumenvno seedennuns onepayut A[[t]] asanemes Kommy-
MAMUBHILM GCCOUUATIUBHILM KOALYOM ¢ 1.

Jloxasameavcmeo. Hamo mpoBepuTh, UTO BBIOJTHAIOTCA CASAYIONTNE CBOMCTBA:

(1) f+(@+h) = (f+9) +h ana mobex f,g9,h € A[[t]] (accommarusroCcTh
CJIOXKEHU )

(2) f+9=g+ f nna moberx f,g € A[[t]] (KoMMyTATHBHOCTD CITOKEHUST);

(3) cymecrsyer Taxoii snement 0 € A[[t]], uro 0+ f = f mua moboro f € A[[t]];
(4) nnsa moGoro fEA[[t]] cymectryer Takoit amement — fEA([t]], uro f+(—f) = 0;
(5) f(gh) = (fg)h naa moberx f,g,h € A[[t]] (acconmaTHBHOCTD yMHOKEHWS );
(6) fg=gf nag mobeix f,g € A[[t]] (KOMMyTATHBHOCTH yMHOKEHUST);

(7) cymectsyer takoii amement 1 € A[[t]], uro 1- f = f ana moboro f € A[[t]];
(8) f(g+h) = fg+fh nna mobwrx f,g, h € Al[t]] (qucTpubyTHBHOCTEL YMHOKEHUS
OTHOCUTEJIBHO CJIOKEHHST).



HeiicrBurennho, B kKagecrse 0 u 1 Bozbmem anementor (0,0,0,...) u (1,0,0,...) u3
A[[t]], a mng smementa f = (ag,a1,as,...) nomoxum —f = (—ag,—a1, —asg,...).
ITonb3ysach Tem, uro A — KOMMYyTaTHBHOE acCOIMATHBHOE KOJIbLO ¢ 1, mjs soboro
nHAekca ¢ € Ng nomyaaem:

(1) (f+(g+h)u = frg+ 9+ )y = frg + (g + ) = (g + 91) + by =
=(f+9u +h = ((f+9)+h)u;

2) (f+9u = fig 91 =96 + f = @+ Hs

(3) (0+f) i1 =0 ]+f[z]—0+f[1]—f[l],

@) (f+ Mg = fra + &Ha = fra + (= fig) = 0= 03

(5) (

5 ((fg)h)y = +Z (fD s = +Z (p}q: gf[p]g[q])h
= 2 X Upghm = X fwly q]hm)Z Z wgahe) =
s+r=i p+qg=s p+qg+r=i +u=1t qg+r=
= S 2 (b)) = X fp(gh)w = (f ( h));
ptHu=: g+r=u ptu=t
©6) (fDu= > fwdag= > 9afw = (@)

p+q=i q+p=i

(7) (1 g = +Z:‘1mf[q} = fu
@) (f+9h)y= > (f+9) p]h[q] = > (fimhia + 9wihig) =

p+q=1i pt+q=1

= 2. fwhat+ 2 gmhig = (FR)@ + (gh)u = (fh+ gh)p
pt+g=1 pt+q=i

(Bce MHIEKCHL P, ¢, T, S, t, ydacTByomue B GOPMYIax, — LUEJAbIe HEOTPUIATEIbHBIE
qHCIa).

DTHU BBIKJIAJIKH MOYTH HE HYXKJAIOTCS B KOMMEHTAPHUAX; MOICHUM TOJBKO NIBE W3
nux. Hockombky 1pg) = 1, 1) = 0 upu p # 0, B cymme u3 (7) ocraerca TOIBKO Of-
1o Hemysesoe cinaraemoe 1y fii = fi)- dyTb 6onbline Hago cKasarbh O BhIKIaIKE (5).
ITpu mepexome OT TPETHErO BHIPAYKEHUS K YETBEPTOMY MBI MOJIB3YEMCS TUCTPUOYTHB-
HOCTBIO YMHOKEHUsI OTHOCUTELHO CJIOKEHUs B KOJbIle A: mpou3BeleHne CyMMbI Ha
3JIeMEHT PAaBHO CYMME NPOM3BEIEHMH cjlaraeMblx Ha 3TOT 3JjeMeHT. Ilpu cienyioniem
mepexojie MbI JesiaeM nBa mpeobpaszoBanus. Kaxkmoe ciaraemoe IBONHON cyMMbI 3a-
BUCUT OT WHJEKCOB P, ¢, 7", TAKAX UTO P+ ¢ = S, S + 1 = &; UCKIIOUAd S, Mbl HAXOJIUM,
UTO CKJIQIBIBAIOTCST BRIPAYKEHWS, OTBEUAIOIINE BCEM HAOOpaM WHIEKCOB P, ¢, T, TAKUM
at0o p + g + r = i. Kpome TOro, B 370M 3Ke mpeodpazoBAHUN MBI, MOJIb3YSCHh ACCOIHA-
THBHOCTBIO yMHOXKeHus B A, 3amensem npoussenennue (fipgiq)h, Ha npoussenenue
Ji1(91q1Pr))- Hanbreiimasn Beikaaaka — "obpaTHbiii xon": MbI JejlaeM aHAJIOTHYHbIE
Ipeodpa3oBaHusi B 0OPATHOM MOPSIIKE.

O6o3naanm wepes ¢ anement (0,1,0, ... ) nocrpoernoro kombia A[[t]]. Dto xombno

HA3BIBAETCA KOMBIOM (DOPMAJIBHBIX CTENEHHBIX PANOB HAJA A OT OHHON TepeMeHHOI
&)

t, ¥ OOLIYHO ero ameMeHThl f = (ag, a1, as,...) 3aNUCLIBAIOTCA B Buje f = Y. a;t'.
i=

TloguepkHeM, 9TO 3TO TOJIBKO APyras (popMa 3aIUCH 3JIeMeHTa f: cymMMa 6eCK0ngHo—

IO YHMCJIA CJIArAEMbIX HE UMEET CMBICIA, U 3HAK CYMMBI B 9TOM BBIPAZKEHUHN ABJISAETCS

JUTTb TpadUIecKiM 3HAKOM, He HECYIINM COIEPKATETHLHOTO CMBICIIA.

DeMeHTHI U3 KoJbIa A MBI OyIeM pacCMaTpUBATh Kak 3ieMeHTsl w3 Al[t]], orox-
necreuB a € A ¢ mocaenosareabrocToio (a,0,0,...) € A[[t]] (Mbr yxe cmenamum 310
Boime a7 O u 1). Takoe 0TOXKAECTBICHNE HE TPUBEAET K NPOTHBOPEUAAM: JCHCTBHS
Ha/| IeMeHTaMH @, b € A, paccMaTpPHBAEMBIMA KAK 9JEMEHTHI 13 A 1 KaK 5JIEMEHTHI
u3 A[[t]], IpUBOAAT K OAMHAKOBBIM PE3YJILTATAM:

(a,0,0,...)+ (b,0,0,...) = (a+b,0,0,...),
(a,0,0,...)(b,0,0,...) = (ab,0,0,...).



Kpowme Toro, mpu TakOM OTOXKJIeCTBJIeHUH KO0 A e "cxxumaercs": pasHbie ajie-
meHTBI A ocratorcs pasmuanbivu u B A[[t]]. Takum o6pasom, kombno A seusiercs
MOIKOJBIIOM KOJTBIA (HhOPMATBHBIX CTemeHHbx psamos A[[t]].

Hocmpoenue Koavya MHo204AeH06. Bhimennum B Kombile (hOpMaTbHBIX CTEEHHBIX Psi-
JoB Al[t]] mOIKOMBIIO, KOTOPOE OKAXKETCsT KOJbIOM MHOTOUJIEHOB OT ¢ HaJ KOJIBIIOM
A C A[[t]]- Uycrs A C A[[t]] — muOXKecTBO Beex ameMenToB (ag, a1, a2, ...) € A[[t]],
rakux 9ro a; = 0 nouru aig Beex ¢ (T.e. Jid BCEX i, KPOME KOHEYHOro 4ucia). Jlerko
IPOBEPHUTH, YTO CyMMa Pa3HOCTh W IIPOM3BEJICHUE 3JIEMEHTOB M3 A CHOBa IpHHAIJIE-
xkar A. Jeiicreurensro, ecnu f = (ag, a1, az2,...) u g = (bo, b1,be, ... ) npunajexar
A, TO UMb KOHEYHOE YUCIIO HIEMEHTOB G, bj OTIUYHBL OT 0, & IOITOMY OTJIMIAIOTCSE
or 0 JUITh KOHEYHOE 9UCIO CyMM a; + b;, pasHocTeil a; — b;, mponssesieHu a,bg, a

BMECTE C IOCJAEJHUME — U CyMM  » . apbg. Ho 3970 u 3Ha9mT, 9T0 MOYTH BCE KOMTIO-
pFq=i

mentsl (f £ g)p), (f9)[) CyMMBI, pa3HOCTH U IPOM3BEICHHS 3JIEMEHTOB [ H ¢ PABHLI

0, Te. ftg,fg € A. Takum obpazom, A — nogkombmo A[[t]].

Jlemma 1. Ilycms ag,a1,0z ... — aaemenmot u3 A, noumu ece pagnwie 0. Tozda Ko-
o0

HewHaA cymma Y a;t’ pasna aaemenmy (ag,ay, ag, ... ) Kosvua A[[t]].
i=0

Aorasameavemeo. Cuagara unpykuueii no @ goxaxem, aro () = 1 u (t') = 0

mpu j # 4, T.e.
t' =(0,0,...,0,1,0,...),

MPUYEM €JIMHCTBEHHOR €IMHUIE B 3TOM [TOCIEI0BATENBHOCTH MPEIIECTBYOT & HyJIeH.
Ieiicteurensro, t° = 1 = (1,0,0,...). Bem i@ > 0 m ans ¢! yreepwxaenne yxe
JOKa3aHo, TO (tl)m = (tlflt)[j] = > (tzfl)[p]t[q]. Ho (tlfl)[p] #0m tql # 0 b
p+q=j
npu p=1i—1uqg=1, assauur, npu j =p+q = (i — 1) + 1 = i. Urax, (ti)[j] =0
npu j # i, a (tl)[i] = (tlil)[i_.l]t[l] =1-1=1.
Hamnee, mokazkem, ato a;t* = (0,...,0,a;,0,...), T1e 3JeMEATY a; TPEIIIECTBYIOT
i mymeit. B camom seme, (ait');) = Y (@i)p)(t')q; HO (a4)p) u (t')[q oTmmansr o 0
p+q=j
qate ipu p = 0, ¢ = 4, a 3auur, opu j = p+ q = 0+ 7 = i. 3Hagwur, (aiti)[j] =0 mpu
j#i,a (aitl)m = (ai)[o] (tl)m =a;1=a;.
Tenepnb yTBep:KIAEHUE JIEMMbL CTAHOBUTCS OUEBUIHBIM: JJisi JIIOOOTO § HEHYJIEBYIO
J-10 KOMIIOHEHTY MMEET TOJBKO claraeMoe a;t! cyMMbl » . a;t’, I Ta KOMIIOHEHTA
i=0
paBHa a;; IOITOMY G; ABJSIETCS j-H KOMIIOHEHTOI CyMMBI, U, TAKUM O0pa3oM,

oo
Z aitl = (Clo, ai,as, ... )
=0

Teopema 1. Koavuyo A asasemcs K0avyom muozouienos om t nad koavyom A.

Joxazameavcemeo. dcno, uro A C A; jevMMa 1 moKasbiBaeT, YTO BCAKUN 3JI€MEHT
o0

[ € A mpencrapnserca B Buse f = Y. a;t', e a; — 3meMenTsI H3A, MOYTH Bee paBHbIE
i=0
0, M 3TO TPEJCTABICHUE €IUHCTBEHHO, MOTOMY 9TO KOI(MMUIMEHTHI ¢; OJHO3HAYHO

ompenenaoTcs saeMenToM f (a mMeHHO, a; = f};)). Tak, HoCTpOeHHOe HAMH KOJIBIIO
A — 3T0 KOJIBIIO MHOTOYJIEHOB OT t Hax A.

Cmapwud wien u cmeneny muozousena. Muorownen suma at’, tme a € A, i > 0,
HAa3bIBAETCS OJHOWIEHOM; ecau G # 0, TO 4MCJIO © HA3BIBAETCH CTEIEHBI0 OJHOYJIEHA,
at’. Jlerko BUJIETH, UTO CYMMa OJHOUJIEHOB OIHOM W TOUH YKe CTENeHU JIUOO SBIISIETCS
OTHOYJIEHOM TOif ke cremenu, mud0 pasHa 0.



Ilo onpenenennio, BCsAKMii HeHyaeBoit muorownen f(t) € A[t] asnserca cymmoit
KOHEYHOTO YHCJIA OJHOWIEHOB MOTAPHO PA3IUYHBIX CTEMEHel; TOT W3 HUX, KOTOPHIi
uMeeT HAUOOJBINYIO CTEleHb, HA3BIBAETCA CTAPIIUM WIeHOM MHOorodseHa. QueBui-
HO, YTO eCJU K OjfHOwWIeHy at’ npubaBuTh CyMMY HECKOJIBKHUX OJHOYJIECHOB, CTEIEHU
KOTODBIX CTPOTrO MEHbINe, YeM CTereHb OJHOUIeHa at”, HO He 00s13aTesIbHO TTOapHO
PA3JIMYHbBL, TO BCE PAaBHO at” OyneT CTapIiuM WIEHOM IOJIyIUBINEroCs MHOTOUYJIEHA.

Crenenbio HenyseBoro Muorowiena f(t) Ha3bIBaeTCA CTENEHb ero CTapIero YJieHa,;
ona obosnawaerca deg f(t). Takum o6pazom, ecom f(t) € A[t] — HeHymEBOI MHOTOMIEH,
u ero crenenb deg f(t) pasaa n, To f(t) = ag+ait+---+an,t™, roe ag,aq,...,a, € A,
ap, # 0; Ipu 3TOM OTHOUJEH a,t™ aBIgeTca cTapmuM wieHom MHorounena f(t). Ko-
adpdpunmenT a, crapriero wieHa a,t" muorodiena f(t) Ha3bIBAETCS CTAPIIMM KOI(D-
durmenrom MuOrOwIeHa f(1).

Honosaum 310 onpeseneHue, MPUIUCAB HYJIEBOMY MHOTOWIEHY CTemeHb —00. Mbl
OyaeM CIATATh, ITO CHMBOJ —OO 00JITaeT TAKMMU CBOHCTBAaMM: 11 Joboro n € Ny

—o00o<n, —00+n=-—00+(—00)=—00.

Citerytoniiee npocToe yTBep:KAeHne OObIMHO HA3bIBAIOT TEOPEMO# O CTapIleM tUjieHe
IPOM3BEEHNA MHOTOYUJIEHOB.

IIpennoxenune 2. ITycmov f(t),g(t) € A[t] — nenyaesvie muozousenv, u NYCmMb
amt™, bpt™ - ux cmapwue waenv, (30ect A, by, — saemenmor uz A). Tozda npo-
useedenue [(t)g(t) asasemes cymmoti amb,t™T" U neckoavKUT 00HOUAEHOS, CMe-
news Kaxncoo20 u3 Komopwux menvwe, wem m + n. Ecau amb, # 0, mo npouseede-
Hue A bpt™ T = (amt™) (bpt™) cmapwur waenos mmozouaenos f(t), g(t) asasemca
cmapuwum waenom npoussedenus f(t)g(t).

JZoxasameswvcmeo. Tycrs f(t) = ag + a1t + - - + amt™, g(t) = by + bt + - - + b t™.
Jns Toro, 9To0bl COCINTATH UX TPOU3BEICHNE, HAJO BRIOPATH MO OIHOMY CJIATAEMOMY
B KasKJIOM COMHOXKUTEJIE, TIEPEMHOXKATD ITU CIaraeMble M 3aT€M CIOKHTh BCE TOJIy-
yuBIIHMECd npoussegenna. Takum obpasoM, f(t)g(t) aBnsgerca cyMMoil Tpon3BeIeHui
a;bjt™ rne 0 <i<m,0<j<n.Ecm i <mum j < n, to npousseaenue a;b;t"+
WJTH PABHO HYJIIO, UJIH SBJIAETCS OMHOUIICHOM, CTENEeHb 4+ j KOTOPOTO CTPOTO MEHDITIE,
gem m + n. [lostomy f(t)g(t) sBagerca cymmoit a,,b,t"™ ™ n HeCKOMLKUX OmHOUIE-
HOB, CTENEeHb KasKJOr0 M3 KOTOPLIX MeHbIIe, ueM mm + n. IlocienHee yTBepXKIeHue
HPEIJIOKEHNA OYEBUIHO.

ITpemgoxenue 3. ITycms A — KOMMYMAMUEHOE ACCOUUAGMUEHOE KOABUO ¢ 1.

(1) C'menens cymmo, u pasnocmu ey muozouaenos ug Alt] ne npesocxodum max-
cumarvroli u3 cmeneneli IMuUT mMrozousenos. Ecau cmenenu mmuozousenos pasau-
Hbl, MO CMENEHL UL CYMMbL U PAZHOCTNY PAEHA MAKCUMAALHOU U3 cmenenel amux
MHO20UAEHOS.

(2) Cmenens npouseedenus deyr muozousenos us Alt] ne npesocrodum cymmos
ux cmenenetl. Ecau A — obaacmo yeaocmmuocmu (6 wacmuocnu, ecau A — noae), mo
cmenenb npoussedenus MHozouaenos us Alt] paena cymme cmeneneti commodcume-
aet.

oxasamesvemeo. Yreepxaenue (1) oueBugno; mokaxkem (2). Eciu xora Obl onun
U3 COMHOMKUTEJIEN SIBIISIeTCS] HYJEBBIM MHOIOUJIEHOM, TO U POM3Be/eHne pasHo 0, u
YTBEpPIK/IEHHE BEPHO, TaK Kak —00+n = —o0 Jjisi itoboro n € Ny nim n = —oo. Ecim
ke 0ba MHOrOUYJIeHAa OTJIHYHBI 0T 0, TO yTBEpXKJEHHUS MyHKTA (2) HEmOCpPeICTBEHHO
BBITEKAIOT U3 TIPEIIOKEHU 2.

Caencrsue. Ecau A — obasemsy yeaocmuocmu, mo Alt] — mootce obaacme yesocm-
HOCTU.



Joxasameavemeo. Ecom f(t),g(t) € A[t], f(t)g(t) = 0, 70 mo npeayoxennio 3, (2)
—oo = deg f(t)g(t) = deg f(t) + deg g(¢), a 310 BO3MOKHO nUmTE ecu deg f(t) = —o0
umn deg f(t) = —oo, Te. ecm f(t) = 0 mm g(¢) = 0.

3. KOJbIl0 MHOTOYJIEHOB HAJ IIOJEM

Jenenue ¢ ocmamrom das muozouaenos. B aTrom naparpade Mbl YBUIUM, YTO KOJBIO
MHOTOYJIEHOB HAJT [OJIEM BO MHOT'OM ITOXOXKe Ha, KOJIBIO IeJIbIX yucesi. Beiomay B Hem
k — HekoTOpOE TI0JIe, W MBI He BCerma OyaeM HAIIOMHHATH 00 3TOM B (POPMYINPOBKAX
yreepxkaennii. Oxuy obmryro wepry komern Z u k[t] Mbr y:ke 3HAeM: B 060MX CIryda-
SIX 9JIEMEHTAM COTIOCTABJISIETCS HEKOTOpast "BenmmuanHa", SBJISIOMIASICS HATYPAJbHBIM
qucaoM: jiig Z 310 abCOMIOTHAS BEJIMYUHA YUCAA, a g k[t] — cremeHb MHOrOYIE-
va. Hamuawe takoit "Beamuuabl" mO3BOJISET TPOJOIKUATE AHAJIOTHIO MEXKIY ITUMHU
KOJIBIIAMH.

Teopema 1 (0 JedeHUU ¢ OCTATKOM JUJId MHOTOWIEHOB). ITycmwu f(t), g(t) —
mrozousenv, nad nosem k, npuuem g(t) # 0. Tozda cywecmeyiom eduncmeenie
mnozounenw, q(t), r(t) € k[t], maxue wmo f(t) = g(t)q(t) + r(t) u degr(t) < degg(t).
Mnozouaen q(t) nazvieaemea HENOAHBIM “HacCMHbIM, 6 MHo2ouAeH T(t) — ocmamxom
om deaenus f(t) na g(t).

Joxasamenvcmeo. Ecin degg(t) =0, o g(t) = b € k, b # 0, u noromy CylecrByer
smement b~! € k C k[t]; torma f(t) = b(b~'f(t)) + 0, u mmorowrensr b~ f(t), 0
ABJAIOTCA COOTBETCTBEHHO HENOJIHBIM YaCTHBIM M OCTATKOM OT aenennd f(t) ma g(t).

IIycre Tenmeps m = deg g(t) > 0; cymecTBOBAHWE HEMOJIHOTO YACTHOTO W OCTATKA
OyaeM IoKa3bIBaTh HHAYKIMEH o crenenu n muorodnera f(t). Eciun < m, o f(t) =
g(t)-0+4f(t)), u muorounenst 0, f(t) ABIAAIOTCS COOTBETCTBEHHO HEMTOJIHBIM YACTHBIM U
octatkoMm ot menerus f(t) ma g(t). [lycte n > m w MyCTH CyIMECTBOBAHWE HETIOTHOTO
9YACTHOTO W OCTATKA OT AeieHns Ha ¢(t) y»Ke YCTAHOBJIEHO JJIsi BCEX MHOTOWIEHOB,
CTENEHb KOTOPBIX MEHBIIE 7.

Mycts ant™ u by, t™ — crapume wienst MEOrowieHoB f(t) u g(t); pasmenus nepsbIit
W3 HUX HA BTOPOM, MOJYYUM MHOTOUJIEH a—nt”_m, KOTOPbBI#l, KAK Mbl YBUIUM, ABJIS-

m
€TCd CTapIluM YJI€HOM HEIIO/JITHOT'O YaCTHOI'O. Crenenu Bcex OJHOYWICHOB, BXOOAIOINUX B

pasHoctu f(t) — ant™, Z—"t”’mg(t) —apt" = Z—nt”*m(g(t) — byt™), CTPOTO MEHBIIe

m m
N, IIO3TOMY CTEII€Hb MHOTI'OYJI€HA

Fult) = £(0) = () = () = ant”) = (54" "g(0) = ant")

TOXKE MEHbINe N. [[0 MHIAYKIMOHHOMY TPEINONOKEHNTIO, CYMECTBYIOT MHOTOUJIEHDI
q1(t),r(t) € k[t], rakue uro f1(t) = g(t)q1(t) + r(t) u degr(t) < degg(t); mpm sTOM
AICHO, 9TO CTeNeHb MHOrowieHa ¢i(t) menbme, uem n — m. Toraa momyaem:

F(t) = FuO) + 3447 g(8) = g(O)ar(8) +r(t) + 7" g(t) =
= g(t) (1" +aa(t)) + (1),

a
U MBI BHJMM, 9TO MHOTOUJIeHb ¢(t) = b—nt”’m + q1(t) u 7(t) ABAAIOTCA HEMOIHBIM

m
YaCTHBIM M OcTaTKoM oT fenenust f(t) va g(t).

Ocranoch noKa3aTh €MHCTBEHHOCTH HETOIHOTO YACTHOrO M ocTarka. [lycrs ¢'(t),
r'(t) — eme ofHEA AP MHOTOUIEHOB, obmanatomas ceoiicteamu f(t) = g(t)q'(t) +1'(t)
u degr’(t) < degg(t). Torma r(t) —r'(t) = g(t)(¢'(t) — q(t)), oTkyma cnemyer, ato

deg g(t) > deg(r(t) — 1'(t)) = deg g(t) + deg(q'(t) — q(t)),

T.e. deg(q'(t) — ¢q(t)) < 0, a sTo BO3MOKHO TOMBKO ecom ¢ (t) — ¢(t) = 0. Uraxk,

¢'(t) = q(t), a rorna r'(t) = f(t) — g(t)q'(t) = f(t) — g(t)q(t) = r(t).



Bameuanme. [Ipedudyuiee 00Ka3ameascmeo meopemvl 0 JeACHUU C OCTNATIEOM AGAA-
eMeA KOHCMPYKMUGHbLM, 01O YKASBLEAET, AA20PUPM, NO3COAAOUUT HATIMU HENOANOE
wacmuoe u ocmamok om deaenus f(t) na g(t). B camom deae, us nezo caedyem, wmo
cmapuwiuti YAeH HEMOAHO020 “YACTNHOZ0 PAGEH OTMHOWEHUIO CIMOPUWUT “AEHOE MHO20-
unenos f(t) u g(t). Buuumaes us f(t) npouseedenue nosyuennozo cmapuieeo “4ieha
HENO0ANH020 “wacmhozo u §(t), noaywaem mnozounen f1(t) menvwed, wem f(t) cmenenu.
ITpumensem x nemy my sice npouedypy, HaToduMm cAeIPOUULE N0 CMAPUUHCIIEY YACH
HENOAHO20 %ACTHOZ0, KOMOPHLT PAGEH OMHOWEHUIO CTAPULT YACHOE MHOZ0UACHOG
f1(t) u g(t). Ipodoasicas smom npoyecc do Mex NOP, NOKA HE NOAYUUM MHOLOUAEH,
cmenens K0mopozo menvwe cmeneny f(t); amo u 6ydem uckomwiti 0OcMAMORK.

Hoeanvt korvya mrozousenos. 1Ipu mocTpoeHUN TeOPUM JEITUMOCTH B KOJBIE IEJTbIX
qHUCeNT 7 BaXKHYIO POJIb CHITPAJIO TO, UTO BCE MIEANBI KOJbIIA Z TiaBHBIE. 10 XKe OKa-
3BIBAETCSA BEPHBIM U ISl KOJIbIIA, MHOTOYJIEHOB HAJT TIOJIEM.

Teopema 2. Beaxuti udeas Koavua muozouienos klt] nad nosem k seasemesa 2aa6-
HOLM.

Joxasameavcmeo. Iycts I — mwnean xomsua k[t]. Hymesoit muorownen 0 Beerma npu-
HagnexuT uneany. Eciu unean I cocrout tomsko w3 0, To I = (0), m BCe q0Ka3aHO.
ITycrs B I ecTb HeHyneBoii 3meMenT ¢(t); Torma MHOZKECTBO ducen n € Ny, TaKuX 4To
B I ecrb MHOIOYJIEHBI CTEIIEHH 1, HEILYCTO, U B HEM €CTb HauMeHblee 1ucao m. Ilycrs
g(t) — Kakoif-TO MHOTOUJIEH CcTerneHu m, npuHaexamuii nneany . TTokaxkem, uTo
I = (g(t)), ueM ¥ 3aBepUINM JOKA3ATEIbCTBO TEOPEMBL.

JoGoit snement f(t) € (g(t)) mmeer Bun f(t) = g(t)h(t), rme h(t) € k[t]; mo
muorounen ¢(t) mpuragmexut (I), m moromy f(t) = g(¢t)h(t) € I. Uraxk, (g(t)) C I.
O6parno, nycrs f(t) € I; pasaenum f(t) ¢ ocrarkom na g(t): f(t) = g(t)q ( )+r(t), rae
q(t),r(t) € k[t] u degr(t) < degg(t). Ecmu r(t) # 0, 10 r(t) = f(t) — g(t)q(t) npunan-
sexut uaeany I, rak kax f(t) u g(t) oba npunagnexar I; no degr(t) < degg(t) = m,
a 9TO NPOTUBOPEUUT TOMY, YTO 7 — HAMMEHDBIIIAs U3 CTEIEHEN HeHYJIEBbIX MHOIOUIE-
HOB, mpuHanexamux uaeany I. Urak, r(t) = 0, m f(t) = g(t)q(t) € (9(¢)). Takum
00pasoM, mokasano u obparnoe Baogenue I C (g(t)).

