T'naBa V. Onpegenuresin

1. OHPE,ZLEIIEHI/IE 1 MPOCTENIINE CBONCTBA OIPEAEJTUTEJIS

3adanu, das 30NUCY petwenus KOMopuLT noaesns, onpedesumeny. Obosunatdnm depes A
KOABIO Z[T11, . . . , Ty TETOMUCTEHHBIX MHOTOUICHOB N2 nepementbix 2 (1 < 14,7 <
n). EcTb Bce OCHOBaHUS TIOBEPUTH B TO, YTO MATPUIA

T11 12 . Tin
21 X22 ... T2n

X = ,
Tnl Tp2 e Tnn

paccMarpuBaeMas KAk Marpuna Haj nosaem orHomenuit K kosbua A, HEBBIPOXKIEHA,
I TO3TOMY V Hee ecTh obpaTHas Marpuma X 1, Bce KOMIOHEHTH KOTOPOH HpHHAI-
smexkar oo K. Ho ssmementsr mosis K — 3TO OTHOIMEHUS MHOTOYIEHOB W3 KOJIBIA
A. JIocTaTo9HO SCHO, 9TO HE MOXKET GBITh, YTOOBI BCe KOMIIOHEHTBI MaTpumbl (X !

NPUHAIIERAIN KOy A; omHAaKo, Halinercs Takoii MEHOrOWIeH D(X11, ..., Ty ), 9TO
BCe KOMIOHEHTBI Marpulpl Y = D(X11, ..., Zppn)X ~! yiKe ABIAIOTCH IEIOYNCICHHBI-
MU MHOro4seHaMu. Takum ofpa3oM, NeJOYuCIeHHbii Muorouwien D(x11, ..., &Tny,) 1

MarTpuiia Y obiagaoT CIeIyIONMMU CBOHCTBAMHA:
YEAn, D($11,...7£L’nn)€A7 XY:D(xll,...,xnn)En

Komeuno, muOrO4IeH, 00/1a1A0IUI STUMU CBONCTBAMU, HE ABJISETCS € INHCTBEHHBIM:
BMECTO HEr0 MOXKHO B3ATh JIOOOM mensmiuiics Ha Hero MHOrOWwieH. OIHAKO, MOXK-
HO JOKa3aTbh, 9TO €CJIM IOTPebOBATH, YTOOBI €0 MOJIHAS CTEIEHb ObLTa MUHUMAIHHO
BO3MOXKHO#, W 9TOOBI OH TPUHUMAJ 3HAJYEeHWE 1, €CJAU BCe AUATOHAJIBLHBIE IJIEMEH-
TBI T3 Marpuupl X paBHBI 1, a BCe HEIHATOHAJIBHBLIE HIEMEHTHI Tjj, ¢ 7 J, PABHbBI
0, muorounerd D(z11,...,Tpn) Y2KE OKA3bIBAETCS OIHO3HAYHO OIPE/IEJEHHBIM; OH U
HA3BIBAETCA ONPEEUTETEM MATPHUITHL X .

Bo3MOXXHO mOCTPOUTH TEOPUIO OMpeaeauTeNeil, UCXOJAss U3 TOJBKO 9TO JTAHHOTO
olIpe/iesieHus ; Mbl ocTyuM uaade. CHAYAIA BBISCHUM, KAK BBINJISIAUT OMPEIETUTE D
npu n = 2,3; HA OCHOBAHUU ITOTO FKCIEPUMEHTA BBICKAYKEM THIIOTE3Y, KAK TOJIKEH
BBITJISIZIETH OMPEIEIUTEb TPOU3BOIBLHOIO MOPSIKA, & 3aTEM JOKAXKeM, UTO yTa aH-
HBI MHOTOYJIEH NeHCTBUTENLHO SABJISIETCS 3HAMEHATETEM BCEX KOMIIOHEHT MATPUIIBI
X

Onpedeaumenn 2-20 u 3-20 nopadros. Ionb3ysch cocoboM BBIYUCTEHUST 0OPATHOMN
MAaTPUIIbI, KOTOPBIH ObLI ONMKMCAH B IJIaBe 3, HaljeM MaTpuily, oOpaTHyo K X, Jjsd
n = 2 (151 KPATKOCTH HE3ABUCHMBIE [EPEMEHHbIE T;; 0003HAUEHEI 1epe3 T, Y, 2, t:

Cro)-Cm v )= he e)-
(0 i ) 01 N )

Takum obpazom, MaTpuia, obparHass K Marpuie X, paBHA

1 t -y
xt—yz \—2 x )’

Wcxons n3 namux coobpazkeHuil, 3a OMpeIeTuTe b BTOPOro IMOPSIKa, CJIeIyeT IPUHATH
MHOTOYJIEH