Jleaument 1 U accouyuuposantbie INEMEHMbL 6 KOAbUE MHO20%AeH06. VI3 CcKa3aHHO-
TO BBITE CJIEAYET, 9TO K KOJbILYy MHOTOUJIEHOB MOXKHO MPUMEHUTH BCE YTBEDKICHUS
TEOPHUU JETUMOCTH, TOKA3aHHbBIE B Tyiaee | mis obacTeil 1MeIoOCTHOCTH, B KOTOPBIX BCE
naeasbl raasHble. OgHAKO, HEKOTOPBIE MOHSATH ACIUMOCTH UMEIOT B KOJbIE MHOTO-
4JIeHOB 00Jiee HAIIATHOE OIMHCAHME.

IIpengmoxenue 1. Tas mozo, wmobo, mnozouaen f(t) nad nosem k 6oia deaumenem 1
6 xoavue klt], neobxodumo u docmamouno, wmobws deg f(t) = 0, m.e. wmobw f(t) = ¢,
ede c € k C k[t], c#0.

Joxazameavcmeo. Ecim 1+ f(t), To cymecrsyer muorounen ¢(t) € k[t], Takoii aTo
1 = f(t)g(t); rorma 0 = deg1l = deg f(¢) + deg g(t). C mpyroii cTOPOHBI, SICHO, YTO
f@t) £ 0, g(t) # 0, mosromy deg f(t) > 0, degg(t) > 0. CnenoBarenvno, deg f(t) =
deg g(t) = 0. O6paTHoe yTBepKAeHue oueBuAnHo: ecan f(t) = ¢ # 0, To, TOCKOALKY k
— moJie, cymecTryer sjaeMent ¢ € k C k[t], u 1 =cc™t = f(t)e ™t + f(t).

[Ipexkne, vem chopMyaupoBaTh Claeayioliee yTBEPXK/IEHHe, /UM OIpe/iejeHue,
KOTOPOE YacTO OKA3bIBAETCS MOJIE3HBIM TPHU pabore ¢ MHOrodwnenamu. Hemynesoit
mHOrOwIeH f(t) HAa3BIBAaETCA yHUTAPHBIM (IO APYTOH TEPMUHOJOTHE — HOPMAJM30-
BaHHbBIM ), eciu ero crapumii koadduuuenr pasen 1.

Hpeanoxenue 2. Ecau nenyaesvie muozousenn, f(t), g(t) nad nosem k accovuu-
POBANBL U YHUMAPHBL, TO OHU DPAGHDL.



Zoxasamenawvcmeo. Tlockonbky f(t) ~ g(t), cymecTByeT HEHYIEBOI 3JIEMEHT € U3 TIOJIst
k, Takoit uto f(t) = cg(t). Tlo Teopeme o craprmeM dIeHe MPOW3BEACHWUS CTAPIIAL
ko3¢ dunuent 1 yruTapHoro muorodsnena f(t) paBeH NPOM3BEICHHIO € - 1 CTapIInX
K03 DUIMEHTOB MHOIOY/IEHA ¢ M YHUTAPHOIO MHOro4eHa ¢(t), u nmoromy ¢ = 1, T.e.

f(t) =g().

OrMeruM erme CIeAyIonee yTBepKIEHNE, KOTOPOe TOXKE HEMEIJIEHHO CJeIyeT W3
TEOPEMBI O CTaplleM YJeHe IIPOU3BeJeHUA MHOI'OYJIECHOB.

ITpenmoxkenne 3. Ilpoussederue YHUMOAPHBLE MHOZONAEHOE — MONCE YHUMAPHDLT
MHO20UAEN.

ITpennoxenne 4. Jas mozo, wmobv, nenyasesvie muozowaenss f(t), g(t) nad nosem
k 6bau accoyuuposanvl, HeobTodumo u docmamouno, 4mobvl CYUECME06as MaKoli
anemenm ¢ € k, ¢ # 0, wmo g(t) = c(f(t). Tas xasicd020 HEHYALEO20 MHOZOYAEHA
f(t) € k[t] cywecmeyem eduncmeennbili acCOUUUPOGANHHBIT C HUM YHUMAPHBLT MHO-
20MAEH.

Joxasameavcmeo. MuI 3HAECM, UTO 3JIEMEHTHI U3 OOJACTH IEJOCTHOCTH aCCOIUUPOBA-
HBI TOTJA M TOJBKO TOTNA, KOTJA OHH OTINYAOTCS MHOMKUTENEM, ABJSIOIIIMCS Je-
qmaTeneM 1; TI03TOMY TIepBOe YTEEPIKJIEHUE CPa3y CAeayeT w3 mpesyoxenusa 1. Ecmm
a, — crapimii ko3 puipenT HeHnynesoro Mmuorowiena f(t), To a, # 0, 1 MHOrOWIEH
a, L f(t) yamrapen u accommuposan ¢ f(t). OcTanoch 3aMeTHTb, 9TO aCCONMAPOBAHHbIE
YHUTAPHbIC MHOIOWICHBI COBIIAIAIOT.

Henpusodumoie mrozounsens,. Henynesble npocTbie 3j€MEHTHI KOJIbIA MHOIOUJIEHOB
k[t] HA3BIBAIOTCS HENPUBOIMMBIMEA HAJ TOJEM kK MHOrOWIeHaMHu. Takum oGpasom,
muOrounen f(t) € k[t] naswBaerca mempusommMbiM Han k, ecim f(t) # 0, f(t) —
He JeauTenb 1, 1 BO BCAKOM ero pasnokenun f(t) = g(t)h(t) ogun u3 coMHOKHTE-
Jeit sBaseTcda nenuTeneM 1, T.e. mMmeer crenenb 0. ITockompky MBI nckimodaem 0 u
genurenu 1 U3 9ucia HENPUBOAUMBIX MHOTOUJIEHOB, CTEIIEHb JII0OOTO HEITPUBOINMOrO
MHOrOwIeHa He Menbime 1. Ecmm f(t) — HempUBOAMMEBIH MHOTOYIEH, TO BCAKHA €ro
JIEJTATENb WA ABJIAETC JeuTeneM 1, uin accomumposan ¢ f(t). Ecam ke MHEOrOWIEH
f(t) e paBen 0, He gBAgEerca menureneM 1 M HE ABIACTCS HEHPUBOAMMBIM MHOIO-
YJIEHOM, TO CYIIECTBYET Takoe ero pasiaoxenne f(t) = g(t)h(t), uro crenenn obomx
COMHOXKHTeJIell He MeHbIne 1.

ITpenmoxxenue 5. Beaxulli mnozounen cmenenu 1 ¢ xosPPuyuenmamu u3 noas
HENPUBOIUM HAOD IMUM NOAEM.

Zoxazameavcmeo. Ilycrs f(t) € k[t], deg f(t) = 1. Ecau f(t) me aBnserca Henpu-
BOJMMBIM MHOTOYJIEHOM, TO CYINecTByeT ero pasioxenve f(t) = g(t)h(t), B KoTopom
06a COMHOKUTENS SBAAIOTCA MHOTOYIEHAME 13 k[t], CTemeHn KOTOpBIX He MeHbIe 1.
Torga 1 = deg f(t) = deg g(t) + deg h(t) > 2, 9TO HEBOZMOKHO.

OcHosHaa meopema GPUPMEMUKY 0Af MHOZOUACHOE.

Teopema 3. ITycme k — nose. Bearul nenyaesot muozovnen f(t) € k[t] moocem
6ovmob npedemasaen 6 eude npoussedenus f(t) =cp1(t)...pn(t), 20e ¢ € k, ¢#£0,
n >0, pi(t),...,pn(t) — ynumapnsie nenpusodumoie MHozouseHs. IMo npedcmas-
Aenue eQUHCTGENHO ¢ TROYHOCTILIO 00 MOPAOKG commodcumenet: ecau ecmb dpyzoe
npedemasaenue f(t)=dq(t)...qm(t), 2de d € k, d#£0, q1(¢),...,qm(t) — ynumapnwe
HENPUBOOUMBLE MHO20UACHDL, ThO ¢ = d, T = N U cywecmeyem nodcmanoska o € Sy,
masax w0 01() = Po(r) (1), Gn(t) = Doy (1)

Zloxasameavcmeo. EQuHCTBEHHOCTD 1O CyIIECTBY yiKe JOKa3aHa. Ecan

Ff@)=cp1(t)...pn(t)=dq1(t) ... qm(t),



roe ¢,d € k, ¢,d # 0, a p;i(t), ¢;(t) — yuurapuble HEIPHUBOAUMBIE MHOTOWIEHBI, TO
p1(t)...pn(t) ~ q1(t)...qm(t), n no npennoxennto 5.1, (6) n3 rmaser I m = n n
CYIIECTBYET TaKas TMOJACTAHOBKA 0 MHOKecTBa {1,...,n}, ato

Doy (t) ~ qi(t), - - Do(n)(t) ~ qnl(t).
Ho yHuTapHbIE MHOTOYIEHBL ACCOIMUPOBAHDI JIUIITH TOIA, KOTJIA OHU COBIIQIAIOT, 10~
sromy q1(t) = pPo)(t), -+, qn(t) = Po(n)(t). OcTaerca 3amernTs, 4To MO TEOpPEME O
CTapIIEM 9YICHE IPOM3BEICHAA MHOTOYICHOB 3JIEMEHTHI ¢, d € k 00a paBHBI CTapIIEMY
k03 dunuenty muorodnena f(t).

CyuiecTBOBaHME PA3/IOKEHUSA JOKAYKEM HHAYKIUEH 10 cTenenun Muorowiena f(t).
Ecnu deg f(t) =0, To f(t) =c € k, ¢ # 0, a 970 u ecrb Tpebyemoe paziokenue (mpu
n = 0). Ilycrs deg f(¢) > 0 w s BCeX MHOTOYJIEHOB MEHBIIIHX CTETeHEH CyIIecTBo-
BaHWE PA3JIOKEHHs yKe moka3ano. Ecmu f(t) — HENPUBOAMMBIH MHOTOYJIEH, & @ — €T0
crapimii Kosddunuent, To muorouren p(t) = a~!f(t) ynurapen u TOXKe HEIpUBO-
auM, a roraa f(t) = ap(t) u ecrb HyKHOE npeacrasaeHue. Ilycrb Tenepb MHOMOYJICH
f(t) He simNsieTcsl HEMPUBOIMMBIM; TOra cyiecteyer pasnokenue f(t) = g(t)h(t), B
KOTOPOM CTermeHn 0boux comMHoXKuTe e bonbine 0. Torma

degg(t) = deg f(t) — deg h(t) < deg f(1),

u touno Tak ke degh(t) < deg f(¢). Ilo IpeAnONOKEHNIO HHAYKINUH, CYIIECTBYIOT
HEHYJIEBBIE 3JIEMEHTHI d1,dy € kK M HEMPUBOIMUMBIE YHUTAPHBIE MHOTOUIEHBI

pl(t)a"-apm(t); pm-i-l(t)"-'vpn(t)a
takme ato g(t) = dip1(t) ... pm(t), h(t) = dapm+1(t) ... pn(t). Ho Torma

f(t) = (dida)pi(t) - .. P () Py 1 (t) .. P (1),
a 9TO U eCTh Hy}KHOG paSJIO)KeHI/Ie.

Pa3JIO)KeHI/Ie, CyHnieCTBOBaHue U ¢ JUHCTBCHHOCTH KOTOPOT'O YyTBEPZKIAAIOTCA TOJBKO
qTO ,ILOKa3aHHOI7I TeOpeMOI‘/JI7 Ha3bIBACTCA KAHOHHYCCKHUM PA3JIO2KEHHEM MHOI'OYJICHA B
IPOU3BEACHNEC YHUTAPHBIX HEIIPMBOAUMBIX MHOI'OY1JIEHOB.

Koavuyo eviwemos no modyato muozousena. B npeapbiyineil riase mjis Jitoboro KoM-
MYTATHBHOTO ACCOIMATHBHOTO KOJbIA ¢ euHuIeil A u oboro snementa n € A GbLIO
HOCTPOEHO KOJIbIO BbrueToB A/(n) mo momymo n. HanoMuuM, 9T0 3j1€MEHTAMH 3TO-
IO KOJIbLIA SIBJISIFOTCS KJIACCHI BBIYETOB, T.€. TAKKME MOAMHOXKECTBA @ MHOXKeCcTBa A, B
KOTOPBIX HaHAETCA JIEMEHT a, OO a0l CAeAYIONNM CBOMCTBOM: (v COBIIAIAET C
MHOYKECTBOM [a],, BCEX 3JIEMEHTOB KOJbIA A, KOTOPBIE CPABHUMBI C @ IO MOJYJO 7.
OmuiieM sIBHO MHOYKECTBO KJIACCOB BbIueToB mis ciydas A = k[t]. ITycrs f(t) € k[t]
— MHOroujIeH cremeHu n > 1. OTOXIECTBUM KJAcC BBIYETOB [alf(y), OIpeesseMblii
J1IeMeHTOM a € k, ¢ camMuM 371eMeHTOM a. Takum obpa3om, mosie k OKa3bhIBAETCH eCTe-
CTBEHHBIM 00PA30M BJIOXKEHHBIM B KObI0 BbraeTos k[t]/(f(t)). [Tockonbky, oueBnmHO,
[a] pey £ [l rr) = [a £ D), [al )bl () = [ablf(+) s mobbix a,b € k, 310 BrOMKEHHTE
He Hapymaer aeficTeuil: GymeM JIM Mbl TPOM3BOIUTD JEHCTRNS HAM JeMeHTaMu n3 k
B camMoM moJe k uiu B Koublie Bbraeror k[t]/(f(t)), pesynbrar Oymer ofuH 1 TOT Ke.

TIpennoxenue 6. ITycms k nose, u nyemo f(t) — muozousen cmenenu n > 1 ¢ xo-
asfipuyuenmamu us k. Bearul xaace usz xoavua evuemos klt] no modyarwo f(t) edun-
CMEeHHbIM 00pa3oM npedcmasum 6 eude

ao + ar[t] gy + a2 ([f)” + -+ ana([tlpw)"

20e ag,a1,0a9,...,0,_1 — IACMEHMBL NOAA K.

Zoxasameavcmeo. B nambHelmeM MBI OIIyCKaeM yKasaHue Ha Monyab f(t) B obosHa-
YeHHMH KJIACCa BHIYETOB 0 3TOMY Moy/mo i e [¢(t)] Bmecto [g(t] ¢(4). Ilycts [h(1)]
— TPOM3BOILHBIN Kyacc Berderos u3 k[t]/(f(t)) (3mech h(t) — mHOTOUMEH U3 k[t]),
mycts 7(t) = ag + a1t + -+ + a,_1t" "' — ocrarok ot nenenus h(t) ma f(t). Torma



h(t) —r(t) = f(t)q(t) = f(t), vme q(t) — HenosHoe uyactHOe, u moromy h(t) = r(t)
(mod f)(t). CremoBarenbho,
[h(t)] = [r()] = [ao + a1t + -+ + ap_1t""'] =
= [ao] + [a][t] + -+ + lan—1][t]" ™" = a0 + as[t] + - + an—1[t]" 7.
JlokazkeM Teneph eMHCTBEHHOCTD mpercTapaenus. [lycrs
ag + arft] + -+ an1[t]" " =bo + by[t] + - + b [t]" T,
u nycts ¢; = a; — b; (0 < i < n); rorma
[0] = co+ca[t] + -+ ena[t]" ™ = [co] + [ea][t] + - + [ena][t]" T =
=[co+cit+ -+ cqat™ ],

OTKYZIa CJEIYeT, YTO MHOTO4YJIeH Co + 1t 4+ -+ cn_ltnfl JEJINTC Ha MHOrOYJIeH f (t)
CTEIeHN N, & 9TO BO3MOXKHO TOJBKO €CJIN ¢y = €] = -+ = C¢p_1 = 0, T.e. ag = by,
ayp = b17 ceey Op—1 = bn71~

Yenrosue mozo, 4mo KoAbUO GbMEMO8 N0 MOYMO MHOZ0YAEHA— NOAE. XOTS KPUTEPUH
TOrO, 9TO KOJIBIIO BBIYETOB MO MOIYII0 Obl1 cHOPMYJIMPOBAH U JTOKA3AH JJId IPOU3-
BOJIBHBIX 00JIACTEH 1eJIOCTHOCTH, B KOTOPBIX BCE UJIEAJIbI [JIABHbBIE, IOBTOPUM €0 eIl
pa3 s caydas KOJIbIa MHOTOUJIEHOB.

Teopema 4. ITycmwv k — noae, u nyemn f(t) — nenyaesoti muozouwaen ¢ Kospdunu-
enmamu u3 noas k. Koavuo swuemos k[t]/(f(t)) mozda u moavko mozda seasemes
nosem, Ko2da mnozounen f(t) nenpusodum.

4. TIOJIE KOMILJIEKCHBIX YMCEJI

Ilocmpoenue noas xomnaexcunr wuces. Ilocnennss TeopeMa NTPEIbIAYIIEr0 Tapa-
rpada 1mo3BoJiAeT KOHCTPYHUPOBATH HOBBIE MOJI, PEATN3yeMble KAK KOJBIA BHIYETOB
KOJIBI[A MHOTOYJIEHOB 10 HEIPUBOAMMOMY MO/yJ0. B srom maparpade mbr crpoum u
n3yvaeM OJHO W3 TaKWUX MOJIe, Urparoliee Ba*KHEHITYI0 POJIb BO BCEll MATEMATHKE.

Jemma 1. Muozounen t2 + 1 nenpusodum 6 xoavye mmnozounenos R[t] 1ad nosem
sewecmeennniz wucea R.

Jloxasameavcmeo. TIpeamonokuM, 9To 3TO HE TaK; TOTIA CYIICCTBYET PA3JIOKCHUE
t2 4+ 1= p(t)q(t), tme p(t),q(t) € R[t], mpuaenm degp(t) > 1, degq(t) > 1. ockoabky
degp(t) + deg q(t) = deg(p(t)q(t)) = deg(t* + 1) = 2, momydaem, 9To CTeTEHH 0OOUX
mHOrOwIeHOB P(t), ¢(t) paBre! 1. CliemoBaTENBbHO, CYMIECTBYIOT TAKUE BEIECTBEHHBIE
yucna a, b, ¢, d, uro p(t) = at + b, q(t) = ¢t + d. UmeeMm paBeHCTBO:

t2 4+ 1 = p(t)q(t) = (at +b)(ct + d) = act® + (ad + be)t + bd;

cpaBHUBaA KOI(DPUIMEHTHI IPH OJMHAKOBBIX CTENEHAX © B JIEBOH M NPaBOi 9acTsx
TOr0 paBeHCTBa, 1oJydaeM coorHoueHus ac = bd = 1, ad = —bc. Ho torma okas3bl-
Baercs, uro 1 = (ac)(bd) = (ad)(bc) = —(bc)? < 0, a 3TO HEBO3MOKHO.

U3 370t TeMMBT 1 TeopeMbr 3.4 ¢liefiyeT, 9To Koabio BeraeTos R([t]/(t2+1) apagercs
[OJIEM; OHO HA3BIBAETCSA TIOIEM KOMILIEKCHBIX 9UCeT 1 00braH0 oGosnadaerca gepes C.

O6osHasmM 4epes i Kmacc BbIeToB [ty € R[t]/(#? + 1) = C. Kommaekcroe
YMCJI0 § HA3BIBAETCA MHUMOMN €AMHUIEH; €6 OCHOBHBIM CBOHCTBOM SIBJIAETCH TO, UTO €€
KBaapar pased —1. JleficTBuTebHO,

2 = ([frsr)? = [P = 11 = —1.
Ianee, o mpeaoxkennio 3.6, moboit snement o u3 nons C = R[t]/(t2+1) oxrosznauno
npencraBuM B Buae aft];ziq + b[tl2p1 = a + bi, tae a,b — BemecTBeHHBIE UMCITA;

OHU HA3BIBAIOTCS COOTBETCTBEHHO BEIECTBEHHON JacThio M KOIMDPHUITMEHTOM MHUMOM
YaCTU KOMILJICKCHOI'O YHCIa & U 0bo3Hadaorca Rea u Im a.



HOMHH, qTo ’L'2 = —1, JIETKO IIPOU3BOAUTH BBIYUCJ/ICHHUA C KOMIIJIEKCHBIMHA YHCJIaMHU;

B YaCTHOCTH, CyMMa U TIPOU3BEIEHNE KOMILITEKCHBIX YHCeT @+ bi i ¢+ di BEIPaKaIOTCst
CIIeYIOMMUM 00Pa30oM:

(a+bi)+ (c+di) = (a+c)+ (b+d)i,
(a4 bi)(c+ di) = ac + adi + bei + bdi? = (ac — bd) + (ad + be)i.

Sameuanue. Fcau Komnaexcroe wucao sanucano 6 sude a+bi, amo ewe ne snauum,
wmo a u b — eewecmeennas wacms U KOIGHUUUEHM, NPU MHUMOT YaACMU, NOMOMY
ymo Huomryda He caedyem, wmo “wucaa a,b sewecmeennv. IToamomy nam Kxastcdvril
pa3 npudemcs 00 3Mom 2060PUMB, U Y HAC NOCMOARHO OYIym cmpenambea Hadoed-
auevle pasv. epode maxoli: nycmv a + bi — KomnaexcHoe wucao, 20e a,b € R.

TPuzoHOMEMPUMECKAA HOPMA KOMNAEKCHO20 “ucaq. MOIyIeM KOMIJIEKCHOTO YUCIa
a = a+bi, rae a u b BerecTBeHHbI, Ha3bIBaeTcs 4ucio |a| = va? + b2. Moayns Beeraa
ABJIACTCSA HEOTPUIATETLHBIM BEIeCTBeHHBIM qucIoM; ecan |af = 0, To a® +b% =0, n
moromy a = b =0, 1.e. « = a + bi = 0.

IMycte « = a + bi € C, npuvem a,b € R. Tpeamonoxum, 910 MOIYNb 7 = |
ancaa a ormuven or 0. Torma (a/r)? + (b/r)* = 1, n nosromy cymecrsyer raxoe
BEIIECTBEHHOE YHUCIIO (0, U4TO a/r = cosg, b/r = sinp. DTO YUCIO ONpEsesIeHo He
ONHO3HATHO, & C TOYHOCTHIO 10 caaraeMoro suaa 2k, roe k — memoe ducio; aodoe u3
TAKAX TUCENT  HA3BIBACTCS APTYMEHTOM YHUCIa v. VI3 CaMOTO ONpEMeNIeHUs CIeIyeT,
YTO €CJIU T — MOMYJb, 8 ( — APTYMEHT 9HCIa & = a + bi, TO

b
a=a+bi :r(g +i-) = r(cosp + ising).
rooor

Ecan a = 0, To MBI paspermaem J000MY BEIECTBEHHOMY UHCTY ObITH apIyMEHTOM (i,
u caoBa Oyger « = r(cos ¢ + isinp).

Takoe BbIparkeHHe KOMIIJIEKCHOT'O HCJIA Yepe3 ero MOIYJIb U apryMeHT Ha3bIBAETCS
TPUTOHOMETPUYIECKOH (HOPMOiT KOMIIJIEKCHOTO 9HC/IA, (.

OrmMeruM, 9TO 3Ta CBA3b 00pATHMA: €CJIM KOMIIEKCHOE YHCJIO (¢ NIPEJCTaBJIEHO B
Buze o = r(cosp + isinp), tae r > 0 m ¢ — BEMECTBEHHBIE TUCTA, TO T = ||, & ¢ —
OJTHO W3 3HAYEHUi aprymenrta «. leilicTBurenbuo, 310 oueBuaHO. ecau r = 0, a npu
r > 0 nycth a = rcos g, b= rsing, n Torma

a=a+bi,|a =+ (rcosp)?+ (r)2 =r,a/r = cosp,b/r = sinyp,

a 3TO M 3HAYUT, YTO  — OJIHO U3 3HAYEHUI apryMeHTa Yuc/ia o.

T'eomempurneckoe u306pastcerue KOMNAEKCHHE wuces. BbioepeM Ha ITOCKOCTH JeKap-
TOBy cucreMmy KoopauHar. [TOCKOIbKY KayK0e KOMILIEKCHOE YUCJIO (¢ OJIHO3HAYHO
IPEICTABIgeTCa B BUuAe o = a+ bi, e a,b € R, ecTecTBEHHO COMOCTABUTE MY TOYKY
HA, TLIOCKOCTH C JIEKAPTOBBIMU KOOpuHATaMU(a, b). DTa TOYKA HABLIBAETCHA T€OMETDH-
YECKUM H300paXKEHUeM KOMILIEKCHOTO Jucia «. Kaxmas ToduKa MI0CKOCTH COOTBET-
CTBYEeT HEKOTOPOMY KOMILIEKCHOMY WHCITY. ILI0CKOCTh, cocTodinyo u3 n300paskennii
BCEX KOMILIEKCHBIX YHMCES, HA3BIBAIOT KOMILIEKCHON IJIOCKOCTBIO, 8 OCH abCIIUCC U Op-
JVHAT Ha Hell — BEIECTBEHHOW U MHUMOM ocsaMu. MOnynibh U apryMeHT KOMILIEKCHOTO
YUCIIA COBIAMAIOT € TMOJSPHBIMUA KOOPAWHATAME €0 T€OMETPUIECKOTO N300paKeHns B
MOJISIPHON CHCTEMe KOOPIMHAT, HAYaJI0 KOTOPOH coBmaaeT ¢ HadagoMm O IeKapTOBOM
CUCTEMON KOOP/IMHAT, & MOJISIPHAS OCh — C TIOJIOKUTETHHBIM JIyIOM BEIeCTBEHHON OCH.

Hepaserncemea 0as modyseti cymmot U pasnocmy KOMNAEKCHOLEL HUCEN.
Teopema 1. ITycms o, 3 € C. Tozda
|lof £ 18] < | ] < |a] +|8].



Joxasameavcmeo. B bopMynmupoBKe TeOpEeMbl yUacTBYIOT 6 HEPABECHCTB; JOKAZKEM
cHavana mepaercTro |a+ | < |a|+ (6], a ocTanbHBIE MOTYyYATCS W3 HETO B KAYECTBE
npocThIX crexcTemil. Ilpexze, weM HavaTh JOKA3ATENLCTBO, CAEJIAEM OIHO IIPOCTOe
zameuanue. [Iycrb T 1 Y — 1Ba BElIECTBEHHbIX YUCJIa, IPUYeM YMCJIO Y HEOTPULATE b
HO; Tora 3 HepaseHcTBa 12 < y? chenyer, uto x < y. JeiicTurensuo, ecm o < 0,
To z < 0 < y; ecam e YUCHO0 T, KaK | Y, HEOTPUIATENBEHO, TO U3 HEPABEHCTBA Y < &
caenosao 6b1, uTo Y2 < 22 < Y2, a 3TO HEBOZMOXKHO, U TIOTOMY T < ¥.

TMockonbky wncno o]+ || HeOTpANATENBHO, U3 TPEABIIYIIEro 3aMETAHNS CIEIYET,
9TO JUIA MOKA3ATENhCTBA HepaseHCTBa |« + (| < |a| 4 |8| aocraTouno nokasars, uTo

(%) o+ B < (la] + 18)* = [af? + 8 + 2[al|A].
Mycrs o = a+bi, § =c+di, tne a,b,c,d € R;rormaa+ 3= (a+¢)+ (b+d)iu
la+8? = (a+c)?+(b+d)? = a? +b* + 2+ d* +2(ac+bd) = |al® +| B> +2(ac+bd),

U HepaBeHCTBO (*) mpeBpamnaercd B HepaseHcTBO ac + bd < |af|f|. Ho |af|8] > 0,
HO3TOMY IpeJbIlylllee HEPABEHCTBO CIeIyeT U3 HepaBeHCTBa,

(ac+ bd)* < |af?|8)? = (a® + b?)(c? + d?),
KOTOpO€ TPUBHAJIBLHO, IOTOMY 4TO
(a®+0?) (2 +d?)— (ac+bd)? = (> P +a> > + b +b2d?) — (a2 +2abed+-b2d?) =
=a*d* +b*c® —2abed = (ad—be)?
st Toro, 9T00BI BHIBECTH OCTAJbHBIE MISITh HEPABEHCTB U3 Y2Ke JOKA3aHHOIO HEPA-

BerctBa o+ 3| < |af +|B|, samernm, aro | —a| = /(—a)? + (—=b)2 = Va2 + d% = |a,
u TOYHO Tak ke | — (| = |B]; mosTomy

la =B = la+ (=B < laf + | = 8] = |a] + |8];
laf = [(a £ 8) + (FO)| < |l 6] + | F 8] = [a = 8| + |B];
6] = (£ 8) + (Fa)| < |+ B + | F af = [a £ 6]+ |al,

a 3TO M CyTb T€ HEPABEHCTBA, KOTOPBIE Mbl XOTEJIH IOJIYUUTh.

JokazaHHble COOTHOIIEHH S JOILYCKAIOT IPOCTYI0 NeOMETPHYECKY IO HHTEPIIPETAIHIO.
Ecnn rouxkn A, B, C siastiorcst TeOMETPHIECKUMIT H306pa>KeHH51MH KOMIIJIEKCHBIX M-
cen o, fu o+ 3, TO CyMMa BEKTOPOB OAuOB paBHa BEKTOPY OC M [IOTOMY CyMMa
JUIHH IePBBIX JBYX BEKTOPOB HE MEHDINE, & PA3HOCTD JJIUH — He OOJIDbIIE JIHHBL TPE-
thero. Ho 1o xak pas u suauut, uro ||a| — [B|| < o+ 8] < |a| + |-

Conpaocenue 0aa womnaekcHor wucea. llycrs a = a+ bi € C, rae a,b € R. Comnps-
JKEHHBIM K (v HA3BIBAETCS KOMILIEKCHOE 9HCI0 a — bi; OHO 0003HaUYaeTcs «.

ITpemgoxenue 1. ITyems o, 5 € C. Tozda

(1) a =@ mozda u moavko moeda, xoeda o € R;
2) (@) =

) o= ol

) ecau a#0, mo a”t =a/|al?, @t = a/|al?;
5) aff=a+pi;
6) aff = af;
(7) ecau B# 0, mo a/f =a/p.

Zoxasameavcmeo. Ilycte o« =a+bi € C, f =c+di, rae a,b,c,d € R. Torma

(1) a =@ Toraa u TosabKo Toraa, Korya 0 = o — @ = (a + bi) — (a — bi) = 2bi, T.e.
bi=0ma=a+bi=a€cR;

2) (@) = (a-i—bz')—a—bi—a—i—bi—a

(3) aa = (a+bi)(a—bi)=a®+b*=|a|%

(4) ecm o #0, 10 |of # 0 n a(@/|a?) = ala/la?) = (a@)/|al? = |a*/|af* = 1;

(
(3
(4
(
(



(5) axf=(a+bi)Lt(c+di)=(axec)+ (btd)i=(atc)— (bEtd)i=
=(a—bi) £ (c—di) =a+p;

(6) af = (a+bi)(c+di) = (ac —bd) + (ad + be)i = (ac — bd) — (ad + be)i =
b d—ar 1

(7) a/B=ap-t=ap=t=a(B/|p]?) =a(B/I18]*)) =aB  =a/B.

Vmmnooicenue u desenue KomnaekchnT wuces 6 mpuzonomempueckoti gopme. Ilycrs
a =r1(cosp) +isingy), B = ro(cos @y + i8in ) — 1B KOMIUIEKCHBIX IHCIA, 3aId-
CaHHBIX B TpUroHoMerpuieckoir ¢popme. Torna

af = (ri(cos ey + isingy))(ra(cos pg +isinps)) =
= r172(C0S 1 COS o — sin 1 sin pa) + i(sin @1 cos Yo + cos @1 sin a) =

= 7172(Cc08(p1 + p2) +isin(p1 + p2));
% =af ™" = af/|B]* = (ri(cospy + isingy))(ra(cos gy — ising,))/r3 =

.
= —1(cos 1 €O P2 + 8in 7 sin pa) + i(Sin 7 €os Y2 — €os 1 siny) =
T2

= (cos(pr o) +isin(pr — ¢2))

Takum 00pa3oM, MpU YMHOKEHWH JBYX KOMILIEKCHBIX YHCENI, 33JAHHBIX CBOWUME
MOAYJAAMU M aPryMeHTaMU, II0JIy4YaeTCd KOMILIEKCHOEe Y1CII0, A4 KOTOPOro Nponu3Be-
JeHue MO,ZLyJ'IQfI COMHOXKUTEER u CyYMMa HMX apPTYMEHTOB ABJIAIOTCA COOTBETCTBEHHO
MOJyJIeM M apryMeHTOM. AHAJOrMYHO, OTHOLIEHHE MOJYJell U Pa3sHOCTb apryMeHTOB
CIIy2KaT MOAYJEM W apTyYMEHTOM OTHOINCHUA 3TUX KOMIIJICKCHBIX YU CeJI.

CDopMyﬂa AJIT YMHOXKEHUA JIETKO MEPEHOCUTCA TIPpU TTOMOINMU MHAYKITUW Ha TTPOU3-
BeJICHHE JII000r0 4UCIIa COMHOXKUTEICH:

n n n n
H r5(Cos ps +isin pg) = H rs(cos Z ps +1 sinz ©s)-
s=1 s=1 s=1

s=1
B wacTtHOCTH, €ciu BCe COMHOXKUTEIH OJMHAKOBBI M MX MOJIYJIM paBHbI 1, mOIy4daeM
bopmyy
(cosp + isinp)™ = cosnp + isinney,

KOTOpast Ha3biBaeTcss opmysoit Myaspa. Ona mokazana s JH000T0 HATYPATBEHOTO
MTOKA3ATEJIST 1, OMIHAKO, €€ JIErKO 0DOOIMIUTE U Ha CIy4ail MPOU3BOJIBHOIO MENIOTr0 TOKAa-
sarenda. s KoMILIeKcHOTo grcaa « # 0 u n > 0 momoxuM o~ " = (a™)~1; momoxum
raxzke o = 1. Mbr mosmygaem:

(cosp +ising)? =1 =cos(0-¢) +isin(0- ),

1

(cosp +ising) ™ = ((cosp + ising)") ™! = (cosnp +isinng) ™! =

= cosnp — isinny = cos(—ny) + i sin(—nep).
IKCNOHEHNA KOMNAEKCHO20 “ucAa U dopmyavt Ftaepa. Tlycrs

e= lim (14+1/n)" = 2,718281828459045... ;
n—0oo

ONIPEJIETTMM CTEIeHN € C KOMILICKCHBIME mokasarensamu. s aucna a + bi € C, roe
a,b € R, nonoxum et = e?(cosb + isinb). TTokazkem, 4To TaK OIpee/IeHHAS IKC-
HOHEHTa KOMILIEKCHOTO YHCIa O0JaJaeT MPUBBIYHLIMU CBONMCTBAMH IIOKA3aTEIHHON

dyHKIINN.

ITpengioxxenune 2. Jlaa awbvx o, € C u 4106020 4ero20 N 6btNoOAHAIOMCA PABEH-

cmea
eaeﬁ _ eoz-i—ﬁ7 (ea)n — eho



oxazameavcemeo. Ilyers a = a + bi, § = ¢+ di, vae a,b,¢,d € R; Torna, nonan-
3ysCh MPABUJIOM YMHOXKEHUsI KOMILJIEKCHBIX UUCEST B TPUTOHOMETPUIECKOi dopme u
dopwmymoit Myaspa, moxydaeM, 910
e“eP = (e?(cosb+isinb))(e(cosd + isind)) = e*T(cos(b+ d) + isin(b+ d)) =
_ e(a+c)+(b+d)i _ eaJrﬁ
)

(€)™ = (e*(cosb + isinb))" = e"*(cosnb + isinnb) = @bt = e,

JI1060e HeHy/1eBoe KOMILIEKCHOE YHCIO (v MOXKET OBITH 3aIMCAHO B BUE SKCIIOHEH-
TBI: €CJI T U  — MOJYJIb M apryMeHT o, 10 a = 1(cos p +isin @) = e "%, Onnako,
qarme IYucso o 3anucbiaercd B popme a = re*¥. Takue Gpopmbl 3anucun KOMILIEKCHOTO
qucaa "mouTH e MHCTBEHHBI" B CMBIC/IE CIEAYIOIIEr0 YTBEP K ISHU s

Ipennoxenne 3. Ecau a,f € C u e* = €, mo cywecmeyem yeaoe wucro
k, maxoe wmo a — [ = 2kmi. Ecau r1,72 > 0 u 1,02 — sewecmeennvie wucaa,
makue wmo r1e'¥l = rqye’¥2 mo r1 = o, U cywecmsyem yesoe wucao k, maxoe wmo
Y1 — Y2 = 2km.
Joxazamesvcmeo. Ilycrs o = a + bi, 3 = ¢+ di, rae a,b,c,d € R; ecim e® = €°, 1o
e%(cosb + isinb) = e* = e’ = e°(cosd + isind);
a C L2 x L2 —_ a __ C
Momyau e® u e yeBoll u mpapoit Yacteil paBHbI, TOdTOMY @ = c. aimee, e® = e # 0,
Y MBI [I0JIy9aeM Telepb, 4To cosb + isinb = cosd + isind, T.e.
cosb = cosd, sinb = sind,
a 310 OBIBAaET TOJILKO TOIa, Korjaa b — d = 2km s Hekoroporo uesioro k. Urak,

a— B = (a+bi)— (c+di) = (b— d)i = 2ki.
Bropoe yTBeprK/eHAe — BAPUAHT LIEPBOIO; €CJIH HEPBOE YTBEPAKICHAC IPUMEHUTD
K paBeHcTRy " "1FiP1 — N2tz 1o mogyumm, uTo n1s HEKOoTOpPOrO k € Z
2kmi = (Inry +ip1) — (Inrg + i) = (Inry — Inre) + (91 — 2)i,
OTKy[a, caeayer, uro Inry —Inry =0, Te. 1y = 79, u 1 — Yo = 2km.
Hcnonb3ys KCIOHEHTY KOMILTIEKCHBIX YHCe, JTETKO HOIYyYUTh KPACHBbIE (POPMYJIbI

JITSl CHHYCa W KOCHHYCA, U3BECTHBIE Kak dopMynbl Jitnepa. [Iycrs o — BemecTBeHHOE
qucio; Torga et = cosx +isinx, e~ =cosx —isinx, OTKyJa MOJydaeM:
ezi + efa:i ezi _ efa:i
_ sing = ——
2 24

Bameuanue. Mooicno nokazams, wmo npu wawem onpedeaenuu e® = lim (1+a/n)"
n—oo

COST =

043 1106020 KOMNAEKCHO20 YUCAA O, TAK 4INO IO ONPEICACHUE GNOANHE COLAACYCTCA
C UBBECTIHBLMU U3 KYPCL MAMEMAMUYECK020 anasuda dgaxmamu. Ho nam smo we
nonadobumeca.

Hexomopuwie npumenenus gopmys Myaepa u Jisepa. V3 MKOIHLHOTO KYypCa U3BECTHBI
dbopmyast sin 2z = 2sinx cosz, cos 2z = cos? & —sin? z. Ouu Jerko 0606IAIOTCS IPH
riomoru popmysel Myaspa. Ilycts n > 1 — HarypaabHOE YHCJIO; TOLAA

cosnx +isinne = (cosz + isinz)".

IIpeobpasyem mpaByio 9acTh ITOTO PABEHCTBA IIpH oMoIu popmMyabl burnoma Heioro-
Ha, BOCTIOB30BABITIHCH erme TeM, 4To 25 = (—1)%, i25T1 = (—1)% aaa moboro nemoro
s:

n
cosnx +isinnz = (cosz +isinz)" = E C? cos" ™ x(isinz) =
Jj=0



[n/2] [(n—1)/2]
_ Z CZS COSn—Qs .’L‘SiHQS (EZQS + Z CTQLs-&-l COSn—2s—1 CCSiIl2S+1 $i25+1 —
s=0 s=0
[n/2] [((n—1)/2]
= (=1)°C?% cos™ 2 wsin® x + i Z (=1)°C25H 1 cos™ 2571 gsin? T o

s=0 s=0

(mepexos; OT TPETHEro BbIPAXKEHHUH K YeTBEPTOMY COCTOUT B TOM, YTO MbI CYMMY IIO
BCEM MHAEKCAM j IPEACTaBIsgeM KaK CYMMY CYMM IO Y€THBIM U IO HEUETHBIM MHIEK-
cam). [lpupaBruBas BelecrBeHnbie YacTu U KOO ULIMEHTHl MHUMbBIX 4acTell HpaBoii
U JIEBOI YacTeil 9TOro PaBEHCTBA, MBI TMOJydaeM (hOpPMYJIbI

[n/2]
cosnx = Z (—1)°C2 cos™ ™2 xsin*
s=0
[(n—=1)/2]
sinna = Z (—1)5C?* T cos™ 257 gsin?sH .
s=0

IIpu n = 2 311 HOPMYJIBI TPEBPAIAIOTCS B TPUBEIEHHBIE BBIIIE (GOPMYJIBI JJIs CUHYCA,
U KOCHHYCa JBOWHOI'O YyTJIa.

Ucnonb3ysa dopmyisl Dittepa u 6uaom Hb0TOHA, JIETKO TIOMY9uTh GOPMYIIbI, IIPEI-
CTABJISIIOIINE CTEMTEHN CHHYCA W KOCHHYCA KaK JIMHEHHbIE KOMOWHAIINN CUHYCOB U KO-
CHHYCOB KPaTHBIX YIJIOB; it N = 2 Takue (hpOPMYJIbI H3BECTHBI U3 MKOJBHOTO KYpCa:

sin? 2 = (1 — cos 2x) /2, cos? x = (1 + cos 2x) /2.

Mpbr He 6yaeM BBIMUCHIBATD 371€Ch 001re (pOPMYIIbl, & OTPAHUIUMCS PABTIOKEHUEM IO
CUHYCaM U KOCUHYCAM KPATHbIX YIVIOB JIJid IATOW M IIEeCTOU CTeneHeld CUHYyCa.

% - -

U5 . . o P . . .
5 ( eTt_— Tt ) 65.'m,_5e4m1 e—a,z+1063:£1,8 2.%1_10622716 327L+5em16—4x1_e—5m1
s r= = =
32t
1 ( eSmi_eﬁSzi e3wi_673;u' exi_eﬂi )

16

5 5
=—sin 5x—1—6 sin3x+§ sin x;

— 1
) +10 6

21 2 24

6 (ezi_ezi ) 6 €6mi_6€4mi+1562mi_20 + 15672mi—6€4mi—F€£mi
s r= =

24 —64
eGIi+€—61'i e4zi+e—4wi €2wi+€—2wi 20 1 3 15 5
- -6 15 08 62— cos dr—— cos 2a-+— .
—64 R 7 R S T TRl

[Tpusenem emre oaHy 3a7a9y, B PEIIEHHH KOTOPOM moMoratT (bopmyasl Myaspa u
Ditepa. Mbr xoTuM HaliTH 60/I€e KOMIIAKTHOE BBIPAYKEHWE JJIsT CYMMBbI

T =sinz + sin2x + - - - + sinnz.

Hapsiny ¢ cymmoii T pacemorpum eme cymmy S = 14-cos x+cos 2+ - -+cos nx. Yuciuaa
S u T BemniecTBEHHDBIE; BOCTIOJIB30BABIIHUCH (DOPMYJIION IS CYMMBI T€OMETPHYIECKO
NIPOTPECCHH, HAOEM, 9TO
S+iT = (1+cosz +cos2z + -+ cosnz) + i(sinx + sin 2z + - - - + sinnz) =
=1+ (cosz +isinx) + (cos2z +isin2x) + ...+ (cosnx + isinnz) =
€(7L+1)iac -1 ei(7t+1)m/2 ei(7t+1)x/2 _ e—i(n+1)ac/2

:1+61¢+€21T++en1r:

ez _ 1 - eir/2 elr/2 _ piz/2
in+D)z/2 _ —i(n+1)z/2Y /9; i (ntl)z
:eina:/2(e( )/ € ( ) / )/ZZ — COSE+iSiHE Slnig
(eix/2 — eiz/2) /24 2 2 sin £



CpaBHUBAas BeIIECTBEHHBIE YaCTU U KOIDMUIMEHTH MHUMBIX YACTEH JIeBOU W TTPaBOi
qacTeil 3TOro paBeHCcTBa, HaXOJAUM, YTO

cos ML gin (ntDz
S =1+4cosx +cos2x +---+cosnx = 2 pe 2 __,
SIHE
sin 2 sin (ptl)z
T:sinx+51112x+--~+sinn:r:2,—052
sin £

2

Hszeaevenue weadpamuvx xopued u3d xomnaexcnur wucea. Illyers o € C u nycern
n > 1 — marypayibHOe uncao. KoMmiekcHoe uncio  HA3bIBAETCsT KOPHEM N-# CTeneHn
u3 a, ecou (" = a.

Teopema 2. YV scaro20 nenyae6020 Komnaekcnozo wucaa a+bi, 2de a,b € R, 6 noae C
ecmsb posHo 064, K6AOPAMHLLT KOPHs (M.e. KOpHs cmeneny 2), Komopuie caedyouum
00pa30M GBLPAIICAIOMCA Hepes a U b:

a++Va2+b b 2 .
Y ——— i ecau b # 0;
2 2\ a+ Va2 + b2

+ Va, ecaub=0, a>0;

+iv—a, ecrub=0, a <0.

Joxazameavcmeo. Ilycts 7,y € Ru a+bi = (v +yi)? = (2% — y?) + 22yi; cpapuBas
BEIECTBEHBIE YaCTU U KOIPDUIMEHTHI MHUMBIX YacTell JIeBO# U IIpaBOil CTOPOH pa-
BEHCTBA, TOJIyUYaeM, YTO YCIOBME PABHOCHILHO CHCTeMe JBYX paBeHCTB r2 — y2 = a,
2xy = b.

Paccmorpum cragasa mpocreiimuii caydait b = 0; w3 pasencrBa 2xy = b = 0
caenyer, uro Torna = 0 wim y = 0. B nepsom ciayuae a = —y2 < 0, u y = +v/—a,
a Bo BropoM a = 22 > 0, x = ++/a. Urak, ecmu (z +yi)2 =a # 0, o x + yi = £/a
wim x + yi = Fi\/—a B 3aBECEMOCTH OT 3HaKa 4ucia a. OueBnano, B 000UX CIIyHdadx
MOJTYYeHHbIE KOMIIJIEKCHBIE YHUCIA AEHCTBUTENBHO SIBJISIIOTCS KBAAPATHBIMEU KOPHAMU
u3 a.

IIycrb reneps b # 0; U3 paBeHCTB X

2 —y? =a, 2zy = b ciaenyer, 4ToO

(1,2 4 y2)2 — ($2 o y2)2 4 (2xy)2 — a2 4 b2.
WsBnekasa koperb n3 00emx 9acTeil 3TOr0 PAaBEHCTBA M yYUTHIBas 49TO X,y € R u
noromy z2 + y? > 0, maxomum, uro 2 + 32 = Va2 + b2, a 3mauur,
= (2> —y*) + (2 +9?)/2 = (a+ Va2 + b2)/2.

IMokazkeM, 9TO 4uCaI0 a+ v/ a? + b? NONCKUTeNbLHO: B IPOTHBHOM CJIydae Mbl HMEeJIN
661 —a > Va?+ b2 > 0, orkyna ciaegosano 6b1, uto a? = (—a)? > a® + b?, a 310
HEBO3MOKHO, 10TOMY 4T0 b # 0. MbI HaXOmUM Ternepb, 9T eCJu T+ Yi — KBaApaTHbIi

a+ va? + b2

Y TIOJIy4uaeTcss m3 cooTHomeHus 2zxy = b. WTak, Mbl MOKa3a/u, 94TO eciau T + yi —
KBaJIpaTHBIN KOpeHb u3 a + bi, T

. a++vVa2+b b 2 .
rtyi=t|\ |t ———— 1 |
2 2V a+Va?+b?

Ocraercsa npoBepuTh, YTO HANIEHHBIE HAMEU KOMILIEKCHBIE YUCJIA — TeHCTBUTEIHHO
KBaJIpaTHbIE KOpHU u3 a + bi:

KOpeHb u3 a + bi, To x = + , & COOTBETCTBYIOIEEe 3HAUYECHUE UHUCIIA,

a+ Va2 + b2 ;
a+Va?+b?



a+va? + b2 b? .

:( - )—!—bz:
2 2(a + /a® + b?)
272 377\ _ 2

:<a+\/a +b _(\/a + b2?) a)+bi:
2 2(a + \/a? + b?)

/22— /a2 b2
:(‘H g T et 2“ * >+bi:a+bi.

H3zsaevenue Kopreti npoussosvHoti Cmeneny, U3 KOMNAEKCHuX Yuces. ECan MbI TOMbI-
TaeMCdA IPUMEHUTh TOT K€ MOAXOI, UYTO U B NIPEABLAYIIEM pa3fese, IJid N3BJIeYeHNS
KOpHel TpeTheil crenenu x + yi u3 guciaa a + bi € C, To mojayaum njisi £ u y CUCTEMY
YPABHEHUH TPeThell cTeneHu. JTa CUCTEMA CBOAUTCI K OJHOMY YPABHEHUIO TPEThei
CTEIeHH OT OJIHOM HEeM3BECTHOH; TaKKne YDaBHEHUA yMeJIU PEelaTh €lle B CPeJHUe BeKa.
Onako, Kakoit Obl ciocob pernieHust oIy IUBIIeroCs YPABHEHUS TPEThEH CTEIeHN Mbl
HU NPUMEHSJIN, BCErJa 10 XOAY JeJia HaM IIPUJIETCA U3BJIEKATh KODEHb TPETheill Kak
pa3 u3 umciaa a + bi, 1 y HaC BO3HUKAET 3aMKHYTHIH KPYT.

[losTomy my1s uccaenoBanms KOpHEil cremneHeit, D0abIuX 2, TPUXOIATCI UCIOIB30-
BATh TPUTOHOMETPUIECKYIO (DOPMY KOMIIJIEKCHOTO YHCIIA.

Teopema 3. [Tycmo a # 0 — KomnaeKcHoe WUCAO, T U © — €20 MOJYAL U aPRYMEHM,
u nyems n > 1 — namypassnoe wucao. Cyuecmeyem poero n kopnel cmenenu N u3
Q, KOMOopble HATOOAMCA No Popmyae

By = frellethm/n — {/r( cos ¢+ 2km + isinM)’
n n
2dek=0,1,...,n—1.

Joxasamesvcmeo. Komiiexcnoe uucio 3 = pe¥ (e p > 0 u 9 perecrseHtb)
ABJIAETCA KOPHEM N-if CTEIIeHH M3 WHCIa o = re'¥ TOrma U TOJLKO TOrAa, KOTAa
re’? = a = " = pe'™¥; no NpeIOKEHNIO 3 ITO ZHAUUT, UTO T = p”, T.e. p =
Y/r, u cymecrByer yucyao k € Z, rakoe 4to Ny = ¢ + 2kw. Takum obpazom, ducia
B = /re!$t2km)/n _ xopHu cremenu n M3 o, M BCAKUHA KOPEHb COBLAIAET C OLHUM
u3 Bj. Ho cpenu aucen (B MHOrO COBIAJAIONIAX; TOYHEE, MO MPEIJIOKEHHIO 3 IUCIA
Bs u B¢ paBHBI TOI/A M TOJBKO TOI/A, KOIJA CYIIECTBYET LEI0e YUCIO [, TaKoe 4To
p+2sm  p+2r  2(s—t)w

2l = = ,
n n n

T.e. Korga s — t = nl + n. [ostomy uucna By, B1,--.,Bn—1 pasnudssl, u arboe u3
ynces O COBHAIAET ¢ ONHAM M3 HEPEYUCICHHBIX, IOTOMY 9TO YHCIO Kk CPABHEUMO IO
MOJIYJIIO . CO CBOMM OCTATKOM OT JeJIGHUs HA N.

Kopnu us 1. B wacTtHOCTH, MMeeTcd N KOpHe# n-if crenenu u3 1

. 2k .. 2wk
Ck:e””k/":cos——i—zsm— (k=0,1,...,n—1).
n n
Sunanne KopHEii 13 1 MO3BOIAET BLIYUCJINTDL BCE KOPHU N~ CTEIICHU M3 KOMILJICKC-
HOTO 9HCJIA, €CJIN U3BECTCH ONUH U3 HUX.

ITpemgoxenue 4. I[Tycms n > 1 — namypasvroe wucro, 0 # a € C u § - odun u3
xopueti cmenenu n ud . Toeda dasa awbozo xopna ( cmenenu n u3 1 npouszsedenue
B¢ asaaemea xoprem cmenenu n u3 . Obpammno, daa mobozo xopua 3 cmenenu n
u3 a natidemes xopenv ( cmenenu n u3 1, maxoti wmo 3 = 3.

Aoxasameavemeo. Ecom " = o, (" = 1, to (8¢)" = (" = a- 1 = a. ObparHO,
ecm 3" Toxke paprsierca au ( = ('/6, o (" ="/ = afa=1u § = 5(.

IIpennoxenne 5. I[Tycmv n > 1 — namypasvroe wucao. Ilpoussedenue kopret n-i
cmeneny u3 1 — cHosa kKopend n-ti cmenenu ud 1. Komnaexcroe nwucao, obpammoe



KOPHIO N-U cmenenu u3 1 — mootce Kopensv n-U cmenenu ud 1. Yucao 1 — Kopers n-i
cmenenu u3 1.

Zoxasameavcmeo. fAcuo, aro 1™ = 1. Ilycrs ¢, — KopHu u3 1 cremeHu n; TOria
(" =n" =1, orKyJa cjeuyer, 4ro

Cmr=¢t=1-1=1, ((CH=1/Q"=1/"=1/1=1L

Urax, uncia (n, (71, 1 — kopuu n-if cremenu u3 1.

ITockombKy yMHOXKEHTE KOMIIJIEKCHBIX YUCET KOMMYTATUBHO U aCCOMMATUBHO, TTPEJI-
JIOXKEHHE b 03HATAET, UTO KOPHH N-# creneHn u3 1 00pa3yioT OTHOCUTEIBHO yMHOMXKE-
Hus abesieBy rpyiy. Cleayomue yrBEP K AeHU IPOICHAIT CTPYKTYPY 9TOM IPyIIIIbI.

IIycts n > 1 — marypaabHoe unciao. Kopeub n-it crenenn n3 1 Ha3bIBAETCS MEPBO-
0Opa3HbIM KOPHEM CTEIEeHM 1 U3 1, eCAu OH He SIBISETCS KOpHEM MEHBINeH CTemeHun
n3 1.

Ilpennoxenune 6. Ilycme n > 1 — namypasvroe wucao. Kopenv cmenenu n us 1

; 2k 2k
G = e 2™h/m = cos T8 pisin
n n

ABAAEMCA NEPEOOOPA3HBIM KOPHEM cmeneny N u3 1 mozda u moavko mozda, Koz0a
yucaa k U n 636UMHO TPOCTIbL.

oxasameavcmeo. Ilyctb k u n He B3aUMHO MPOCTHI; TOT/IA Y HUX €CTh OOIIHil JejTH-
Tenab d > 2, W CYIIECTBYIOT Ieble unciaa ki, nq, Takue 9to k = dky, n = dnq. Zcuo,
q10 0 < n1 < Nj B TO K€ BpeMs

ny i-2wkny /n

"= — ez~27rk1dn1/n — ez~27rk'1n,/n — e27rk1i =1,

TaK 4ITO (), — HEe TIepPBOOOPA3HBIIl KOpEHDb CTemeHu N u3 1.

IIycrb renepp & m m B3aMMHO ILIPOCTBI, U IIyCTh () — HE HEPBOOOPA3HBIA KOPEHb
crenenu n u3 1. Torma cymecTByeT HATYPAJBHOE YUCTO M, Takoe uTo 0 < m < n u
¢'=1.Ho (' = (ei2mk/nym — gi-2mkm/n 5 510 ypeao paBHO 1 TOTBKO TOLIA, KOIIA
qucno km/n nenoe, T.e. km memurca va n. Iockonbky k m n B3aMMHO TPOCTHI, 3TO

BO3MOZKHO TOJBKO TIPH 1M < N, YTO MPOTUBOPEIUT HepaBeHCTBAM 0 < m < n.

JoKa3aHHOe TIPE/IOZKEeHNE TIOKA3BIBAET, YTO NEPBOOOPA3HBIE KOPHU CTEIIEHH 7l BCe-
ra cymecTRyioT; mampuuep, (1 = e2™/" — mepBOOGpPA3HBII KOPEHb CTETeHn 1 u3
1. Bosiee Toro, mpe/yioxKeHe TOKA3bIBAET, YTO KOJHIECTBO MEPBOOOPA3HBIX KOPHEH
crenenn n u3 1 paBao @(n).

ITpenmoxkenue 7. ITycmsv n > 1 — namypasvrnoe wucao, v nycms 0 — nepeoobpasnviii
Kopensv cmenenu 1 u3 1. Jhobotl kopens cmenenu n u3 1 asaaemca cmenenvio 6.

Jlokasameavcmeo. Bee n uaucen 6°,01,02, ..., 0" apasrorcss KOPHAME CTeleHn 1 U3
1, ¥ cpeqy HUX HeT OJMHAKOBBIX: WHate OBIT0 Ob 0° = 0! 1719 HEKOTOPHIX TTOKa3aTeeil
0<s<t<mn,unroraa Mel 661 mMean 0'~° =1 g1 0 < t — 8 < M, 9TO TIPOTHBOPETHUT
nepBoobpaszHoctu 0. 3HauuT, Bce N KOpHEH crenenu n U3 1 nprHaiIeKaT MHOXKECTBY
{6°,01,02,...,0" 1}, cocrosmemy u3 cremeneii 6.

5. MHOTOYJIEHH KAK ®YHKIINKN. KOPHN MHOT'OYJIEHOB

Bnauenue muozousena. JIo CUX OP MBI PACCMATPHBAJIN MHOIOUWIEHBI (HOPMAIIBHO,
TOYHEE, KAK SJEMEHTBI KOJIbIIA MHOTOWICHOB. Temeph e Mbl HATHEM PACCMATPUBATD
uX 1 ¢ QYHKINOHAIBHONR TOUKY 3PEHUSI.

IIycte A — KOMMYTATHBHOE ACCONMATHUBHOE KOJBIO ¢ emuHmnedl 1, m mycts A —
ACCOIMATUBHOE KOJIBIIO HO He O0S3aTeIbHO KOMMYTATHBHOE KOJIBIO, cogepzkamee A
B KavecTre moarousbia. [Iycrs, nanee, f(t) = ag + ar + ... + ant™ € Aft] m nycts
— TaKo#l 3MeMeHT W3 A, KOTOPBIH TEpecTaHOBOYEH O Beemu dnemenTamu u3 A (310



3HAYUT, 9TO A = aa JJist Kaxkjaoro a € A). 3navennem f(«) MHOTOUNeHA f(f) pn
t = &/ Ha3BIBALTCA IJICMEHT

n
f(a):ao+a1a+...+ana”:2aiaiGA
i=0

(Mpr camTaem, ato o’ = 1 gaxe eciu o = 0). Eme pas momdepKreM, 9TO MepeMeHHO#
t npuCcBamMBaeTCs 3HAYEHUE, KOTOPOE IIPUHA/JIEKUT He ODsA3aTeIbHO CAMOMY KOJIBILY
A, HO, OBITH MOKET, ero PaCIIHPEHNIO.

Samevanue. 3Jnauenue muozouaena t" =1-t" nput=a €A pasno 1-a”, a ne a”,
nomomy wmo edunuya 1 Koavya A ne ob6azamenvro asasemcs edunuyed Koavua A.

OcHOBHOE CBOHCTBO 3HAYEHUS MHOIOWICHA — €r0 COIVIACOBAHHOCTDL C rELeIL/’ICTBI/IS{MI/I
HaJ MHOIO4YJICHAaMH.

ITpemmoxkenue 1. ITycmb A — Kommymamuehoe accoyuamuenoe xoavuyo ¢ 1, u
nyemsv A D A — accoyuamusnoe koavyo, codepoicawee A 6 Kauecmee nodKoAvYA.
Hyemo, dasee, o — anemenm u3 A, nepecmanosounuill co ecemu anemenmamy, u3 A,

F@),9(t) € Alt], s(t) = f(t) +9(1), p(t) = f(t)g(t). Tozda s(a) = f(e) + g(a),
p(a) = fla)g(a).

Jloxasameavcmeo. YTBepxacHue Tpyanee chOPMYIUPOBATE, 9eM JTOKA3aTh. 11yCcTh
Ft) =ag+ait+...+ant™, g(t) =bo+bit+ ...+ bpt",
IOe n MaKCHMAaJbHas U3 cremeHeil MHOrowieHOB f(t),g(t), a a;, bj — amementsr u3 A.
Torma s(t) = f(t) + g(t) = (ag + bo) + (a1 +b1)t + ... + (an + bp)t"™, u moTOMY
s(a) = (ao + bo) + (a1 + br)a+ ...+ (an + bp)a™ =

=(ap+ o+ ... +ana”™)+ (bo + bra+ ...+ ba") = f(a) + g(a).

Hamee, snagenme maorounena a;b;t pasno a;b;a’™7. Ho p(t)= f(t)g(t) = > a;bjt i,
4.

U 10 yKe JOKa3aHHOMY 3Ha4deHHe 3TOH CyMMbl PABHO CYMMe€ 3HAYEHUI CIaraeMblX,
T.€.

pla) =) aibja't! = (Z“iai)(zbﬂj) = f(@)g(a).
i i=0 j=0

Teopema Besy. llepBbIM mpUMepOM MPUMEHEHUS MPEIBIAYINETO TPEATOKEHUS SBJIIS-
eTcs CJAeYIONIee IPOCTOe, HO TIOJIE3HOE YTBEPXKJIECHHE.

IIpengioxxenne 2 (reopema Besy). ITyemov k — noae, f(t) € k[t], a,c € k. Cae-
OYI0UUE YCAOBUA DASHOCUADHDL!

(1) f(t) = ¢ (mod (t — a));

(2) fa) =c.

oxasameavemeo. (1) = (2). Ecom f(t) = ¢ (mod (¢t — a)), o f(t) — ¢ neawurcs Ha
(t —a), m moroMy cymecTByer Takoil MHOTOUNeH ¢(t) € k[t], uro f(t) —c = q(t)(t —a).
Ilo mpeamoxkenuio 1,

fla) —c=qla)(a —a) = q(a) -0 =0,
re. f(a) =c.

(2) = (1). Muorounen f(t) cpapauM 1m0 MOmymio t — @ ¢ ocratkoM 7 (t) OT meneHus
f(t) ma t —a. Ho degr(t) < deg(t — a) = 1, mosromy r(t) = d € k. Takum obpazom,
f(t) =d (mod (t —a)), u o yske noKa3aHHOI YacTy Hairero yreep:kuenus d = f(a).
Ecmu f(a) = ¢, To monygaem, aro d = f(a) =cm f(t) =d = ¢ (mod (¢t — a)).

Caencrsue. IIycmv k — noae, u nycmow f(t) € k[t], a € k. Mnozouaen f(t) deaumca
na (t — a) mozda v moavko mozda, xozda f(a) = 0.



Koprnu mrnozousena. Ilycrs k —nose. DneMent a € k HA3BIBAETCST KOPHEM MHOTOUIEHA
f(t) € k[t], ecm f(a) = 0. lIpeapiaymmee caeACTBRE MOXKET OBITH TEPEHOPMYTUPOBAHO
TAaK: 3JE€MEHT « € k apmgeTca kKopHeMm MHOrowreHa f(t) € k[t] Torma m Tompko Torma,
koraa f(t) nemurca wa (t — a).

Teopema 1. ITycmo k — noae. Jo6ot nenyaesol muozowaen f(t) € klt] umeem 6 k
He Goavwe Kophet, wem ezo cmenens deg f(t).

Hoxasameavcmeo. Ilycrs aq,...,a, € k — pasznuuanbie kopuu f(t); 00 CaeacTBUIO U3
reopembl Besy Muaorownen f(t) meanTcs Ha KaKablii n3 aBy4aeHos t—a;, 1 < i < r. Ho
STH ABYYJIEHBI IOIMAPHO B3AUMHO MIPOCTHI, mo3ToMY f (1) IeNuTed Ha UX IPOU3BEIeHIE
(t —aq)---(t —ar); orcroma n cnenyer, uro r = deg((t —aq1) - -~ (t — a,)) < deg f(¢).

Hanomuum, 9T0 1Ba MHOTOY/IEHA DABHBI, €CJIM PABHBL NX COOTBETCTBYOIIHE KOI]-
dunmentor. OHAKO, MOKHO OTIPEIeaUTh paBeHcTBO MHOoTOuNeHoB f (1), g(t) € k[t] n
JIPYTEM CIIOCODOM, & MMEHHO, CIUTATH 9TO ITH MHOTOUIEHBI OMMHAKOBHI, ecin f(a) =
g(a) nna Beex a € k. Takoe paBEHCTBO MHOTOU/IEHOB HA3BIBAETCS (DYHKITMOHATBHBIM.
Cremytonas TeopeMa MOKA3bIBAET, ITO TOHATHS PABEHCTBA M (DYHKIMOHAIBHOTO Pa-
BEHCTBA MHOTOYJIEHOB TIOYTH BCET/IA COBIIAIAIOT.

Teopema 2 (o ¢popmanbHOM U DYHKIMOHAIBLHOM PAaBEHCTBE MHOTOYJIEHOB).
ITyemv k — becxoneunoe noae, u nycms f(t), g(t) — muozouaenv ¢ wosdduyuenma-
mu uz k. Eeau f(a) = g(a) daa ecex a € k (m.e. ecau mnozousens, f(t) uw g(t)
PyrryuOnaAbHO pashb), Mo muozovsenst f(t), g(t) pasnw.

Lloxasameavcmeo. Ilycrs N — HaTypanabHOE GHCIO0, MPEBOCXOIAINEE CTEIEHH 000X
muorouneros f(t), g(t); Torma crenens pasaoctu h(t) = f(t) — g(t) crporo Menbime,
gem N, HO 060it seMenT a € k sirnsiercs KopHeM h(t), Tak kak h(a)= f(a)—g(a)=0.
Ecnu h(t) # 0 u B nose k naitgercs ve Merbine N 3/16eMEHTOB, TO MOJLYYUTCS, YTO HEHY-
JeBoii muorousieH h(t) umeer GoJble KOPHEH, YeM €ro CTereHb, a 9TO HEBO3ZMOXKHO;
nostomy h(t) =0wu f(t) = g(t).

OrmernM, 910 OECKOHETHOCTH TOJIsT K CYIeCTBEHHA: 1O Majoi Teopeme Pepma
MHOTOWIEHB! tP u ¢ HaJ| oJIeM BaeToB Z/ (p) 1o mpoCTOMY MOIYITIO P (DyHKITHOHATLHO
PaBHBI, HO, KOHEYHO, OHU HE PaBHBI.

Kpammnocms xopra. Ilycrs f(t) —HeHyaeBoi MHOrOYIEH HaJ, ojaeM k M IyCTh a € k —
ero kopenb. Torma f(t) memnres Ha (t — a); HO MOKeT oKazaThest, uto f(t) memurest u
Ha Go/iee BBICOKYIO cTerneHb asydiena (t — a). Harypanbhoe uucio s > 1 HasbiBaercs
KPaTHOCTBIO KOpHA a MHOrousena f(t), eciu muorowien f(t) penurcs na (t —a)®, Ho
ne gemarcs na (t — a)*T1. JonomnuM 3T0 onpejenenue, IpUHAB, 4TO @ € k — KOpeHb
muorousneHa f(t) kparaoctu 0, ecu a He aBagerca Kopaem f(t),

IIpenmoxenne 3. [Tycmov k — noae, f(t) € k[t] —nenyaesoli mnozouaen, v nycmo
ai,...,ar € k — 6ce €20 NONAPHO PASAUNHBIE KOPHU, @ S1, . .., Sy > 1 — uT Kpammnocmu.
Tozda

f) =a(t—ar)* - (t —ar,)* pr(t) - pq(t),
2de a € k — cmapwuid xosgPuyuenm mmozounena f(t), a p1(t),...,pq(t) — Henpueo-
OUMbBLE YHUMAPHBLE MHOZOUAEHDL, CTRENEHD KAXHCA020 U3 KOMOPHT He menbue 2.

Joxasamesvcmeo. Muorownennt (¢t — a1)®t, ..., (t — a,)®" MONAPHO B3AUMHO IIPO-
cTbl, 1 MHOrowieH f(t) memurcsa Ha Kaxapii n3 Hux. Ilosromy f(t) memmrcs Ha Mx
npoussegenue (t—aq)®' - - (¢t —a,)*", n cymecrsyer muorownen g(t) € k[t], rakoit 1o

f@) = (t—a)™---(t—a,)g(t).

IIycrs g(t) = ap1(t) - - - pg(t) — KaHOHMIECKOE paznokenue ¢(t) B IPOU3BEIEHNE CTap-
mero k03GbQUIUEHTa @ U HEIPUBOAUMBIX YHUTAPHLIX MHOTOWICHOB D1(t), ..., Dpq(t)



(Takoe pa3/ioKeHUE CYIIECTBYET 110 OCHOBHOIN TeopeMe apu(MeTuku JJis MHOTOYIe-
uo). Torza
f(t) =alt —a1)™ - (t = ap) " pi(t) - pg(t),

W HAM OCTAETCS JIOKA34Th, UTO CTENEHb KAXKJOTO W3 MHOTOWIEHOE p;(t) HE MEHbBIIE
2. Ilycre degp;(t) = 1; rorma p;(t) =t — a ana wexkoroporo a € k. [Tockombky f(t)
pennrcs Ha p;(t) =t — a, smemenT a aBnserca kopHem f(t) m MOTOMY COBHAIAET C
KaKUM-TO U3 3JIeMEHTOB a4, 1 < i < r. MbI BuguM, 9710 B 3T0M caydae f(t) menurcs Ha
(t—a;)* 1, Bompeky TOMy, UTO KPATHOCTH KOPHA @; PABHA S;. SHATHT, TPEIIOTOMKEHHE
degp;(t) = 1 6bin0 mesepubM, 1 degp;(t) > 2 musa Beex j, 1 < j <gq.

Caeacreue 1. Kpamnocmo xophua a mnozounena f(t) # 0 cosnadaem co cmenenvio,
6 womopoti deyusen (t — a) 6xodum 6 Kanonuueckoe pagroncenue muozouaena f(t) 6
NPoOUEEIEHUE YHUMAPHLT HENPUCOIUMBLT MHOZOUACHOG (IO 6EPHO U OAH% HYAECOT
KPATHOCTNA,).

CaencrBue 2. Hucao Kophetl HEHYALB020 MHOR0UACHA, CHUMAEMBLE KAAHCIBLT CINOAL-
K0 Pa3, KAKOBA €20 KPAMHOCMb, He DOAbUE CINENEHU IMO20 MHOZOUAENG.

Aneebpauvecku damrnymoie noas. Ilone k HaspiBaeTcss ajredpamdeckKu 3aMKHYTBIM,
ecau Beakuit muorownen f(t) € k[t], crenenn koroporo 6osbiue 0, umeer B k xors 6bl
ommH KopeHb. OTMeTuM, 9To MHOrowieHn 0, cTeneHb KOTOporo He Oosbiie 0, nMeeT B
KavyecTBe KOPHEH Bce 3JieMeHTDI 1oJisi k; 3aTO BCE OCTAJIbHbIE MHOTOYJIEHBI, CTEleHb
KOTOPBIX He GombIne 0, ABIAIOTCS HEHYJIEBbIMYA KOHCTAHTAMHA U HE UMEIOT KOPHEiA.

Ipepnoxenue 4. Iycms k — anzebpaunecku samxnymoe noae. Muozouaen f(t) ¢
xospuryuenmamu us k nenpusodum 6 k[t] mozda u moavko mozada, xo2da e20 cme-
nexws pasra 1.

Zoxasamensvcmeo. Mbl yike 3HAEM, 9TO MHOTOYJIEHBI CTENEHU 1 HENPUBOAUMBI HAJ,
MOGBIM TIOJIEM; JOKAXKEM, 9TO, €CJIU mose k anreGpandecKd 3aMKHYTO, TO BEPHO W
obparnoe yreepxaenue. [Iycrs f(t) € k[t] — mempuBOAMMBIi MHOTOYIIEH; TIO ONpETE-
JIGHUIO, HETPUBOIAUMbIA MHOrOWIEH OT/indeH OT () U He ABJISAETCS JeJIUTeNeM 1, To3ToMy
ero crenenb Oosibire (. Tlockonbpky mosie k anrebpandecku 3aMKHYTO, Y MHOTOUIEHA,
f(t) ectb kopenb a € k. Ilo caeacreuio u3 teopembr Besy (¢ — a) — meamrens f(t).
Ho mbi 3Haem u3 npemnoxenus 5.1, (3) miasbl [, uro ecsiu oqus HENPUBOAMMBIH MHO-
rOYJIEH JEeJUTCA Ha APYTOH TO OHH accouumpoBaHbl, u mostomy f(t) = c¢(t — a), roe

ce€k,c#0,udegf(t) =1.

W3 3roro npeiokenus Caeyer, 910 BCAKUE YHUTAPHBIA HEIIPUBOIUMbLI MHOIO-
WIeH Hal aJredpanvyecKn 3aMKHYThIM 1tojieM k umeer Bun t — a, tae a € k. [losromy
MO0 OCHOBHOI#f TeopeMe aprudMeTHKN [JisT MHOTOYIEHOB BCIKUN HEHYJIEBOH MHOTOUJIEH
f(t) € k[t] moxer ObiTh peacTaBnen B Buae npomssenenus f(t) = c(t—by) - (t—by),
rae ¢ # 0, by,...,b, — snementsr u3 k. Cobupasi BMECTe OJMHAKOBBIE COMHOKHUTEJIH,
upeacrasum f(t) B Buge f(t) = c(t —aq)®* -+ (t — a,)*™", rue ag,...,a, — Bce pas-
JINYHBIE U3 3JIEMEHTOB b1, . .., b,. Takum o6pazom, OCHOBHas TeopeMa apudMETUKN B
caydae anredpanviecku 3aMKHYTOTO MOJsT TPUHUMAET CIeIy Ol BUT.

Teopema 3. Ilycmv k — anzebpaunecku samxnymoe noae. Beawui nenyaecots mmuo-
2ounen f(t) € k[t] moocem Gums npedcmasaen 6 eude npouseedenus

f)=c(t—a)® - (t—a,)’,

2de c#£0, ay,...,a, — anemenmu, u3 k, a S1,...,S > 1 — namypasvhvle “ucia. Imo
npedcmasienue eOUHCMBERHO ¢ MONHOCTBI0 00 Nopadka commodcumened.

Bropouem, e TMHCTBEHHOCTh KAHOHUYIECKOTO PA3JIOXKEHNST MHOTOUIEHA B CIyvae aJl-
reOpamvIecKky 3aMKHYTOTO MO OUEBUIHA, HOO IJIEMEHTHI 41, . . . , @y U GUCHA S1, . . . , Sy



MOTYT OBITH HHTEPIIPETUPOBAHBI MHBAPUAHTHBIM 00PA30M, HE 3aBUCSIINAM OT PA3JIONKE-
HUS: U3 NPEIJIOKEHUS 2 CIEYET, 9T0 G, . . . , G, — BCE KOPHU MHOTOUJIEHA, & S1, - . . , Sy
— ux Kparuoctu. ITockombKy

deg f(t) = deg(c(t — ar)™ --- (t —a,)™") =
=degc+deg(t —aq)® +...+deg(t —a,)* =s1+ ...+ s,

MBI TIOJIyYaeM CJIeAyIollee yTBepKIeHue.

Teopema 4. B aszebpaudecku 3aMEHYMOM NOAE YUCAO KOPHET HEHYAELB020 MHO20-
YAEHA, CHUMAEMBLT KANHCIBLT CTMOABKO PA3, KAKOBG €20 KDPAMHOCTL, PAEHO CMENneHU
IMO20 MHO20UAEHE.

Ocnoenan meopema vicieds arzebpu.. Tak TPUHATO HAZBIBATE CIAEYIONIEE YTBEPIK IE-
HUeE.

Teopema 5. Iloae xomnaexcnmz wucena C anzebpauvecky 3amMrEnymo.

B nazsamum "OcHoBHast TeopeMa BBICIIeH ajreOpbl” HEBEpHO BCe, KPOME CJI0BA
"reopema'. Bo-nepBhix, 3Ta TEOpeMa HUKAK HE MOXKET IIPEeTeH10BaTh Ha THTYJI OCHOB-
HOI 17151 Beeli anre0phl; BO-BTOPBIX, OHA, HE SIBJSIETCS TEOPEMOil anredphl, TaK KaK IO
CYLLECTBY fBJIACTCA YTBEPKJIEHUEM O BEIIECTBEHHBIX YUC/aX, & B 110JI€ BEIeCTBeHHbIX
YUCEeNT, TOMUMO AJIrebpandeckoil CTPYKTYPhI, BAXKHYIO POJIb UTPAET TOIOJIOTHS, U OHO
SABJIAETCA TPEIMETOM W3YUeHUd /T MaTeMaTHIecKOro aHaan3a. Bece mokaszareabeTsa
OCHOBHO#I T€OPEMBI BbICITIeH aJiredpbl B TOH win nHOH (hopMe UCIOIb3YIOT CO0DpaXKe-
HUs HEMPEPBIBHOCTHU, KOTOPas He #ABjgercs anrebpamdeckuM nonatueMm. Heckosbko
JIOKA3aTeJIbCTB 3TOW TEOpeMbl OyAyT JaHbl B KyPCax MATEMATHYECKOrO AHAIM3A U
TOMOJIOTHH. 37ECh YK€ MBI OrPAHUYUIIACH TOJIBKO €€ (DOPMYIMPOBKOIA.

W3 ocHOBHOIT TeOpeMBI BBICITIEH alrebphbl CAeAYeT, YTO BCE TO, 9TO NOBOPUJIOCH 00
aaTedpanIecKn 3aMKHYTBIX MOJIAX, CIIPABEIJINBO U JJIsT TIOJIS KOMILIEKCHBIX THCEJI.

Teopema 6. Beaxuli nenpucodumvili mHozowach 1ad nosem xomnaekcuons wucens C
umeem cmenenv 1. Beawul nenyaeeol muozowaen f(t) € Clt] moorcem Gvimsb nped-
cmaeaen 6 eude npoussedenus

f(t) = C(t — al)Sl L. (t _ ar)s'"7

2de c#£ 0, a1,...,0; — KOMDACKCHDIE YUCAG, G S1,--.,Sr > 1 — HAMYPAALHBE YUCAG.
Imo npedcmasaenue eQUHCNBEHHO ¢ MOYHOCTIBI0 d0 NOPAdKka commoscumeneti. Juc-
A0 KOMNAEKCHBT KOPHET, HEHYAEE6020 MHO20UAeHa HaD nosem C, cvumaemonx Karcovl
CIMOABKO PA3, KAKOBA €20 KPAMHOCTD, PAEHO CMENEHU 3MO20 MHO20UAEHA.

Kanonuneckoe pazaogcenue Muo204aena Had Nosem 6eULECMEENHBLT wuces. Bocmomb-
30BaBIINACH OCHOBHOMN TEOPEMOIi BBICIIEH anredphl, OMUIIEM HEIIPUBOINMbIE MHOTOUIE-
Hbl HaJI, 110JIEM BEIIECTBEHHbIX 4Yucesl .

IIpeanoxenne 5. Ecau b,c € R u b? — 4¢c < 0, mo muozousen 6mopoti cmeneny
2 4+ bt +c nenpusodum 6 Koavue mnozounernos R[t]. Kpome mozo, 6 R[t] nenpusodumot
MHO20uAEHDL NEPEOT cmenenu t — a, 20¢ a € R. O6pammo, ecau p(t) € R[t] — nenpuso-
Qumviii yrumapnoli mrozovaen, mo uau p(t) =t—a, 2de a € R, uau p(t) = t2+bt+c,
2de b,c € R, b? —4c < 0.

Joxasamenwvcmeo. HellpuBOAUMOCTb MHOIOWIEHA TIEPBOH CTENeHN {—a YKe JOKA3AHA
I1s JIOOOr0 T10Jist, 8 He TOJIBKO JJisl [OJisi BEIIECTBEHHBIX YKce/l. PacCMOTPUM Ternephb
MHOTOJIEH BTODPO cremenu t2 + bt + ¢ ¢ BemecTBenubIMHE b, c. Eciin oH He aBisercs
HEIIPUBOJMMBIM, TO CYIIECTBYeT Takoe ero pasioxenue t2 + bt + ¢ = g(t)h(t), uro
degg(t) > 1, degh(t) > 1. Ho degg(t) + degh(t) = deg(t* + bt + ¢) = 2, mosromy
degg(t) = degh(t) = 1, m CymeCTBYIOT TaKWe BEIECTBEHHBIC YUCTA U, U, u', v, 9TO



g(t) = ut+v, h(t) = u't +v'. Bmaumt, t* + bt + ¢ = (ut +v)(u't +v'), orxyma caemyer,
yro wu’ = 1, wv’ +v'v = b, vv’ = ¢; HO TOr A

b? —de= (uv' +u'v)? —4vv’ = (uv')? +2un’ v’ 4+ (vv')? —du'vv" = (uv’ —u'v)? > 0.

CremoBarensuo, mpu b2 — 4c < 0 MuOrOueH t2 + bt 4 ¢ HEIPUBOIUM.

O6parHo, mycrs muOTOWwIeH P(t) € R[t] menmpusomnM. BemecTBeHHEbIN MEOTOWICH
p(t) MOXKHO paccMaTpUBaTh KAK MHOTOYICH ¢ KOMILIEKCHBIMU KO3(bD(DUIMEHTAME; O
OCHOBHO# Teopeme BbICIIeHl anreOpbl, y HEro €CTb KOMILIEKCHBIH KOpeHb «. Ecmm
a = a € R 10 a — BemecrBenublii Kopenb Muorodsiera p(t); mo reopeme Besy memnpu-
BOAUMMBIH MHOrOUIEH P(t) JEIUTCS HA HEMPUBOMUMBIA MHOrowieH t — a. Torma mo
npezgoxkennio 5.1, (3) raset 1, Mmuorouwenst p(t) u t — a aCCOUMUPOBAHDBI, & 3HAUYUT,
PaBHBI, IOTOMY 9TO 00& 3THX MHOTOYJIEHA, YHATADHBI.

Eci e 9ucsIo v He BEIECTBEHHO, TO @ # a; B TO 3xKe BpeMst p(@) = p(a) =0 =0,
HOTOMY 9TO KOI(DDUIMEHTHl MHOTOUIeHA P () BEIECTBEHHDL, U 3HAYUT, COBIAIAIOT CO
CBOMMH CONpsiZKEHHbIME. VITak, & — Toxke Kopenb p(t), a noromy p(t) memurca B Clt]
HA Pa3JIMIHBIE, 8 MOTOMY B3AUMHO IMPOCTHIE YHUTAPHBIE HENPHUBOIUMBIE MHOTOWICHBI
t—au t—a. Cnenosarensro, p(t) nemmres B Clt] mHa mpomssenenne g(t) = (t—a)(t—a).
IIycrs oo = u+ vi, r1e w ¥ ¥ BEIECTBEHHbE; OCKOIbKY & ¢ R, 4nciao v oramaHo or 0.
Mpbr umeem:

g(t) = (t — (u4vi))(t — (u—vi)) = t* — 2ut + (u? +v?) = t* + bt +c,
rie b = —2u, ¢ = u? + v? — BermecTBeHHbIE YKCIA, TPTIEM
b — de = 4u? — 4(u? +0?) = —4? <0,

T.e. g(t) = t? + bt + ¢ — BelleCTBEHHBIH HETPUBOANMBIH MHOTOU/IEH cTermenn 2. Muoro-
anen p(t) nemarca ma t2 + bt + ¢ B C[t]; Benmommaas anropudM JeTeHns ¢ OCTATKOM 1
YIUTHIBaASA, 9T0 KO3 DUIHEHTH MHOTOUIEHOB p(t) i t2+bt+c BelecTBeRHbI, HaXOIIM,
gro gacTHoe ¢(t) or memenns p(t) Ha t2 + bt + ¢ — TO¥Ke MHOTOHJIEH C BEMIECTBEHHBIMI
kosbdurmentanvm. [losromy menpusoaumbii B R[] muorownen p(t) meswurca B R[t] na
npyToit HempusomuMbIil B R[t] Muorowmen t2 + bt + ¢; mo mpeamoxkenmio 5.1, (3) raassr
I, muorounens: p(t) u 2 + bt + ¢ acCOIMMPOBAHDI, & 3HAMNT, PABHBI, IOTOMY ITO 002
ITUX MHOIOYJIEHA YHUTAPHBI.

Tenepb MBI MO2KeM OITMCATh, KaK BBIIVIAINT KAHOHHYIECCKOE PAa3JIOKEeHHe MHOT'OYJIe-
HOB B MPOU3BEJCHUEC HEIPUBOANUMDBIX YHUTAPHBIX MHOTOYJICHOB JAJIsI MHOT'OYJICHOB HaJI
IIOJIEM BEIIECTBEHHBIX YMCEJI.

Teopema 7. Beaxuii nenyaeeots muozouaen f(t) € R[t] moorcem Gumob npedemasaen
6 eude npouseedenus

F) =d(t—ar) - (t —an) (2 + byt +c1) - (12 + byt + ¢4),

eded # 0, ay,...,ar, bi,c1,...,bq,cq — BEWECTNBEHNBIE YUCAG, TPULEM b2 —4c¢; <0
ora ecex i, 1 < i < q. 9mo npedecmasienue eQUHCMBERHO ¢ MOUHOCTBIO 0 NOPAJKG
comHootcumenet.

Hnmepnoaayuornnas 3adewa. Eciu 3a1aH HEKOTOPBIA MHOTOYJIEH, TO Mbl MOXKEM BbI-
YHUCAUTH JI000e ero 3uadenne. WHTepecHa u obpaTHas 3aaad9a: MO 3HAYEHUSIM MHO-
rO4JI€HA B HECKOJBbKUX TOYKAX BOCCTAHOBUTH MHOIOYICH. ITa 3aJa9a HA3BIBACTCS
WHTEPHOTAIIMOHHON 3aJa4eii.

Teopema 8. Ilycmv k — noae, u nycmov aj,as,...,an; by,ba, ..., b, — dea wabopa
INEMENTOE U3 K, NPUUEM IAEMEHMBL A1, A2, . . ., Gy TONAPHO PASAUNHDL.
(1) Cywecmsyrom mmnozousens, f(t) € k[t], maxue wmo f(a;) = b; daa ecex i,
1 < i < n, 4 MHOJNCECTNBO 6CET MAKUL MHOZOYAEHOS COCTNAGAAET KAGCC
sbuemos no modyaro (t—ay)(t—az) - (t—ay).



(2) Cywecmeyem eduncmeennvili mrozouaen f(t) € k[t], cmenenv xomopozo memn-
we n, maxod wmo f(a;) =b; das ecex i, 1 <i<n.

JZoxazameavcmeo. Tlo reopeme Besy (npemmoxenue 2) pasercrso f(a;) = b; u cpas-
Henve f(t) = b; (mod (t—a;)) paBHOCHIBHBL, TTI03TOMY (1) MOXKHO TIepedOPMYIHPOBATE
TaK: CymecTByoT MuOrounensr f(t) € k[t], rakme aro

f(@&) =b1 (mod (t—ay)), f(t) =0by (mod (t—az)),....... ,f(t) = b, (mod (t—ay)),

U MHOYKECTBO BCEX TAKWX MHOIOUJIEHOB COCTABJISIET KJIACC BBIYETOB MO MOJYIIIO ITPO-
usBegenus (t—aq)(t—az)--- (t—ay). Ho momynu (& — a;) HOMapHO B3aUMHO HPOCTHL,
MO3TOMY HAIIE YTBEPIKICHHUE SIBISETCS YACTHBIM CIY9IaeM KUTAHCKONH TeopeMmbr 06
OCTATKAX.

YrBepxkenue (2) TpuBnanabHO caegyer u3 (1): B KaKJI0M KJIACCe BBIYETOB IO MO-
nymo muorodnena (t—ayp)(t—ag) - (¢t —ap) CTENEHU N CYIIECTBYET €IUHCTBEHHBIH
MHOTOUJIEH, CTENeHb KOTOPOrO MEHbIIE N.

Enuncreenustii muorounen f(t) € k|t], crenenb KOTOPOTO MEHBIIE 7 W TAKOM, 9TO
f(a;) = b; nmsa Beex i, 1 < i < n, HABBIBAETCA UHTEPIOISATHORHBIM MHOTOUJIEHOM JJIsT
HabOpOB a1,0a2, ..., Gn; b1, ba, ..., b, 3/1eMeHTOB U3 NoJs k. ZIcHO, YTO MHTEPHOJIALU-
OHHBI!I MHOTOUJIEH UMEET HANMEHBINYIO CTEMEeHb CPEIU BCEX MHOTOUIEHOB, TAKUX UTO
fla;) =b; nnsBeex i, 1 <i < n.

CyIecTByeT MHOTO CIIOCODOB MOCTPOSHUST HHTEPIONSIITUOHHBIX MHOTOUIeH0B. O nuH
13 HEX, Ha3bIBaeMblii MeTogoM HproTona, cocront B cremyomen. Mbl mocaegoBaTenn-
HO cTpouM MHOrouseHsl fi1(t), fo(t),..., fu(t) = f(t), KOTOpBIE ABAAIOTCA HHTEPIION-
LAOHHBIMY MHOIOYJIEHAMM HE JIJIsl UEJIbIX HADOPOB A1, G2, . .., 0y b1, ba, ... by, & jis
UX HAUAJIbHBIX OTpe3KoB. Takum obpaszoM, muorodsien f;(t) yaoBIeTBOPSET YCAOBUIM

filar) = b1, filaz) =b2, ..., fila;) =b;,  deg fit) <i.
dcno, aro f1(t) = by. Ecam maTepnonsanmoHHb MHOrOWaeH f;(t) yzKe IHOCTpOEH,
TO MBI TIOJMPABAM €T0, TOOABWB MOMPABOTHOE CIATAEMOE TAK, YTOOBI Oy IUBIIHHACST
MHOTOYJIEH TPUHUMAJ HY?KHOE 3HATCHUE U IPU & = @;41. DTO MONPABOTHOE CIATAEMOE
umieM B dopme ¢;(t —a1)(t —az) -+ - (t — a;), tae ¢; € k. Vtak, Mpl XoTHM 10700paTh
ssemenT ¢; € k, Tak, 9ro6pr MmuOrownen fi11(t) = fi(t) +c¢i(t —a1)(t —a2) - (t —a;)
Y/IOBIETBODAI yCIOBHIM

firr(ar) = by, ..., figa(ai) = bi, fizr(aiz1) = bri + 1.
IlepBbie ¢ M3 3TUX YCITOBUI BBIMOJHSIIOTCSI aBTOMATHIECKN: ecu j < ¢, TO
fix1(az) = fila;) + cila; — ar) -+~ (a; — az) -~ (a; — ai) = fi(a;) = bj;
TO3TOMY OCTAETCS JIUITh BHIOPATH JEMEHT ¢; € k Tak, YTOOBI BBIMOIHIIOCH PABEHCTBO
bit1 = fir1(ais1) = fi(ais1) + ci(aipr — ar)(aipr — az) -~ (aip1 — ;).

Ho snement ¢; = (bir1 — fi(air1)/((ai41 — a1)(aix1 — a2) -+ (@41 — a;)) Kak pas u
YZOBJIETBOPSIET 3TOMY TPeOOBAHMIO (3HAMEHATENb OTINICH OT (), TTOTOMY ITO HU OJWH
U3 JEMEHTOB a1, a2, . . ., d; HE PABEH A;t1).

Bnocnencrteun Mbr HalimeM erme u ABHYIO (DOPMYIIY IJid WHTEPIOIAIUOHHOTO MHO-
ro4JIeHa.

6. IIOJIE PABJTOKEHUSA MHOTOYJIEHA

Clyuwecmeosanue pacwuperus, 6 KOmopom MHo204AeH UMeem Kopens. Llo-BuaumMomy,
aaredpanCcThl TPUIABAIN CTOIL OOJBINOE 3HAUEHNE OCHOBHON TeopeMe aaredpbl moTo-
MY, 9TO OHA TIOKA3BIBAJIA, 9TO JI0O0H MHOTOWIEH C PAIMOHATBHBIMEA KO(DDUIIMEHTAMEI
B KaKOM-TO 6OJ'H)H_IOM II0JI€ IMOJTHOCTBIO PACKJIAAbIBACTCA B IIPOU3BEICHUE JIMTHEHHBIX
nByuwieHoB. QmIHAKO, IJIsT TI0OO0N0 MHOTOUJIEHA TAKOe MOJIe MOYKHO MTOCTPOUTEH U YHUCTO
arebpanvdecKuM ImyTeM.



Teopema 1. ITycmo k — noae, u nycmo f(t) — nenpueodumvili mnozouien ¢ Koap-
Puyuenmamu ug k. Tozda cywecmeyem noae K D k, 6 komopom y muozouiena f(t)
eCcmb KOpenn.

JZoxazameavcmeo. Tlockoabky muorousneH f(t) HENPUBOAUM, KOJBIO BbrueToB K =
E[t]/(f(t)) aBasierca monem, u moae k ecrecTBeHHBIM 00Opa3oMm Baokeno B K. O6o-
3HAYMM 9epe3 (v KJIACC BBIYETOB [t]f(y) dmemenTa t mo moxymo f(t), n moxazkem, 410
fla) =0. Iycrs f(t) = ag + a1t + ... + a,t™, vue ap,aq,...,a, € k; rorna

f(Oé) = Qo + a1 +...+ ana” = [a()]f(t) + [al]f(f)[t]f(f) 4+ ...+ [an]f(f) [t]?(t) =
= [ao +art + ...+ ant"] ) = [f(O)] ) = [0] 4y = 0.
Urak, a € K — kopenb muorounena f(t) € k[t] C K[t].

[TocTpoennoe B Teopeme pacimupenne K mons k HA3BIBAIOT PACIIHPEHWEM, TOJIY-
YEHHBIM TTPUCOCANHEHNEM K Kk KOPHS HENPUBOIAMOrO MHOTOUIEHA f ().

Sameuvanue. Jacmuut cayuwat amot KORCMPYKYUY YIHCe BCMPEUAACH HAM: NPU NO-
CMPOECHUL NOAA KOMNAECKCHOLT HUCEA Mbl npucoedunasu x R xopens mrozouaena t2+1.

Cuaeacrue. Ilycms k — noae, u nycmo f(t) — muozouaen ¢ xosdduyuenmamu us
k, cmenens xomopozo ne menwvwe 1. Toeda cywecmeyem nose K D k, 6 xomopom y
mrozousena f(t) ecms Kopets.

Joxazameavcmeo. Tlo ocHOBHOI TeopeMe apudMETUKY J1JisT MHOTOYJIEHOB CyIIECTBY-
er pazioxkenne f(t) = cpi(t)---pr(t), B Koropom pi(t),...,pr(t) — HempuBOIMMBIE
YHUTApHbIE MHOrOWIeHbl, a ¢ € k, ¢ # 0. Ilockosbky deg f(t) > 1, B pasnoxenun
NPUCYTCTBYET XOTsi ObI ONIMH HEMPUBOIWMBIA MHOKHUTENE p1(t). Tlo Teopeme 1 cymme-
crByer none K D k, B KoropoM y MHOro4sieHa p1(t), a sHadmt, u y MHOrodnena f(t),
€CTb KOPEHb.

Ilone pasaoocenus mmuozounena. Tenepb MBI IOCTPOUM pacIINPeHVE MOJIA, B KOTOPOM
MHOTOYJIEH HOJHOCTBIO PaCKJIA/IbIBAETCA B NIPOU3BEAEHNE JTUHEHHBIX MHOXKUTENeH, 1
IIOTOMY YMCJIO €r0 KOPHeH, COCYMTAHHBIX KazKJblil CTOIBLKO pa3, KaKoBa ero Kpar-
HOCTb, PABHO CTElIeHU MHOI'OYJ/IeHa.

Teopema 2. Ilycmo k — noae, u nyemov f(t) — nenyaeeol muozouien ¢ Koshdhuiu-
enmamu u3 k. Tozda cywecmeyem maxoe noae K 2O k, wmo f(t) packaadueaemcs
nad K 6 npoussedenue aunelinny muoscumeneti: f(t) = c(t — aq) - (t — ay,), 2de
at,...,an € K, ac€k - cmapwut xoespuvuenm mmozousena f(t).

Joxasamesvcmeo. JTokasbiBaeM TeopeMy MHIYKIHeil 1o crenenu MuorouseHa f(t);
TeOpeMa TPUBHAJIBHA, €CIH 3Ta cTenenb pasHa 0 wm 1. Iycts deg f(¢) > 1 u Teope-
Ma, y2Ke JOKA3aHa, I BCeX MHOTOYICHOB MEHBINNX cTeneHeil. I1o caeacTBrio TeopeMbl
1 cymectsyer mose k1 2O k, B KoTopoMm MHOrowIeH f(t) mMeer KopeHb oy € ki. To-
raa f(t) pemarca B kombie ki [t] ma (t — o). CenoBaTessHO, CYIMECTBYET MHOTOMIEH
g(t) € Eqt], rakoii uto f(t) = (t—aq)g(t). Ho deg g(t) = deg f(t)—1 < deg f(t), moaro-
MY TIO TIPETIOIOKEHII0 UHAYKIAN CYIEeCTByeT Takoe moje K O ki, uro g(t) packma-
JpiBaercs HaJ KX B mponsBesienne JanHeHHbIX MHOKHUTENE: ¢(f) = c(t—a2) - - - (t—ay),
rae qg,...,a, € K, a ¢ € k — crapmmii koadpdumment muorounenos f(t) u g(t). Ta-
KuM obpasoM, f(t) = c(t —aq) -+ (t — ap), roe ai,...,an € K, a ¢ € k — crapmmii
ko3 dunment Muorounena f(t).

Hoewiti npumep Koneuwno2o noad. Mbl yZ&Ke HUCIOIB30BAIH COOOPAKEHHsT TEOPEMBL 1
JUTST TOCTPOEHUS TIOJA KOMILUIEKCHBIX 9ucer. Ty ke KOHCTPYKIMIO MOYKHO TIPAMEHATD
U B JpPYrHX cuTyauuax. i npumepa BO3bMEM B KadecTBe k 1Oae W3 ABYX Hie-
MeHTOR Z/(2) ¥ NPUCOEINHNM K HEMY KOPEHb HEMPUBOAUMOTO HaJ HUM MHOTOUJIeHA
f(t) = t2 +t + [1]2. DTOT MHOTOUIEH HEMPUBOIUM, TIOTOMY 9YTO WHAYE y HEro ObLT



Obl IeIMTENb IEPBOi CTEMEHN, U OH MMEJ Obl KOpeHb B k; HO 0ba smementa [0]2, [1]2
noss k He SBIAIOTCA KOPHAMH 3TOTO MHOTOWIeHa. 1losie , MOMy9eHHOe TPUCOeInHe-
HueM K k KOpH# MHOro4seHa f(t) cTemeHn 2 COCTONT U3 KJIACCOB BBIYETOB MO MOTYJTIO
f(t), onpenensieMbix MHOrOWIeHAMH cTeneHn, Menbueii 2. Urak, none K cocront us 4
3JIEMEHTOB — NBYX 37eMeHTOB [0z, [1]2 U3 monst k u ABYX KJIACCOB, COAEPIKAIINX MHO-
ro4sieHs! mepsoit crement. OGO3HAYNM TH KJIACCH Tak: & = [t] (), B = [t 4 [1]2] f(1)-
BoT Bce HETPUBHATIBHbIE PE3Y/IBTATHI CIOKEHNUS W YMHOKEHUS I STUX JJTE€MEHTOB:

Ma+[ls=at+a=8+8=[0} [Q+a=a+[1]=4
o+ B=p8+[l]z = a, atf=0+a=][ls,
042 :/37 522047 aﬁ:ﬂa: [1]2

7. KO/JbIIO MHOTOYJIEHOB OT HECKOJIbKUX ITEPEMEHHBIX

IIycrs A — Koabuo, u nycrs S — noaMuokecTBo A. O6o3nauum vepes 11 O S muO-
JKECTBO 3JIEMEHTOB £, rie m npoberaer MHOXKECTBO BCEBO3MOXKHBIX KOHEYHBIX IIPO-
U3BEIEHNUI 3IEMEHTOB u3 S, a uepe3 [' — MHOXKeCTBO BCEBO3MOXKHBIX KOHETHBIX CYMM
anmemenToB u3 II. ZlcHo, uTo mpoussemenne saemenTos u3 11 — cHOBa saement u3 11, a
CyMMa U pa3HOCTH 37eMeHTOB u3 I' — cHoBa s1ement u3 I'. [lokaxkem, uTo u mpousse-
nenne snemedToB u3 [ npunaginexur [, T.e. I' — moakoawsuo A. JelicrBUTENBHO, IyCTh
YiI=T1+ -+ Tp, Y2 =p1+ "+ Pm, TAE T1, -, T, P15 Pm € H7 HOCKOJIbKY
YMHOYKEHUE B KOJIbIIe A AUCTPUOYTUBHO OTHOCUTEIHLHO CIOYKEHUS, TPOU3BEICHUE Y172
paBHO cyMme mpoussenenuit mp; (1 <i<n,1 < j < m), Kaxa0e U3 KOTOPHIX, KAK
OTME€YEHO BbIle, npuHaamexuT 11.

IMocrpoennoe konbro ' HA3BIBAETCS MOAKOMBIIOM A, TOPOXKICHHBIM MHOXKECTBOM
S. fcHo, 94TO OHO comepKUTCA B JH0OOM HOAKOJbIE KOAbLA A, comepzkameM S.

Paccvorpum gacTHbIH caydail 3TOro onpeesienns, KOTOpblil cefidac s HaC 0COo-
Genno BakeH. [lyctb A — KOMMyTaTUBHOE aCCOIMATUBHOE KOJBIO ¢ 1, u mycts A —
nonkonblo A, comepxkamee 1, a ty,...,t, — Kakue-To 3aementol u3 A. B xauecrse
S Bozbmem A U {t1,...,t,}. Torga Il aBasiercss MHOKECTEOM BCEX 3JIEMEHTOB BHIA
atii1 ...tir tme a € k, a iy,...,i, — HeOTPUIATEIbHbIC MeJble YHCAa (MBI, KOHETHO,
CUMTAEM, YTO HyJIEBas CTENeHb JIo6oro sinementa u3 A pasna 1), a I' — MuOXKeCTBO
BCEBO3MOXKHBIX KOHEYHBIX CyMM daemeHToB u3 II.

Lt Toro, 9To6br METDh OoJsIee ya0OHYI0 3aMCh IJIEMEHTOB 13 MOAKOIbIA [ Kombiia
A, TOPOXKIEHHOTO MOAKOIBIIOM A U 3JeMeHTaMu t1, ..., t,, YCIOBUMCS O HEKOTOPHIX
obosunauenusix. Yepes Ny Oymem 0003HAUATE MHOKECTBO HATYPAJBHBIX YHCEN C TTPUCO-
emuHeHHBIM (), T.e. MHOXKECTBO BCEX HEOTPUIIATEBHBIX TeIbIX Juces. /s HaTypaib-
HOro 7 4epe3 Njj 0603HaMaeTCsT JIEKAPTOBO [IPOU3BEJIEHNE T IK3EMILISPOB MHOXKECTBA

Ny. Nnaue rosops, Nj — 370 MHOKECTBO BCEX YNODPATOIEHHBIX HAGOPOB (i1, ...,1r),
COCTOSAIIMX U3 9UCEI i1, . .., 4 € Ng. Tenepb Mbl MOXKEM 0XapAKTEPU30BATDH [TOAKO/ b=
10, TOPOXKICHHOe A W 3jeMeHTaMu t1,...,T, KaK MHOMXKECTBO BCEBO3MOXKHBIX CYMM
BHIA
Z Qiy, ,lrtil e tij.v
(i1,.0yir) ENG

TO€e 4y, i, — S7EMEHTHl n3 A, mo4TH Bce (T.e. BCe, KPOMe KOHEYHOTO YHC/IA) PaBHBIE
0, Tak 4TO Ha CaMOM JIeJie TIPEeJIbIAYINAaad CyMMa KOHEYHA.

Onpedeserue KoAbUG MHOZOUAEHOE OM HECKOALKUL nepemennvx. Ilycrs A — kommy-
TATHBHOE ACCONMATHBHOE KOO ¢ examuuneii, A — mogkonbno A, comeprkamee eau-
uuiy 1 komena A, a ty,...,t. — smementsl u3 A. MbI ropopuM, A SBASETCS KOJIBIIOM
MHOTOYJIEHOB OT t1,...,L, HaJd KoabioM A u numem A = Aftq, ..., t.], ecnu a060ii



sneMedT f € A OJHO3HAYHO MPEICTABIIETCI B BUJIE
2 : i ir
I = ails'-wirtll SRR
(i1;<~-77;7‘)eN6

4, — dmemeHTsl u3 A, mourn Bce pasuble 0. OJHO3HAUHO OLIpe/IE/IEHHBIE JJIe-
MEHTHI @4, ... ;, HA3bIBAIOTCS KO3hdUImeRTaMn MHOTOIeHa f.

ITpeamoxkenue 1. ITyecms A — xoavyo mnozonaernos omty, . .., t. nad xKosvyom A, u
nyemov 1 < p < 7. Iodkoavyo I' woavya A, noposwcdennoe A u snemenmamu ty, ... t,
ABAAENCH KOADYOM MHO20%AER08 om L1, . .., T, nad Koabyom A, a A — Koavyom MHO-
204A€H06 OM tpi1,. .., by nad Koavyom I'. Obpammno, ecau A — xoaby0 MHO20wAEHOS
omtpi1,...,tr Had KOADYOM Alty, ... ,tp], mo A — xoavyo muozousenos om ty, ... t,
Had Koavyom A.

Jloxasameavcmeo. 1lo camomy ompesiesleHnio Koabia ' KaxKIbIil ero 3eMeHT mpes-

CTaBJISIETCA B BUJE
= S a et
(il,...,ip)GNg
rae a;, ..., — d71eMenTsl u3 A, moutn Bee pasabie 0. [l Toro, 9T00B! JOKA3aTh, UTO
I' — KO/IBIIO MHOTOYJIEHOB OT t1,...,t, HAOL A, ocraercs yOeOUTLCSA B TOM, ITO TAKOE
npejcraBienre eauacTBeHHO. Ho
Fe Y bt
(41,--rir)ENG
rre
o { Qiy,... i,y €CTH Iptr1 = - =1, = 0;
e 0 B IPOTHUBHOM CJIy4ae.
Koadbdbummentsr b;, ... ;. MHOrouneHa f, paccMaTpWBaeMOro KakK MHOTOYIEH OT
t1,...,tr, OIpe/e/eHbl OTHO3ZHAYHO; HOITOMY 1 KO3 MOUIUEHT ayy . i, = biy .. iy.0,...,0
OTIPENIEJIEHBI OIHO3HATHO.
Hokaxem tenepb, aro A = [[tpy1, ..., t,]. Yrobsr n3bexkars pactarmpanusa Ghop-
MyJT HA MHOI'O CTPOYEK, PACCMOTPUM JIUIIb caydail 7 = 2, p = 1; HUXKE MbI YKayKeM,
YTO HAO U3MEHUTH B ODIIEM CITyUae.

JIemma 1. Hyemv ¥ = A usu ¥ = Tta], u nyemo aij, by — ssemenmor us 3,
3adarnvie 0AA 8CET HAMYPAALHBIT 1, ] U nowmu ece pasubie 0. ITycmo, dasee,

f = Z aijtit%, f/ = Z bijtitg €y, g; = Z Qij i, g; = Z bijtzi erl.
(4,5)€ENg (i,5)ENg 1€No 1€No
Tozda f = ZjeNo gjt{. Kpome mozo, [ = [’ mozda v moavko moada, wozda
ZjeNo git1 = Z]ENO gé'tjr

Jokazameavcmeo. 3avenssa cymmy 1o N2 Ha JBOIMHYIO CyMMy ¥ HOMb3YfACH AUCTPH-
Oy TUBHOCTBI0 YMHOKEHUST OTHOCUTEIBHO CJIOKEHUS, TIOJIYIAEM:

_ i3] _ i1J ) _ i\ J
f= 3 aytith= ( > az‘jhtz) => ( > %‘h)fz = gitl.
(4,5)€EN3 j€No “i€Np j€Ng “i€Np j€Ng
Touno Tak ke goKaszbBaeMm, aro f/ = ZjENo g}tjl, n notoMy paeenctso [ = [’ pas-
4J 14
HOCHTBHO PABEHCTBY Y ey, 9511 = D jen, 951
Bepremcs k pokasarenbcTBy npemsoxkenus 1. Ilycers chagana X = A. B obo-
3HAYCHUAX JeMMbI 1 agement [ = Z(i_ jenz a;;t}t), npencrapasercss B BUAE CyMMBI
=>. it}, B KOTOPOH BCe ¢; — MHOIOYIEHBl U3 |, ¥ HOYTH BCe OHU PaBHEBI 0.
JENg 772> J 3
U3 1oii e JIeMMbI CJIEAyeT. UTO €cju y [ eCTh Apyroe aHajOrMYHOE [PEJCTaB/IeHIe
f=2en, Gitosm0 f = f'= D ()N aj;tith. Ho kosummenter f kax muorouena
) 0



Ot t1, t2 ONPEJIE/ICHbI O/[HO3HAMHO; TOITOMY @j; = Gjj JIJIfl BCEX 4, j, U, CJIeIOBATEILHO,
gj’- = g; aug Beex j. Takum obpazom, 1060it ssement f € A npeacrasiigercd, U npu-
_ J ;
TOM €/IMHCTBEHHBIM 00pasoM, B Buze f = > .y, gjts, vie g; € I' na seex j, mpuden
g; = 0 DOYTH AJS BCEX j; HO 3TO M 3HATHT, ITO A — KOJIBIO MHOTOWIEHOB OT to HAZ
KOJIbIOM I
_ _ +J
[Tycts Teneps ¥ = I'[t2]. B obosnavenmax semmet 1 amement f = 3. g;ty npes-
i 4J
CTAB/IAETCA B BUJE CyMMBbI Z(i)j)eNg a;;t5th, tae a;; — smementer u3 A, mouru Bee
pasubie 0. 13 Toii xKe JIeMMbI CJIIyeT. YTO ecjin ¥ [ eCTh APyroe aHAJOrnIHOe MPEe-
_ Ty 4 147 _
cranenve f = Z(i,j)eNg ai;tity, T0 D icn, 9it1 = X jen, 9511 Ho X = I'[t2], mosTomy
Koapdunnentsl g; € I' B pasnoxkennn g000ro 371€MeHTa, U3 X [0 CTeTIeHAM o OTpesie-
JIEHBI OJIHO3HAYHO, U MBI TIOJTyYaeM, 4T0 §; = ¢; Jia Beex j. Benomunas onpesienerns
/ i AT

gj M g}, MBI BUIUM, YTO D J;cn @ity = Doy, @iit]; HOCKOIBKY I' — KOJbI0 MHOrOUIe-
HOB 0T t1 Hax A, K03 PuuuenTs! 1060r0 MHOTOUIeHa 13 [ onpeneensl OqHO3HAYHO,
¥ IIOTOMY a;; = aj; jisi Beex i, j. Takum obpasowm, jmoboii snement f € ¥ = T'[ts] npen-

CTaBJISETCSA, U IPUTOM €IUHCTBEeHHBIM 00pa3oM, B Buie [ = Z(i’ )enz aijt’it%, LIe a;j
— asemenTsl u3 A, mourn Bee pasubie 0; HO 910 n 3HaqmT, 9ro [[ta] = (A[t1])[t2] —
KOJIBIIO MHOTOYJICHOB OT t1,to HaJ KOJBIOM A.

Kak MBI BUINM, TIO CYIIECTBY JOKA3ATEILCTBO I CIydas 7 = 2, p = 1 cOCTOsIIO B
3aMeHe CyMMBI IO JeKapToBy mpouseenennio Nox Ny Ha 1BoiiHy10 cymMMy, 1 B 00paTHOI
3aMeHe JBOMHOM CYMMBbI Ha CYMMY II0 J€KAPTOBY HpOM3BeAeHuI0. To 2Ke caMoe MOXKHO
cHeNaTh U AJis IPOM3BOJbHBIX T B p. O003HaYUM Yepes3 ¢ pa3sHOCTb © — p. dekaproBa

crenenb Nfj siBiisierca sekaprosbiM nipousseenuem muoxkecrs Nb u NE. Tlosromy st

nmo0brx X (i1, ...,14,) € A, mouTn Be3ae paBHLIX (, CIPABEIJIMBO COOTHOIIECHUE
E X(i1y.enyip) = E ( E X(il,...,ir))
(1,517 ) ENG (iptseeyir)ENG ™ (i,...,ip)ENP

B ocranbHOM 10Ka3aTEIBCTBO TIOCTEIHUX ABYX YTBEPKIACHUHN TPEIIOKEHNA B 00IIeM
cJIydae MOJITHOCTBIO MOBTOPSET J0KA3aTeIbCTBO s 7 = 2, p = 1.

Cywecmsosanue KoAbUG MHOZOUAECHOE 0TI HECKOAbLKUL nepementoir. [lokaxkem, aTo
21711 J1F000ro aCCOIMATUBHOIO KOMMYTATHBHOIO KOIbIA C enuHuiei A u jgr060ro Hary-
panpHOro umcena r > 1 cymecrsyer kKoabno A O A u smaeMeHTsI tq, ..., t,. € A, Takue
9T0 A ABJISAETCS KOJILIIOM MHOTOYJICHOB OT t1,...,&, Hajd KoabloM A. JIna r = 1 mul
nocrpousiu Takoe Koybio B §2. Ecam r > 1 u xoawiio Afty, ..., t.—1] yKe 00CTpoeHO,
TO, ONATE WCTIOJIB3YsT KOHCTPYKITUIO 13 §2, TOCTPOMM Takoe KOMbIo A D Alty, ... t._1]
u BBIOEpEM Takol smement t. € A, aro A = (Afty, ..., t,—1])[t,]. Torma mo mpenmoxe-
Huto 1 A gBiisgtercst KOJIbIOM MHOIOYJIEHOB OT 1, ..., t, HaJ KOJbIOM A.

Mpr Buie/u BbIIIIE, YTO KOJIBIIO MHOTOYIEHOB OT OHON IMepeMeHHON Ha T 00/1aCThIO
IIEJIOCTHOCTH CAMO SIBJISIETCS OOJACTHIO MEJOCTHOCTH. ITO YTBEPXKIEHUE JIETKO TEpe-
HOCUTCS WHAYKIHEH HA MHOTOYIEHBI OT HECKOJbKUX MepeMeHHbIX: eciun A — obnactnb
METOCTHOCTH, U yIKE TOKA3aH0, 9To Alty, ..., t._1] — 06IACTH METOCTHOCTH, TO U KOJIb-
o A[tl, . ,tr], KOTOpOe SIBJISETCS KOJBIIOM MHOTOYJIEHOB OT OTHOM HepeMeHHOU ¢,
Ha 00s1acThio nenoctHocTr Alty, ..., ty—1] — TOXKe 06JACTD TENTOCTHOCTH.

Cmenens mHo20uaena om neckoaskux nepemenmuvs. Iycrs f(ty, ..., t.) € Aft1,..., t,],
rae A — KOMMYTATHBHOE acCONMATHRHOE KOBIO ¢ 1. Torma mis moboro 4, Takoro 4to
1 <i<r, xompmo Alty,...,t,| ABISETCS KOTBIOM MHOTOYICHOB OT ; HAJ KOJBIIOM
Alty, ... tic1,tiv1, - -, tr]. Ero cTenenp kak MEOTOWIEHA HAN A[t1, . .. tio1,tit1y .- - bp)
HA3BIBAETCA CTENEHbIO OTHOCHTENbHO t;. Hanpumep, ecam n — crenens f(t1,t2,- .., t)
OTHOCHUTEIBHO 11, TO

f(t17t2a"'at7“) = gO(t2>--- ;t'r) +gl(t27-~-atr)t1 + - +gn(t27"'7t’l")t?a

rae gi(ta,...,t,.) — MHOrOUJIEHBI OT {o, ..., t, Ham A, upuuem g,(ta,...,t.) # 0.



[ToMuMO cTereHr OTHOCUTETBHO KaXK IO MepeMEeHHON, MOXKHO OMPEIEIUTD MOTHY IO
crenenb MHOrOUIeHA. CHAYAIA OMPEIETUM TOJTHYIO CTETIeHb OJHOYIEHA atil i ec-
au a # 0, To 3Ta MOJIHAA CTEleHb PaBHA i1+ . . . +1i,, a upu ¢ = 0 MbI IOJIAraeM PaBHOMN
—o0. onwoit crenenpto muorounena f(ty,...,t,) = Z(il,...,z‘,,)eNg Qi Tt
LO€e Giy,. 4, — 71eMeHTbl u3 A, noutu Bce paBHble 0, HA3BIBAETCH MAKCHMAIbHAA W3
TMOJIHBIX CTelNeHel COCTABASIONINX ee OJHOUYJIEHOB ai17.__7irtil .- «tfj. OTMeTuM, 9TO O~
HOYJEHOB C OJHOU W TOH K& MAKCUMAJbHOU TOJIHOM CTEEeHbIO CPEeId OJIHOYJIEHOB
ailw,irt? t; MOKeT ObITh HECKOJbKO; €CJIM IOJHAS CTENeHb 3TOTO MHOTOUICHA,
paBua n > 0, TO CyIIECTBYIOT TAKWE i1,...,% > 0, 9r0 91 + ...+ 1 =0, aiy . i, 7 0,
a mpu JTI00BIX J1,...,Jr > 0, TAKAX 9TO j1 + ... + jr > N, COOTBETCTBYOIIHA KOID-
dunuent aj, ... ;. pasen 0.

MHoTOYIeH Ha3hIBAETCS OTHOPOIHBIM MHOTOYJIEHOM CTEIEHU N, Win (hOpPMOil cTe-
[EHU 7, €CJIU OH SIBJISIETCS CyMMO# (BBITH MOYKET, IYCTOI) OIHOUJICHOB [IOJHOM CTeneHn
n. ITocKoIbKy HYJIEBOM MHOTOWIEH — CyMMAa IyCTONO MHOYKECTBA CJIATAeMbIX, OH SB-
JII€TCH OTHOPOJHBIM MHOTOYIEHOM Jt000i crenenun. JIuneiinsie dopmbr crenern O —
910 3s1emenTbl U3 A, dopmbl crenenun 1 (oHu HazbiBaroTCH JuHEHHbIMU boOpMaMK)—
9TO MHOTOYJIEHBI BUAA a1ty + . ..+ apty, TO€ a1,...,a,. € A, a GOPMBI cTENeHn 2, WIn
KBaIpATUYIHBIE (DOPMBI, UMEFOT BH/T

T
Z ait? + Z bijtitj ((1,7;, b” S A)
i=1 1<i<j<r

SHANEHUE MHOZOUAEHG O HECKOADKUL nepemennbis. Ilycrs A — KOMMyTaTHBHOE ac-
COUMATHBHOE KOJIbLO C eauaunel 1, u mycrb A — acconuaTuBHOE KOIBIO HO HE 00sa3a-
TeJIbHO KOMMYTATUBHOE KOJIBIIO, Cofepskaliee A B KauecTBe TIOAKOIbIA. [IycTh, nanee,

— 1 ir ; ) )
fle, ..o tr) = Z(z‘l,...,meNg @iy, i 7t € Alta, ..., ir), TOE @4y i, — TEMEHTHI
u3 A, nouTH Bee papHbIe 0, U IIyCTh O, . . . , (4 — TAKAE 3JEMEHTHI U3 A, KOTOpBIE Iepe-
CTAHOBOYHBI APYT € APYTOM U CO BCEeMU 3meMeHTaMu u3 A (310 3HAMUT, 9TO aq; = q;a
U oy = Oy T BCEX 4, j s Beex a € A). 3nauenwmem f(avq, .. ., Q) MHOTOWICHA
fly,...,t,)mputy =1 , ..., t, = @, HABIBAETCA TEMEHT
_ i i
floa,...,0p) = E iy, i0f oy €A
(ilv---aiT)GNS

(cymMMa MMeeT CMbIC, IIOTOMY YTO [OYTH Bce caaraembie pasubl 0, u dakTuuecku
CKJIAJBIBAETCH JIMIIb KOHEYHOE YUCJIO CIAAraeMbIX).

Kak 1 119 MHOTOUIEHOB OT OTHOH TIepEeMEHHOM, 3HAUYEHUST MHOTOYJIEHOB OT HECKOJTh-
KHMX IlepeMEeHHBIX COTJIACOBAHBI C JeHCTBUAMM: 3HAYEHUS CyMMBbI, DA3HOCTH U ITPOU3-
BeJlleHNs] MHOTOYJIEHOB B HEKOTOPOH TOYKEe PaBHbI COOTBETCTBEHHO CyMMe, Pa3HOCTH
¥ POM3BEICHUIO 3HAYEHUN MHOTOYIEHOB B 9TUX TOYKAX. BBUAY OYEBHUIHOCTH JTOKA-
3aTeIBCTBA ITOT0, MBI OIIyCKAEM HE TOJIBKO JOKA3ATETHCTBO, HO U TOYHYI0 (POPMYJIHU-
POBKY yTBEpP2K/JCHUSI.

Teopema, 0 Hopmarvrom U GYHKUUOHAALHO PABEHCTEE 0AA MHOL2OUAEHOE O HECKOAD-
KUT nepemennbir. BeIe MBI JOKa3a/IH, 9TO €CJIH IBA MHOTOUJIEHA OT OTHOH IepeMeH-
HO HaJl GECKOHEYHBIM TIO/IeM K ITPUHUMAIOT OJHHAKOBbIE 3HAUEHHUsI IPU BCEX 3HAUE-
HUSX apryMeHTa & € k, TO OHM COBITQIAIOT. DTOT PE3YIHTAT OCTACTCA BEPHBIM U JIJIsi
MHOTOYJIEHOB OT HECKOJILKHUX I€PEeMEHHbIX.

Teopema 1. ITycmv k — becronennoe noae, u nyemo f(ty,...,t.), g(t1, ..., t.) — muo-
20unenv, om t1, ...t ¢ Koappuyuenmamu us k. Ecau f(ay,...,a.) = g(ai,...,ar)
(m.e. ecau mnozounenvy f(t1, ..., t.) wg(ty,..., t,) YHKYUOHAALHO PaBHL), MO MHO-
20unemnvt f(ty,...,t.), pachbi.

[oxasameavemeo. Mycts h(ty, ..., t.) = f(t1,...,t.) — g(t1,...,t.); Torma
h(ai,...,a.) = f(a1,...,a,) —glar,...,a,) =0



JIJISE BCEX A1, . .., G, € k. JIOCTATOYHO MO3TOMY TOKA3aTh CJAEIYIOINEe YTBEPKICHUE:

Ecau h(tq, ... t.) € k[t1, ..., t,] — maxot mnozouaen, umo h(as,...,a,) =0 das ecex
a1,...,0, € ]ﬂ, mo h(tl,...7t7«) =0.

Jloka3bBaTh 9TO yTBEpPKIAEHUE OyaeM WHIYKIWEHR 1o 75 1jasd 7 = 1 OHO sIBASeTCst
YaCTHBIM CJIyYaeM TeOPEeMbI O (bOpMaJIbHOM n beHKL[I/IOHaJIbHOM PaBEHCTBE OJId MHO-
TOWIEHOB OT OfHOU mepemenuoi. [Iycts r > 1, u mycTh yTBEPKIEHHUE yKe JTOKA3ZAHO
J7IsI MHOTOUIEHOB OT 7 — 1 mepemenuoii. [IpeacraBum h(tl, R ,tr) KaK MHOTOYJIEH OT
tl Ha I, k[tg, .o ,t,-}:

h(tl,...,tr) :go(ﬁg,...,tr)+gl(t2,...,tr)t1 ++gn(t23atr) 717',

rae gs(ta, ..., tr) € k[ta, ..., t.] ansa Beex s, 0 < s < n. lycrs h(ty,...,t.) # 0; Torma
st #Hekoroporo s, 0 < s < n, MHOTOUNEH gs(ta,...,t,) ormmaen ot 0. Tlo mpexmo-
JIO?KEHUIO MHAYKIMH MOYKHO BBHIGpaTh Takme dg, ..., a, € k, aro gs(as,...,a,) # 0.
Torma MHOrOUIEH

u(h) = go(ag, - ,CLT») —&—gl(ag,...,ar)tl + ... —|—gn(a2,. .. ,a,.)t? € k['[il]

HEHYJIeBOI, Tak Kak B HeM Ko3ddunuent npu t] ormder ot 0. IloaTomy no Teopeme
o dhopmvanpHOM U (DYHKIIMOHATBHOM PABEHCTBE MHOTOYJIEHOB OT OTHON MEpPeMeHHOMN

cymecrByer Takoil snaement a; € k, uro u(a;) # 0. dcwo, uro g;(as,...,a,), a
SABJISIOTCS 3HAYEHUSIMYM MHOrOWIEHOB ¢;(to,...,t,.) u t} u3 Kombua klt1,...,t.] opu
t1 = a1, ta = ag, ..., t, = a,; NO3ITOMY

0 7£ u(al) = go(a27 B '7a7“) +gl(a25 c. '7a7‘)a1 +.+ gn(a27 c '7a7")a?

ABAAeTCA 3HadeHneM h(aq, . .., a,) MHOrO4YIeHa,

h(tl,. .. >tr) = go(ﬁg, e ,tr) —l—gl(tg,. .. ,tr)tl +... +gn(t2, R ,ﬁr) 71L,
& 3TO TPOTUBOPEIUT TOMY, UTO BCE 3HAYeHUs MEOrOwneHa h(ty, . .., t,) pasusr 0. UTak,
npexnonoxenne h(ty,...,t,) # 0 mpuseno x nporusopeunto. 3uauut, h(ty,...,t,) =

0, YTO MbI U XOT€JIH J0Ka3aThb.

8. TTPOM3BOIHAA MHOTOYJEHA W EE IPUMEHEHUS

Onpedeaenue npouszsodnoti. IlorsgTrne mpom3BOAHON (DYHKINN TPUHATIEKUT MATE-
MATHYECKOMY aHAMM3Y; JIOO0E ee ONpeJeseHne B TOH WA WHOW MEpPe MCIIONb3yeT
[IpeJebl, HEIPEPHIBHOCTL MK 4T0-1ub0 noxobuoe. s "ouyenb xopormmx" ¢yHK-
U OTpesieNienne MOXKHO He BIIOJTHE TOYHO CHOPMYIMPOBAThH CAEAYIOMINM 00Pa3OM:
byukuusa f'(x) apasercsa npoussonnoil ays dyukuuu f(x), ecam cymecrsyer "xopo-
mast" (T.e. HempepbiBHAsA) dyHKIHUS 1BYX aprymenTos ®(x, <), rakaa uro f(z +¢) =
f(z)+e®(x,e) n f'(x) = ®(x,0.

Takoe onpegenenne Jerko o000IWINTE, ecau o "xopomeil" dyHKImell noHNMaTh
HE HENPEPBIBHYIO QyHKIUIO, 8 GYHKIUIO U3 KAKOIO-TO APYTOro Kaacca. JTO M03BOJIs-
€T OIPeNIeTUTh TPOU3BOIHYIO U B TAKUX CUTYAINX, KOTIA HUKAKOH pedn O mpemenax
UATH He MOXKeT. IMEeHHO Tak MBI U OIpPEIeNnM TTPOU3BOIHYI0 MHOTOUIEHA HAJT TPO-
M3BOJILHBIM IIOJIEM, B3SB B KauyecTse Kaacca "xopowmux" 00beKTOB KIace BCeX MHOIO-
YJIEHOB.

[Ipex e, uem JaTh ONpeseneHne MPOM3BOJHON MHOMOUIEHA, HAIIOMHUM, 9TO €CJIH
f(t) — muOrOUNEH ¢ KO3 duUIEeHTaAMET U3 A, TO MBI MOYKEM CUATATH €I0 3HAYECHUS TIPU
3HaueHWn t, He 00s3aTebHO TpUHAIIeKaImeM A, a KakoMy-To ero pacmmpennio. B
9ACTHOCTH, Ipuaasas t suavenne t + u € Alt, u|, Mb1 momyunm muorownen f(t + u) €
Alt, u].

Teneps MBI MOXKEM OIIPEJAEIUTH IIPOU3BOAHYI0 MHOrowieHa. Ilycre A — obiacrb
HEJIOCTHOCTH, U ycTh f(t) € Alt] — muOrOUsNEH ¢ KO3 GumenTamu u3 A; MHOrOUIEH
f'(t) € Alt] naspBaercst mpousBoaHON MHOTOUIEHA f (1), €CIN CyIIeCTBYeT MHOTOUJIEH



O (t,u) € Alt,u] or nByx nepemenubrx, Takoit aro f(t + u) = f(t) + ud(t, u), f'(t) =
B(t,0).

IIpennoxenne 1. Ifycmv A — obaacmov uesocmuocmu. iz 4106020 MHO20MAEHA
f(t) € Alt] cywecmeyem, u npumom eduncmeennu muozousen f'(t) € Alt], asamw-
wutica npouseodnoti muozounena f(t).

JZoxasamesvcmeo. MuOrOUIEH OT ABYX mepeMeHHbIX f(t 4 u) Mo¥ker ObITh 3aIucaH
KaK MHOrouJieH oT u Haz A[t]:

ft+u)=got) + g1 ()u+ go(t)u® + ... + gn(t)u™
Cuvras 3uadenus obenx dacreil pasencrsa npu u = 0, Haxomum, uro f(t) = go(t),
U TIOTOMY TIpedpiaylee paBeHcTBO npuauMaer sBunx f(t + u) = f(t) + u®(t,u), vme
O(t,u) = g1(t) + g2()u+ ... + gn(t)u" L. Torma mmorounen g (t) = ®(t,0) apasgercs
npou3BoaHOH MHOrOYIeHA f(1).

J1s 10Ka3aTebCTBa €MHCTBEHHOCTH IIPOU3BOAHON 3aMETHM, YTO HE TOJILKO CBO-
Gonublil unen g (t) muHorouwnena ®(t,u), Ho u cam MHorowren P (¢, u) ompenenen of-
nozuauno: ecom f(t+u) = f(t) +ud(t,u) = f(t) +udq(t,u), To ud(t,u) = ud(t,u),
orkyma cremyet, ato P (t,u) = P1(t,u), moromy uro u # 0, a A[t,u] — obmacrs me-
JIOCTHOCTH.

Jlns u3ydyeHus npom3BOIHOM Oosee yinobHA apyras opMa ee OmpeIeIeHus.

Ipenmoxenune 2. Ilycmv A — obaacmov yeaocmuocmu, u nycms f(t) € Alt]; daa
mozo wmobv mmnozousen f'(t) € Aft] 6ua npoussodnoti muozousena f(t) neobrodumo

u docmamouno, wmobu 6 Alt,u] emnoananrocy cpaenenue f(t +u) = f(t) + f'(t)u
(mod u?).
Zloxaszameavcmeo. B 0003HAYEHUSIX TOKA3ATENHCTBA MIPEI0KEHNA 1 MbI IMEEM:
F(tu) = F(8)+91 (ut g2+ .+ g (" = F(8)+1 (Byu=F(8)+ ' (t)u (mod u?).
O6paruo, mycts f(t+u) = f(t)+g(t)u (mod u?), rae g(t) € A[t]; rorna Mbr moTyIaem,
aro g(t)u = f/'(t)u (mod u?), oTkyma caemyer, 9TO CyIECTBYeT TaKOH MHOTOHWICH
U(u) = ho(t) + hi(t)u+ ...+ hp(t)u™ € Aft][u] = Alt,u], ato

g(tu = f'(t)u+ C(u)u® = f'(t)u+ ho(t)u? + hy()u® + ... + hp (H)u™ 2.
Cpasausas K03pMUIMEHTBI 1P U B JIEBOIl 1 1IPABOIi YaCTAX PABEHCTBA, [OJIYYaeM,

ato g(t) = £(1).

Csoticmesa npoussodnoti. Tlokaxkem, 9T0 Tak onpeneseHHAas TPOU3BOIHAA ODIATAET
OOBIYHBIMU CBOWCTBAMH.

IIpengnoxenune 3. Ilycmv A — obracms yeaocmmocmu, u nycmos a € A C Alt],

f(t).9(t)) € Alt]; moeda

(1) o' =0, ¢ =1, (af(t))"=af (1);
(2) (f(t) £9(2))" = f'(t) £ g'(1);
Eigf()())=f()()+f()()'

ecau n > 0 — yeaoe wucao, mo ((t —a)®) = n(t — a)" ! (6 wacmmocmu,
1
(") = nt""%);
(5) ao + art + ast? + ... + ant™ = ay + 2ast + ... + na,t" L.
Jloxasameavcmeo. HanoMuuM, 9T0 IO OTIPEACTCHATIO TPOU3BOIHON BLIIOTHAIOTCS CPAB-
HeHus

ft+u) = f(&) + f'(Mu (mod u?),  g(t+u) = g(t) + ¢ (Hu (mod u?).
Croiictra (1)-(3) caeayror 3 MpeyIoKeHust 2 U CIEAYIONNX CPABHEHWI 10 MOYJIIO
u?:

a=a+0-u, ttu=t+1-u, af(t+u)=a(ft)+f (t)u)=aft)+(af (t))u,



Flttu) £ g(t+u) = (f(O+F (t)u) £ (9()+9'(O)u) = (F(t) £ g(0) + (' (1) £ 9'(1))u,
Ftt+u)g(t+u) = (f(O)+F () (9()+g'(u) = f()gt)+ (' ()g()+f(t)g'(t))u.

Caoiicto (4) nokasbiBaerca naAyKumed no n: aaa 1= 0 u n = 1 oHO comepKuUTCA B
(1), u ecru ysxe moxazamo, uto ((t—a)™) = n(t—a)" !, o Mo croiicTry (3) Momyuaem

(t=a)"™) = (t-a)"(t—a) = ((t—a)")(t—a) + (t—a)"(t—a) =
=mt-a)"Ht-a)+(t—a)" 1= n+1)(t—a)"
CroiicTro (5) sIBIsIeTCs HEOCPEICTBEHHBIM CJleIcTBHEM cBoiicTR (2), (1) u (4).

Kpumeputi xpammnocmu xopns muozousena. Kopersb a muorounena f(t) ¢ xkoadbdu-
IMEHTAMH U3 TOJsI Ha3bIBAETCsT MMPOCTBIM, €CJIH €ro KPAaTHOCTh paBHA, 1, M KPaTHBIM,
€CJIN €r0 KPaTHOCTh HEe MEHbITE 2.

Teopema 1. ITycmo k noae, u nycmo f(t) € k[t]. Jlasa mozo, wmobv xopenv a mHo-
2ounena f(t) Ova xpamuoim, HeobLOOUMO U GOCTNATNOUHO, 4MOBbL GHINOAHANOCS Pa-
eencmeo f'(a) = 0.

Jloxasameavcmeo. Ilycts cuagana f'(a) = 0. IlockoneKy a — kopenn f(t), MEOTOWICH
f(t) nemmrca ma (t — a), m cymecrsyer muorousmen ¢(t) € k[t], rakoit uro f(t) =
(t —a)g(t). Torna f'(t) = (t —a)'g(t) + (t —a)g'(t), n 0 = f'(a) = 1-g(a) + (a -
a)g'(a) = g(a), u 3Hauymr, mo Teopeme Besy, mmorounen ¢(t) memmrca ma (t — a).
CrenoBarenibHO, CYIIECTBYET Takoi Muorounen h(t) € k[t], uro g(t) = (t — a)h(t). Ho
torga muorounen f(t) = (t—a)?h(t) nemmarca na (t—a)?, a 370 3HAYUT, YTO KPATHOCTH
KOpHsI ¢ MHOrouseHa f(t) He MeHbIme 2.

O6parHo, mycTh @ — KparHBIA Koperb f(t); Torma muorounen f(t) memurcs Ha
(t —a)?, u cymectByer Taxoit mEorounen h(t) € k[t], aro f(t) = (t — a)?h(t). 3maunr,

1) = ((t—a)(t—a)h(t)))' = (t—a) (t—a)h(t) + (t—a)((t—a)h(t))’ + ((t—a)),

u moromy 10 Teopeme Besy f'(a) = 0.

Caencrue. Jlaa mozo, wmobv, muozousen f(t) € k[t] ne umen wpammuz xopret
Hu 6 xaxom noae K, codepocawem k, neobxodumo u docmamouno, 4mobvi on Gbii
63auMHO nPocm co ceoeli npoussodnot f'(t).

Joxasameavcmeo. Ecim muorounenst f(t) u f/(t) He B3aMMHO TPOCTBI, TO CTETCHD
ux Hanbosbmero obmero mesurens d(t) € k[t] 6ompme 0, 1 MOTOMY CYIECTBYET mOJsie
K D k, B xoropom mHorousen d(t) umeer kopenb «. ITockonbky f(t) u f'(t) menarca
Ha d(t), anement o € K ssnsercs obummM kopueM f(t) u f'(t), a mOTOMY KpaTHBIM
KOopHeM mHorousena f(t).

Ecou xe muorownensr f(t) m f/(t) B3aUMHO TPOCTHI, TO CYIMECTBYIOT TAKHE MHO-
rounensr §(t), h(t) € k[t], aro f(t)g(t) + f'(t)h(t) = 1; ecnu 6o y muOrOwmena f(t)
B HEKOTOpOM mosie K O k ObL1 KpaTHbI KopeHb «, T0 f(«) u f'(«) Obiu OB paBHBI
0, u Mt nomyunnu Ger. aro 1 = f(a)g(a) + f'(a)h(a) = 0- g(a) + 0 - h(a) = 0, uto
HEBO3MOXKHO.

Hnmepnoaayuornasn gopmyaa Jazparoca. Tlycrs k moste, u ycts ay,...,04, ...,0,
— paznuunble smeMenThl u3 k. Oboznauum yepes ¢(t) npousseseHue
(t—ay) - (t—a;) - (t—an)

Beex aBywienos (t —aj), 1 < j < n, a yepe3 g;(t) — npou3BeEHNE BCEX ITUX JABY1I6-
g(t)
t— a; )
Scno, uro g;(a;) = 0 upm j # i; Haiinem remepn, gemy pasuserca g;(a;). dmna sroro
3amMeTuM, 4To, ouesuano, ¢(t) = (t —a;)g;(t), a noromy ¢'(t) = (t —a;)g,(t) +1- g:(t),
oTkyma cienyer, aro g’ (a;) = (a;—a;)gi(a;)+1-gi(a;). Takum obpasom, g;(a;) = ¢’ (a;).

3ameTuM, 9TO a; — HPOCTO KOpeHb MuorowneHa ¢(t), u noromy ¢'(a;) # 0.

HOB, KpoMme (t — a;). O6braro muOTOUNEH ¢;(t) 3ammuchiBaerca B dopue g;(t) =



IIyctb Teneps by, ..., b;, ..., b, — KaKMe-TO 3/1eMEHTHI U3 k; MOJIOKIM

_ hn®) bigi(t) bugn(t)
flit)y= (@) +...+ (@) + .+ 7 (an)

Scno, 9o crenens MHOrowieHa f(t) He npeBocxoguT n — 1; KpoMe TOoro, s Jodoro
i, 1 <1t < n MBI UMeeM:

~ bigi(as) bigi(a;) bugn(a;)  big'(a;)
fla)) = ——"+...+ ———"+...+ — =— =b;.
g'(ar) g'(a;) 9'(an) 9'(a;)
Wrak, MbI HOKa3aJ1 CIAEAYIONIEe YTBEPXKICHUE.
Teopema 2. IIycmv k — noae, u nycmsv ay,as,...,an; b1, b, ..., b, — dea wabopa
anemMenmos u3 k, npuuem MeMEeHmMvL 41,02, . . ., 0y NONAPHO Passushbl. O603HaUM

wepes g(t) muozousen (t —aq)---(t —a;) - (t — an). Toeda muozouren

big(t)
pt) =3 o)
®=2
ABAAEMCA COUHCTMBEHHbIM MH020AeH0M, makum wmo deg f(t) < n, u f(a;) = b; dan
scer i, 1 <i<n.

[onyuennas dpopMysia Ao HHTEPIOAIIMOHHOTO MHOTOYIEHA HASBIBAETCS WHTED-
MOAATMOHHOM hopmystoi Jlarpamxa.

Xapaxmepucmura noas. 1o cux mop Bce HAIIK PACCYKACHN ObLIN CIIPABEITUBI I
MIPOUBBOJIBHBIX TOJEH; OHAKO, B CJEAYIOMINX MYHKTAX HAM MPUJIETCH HAKJIAIBIBATDH
HA [OJIs HEKOTOPbIE OrPAHUYEHMS, O KOTOPBIX Mbl Ceiidac u Oy1eM rOBOPUTD.

[Iycts k — mose; paccMOTpPUM B HEM 3/TEMEHTHI

1, 1+1, 1+141, ..., 141441, ...
n
Ecnu Bee 3T 3/1eMeHTHI HE paBHBL 0, TO TOBOPST, YTO XapaKTEPUCTUKA NOJIst k paBHa, (;
€CJIU Ke CPeMIM HUX €CTh HYJIH, TO XaPAKTEePUCTUKON MO/ k HA3BIBAETCS HANMEHBITEE
quco p > 0, Takoe YTO CyMMa P CJIaraeMbIX, KayKI0€ M3 KOTOPBIX PABHO €IUHUIIE
1 mona k, pasua 0. Ina XapakTepuCTUKU MOJA WCIOIb3yeTcs obo3uadenme char k.
ITockonbky B s060M mose 0 # 1, XapakKTepHCTHKA IOIA HE MOXKET ObITh paBHa, 1.

IIpennoxenne 4. Xapaxmepucmuka 4106020 NOAA UMY PGSHG ), UAY ABAAETNCA TPO-
CMBLM YUCAOM.

Zoxazameavcmeo. Ilycrs k —nose, u nycrs n = char k # 0 — me npocroe uncio. Toraa
N PaCKJIAAbIBAETCS B TPOM3BEIEHUE HATYPANBHBIX ducen ¢ > 1 u r > 1. Obo3naunm
gepe3 a,b € k cyMMBbI COOTBETCTBEHHO ¢ U 7" CJIATae€MbIX, KAXKJ0€ U3 KOTOPHIX PABHO
emunuie 1 mons k. Iockonpky ¢, < n = char k, 0ba anementa a, b orsimassr ot 0, HO

ab=(1+1+.. +D)(A+1+...+1) = 14+14...+1 =0.

q T n=qr

OTO HEBO3MOXKHO, IMOTOMY YTO TIOJIE SBJISTETCS O0JACTHIO MEJTOCTHOCTH, W B HEM HET
nenurenei 0.

IIpoussoduwvie svicwux nopadkos. Ilycrs A — KOMMYTATHBHOE aCCOLUATHBHOE KOJIBIIO
¢ 1, uw nycrs f(t) € k[t]. Mbr y:ke onpenenunu npoussonayio f’(t) muorounena f(t).
Bropoit mpoussomnoii f(t) muorounena f(t) masesaerca mpomssomnas (f(t))" ero
npoussoanoit f/(t). [IpomomKast 3TOT MPONECC, OMPEIETUM IO UHIAYKITAA N-10 TTPOU3-
BOAHYH MHOrOuwneHa f(t) kak mpomsBomaywo ero (n — 1)-ff Ipou3BOmHOM. N-10 TPO-
U3BOIHYIO MHOTOWIeHa f(t), 0cobeHHO mpu GosbIux 7, obo3HAua0T uepes f(™)(t);
rarim o6pasom, fU)(t) = f/(t), fA(t) = (1), ..., [ () = (fF D).
IMockonbKy cTeneHs MPOU3BOIHON MEHBINE CTENEHH MHOTOYIEHA, BCE TPOU3BOIHBIE
HOPSIZKOB OOJIBINE 1 MHOTOWJIEHA CTEIEHU 7 ABJISIOTCS HYJEBHIMM MHOIOW/ICHAMMU.



B caenyromem myHKTE HAM OKayKETCS MOJIE3HBIM TAaKOe YTBEPIKICHUE.

JIemma 1. Ilycmv A — xommymamusnoe accoyuamusnoe xoavyo ¢ 1, n,m > 0 —
yeave wucaa, u nyems f(t) = (t —a)". Tozda

nn—1)-m—-—m+D{Et—a)" ™, ecaun>m;
M) =< nl, ecau m=m;
0, ecau n < m.

Hosmomy 3navenue mmozouaena f™(t) = ((t —a)™)™ npun # m paeno 0, a npu
n =m oo pasHo n!.

Zloxaszameavcmeo. B mocimennem ciydae HOMED M MPOU3BOAHOM OOJIBINE CTEIIEHN MHO-
roasena (t—a)™, mo3TOMY €ro m-g npousBoaHad pasHa 0. B mepsoM u BO BTOPOM Ciry-
Jagx yTBEPIKJIEHUE JIETKO JOKA3hIBAETCS WHIVKITHEH 110 M ¢ UCTOJb30BAHNEM yTBEpP-
KaeHust (4) npemyioxeHns 3.

Dopmysa Tetinopa. Tycrs k — none, u ycts f(t) € k[t]. Muorounen f(t+u) or aByx
MEePEMEHHBIX t, & MOYKHO TPEJICTABATH KAK MHOTOWJIECH OT U ¢ KoddpunmenTamMu u3
klt]:

ft+u) = go(t) + g1()u+ g2 (H)u® + ... + gn(t)u™.
Mer yake s3uaeM, 9o go(t) = f(t), g1(t) = f'(t). Boisicuum, ueMy paBHBI OCTAIbHbIE
ko3 dunmentot ga(t), ..., gn(t). g 970ro BozbMeM 3HaUeHUs 06EUX 9ACTeil IPeIbl-
JIyIIETr0 PABEHCTBA MPH t = U, % = t — U; MBI MOJYYUM COOTHOIIEHUE

F() = go(w) + g1 () (t =) + ..+ gi(w)(t — u)' + ...+ gu(u)(t — u)".

Bozbmem i-10 poM3BOAHYIO OT O0EMX HacTeidl ITOro paBEHCTBA, PACCMATPUBAEMBIX
KaK MHOTOWIEHBI OT ¢ Haz k[u], W cocumraeM ee 3HAUEHME MPU ¢ = 4} MO JIEMME W3
NPEeABIYIIETrO TYHKTA MBI MOJIYUAM:

FOW = FO W= = g1 ()t =)@+ gi() (¢ —u)) D+
+ .o+ gn(u)((t— u)")(i)‘t:u = g;(u) - il.

ITony4yeHHOEe PABEHCTBO ABIAETCA PABEHCTBOM MHOTOYJIECHOB OT U HaJ mojeM k. B3as
3HAMEHHs OOEHX YacTeil PAaBEHCTBA IpH U = f, MbI momydmm, uto ilg;(t) = fO(t).
Ecuu char k = 0 mumm chark > i, o il = 1 + 1 + - - - + 1 — HEeHy/IeBO} 3JIEMEHT I10JIs

il
k, 1 Ha HEro MOXKHO JEJNTh; IO3TOMY B 3TOM CJIydae MbI HAXOIUM BBIPAZKEHUE I
ko3 dunmenta g;(t):

%

FO)
t) = —=.
0!
ToncraBus ero B pasioxenwe MHorodwseHa f(t + «) MO CTENEHSM U, MBI TIOIYIHM
CHENYIOIUN pe3yabTaT.

Teopema 3 (dpopmyna Tedsnopa). IIycmo k — noae, u nycmo f(t) € k[t]. Ecau
zapaxmepucmura noas k pasna 0 uau boavwe cmenenu n muozouaena f(t), mo 6
woavuye k[t,u] evnoanaemes pacencmeo
'(t @) . () (¢
LUV A OB SR AU

f(t—l—u):f(t)-i-Tu-i-. A } i

IIycts Tenepb a € k; B3aB 3nadenus obewx yacreit ¢popmysabr Teitopa mpu ¢t =

a, u = t — a, Mbl TIOJIyYUM BapUaHT (DOPMYJbL U3 TEOPEMBI 3, KOTOPBIA OOBIYHO U
HasweiBaerca ¢gopmynoit Teitmopa:

f'(a)
1!

u”.

f"(a)

n!

(@)

7!

ft) = f(a) + (t—a)+...+ (t—a) +...+ (t—a)".



Ewe o xpamnwz xopnaz. Bocmonassyemcsa dopmymnoit Teitaopa, 91006l yTOYHUTD Ha-
I PE3YJIBTATHI O KPATHBIX KOpHaxX. CHavama JoKaXKeM MpoCToil, HO yIoOHBIH KpuTe-
puil TOro, 9TO KpaTHOCTHh KOPHS PABHA YUCIY S.

JIemma 2. ITycmo k — nose, a € k, f(t) € k[t]. Feau f(t) = (t —a)®g(t), 2de s >0,
g(t) € k[t], npuuem g(a) # 0, mo wpamnocmo wopna a muozouaena f(t) pasna s.

Zoxazameavcmeo. Ecim s =0, 1o f(a) = g(a) # 0, r.e. a — koperb maorounena, f(t)
kparHoctd 0. Ilycth s > 1; muorounen f(t) menmrcs Ha (t — a)®, W HAJO TOKA3aTh
TOJILKO, YTO OH He aeauTcs Ha (t —a)**1. Ecim 661 370 66110 HE TaK, TO CYIIECTBOBAJ
661 MuOTOwTen h(t) € kt], Taxoit uto f(t) = (t — a)*T'h(t), u Torma momyummoch
6er, ato (t — a)®g(t) = (t — a)*((t — a)h(t)). Hockompky k[t] — 0bmacTs memocTHOCTH,
oTCcIoaa, caenoBaso Owl, 9o g(t) = (t — a)h(t), m moromy g(a) = (a — a)h(a) = 0, uro
NPOTHBOPEYUT TTPEONOKEHUIO JIEMMBI.

Teopema 4. Ilycmv k — noae, 0 # f(t) € k[t], npuuem zapaxmepucmuxra noas k
pasra 0 uau 6oavuwe cmeneny muozounsena f(t). Daemenm a € k mozda u moarvko
mozda AsAAEMCA Koprem kpamuocmu s > 1 mnozouaena f(t), xozda

fla)=fa)=...=f D=0 fa)#0.

Joxasamenvcmeo. Ilycrs a € k. Eciu n = deg f(t) u a, # 0 — crapumii Ko3d-
dbumment f(t), To f(a) = nla,, a STOT 3/EMEHT TP HAMIUX MPEITOIOKEHUIX O
xXapakTepucTuke noast k ornmmuen ot 0. OgHAKO, OBITH MOXKET, HECKOJBKO TEepPBbIX
npoussBoaubix hyukuuu f(t) obpamaiorca B 0, HO Beera HaliIeTCd HAMMEHBIIUH HO-
mep 7, Takoit arof(") (a) # 0. Ecm f(a) = 0, T0 9T0T HaumMeHbIIH HOMeP 0BO3HAYHM
gepes ry(a); ecmm f(a) # 0, momoxuMm r¢(a) = 0.

VTBepKIeHNE TEOPeMbI, OYEBUIHO, PABHOCUJIBHO TOMY, 9TO i Jiroboro a € k
4ncso ry(a) coBnagaer ¢ KpaTHOCTbIO KOpHs a MHOrowieHa f(t) (HamoMHHM, 4TO He
ABJIAIONIMICH KOPHEM 3JIeMeHT sBisercs Kopaem kparuocru ). Ho ato cpaszy caeayer
u3 nemmbl 2 u Gopmyast Teiinopa. Heiicrsurensno, nycrs r = ry(a). Cayvail, koraa
r = 0, tpusuanen: rormaa f(a) # 0 u a — He kopeub f(t), T.e. KopeHb Kparnoctu 0.

Iycrs r > 1; Torma f(a) = f'(a) = ... = f"D(a) =0, f)(a) # 0, u mo popmyme
Teiinopa umeem:
_ f'(a) Fr () 1, J7(a) r
ft)=f(a)+ T (t—a)+...+ =] (t—a) "+ o (t—a)"+...+
() (q
L@ gy - ayrg),
n!
(r) (r+1) (n)
roe g(t) = ! r!(a) +f(r - 1(;) (t—a)+.. .+f n!(a) (t—a)™~ 7. CoBepIneHHO SCHO, YTO
F")(a)
g(a) = 0 # 0, ¥ mOTOMY TIO JleMMe 2 YHCJIO 7 SIBJISIETCST KPATHOCTHIO KOPHS @

muorousena f(t).
U3 310it TeopeMbl OUEBUAHBIM 00PA30M BBITEKAET

CaencrBue. B npednoiooicenuaz meopemvl 4 Kopers Kpammnocmu s > 1 muozouiena
f(t) aeasemea woprnem wpammocmu (s — 1) ezo npouseodnot f'(t).

Omdenenue kpamunx xopred. 1Ipu 9ucieHHOM HAXOXKJIEHUH KOPHEH MHOIOYJIEHA HA-
JInYre KPATHBIX KOpHEH "acTo ocioxkusger pabory. Iloaromy 66110 OBI TI0JIE3HO OCBO-
60,HI/ITCH OT KPATHBIX KOpHeIL/’I7 HEe II0TepdB IIPH 3TOM HH OJHOI'O KOPHA HCXOOHOI'O
MHOrOWIeHa. IIpenbiayime pe3yabTaThl MOKA3BIBAIOT, KAK 3TO CIEIATD.

Hpeanoxenue 5. ITycms k — noae, f(t) — nenyaesoti muozousen nad k, npuuem
rapaxmepucmura noas k pasna 0 uau 6oavwe cmeneny muozonsena. Iyecms, dasee,



d(t) € k[t] — ynumapnwti naubosvwuti obwuti deaumens muozouaena f(t) u ezo npo-
useodnot f'(t), u nycmo f1(t) € k[t] — marod mnoeouaen, wmo f(t) = d(t)f1(t).
Tozda 6 a0bom noae, codeparcawem k, muooicecmea xopret mnozouwaenos f(t) u f1(t)
cosnadarom, 1o y muozousena fi(t) nem xpamuwnr xwopHer.

Hoxazameavemeo. Ilycrs K D k — rakoe mose, B Koropom muorodsten f(t) packia-
meiBaerca B mpomssenernme f(t) = c(t — ap)® -+ (t — ), tHe ¢ € k, ag,..., 0
— NONAPHO Pa3JHMYHBbIE 1eMeHTbl 1oad K, s1,...,5, > 1 (oHO CymecrByer 1o reo-
peme 6.2). Tlockombky f(t) = d(t)f1(t), a pasnorkeHwe MHOTOUWIEHA B MPOW3BEIE-
HPE YHUTAPHBIX HEMPUBOIMMBIX MHOTOWIEHOB €IMHCTBEHHO, KAHOHHICCKHE DA3IIOKE-
HUs MHOrOUIeHOB d(t) u fi(t) Hax mosem K MMEIOT aHAJIOTMYHBIA BU/; B YACTHOCTH
d(t) = (t — a1)Pr - (t — a)Pr, Tae HEKOTOPBIE (WM BCE) W3 MOKAs3areneil pi, ..., Dy
MoryT 6biTh 1 paBubiMu 0 (TOr8 COTBETCTBYIOMMIT MHOKUTEND (£ — v )P* IPOCTO OT-
CYTCTBYET B PA3IOKEHWH). 110 CIEACTBUIO W3 TEOPEMBI 4 (v; ABAAETCS KOPHEM KDAT-
nocru s; — 1 mpoussogmoit f'(t), T.e. f'(t) nemurca ma (t — a;)% !, HO He nemuTca
Ha (t — ;)% . IockombKy MHOTOUMeH f(t) Toke nemmres Ha (t — ;)% 71, Ha a1y Ke
crenendb (t — ;) menurcs w HAMOOIBIMA oOmmit nemurens d(t) muorouneHos f(t) m
f'(t). IIpm arom d(t) me memmrces va (t— ;) , moToMy 9TO HHAYe Ha (t— ;)% memAncs
6b1 u muorounern f'(t) + d(t). Urak, a; — koperb d(t) kparnoctu s; — 1, u noromy
Pi = S; — 1.

Taxum obpazom, d(t) = (t —a1)* 7L+ (t — a,.)* L wmoromy f1(t) = f(t)/d(t) =
et —ar) - (t — ap), me. MEOrOUnen f1(t) € k[t] nmeer B mobom mome, comeprkanem
k, Te e kopHm, 9T0 U f(t), HO BCE OHH SBJISIOTCS TPOCTBIMA KOpHaMA [ (t).

9. JIPOBHO-PAIIMOHAJILHBIE ®YHKIINNA

ITone omnowenuti obaacmu yeasocmuocmu. Ilycth A — 0bnacTh HEIOCTHOCTH, T.€. KOM-
MYTATHBHOE accoruaTuBHoe KobIilo ¢ 1. ITose K Ha3bIiBaeTCs moJieM OTHOIEHU 0613~
cru iesjoctHocT A eciiu A — mogkomsio K, u 060k ameMenT @ € K npeacTaBasieTcst
Beuge a = ab~!, rae a,b € A C K, b # 0. HampumMep, Iojle panHOHAIbHLIX THCET
Q siBAsteTCS TOJIEM OTHOIIEHWH KOJIBIA, TEJIBIX YUCe Z, MOTOMY YTO BCAKOE PaIHo-
HaJIbHOE YHCIIO0 TpefcTaBuMo B Bude a/b = ab™!, tae a,b — menble mcia, mpudem
b # 0. 910 He TOMBKO CaMblil OOIEN3BECTHBIM MPUMEP TOJS OTHOIIEHWH; KIACCH-
YECKOE IIOCTPOCHHUE PAIMOHAJIBHBIX YHCE, UCXO/s U3 HEJbIX YUCes, KAK 9TO HOYTH
CTPOTO IETAJIOCHh B MIKOJBHBIX KYPCAX apuphMeTnKy, MOICKA3hIBAET, KAK MOTPY3UTh B
oJie OTHOIIEHUIN MPOU3BOIBHYIO 0DJIACTD MEIOCTHOCTH.

TeopeMa 1. Beaxas obaacmo UEAOCTNHOCTU, MOIHCE, bvimv 8.A001CEHA 8 noae, KOmMo-
poe ABAAEMCA €€ TONEM, OMHOUWEHUT.

Zoxasameavcmeo. Ilycts A — obnacts nenocraoctu. JIpobeio Hag A HazoBeM J1H00YIO
a
mapy 7 rae a,b € A, b # 0. 30ech 3HaK — HE HECET HUKAKOI'O COAEPIKATEIHLHOIO CMbIC-

Jla, & CJIY2KUT JIMIb "3HAKOM IpElMHAHUA", Pasie/isaioliuM IEPBYI0 U BTOPYK KOM-
moHeHTy Jpobu. BeemeM Ha MHOXKeCTBe BCeX Apobeil OTHOINEHHE SKBUBAJEHTHOCTH,
a ¢

cuuTasd, 9T0 — ~ — TOIVIA M TOJBKO Torja, korga ad = bc. Kpome Toro, onpejennm

b d
. a ¢ ad+bc a c ac
CJIO’KEHUE W YMHOXKEHUE Apo0eit, MoaoKuB —+ — =

b d bd b d _bd
YTO MBI CHOBA TTOJyIAM IpOOW: TPOU3BEaeHne bd, STBAAIONICECS BTOPO KOMITOHEHTOM
CYMMBI M TIPOU3BeIeHust, He pasHo 0, motomy uro b # 0, d # 0, a xosbiio A — obnacThb

OeJIOCTHOCTH.

Jlemma 1. ITyemw a,b,c,d e, f,g,h € A, npuvem b, d, f,h # 0. Tozda:

(1) %N% (pedrexcusnocms );
c

a c a
(2) ecau T Rt (cummempurrocms);

. 3amerum,



a ¢ ¢ e a e
(3) ecau i 7 mo 4 ~ 7 (mpansumusnocms );

a e ¢ g a ¢ e g a c e g
4 —_~ =, = ~ — —_ —_ ~ — — — e =~ — . =,
(4) e g, G gomo o~ S H L I T

(2) Ecau ad = be, o ¢b = da, ousith u3-3a KOMMyTarupHocTu A.

a ¢ e

(3) Eciu — ~ =, = ~ —

b dd f’

A — 061aCTh IETOCTHOCTH, JIEBYIO M IPABYO 9aCTH 3TOr0 PABEHCTBA MOXKHO COKPATUTD
a e

Ha d # 0; Mbl ostyuuM, 4ro af = be, T.e. 4TO 7~

f
(4) Ecnu % ~ ?, 2 ~ %, o af = be, ch = dg. Tlonb3ysich STUMU PABEHCTBAMM,

Hoxazameavcmeso. (1) ab = ba, Tak Kak A — KOMMYTaTHBHOE KOJIBIIO.
T
c

10 ad = be, cf = de. Torna adf = bef = bde. TlockonbKy

oIy 4aeM
(ad +bc)fh = afdh + bfch = bedh + bfdg = bd(eh + fg),
(ac)(fh) = (af)(ch) = (be)(dg) = (bd)(eg),
a 3TO KaK pa3 M 3HAUWT, UTO
a ¢ ad+cheh+fg_e

€. 9
b d bd Th P

ac eg e g

b d Tbdfh W

a c¢
b od

IlepBbie Tpu yTBEPXKIEHMS JTOKA3AHHON JEMMBI O3HAYAIOT, YTO ~ JeHCTBUTEILHO
SIBJISIETCSl OTHOLIEHUEM SKBHMBAJIEHTHOCTH HA MHOXKecTBe apobeil, a mociaemgsee — 4To
JIefCTBUSL CJIO2KEHHS 1 YMHOXKEHHUs] YCTORYMBBI OTHOCUTEJIBHO 9TON S9KBUBAJIEHTHOCTH;
TO3TOMY MBI MOXKEM JefCTBOBATE JaJiee TaK Ke, KAK B TyiaBe | Ipu MOCTPOEHNH KOJIbIA,
BbrieroB. 1lockoibKy MBI ermie He pa3 OyaeM HCIOJB30BaTh MOI00HBIE PACCYKIACHUS,
MBI TTOBTOPUM (DOPMYJIMPOBKA U JTOKA3ATEJHCTBA HECKOJBKUX TPOCTHIX (PAKTOB U3
raasbl I B Gosiee obmieit curyarmm, €M 3T0 ObLIO TaM M 9eM 3TO HAIO ceidac.

06 omnowenuy sxsusarernmuocmu. Ilycrs X — MHOKECTBO, Ha KOTOPOM 33JaHO OT-
HOIIIEHNE YKBUBAJIEHTHOCTH ~, T.€. OTHOIIEHUE T ~ Y MEXKJy jeMeHTamu &,y € X,
001 JAI0IIEE CBONCTBAMU:

(1) pedsieKCUBHOCTB: T ~ X IJis BCAKOro € X;
(2) CUMMETPUIHOCTD: €Ciiu T,y € X U T ~ Y, TO Y ~ T;
(3) TpaH3UTHUBHOCTB: eciu Z,Y,2 € X U T ~ Y, Y ~ 2, TO T ~ 2.

Hnsa snementa x € X Gynem 0603HAYIATH 9epe3 [¢] MOIMHOKECTBO MHOXKECTBA X
COCTOAINEE U3 BCEX TAKMX 3JeMeHTOB iy € X, uro = y (mod n). DT0 MHOKECTBO
HA3BIBAETCS KJIACCOM 3KBUBAJEHTHOCTH, OMPE/IEJEHHBIM 3JIEMEHTOM X.

JIemma. (1) Suemenm z € X npunadaesicum xaaccy sK6usarenmnocmu (] mozda
u moavko mozda, xozda [x] = [z].
(2) Jobve 06a KAGCCA IKEUBAACHIMHOCTIU UAU HE NEPECEKAIOTNCA, UAU COBNANAIOM.

Joxazameswvcmeo. (1). lyers [z] = [z]. TIockoNbKy 2 ~ z, 9JI€MEHT Z NPUHAIJIEKUT
knaccy [z] = [z].

O6parHo, miycTh 2z € [x]; Torma, mo onpeaenenuio, ¥ ~ z. BEem y € [z], To z ~ y,
W 1O TPAH3UTUBHOCTH T ~ Y, T.€. Y € [z]; Takum obpaszom, [z] C [z]. Ecmn, maocbopor,
Y € [z], TO T ~ y; KpOME TOrO, U3 COOTHOIIEHUSL T ~ Z CJIC/LYeT U3-33 CUMMETPUIHOCTH
SKBUBATIEHTHOCTH, 9TO 2z ~ . CHOBA TIOMB3YACh TPAH3UTHBHOCTBIO, TIOMYIAEM: 2 ~ Y,
T.e. y € [2], m goxazano Brmouenwe [z] C [z]. ComocTapuss NOMyIeHHBIE BKIIOUEHWST
[2] C [z], [x] C [2], maxomamm, [To [2] = [2].

(2). Ecim mepecevenne KIacCoB BBIYETOB [x] U [y] HEMyCTO, TO CYIECTBYET 3JIEMEHT
z € X, rakoii uro z € [z] u z € [y]. Ho rorpa wo (1) [x] = [2] u [y] = [2], r.e. [z] = [y].

ITycTs Temeps Ha MHOKecTBe X 3alaHa ajaredpanyveckas OTePaIlnsi, KOTOPast KasK-
JIOi Tape 3/1eMeHTOB X,y € X CraBUT B COOTBETCTBHE 3JjieMeHT = oy € X (0ObI9HO



0 — 3TO CJIOKEHHE WJIM YMHOMKEHHE); [PEINONOKUM, YTO ITa OINEPALUs yCTOHUUBA
OTHOCHTEIbHO SKBUBAJEHTHOCTH, T.€. BHITIOJHAETCH YCJIOBUE

(4) ecm x,21,y,y1 € X ©T ~ 21, Y~ Y1, TOTOY ~ T10Yi.

B sTom cayduae MBI MOYKeM KOPPEKTHO OIMPEIEUTD ONEPAIUio © HaJl KJIaCcCaMU IKBU-

BAJIEHTHOCTH, OOXKUB (] o [y] = [roy]. DTO onpenenenne He 3aBUCAT OT TOTO, KAKHE
MMEHHO JIEMEHTHI &, Y MBI BBIOUpaeM B Kaaccax: ecin [z] = [x1], [y] = [y1], To © ~ 1,
Y ~ Y1, ¥ TIOTOMY & O Y ~ 1 O Y1, & ITO BHAUMT, 4TO [z o y] = [z1 o y1].

Oxonuanue dokazamesvemea meopems, 1. Ilpumennm coobpaskeHns, N3M0KEHHBIE B
a a
7 0b03HaUMM Uepes {ﬂ MHO-

JKeCTBO BCex Apobeit, 9KBUBATEHTHBIX 3TOi apobu. Ilycts K MHOXKECTBO BCEX TAKUX

TTOAMHOYKECTB (v MHOYKECTBA BCEX JIP0DOeii, KOTOPHIE SIBJISIOTCS KJIACCAMU IKBUBAJICHT-
a a
HOCTH Apobeil, T.e TaKWX, IJIsi KOTOPBIX Haigercst apobh 7 Takasg 49To o = [g]

Kak MbI oTMeTHIn B npeablaynieM myHkKTe, yCTOfI‘IHBOCTb CJIOXKEeHUA U YMHOXKCHU S

MPEIbIIYINEM TyHKTE, K MHOKECTBY apobeit. JIasa npobu

,Z[p06eﬁ OTHOCHUTE/ILHO HAINCH 3KBUBAJCHTHOCTH IIO3BOJIACT OIIPpEeaCJINTh CJIO2KEeHHEe u
yMHO}KeHI/Ie HJIA KJIQCCOB 9KBUBAJICHTHOCTHA:

a C a C

M ' M - [b ' d]

a c a c

B+l =+ a)
JIemma 2. Ommuocumenbro 66edennvix 0eticmeuti MHONHCECTNEO KAGCCOE IKEUBAACHT-
nocmu dpobeti K aeasemea noaem.

Zloxaszameavcmeo. Hamo mpoBepuTh, ITO BBITOTHAIOTCS AKCAOMBI IIOJIS:

(1) a+(B+7) = (a+8)+7 ansa m0berx @, (3,7 € K (aCCOMMATHBHOCTD CIOKEHNS );
(2) a+ 8 =0+ a ana mobbix «, f € K (KOMMYTaTHBHOCTD C/IOYKEHU);

(3) cymectsyer Takoii snement 0 € K, uro 0 + o = o gas moboro o € K;

(4) nna moboro acK cymecTByer Taxoii anement —a€K, uro a + (—a) = 0;

(5) a(By) = (af)y ana awobbix «, 3,7 € K (acCOMMaTUBHOCTD yMHOKEHNUS );

(6) af = Pa ana mobbix a, f € K (KOMMyTaTUBHOCTh YMHOXKEHUS );

(7) cymecrsyer Takoit sjaement 1 € K, uro 1 -« = « s moboro a € K;

(8) a(B8+7) = af+ ay png mobeix «, 5,7 € K (qucTpubyTUBHOCTL YMHOMKEHUS
OTHOCUTEJIBHO CJIOYKEHHST);

(9) mma moboro a€ K, He pasHoro 0, cymmecTByeT Takoit smemenT o '€ K, 4To

aa~l =

. 0
IIycts a = {%}, 8= [2}, ¥ = [;}; B kadecTBe 0, 1, — BO3bMEM KJIACCHI [i]’

17 1—
[f], [Ta] Torga coornommenus (1)-(8) mpumyT ciemyomuit Bui.

o [+ (12D = (] + 2D+ )
o 2]+ 2]+ 3

o [+ 2]
BRI

o (1) - (2D 2]

o [ -1

ol Bl
o [ 2D - (] i)

Vx mpoBepKa MoJIyvaercs MPsSIMBIMU BBIYUCICHUSIMU C YYETOM TOTO, UTO A — KOMMYy-
TATUBHOE aCCOMMATUBHOE KOJBIO ¢ 1. B KadecTBe MpuMepOB TTPOBEPUM COOTHOTIIEHU S



(1), (4) u (8); mepBoe u3 Hux — "camoe ciaoxkHOe", & ABA APYTHUX SBJISAIOTCH €INHCTBEH-
HbiMu 13 coorHouenuii (1)-(8), npu npoBepke KOTOPHIX NPUXOAUTCS 3aMEHATDH JIPOOh
Ha sxBUBaNEHTHYIO eif. CooTHOmenne (1) BBITEKAET W3 PABEHCTBA

a (c e\ a cf+de a(df)+blcf+de) (ad+bc)+ (bd)e ra c
b+(d+f>7b+ a b(df) - ) f *(b+d>+f'
a —a ab+b(—a) 0 0
Hamee, —+— = T T e 70 L0 O3HANAT CUPABE/LIMBOCTS COOTHOLICHI
(4). HakoHer, u3 MeNOYKH COOTHOIIEHNME
g(f E)_g cf +de _alcf+de) (ac)(bf) + (bd)(ae) _a cpe.€
b\d " F) T 0 T b)) (bd) (o) T d Ty T

BBITEKaeT (8).
ITpoBepum Teneps, 4To akcuoMa (9), BHIAEIAIONIA [0S B KJIACCE KOMMY TATHBHBIX
. a = 0
accormaTuBHBIN Koser ¢ 1, Toxke Bormosasiercs B K. [lyers o = 3 #0= 1| roraa
HeBepHO, uT0 ¢ - 1 =b -0, u noromy a =a -1 # b-0 =0, a 3HAYUT, — TOXKE SIBJIAETCSI
a

1pobbio. Teneps sicHO, 4TO B KavyecTBe ot

[)=[IE-[ - ] -2

JleMMa, HOJIHOCTBIO JJOKA3aHA.

b
MOXKHO B34Tb Kjacc |—| € K:
a

DeMeHTbI U3 KOJbIla A MbI OyeM paccMaTpuBaTh KakK 3JeMeHThl u3 K, oTox1e-
a
cTBUB 0 € A ¢ kIaccom mpobeit {ﬂ . Takoe OTOX1€CTBJIEHNE HE IPUBEIET K IPOTUBO-

pedmsM: AeficTBUS HaJ JEMEHTaMM G,b € A, paccMaTpuBAEMBIMU KAK 3JIEMEHTHI U3
A v Kax sjeMenThl U3 K, TpUBOJAT K OJUHAKOBBIM DE3YJIHTATAM:

F+E-F [R5

Kpowme Toro, npu TakoM oToxKgecTBiIeHHH Koublo A He "c:kumaerca': pasHble 3Jie-

. a b
MmeHTBI A octalorcs pasmuunbivu u B A[[t]]. JefictBurensHo, paBeHCTBO |—| + | =

1 1
PABHOCUJIBHO PaBeHCTBY @ = a - 1 = 1-b = b. Takum 06pa3omM, KOJbIO A OKa3aJI0Ch

BJIOXKEHHBIM B 1mojie K.
Ocrasoch mokasarh, 4To K sBjsercs mojeM OTHOIICHHH KOJbLa A, T.e. 94TO KaxK-
bt smement w3 K mpencrasum B Buge ab~ !, roe a,b € A, b # 0. Ho 310 oueBnaHO:

51 1B - o
Teopema 1 moxkazama.

a
Mpur yBume n B KOHIIE JTOKA3aTebCTBa, 9T0 ecau a,b € A, b # 0, To 7= ab™! =

a
[g} , Tae B JIEBOI YacTu TOPHU30HTAJIbHAA YepTa ABJIAeTCA 3HAKOM OeJIeHUdA B I10JIe K

OJIHOIO 3JjieMeHTa M3 A Ha Apyroii, a B npasoii — 310 "3HaK npenuHaHuA", MCIOIb-
3yeMmbrii fjs1 3anucu apobeit. Takum 06pa3oM, 3TO PaBEHCTBO HU B KOEM CJIydYae He
03HATAET, UTO KJIACC Apobeil paBeH CBOEMY MPeICTABUTENIO.

B nanbHeimem 37€MEHTHI U3 MOJsT OTHOIIEHWH MBI Beer/a Oy/meM 3aluchbiBaTh B

BHJE€ OTHOIIECHUA B K ABYX 3JIEMEHTOB W3 A, T.€. B BHJIE e TOPpH30HTaJIbHAA

37
qepTa SIBJISETCS 3HAKOM aesenus B K.



pobro-payuonaavrve gynxyuu. Ilycrs k — mose; mose OTHOMEHUI KOIbIA, MHOTO-
wreHoB kfty, ..., t,] Ha3BIBAETCS MOTEM TPOBGHO-PATTMOHATBHBIX DYHKIHWIA OT t1, . . ., ty
Hag momeM k w oBosHauaerca depe3 k(ti,...,tn). DIEMEHTHI 3TOTO TOMA HA3BIBA-
0TCs JAPOOHO-PALMOHAIBHBIMU (DYHKIMSIMH, XOTsd KaK (PYHKUUU Mbl UX PACCMaTpU-

. (e ta)
BaTh HE OyIeM, U KaXK/IbIil U3 HUX MIPEICTABUM B BUJIE ﬁ, rae f(ty,...,tn),

g\li, ...y ln

g(t1,...,t,) — MHOTOUJIEHBI, IPUYEM BTODPOIi U3 HUX oraudeH ot 0.
B nmanbreitimem Mbl OyaeM 3aHUMATHCST TOJBKO IPOOHO-PAIMOHAIBHBIMEA (DYHKIIH-

t
SIMU OT OJHOI mepemennoii. JIpobHo-panuonaabHast GyHKIIMs f((t)) € k(t) nasbisaer-

g

cst ipaBuIIbHOM, ecan deg f(t) < degg(t). DTo onpenesenue He 3aBUCHT OT BHIGOPA
MIPEICTABIEHNS TPOOHO-PAITMOHATBHON (DYHKIMY B BUE OTHOIIEHUS IBYX MHOIOUJIE-

HOB: €CJIh ) _ A0 u deg f(t) < degg(t), To f(t)g1(t) = g(t)f1(t) m moTomy
deg f(t) + deg g1(t) = deg g(t) + deg f1(?), orxyna cmemyer, 4To

gt)  a(t)
deg f1(t) = deg g1(t) + (deg f(t) — deg g(t)) < deg g1(?).

IIpemioxenne 1. Cymma, pasnHocms U Npouséedenue NPasUAbHOL OPOOHO-PaALU-
OHANDHOT PYHKUUT — CHOBA NPABUAbHBIE OPOOHO-PALUOHAAbHbE PyrKyuy. Beaxas
OpobHO-PAUUOHAALHAS PYHKUUS 00HO3HAWHO NPEICTNABAAENCA 68 8UJE CYMMBL MHO20-
YAEHA U NPAEUALHOT, OPOOHO-PAUUOHANDHOT PYHKUUL.

f1#) f2(P)

91(t)" g2(t)
muw; 370 3uaqwT, uto deg f1(t) < deg g1 (t), deg f2(t) < deg g2(t). Ho Torma

Zloxaszameavcmeo. Ilycrs — IpaBUIbHBIE APOOHO-pPAIMOHAIBHBIE (DYHK-

deg f1(t) f2(t) = deg f1(t) + deg f2(t) < deg g1(t) + deg ga(t) = deg g1(t)g2(?),
deg f1(t)g2(t) = deg f1(t) + deg g2(t) < deg g1 (t) + deg g2(t) = deg g1(t)g2(t),
deg g1(t) f2(t) = deg g1(t) + deg fa(t) < deg g1(t) + deg g2(t) = deg g1(t)g2(?),

a moromy u deg(f1(t)g2(t) + g1(t) f2(t)) < deg gi1(t)ga(t). CnemoBarennuo,

H@) @) A[Dg2(h) +91(8) f2(t) fit) f2(0)  f()f2(t)
gi(t)  g2(t) 91(t)g2(t)

— MpaBWIbHBIE TPOOHO-PAMOHAJIBHBIE (DYHKITHAHN.

t
ITycts Temepnb o MIPOM3BOIBHAS TPOOHO-panmoHanbHas GyHKmust. [T0CKOMb-
g
Ky ¢(t) # 0, mo Teopeme O JENEHWH C OCTATKOM il MHOTOWJIEHOB CYIIECTBYIOT
MHOTOUJIEHBI q(t), (t), Takme uro f(t) = q(t)g(t) + r(t), degr(t) < degg(t). Torma

f) r(t)
—L =q(t)+ U €CTD TIPEJICTABICHUE “—— B BUJE CYMMBI MHOTOUJICHA W TIPABIIIE-
g(t) g(t) g(t)
f(®) r1(t)
HOI 1pobHO-panmoHaNbHON dhyrKInu. Kean W = qi(t) @) OBLIO OBl IpPyTUM
g g1
HOMOOHBIM [IPEACTABICHUEM, TO MHOro4ieH gi(t) — g(t) 61 Obl paBeH LPABUILHOMN

rt) ()
A T ()’

q1(t) = q(t), a moromy n

& 9TO BO3MOYKHO TOJIBKO ecqu q1(t) — q(t) = 0. Takum obpazom,

@) _ f) _ e )
0@ g 0= g 0=

IIpocmetiwue dpobro-payuonarvrsvie Gyrkyuy. JIpobHO-panuoHaiIbHas (DyHKIMS HAJIL,
g(t)
e
W)

mojmeM k Ha3bIBAETCS TPOCTEHINe, €Can OHa IMPEeACTABISIETCS B BUIE



p(t),g(t) € k[t], s > 1 — marypambuoe umcio, mpudeMm p(t) — YHATADHBIH HENpH-

BommMbri Hagm k muOrowneH, u degg(t) < degp(t). Takum obpaszom, mpocreifmn-

MM HaJ ajredpamyecKu 3aMKHYTBIM mojeM k OyayT apobHO-panuoHajbHbIE (DYHK-
a

(t—c)*’

IpobHO-paIMOHATbHBIE (PYHKITHN BHIOB

han505t rae a,c € k. Hag momem BemecTBeHHBIX unces R mpocreitimuvn OyayT

a at +b
(t—rc)s’ (t2+pt+q)°

Teopema 2. Bceakes npasusvhas 0pobHO-payuoHaAbHAA GYHKUUA PACKAGIDEAEMCA
8 CYMMY HECKOALKUL NPOCMETUUT OPOOHO-PAUUOHAALHOLT HYHKUUT.

(s >1, a,b,c,p,q € R, upuuem p? < 4q).

Hoxazamesvcmeo. CHadasa JOKaXKeM, 9TO BCAKYIO TPABUIbHYIO JTPOOHO-PAIIMOHAJIBHY IO
BYHKIMIO MOXKHO PA3JI0KUAThL B CYMMY NPABUJIBHBIX IPOOHO-PANMOHAIBHBIX (DYHK-
nuit, 3HaMeHaTeJ I KOTOPBIX — CTelleHN HENPUBOIUMBIX MHOT'OYJIEHOB.

JIemma 3. Iycmo k — noae, f(t) € k[t], p1(t),...,p-(t) € k[t] — nonapno pasauwu-
HOLE HEMPUBOOUMDBLE YHUTIAPHBE MHOZOUAENDL, S1,...,Sy > 1 — namypasvusie wucaa,

u nyemo g(t) = (p1(8)* -+ (pr(t))°. Ecau deg f(t) < degg(t), mo cywecmaeyrom
maxue muozownenvt f1(t),. .., fr(t) € k[t], wmo deg f;(t) < deg(p;(t))* npul <i<r

u
M0 _ R, 5O

g(t) (@) T (1)
Joxasamesvcmeo. O6o3naaum wepes g;(t) nponsseaenue Becex MHOrOWIeHOB (p; (1)),
kpome (p;(t))%, Tak uro g(t) = (pi(t))® ¢i(t). Mokaxem, ato g1(t), ..., g-(t) — B3aUMHO
[POCTHIE B COBOKYITHOCTH MHOTOWIEHBL. JleficTBHTEIbHO, TycTh MHOTOUWIEH d(t) € kt]
ABJIAETCA UX HAMOONBITAM OOIMM JlenmTeneM. ECan HEBepHO, 9TO MHOTOUIEHBI B33~
WMHO TIPOCTHI B COBOKyTHOCTH, TO degd(t) > 1, m CymecTByeT HENPUBOAUMBINA yHH-
TapHbIi MHOrouneH ¢(t), Ha KOTOpBIA meantca d(t), a 3HAYAT, M BCE MHOTLOYJIEHBI
9i(t). B wacrnocru, g1 (t) = (p2(t))%2 - - - (p-(t))*" + ¢(t); HOCKOJNBKY BCE COMHOKHMTE N
u MHOTOUIEH ¢(t) HENMPUBOIUMBIE H YHUTADHBIE, 9TO BO3MOXKHO JIWITL TOTAA, KOTIA
q(t) coBmamaer ¢ oguuM u3 MHOro4uIeHOB p;(t), 2 < j < r. Ho g;(t) me nenutcs Ha
p;(t) = q(t); Mbl DpHUILIK K IPOTHBOPEYUIO, KOTOPOE JOKA3BIBAET, YTO MHOIOUIIEHBI
g1(t),...,g-(t) B3aMMHO TPOCTHI B COBOKYTHOCTH.

o ocHOBHOMY CBOMCTBY B3aMMHO TIPOCTBIX B COBOKYITHOCTH 3JIEMEHTOB, CYIIECTBY-
10T Takue MHOTOUeHbl Fi(t), ..., F.(t) € k[t], uro

L=Fi(t)gi(t) + ...+ Fu.(t)g,(1).
O6oszuauum uepes f;(t) u Q;(t) oCcTaTOK U HEIOJHOE YACTHOE OT JEJEHUs MHOTOUYJICHA,
f@)Fi(t) na (pi(t))*, rax uaro
FOFi(t) = fi(t) + Qi) (pi(1))*,  deg fi(t) <deg(pi(t))”  (1<i<r).

Torga nmosydaerca:

fO) = fFOFR@)gi(t) + ... + f(O)F(D)g:(t) =
= [1(t)g1(t) + Qu(t)(po(£))™ 91(2) + +f7~( )gr(t) + Qr () (pr (1)) g0 () =
= h)gi(t) +... + fr(t)g r( )+ (@) + -+ Qr(t))g(t)-

Crenenb Kaxkm0ro w3 MHOTOUNEHOB f;(t)g;(t) menbme cremenu MuOroOwwneHa ¢(t) =

(pi(t))®'g;(t), moromy uto deg f;(t) < deg(p;(t))®. Cremenp muOTOUWNEHA f(t) TOXKE

MeHbIIe crenenn maorodnena ¢(t). Iosromy

degg(t) > deg(f(t) — (f1(t)g2(t) + ... + fr(t)gr(t))) = deg(Q1(t) + ... + @r(t))g(t) =
= deg(Q1(t) + ... + Qr(t)) +deg g(?)



a 9TO BO3MOXKHO TOJIBKO ecan deg(Q1(t) + ... + Q-(t)) = —o0, T.e. eCim MHOTOWICH
Q1(t) + ...+ Q. (t) mynesoit. Urak, f(t) = f1( Jor1(t) + ...+ fr(t)gr(t), n

)
t t t t)gr(t 1(t r(t
S0 _ A0 | B0 _ 60 50
g(t) g(t) g(t) (p(2))* (pr(t))r
JIemma 4. ITycms s > 1 — namypaavnoe wucao, h(t),p(t) € k[t], npuvem degp(t) >
1, degh(t) < sdegp(t). Toeda cywecmeyrom muozousenvs ag(t),...,as—1(t), maxue
wmo dega;(t) < degp(t) das scex i, 0 <i<s—1, u

h(t) = ag(t) + a1 ()p(t) + ... +as_1(t)(p(2))* .

[oxasameavemeo. Nanykmust mo s muOrownena h(t); ecoma s = 1, To mocratoaro
nonokuTh ag(t) = h(t). Iycrs s > 1 n gna s — 1 yTBepKIEHHE Y2KE JOKAZAHO.
ITo Teopeme O IeJEHWN € OCTATKOM CYIIECTBYIOT TaKnWe MHOTOWIEHBI as_1(t), hi(t),

w10 h(t) = ay 1 ()(p(1)* 1 + ki (1), tae deghy (£) < deg(p(t)*~" = (s — 1) deg p(t).
CpaBHI/IBaH CTeHeHI/I, Ho.nyqaeM:

deg as—1(t)+(s—1) deg p(t) = deg (as—1(t)(p(t)*™") = deg(h(t) —ha(t)) < s degp(t),

nosromy degas—1(t) < degp(t). Tlo IpeAnONOKEHUIO HHIYKIUH, CYIIECTBYIOT MHOIO-
QreHbl ag(t), ..., as—2(t), Takue uro dega,(t) < degp(t) anst Beex 4, 0 <i<s—2,u
hi(t) = ao(t) + a1 (t)p(t) + ... + as_2(t)(p(t))*~2. Torga

h(t) = as—1 () (p()"" + ha(t) = ao(t) + ar(O)p(t) + ... + as—1 () (p(t))* ™

u OyIeT Hy?KHBIM TIPeACTaBiaeHneM MHOrounena h(t).

ft)

Tenepb JIETKO 3aBEPIIATH JOKA3ATEILCTBO TeopeMbl 2. ITycrh o IPaBUIbHAS
JIpOGHO-panuoHa bHasd (BPYHKIUA HaJ HoIeM k; ZOMHOXKAS, €CJIU HAJI0, YUCIUTEND H
3HAMEHATEIb HA HEHYJIEBYIO KOHCTAHTY, J0OBeMCsa TOro, 4rTo0pl MHOro4ieH ¢(t) ObLi
yuurapubiM. Torna g(t) packaazpisaercs B npoussenenue g(t) = (p1(t))* - - (pr(£))°,
rae p1(t),...,pr(t) € k[t] — momapHO pasmWYHbIC HEMPUBOIWMBIC YHUTAPHBIC MHOTO-
YJIEHBL, S1, - . -, S, > 1 — HATypaJbHbIe YHCIa. IIOCKONBKY HaIIa APOOHO-PAITHOHAIBHAS
dbyuxuma npasunbnag, deg f(t) < degg(t). Tlosromy mo jemme 3 HafimyTcs Takme
muOTOweHsl fi(t),..., fr(t) € k[t], aTo

) A©) fr(t)

o0~ @ T )
7 BCE CJAraeMble B 9TOH CyMMe — MPaBUIbHbBIE APOOHO-panuoHaabubie (hbyHKInn. lo-
KaXKeM, 9TO KayKJ0e U3 CJIAraeMbIX PACKJIAJIbIBAETC B CYyMMY MPOCTEHIIUX JIPOOHO-
parmonasbabix gyukimii. [ycrs 1 < i < r; mockombky deg fi(t) < s; degp;(t), mo
nemMe 4 HafIyTCs Takme MHOUOUIEHH ag(t),...,as,—1(t), aro dega;(t) < degp;(t)
ns Beex j, 0<j<s;—1, 1 fi(t) = ag(t) + a1 ()pi(t) + ...+ as,—1(t)(pi(t))*~*. Torma

fitt) a0 +ar®pi(t) + ...+ as, 1 B (Pi(t)* T
(pi(t))* (pi(t))*
ag(t) a1 (1) as,—1(t)

B0 R0 Ea R

¥ BCE CJIAraeMbl€e B [IOCJIeIHEH CyMMe — IIpocTeiiniue ApodHO-PAMOHAIbHbIE (DY HKITHH.

Sameuanne. M3 dokazameabcmea meopemvs GUIHO, 4MO 8 DA3AOHCEHUU 6 CYMMY

t

nPoCMetuUL IpobHO-PAYUOHAALHOT PYHKYUY féf)), ede g(t) = (p1(t))*r -+ (pr(t))°,
gt

npumem p1(t), ..., pr(t) € k[t] — nonapno pasaunnsie nenpueodumsie YHUMAPHHIE MHO-

20MAEHDL, MPUCYMCIBYIOM AUULL NPOCMETUUE CAGLAEMBLE, SHAMEHAMENY KOTROPYIT
umerom eud (p;(t))?, 2ede 1 <i<r, 1<j<s;.



Dopmysa Jlazpanoica daa pasaroocenus 6 cymmy npocmetuwur dpobed. B ciaydae, Ko-
I8 3HAMEHATETb TPABUIIBHON JPOOHO-PAMOHAIBHON (BDYHKIINA HE MMEET KPATHBIX
KOpHEH M TOJHOCTHIO PACKIAABIBACTCA HaJ k B MpOW3BEJCHWE JIMHEHHBIX MHOMKH-
Tesiell, MOXKHO HAIKUCATh HABHYIO (DOPMYIy [Jisi PA3JIO2KEHUs APOOHO-PALMOHAIBHOMN
MYHKIMYU B CyMMY TIPOCTEHTITIX.

Ilpennoxenne 2. Ilycmo k — nose, u nycmo aj,as,...,a, — NONAGPHO PA3AULHDLE
anemenmuy us k. Iycmo, dasee, g(t) = (t—a1)---(t—a;) - (t —an), a f(t) € k[t] -
MHOZ0UAEH, CIMENEHD KOOPo20 menvuwe n. Tozda

t Zfal/gal

t—a,

Hoxazamesvcmeo. CormacHo 3aMevaHnio K JOKA3aTeThCTBY TEOPEMBI 2, MpaBUIHHAS

ft)

JIPOCHO-paIoOHaIbHAsS (DYHKIIHAT @ MPEICTaBISIEeTCs B BUJE CYMMBI MPOCTEHIIAX
g
JIPOOHO-PATIMOHATBHBIX (QYHKIWH €O 3HaMenarensayu (t —a;), 1 <i < n, Te.
ft) b L b; b,

= +...+
g(t) t—a t—a; t—ap

)

rae uucautenu b; — amemenTo u3 k. st TOro, 4TOOBI HAWTY 3JIEMEHTHI b;, YMHOXKWM
OPEIBIIYINEe PABEHCTBO Ha ¢(1), U MBI OJYIUM COOTHOIIECHUE

f@) =bigi(t) + ...+ bigi(t) + ...+ bngn(t),

rae g;(t) — npousseaennsa Beex GunoMos (t — a;), kpome (t — a;); maade rosops, ¢;(t) —
Takue MHOro4sIeHsl, 410 ¢(t) = ¢;(t)(t — ;). B34B 3HadeHne 0O0eux 9acTeil paBeHCTBA
npu t = a; u 3amerus, 410 g;(a;) = 0 mpm j # i, mafizem, uro f(a;) = bigi(ai).
Haiinem g;(a;), nponuddepenruposas muorounen g(t) = g;(t)(t—a;) u B3aB 3HaYEHUE
NIPOU3BONHON 1IpH t = a;:

9'(t) = i)t — i) + gi(t)(t — ai)' = gi(t)(t — as) + gs(t),

9'(ai) = gi(ai)(ai — @) + gi(ai) = gi(a:).
Urax, g;(a;) = ¢'(a;) # 0, noToMy 9TO KOpeHb a; MHOTOUNeHa ¢(t) HE KPATHBIH, U
suasurt, b; = f(a;)/gi(a:;) = f(ai)/g'(ai).