Ty
z t

’—xtyz.
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AHBasornyHOe BBIYUC/IEHHE MOXKHO [TPOU3BECTH JJIsT MATPHUIILI ODIIET0 BUIA TTOPSII-
ka 3. He npuBomsa BRIKIAI0K, YKAXKEM JIHUIIb PE3YILTAT, KOTOPBIH JEIKO ITPOBEPSIETCS
MIPSIMBIM BBIYHUCIIEHAEM:

11 T12 13 X22733 — L2332 —X12%33 + T13%32  X12T23 — T13T22
T21 X222 X23 —Z21%33 + T23%31 T11733 — 13731 —T11%23 + T13%21 | =
r31 I32 T33 21732 — T22T31 —T11T32 + T12T31 T11T22 — T12721

= (5€11$22$33 + T12T23%T31 + T13T21T32 — T11T23T32 — T12T21T33 — 113$22$31)E3'
Takum 06pa3oM, cjemayer MOTOKUTH
T11 Ti12 T13
T21 T2 T23| = X11X22%33 + X12X23%31 + T13X21T32—
T31 T32 X33

— 11223232 — T12X21X33 — T13722T31-

Onpedeaenue onpedesumens. IlycTb, Kak u BbiiIe,

11 T12 . Tin
21 T2 . Ton
X =
ITnl Tp2 . Tnn
— MaTpHla Had KOJbIOM MHOTI'OYJICHOB A= Z[ZL‘H, ey Lpn| OT n2 IMEPEMEHHBIX T'jj

(1 <1i,7 <n). Ee onpenenurenem Ha3bIBaETCA MHOIOYJIEH

11 12 N T1n
21 I22 . Ton
det X = | . . L= Z Sgn(d)l’lﬁ(l)ﬂjlg(g) < T o(n)-
N
Tpl Tp2 .-+ Tpn

B srom mpencraBieHHn y KarXKIOTO CIAraeMOro OIMpemennTess 3a(puKCUPOBaH MOpsI-
JIOK COMHOXKHUTEJEH; 9TO HE BCEra yJI00HO, W HOITOMY HAJHMM €Ie OIHY 3aIIUCh BbI-
PaKeHus I OTPeaeTUTENS:

n

det X = Z sgn(a)]:[xi,g(i).

oES, i=1

Ocnosnnte ceoticmaa onpedeaumeneti. Bo Bcex cBOHCTBAX MBI IIOACTABIAEM B OPEIE-
JINTENTb BMECTO HEM3BECTHBIX X;; KAKNe-TO 3HAUEHNS U3 KOJIbIa A HJIH U3 KAKOTO-TO
erre H0JIee TMUPOKOTO KOJIbIIA; ITH BBIPAMKEHUS HAIO MOHUMAThH KAK 3HAYEHUS MHOTO-
ayieHa det TpU COOTBETCTBYIOMINX 3HAUEHUSX TTEPEMEHHBIX.

1. ITpu mpancnonuposaruy onpedeaument ne mensemcs. ObBO3HATINM

11 T12 Tin 11 T21 In1

21 T22 . Ton , 12 I22 . In2
A= . . b A= . s

Tnlt Ip2 e Tnn T1n Ton . Tnn

HaM HaJo JoKazarb, yto A’ = A. o onpenenenuio onpegemuTes,

A = Z SgD(U)Hl‘a(i)?i'
i=1

oESy

Bamernm, aro o~ ! mpoberaer Tpymmy S,, Korga o mpoberaer 3Ty TPYIIY H HTO
sgn(o) = sgn(o~1), nosromy

A = Z sgn(o_l)Hﬂifl(i),i = Z Sgn(U)Hmofl(i)yi'
i=1 1=1

€Sy oSy



Jna xaxmgoro o € S, wncna o~ (1),...,07(n) cocTaBnAOT TIEpECTAHOBKY HHCENT
1,...,n, u noromy

H%fl(i),i = H%fl(i),a(wl(i)) = Hzi,a(i);
i=1 =1 =1

CJIeZIOBATEINIBHO,

A = Z sgn(U)HCEJfl(i),i = Z Sgn(U)Hmm(i) =A.
i=1 i=1

og€ES, o€Sn

ITo croiicTBy 1, mIsT KaXKI0TO CBOMCTBA OMpEIETUTE s, KOTOPOoe (hOPMYIUPYIOTCS
B TEPMUHAX CTOJIOIOB ONPEIETUTEN ST, €CTh AHAJOTHIHOE CBOMCTBO, (DOPMYIUPYEMOE B
TEepMHUHAX CTPOK ompeaenuTend. [103ToMy 3 ABYyX aHAJOTMYHBIX CBOMCTB AOCTATOY-
HO (GOPMYJIUPOBATH W JOKA3BIBATEH JIUINBb OHO; BBUAY OOJiee MPOCTOi 3aAIUCH, MBI B
CIIEYIOMIUX CBOMCTBAX BBIOPAJIN WX CTOJIOIOBBIE BAPUAHTHI.

2. Onpedesumenv ¢ pasnoimu cmoabuyamu pasen 0. Ilycts A — onpemenwurens,
mosty4aennubiit u3 det X 3amenoit 3;1eMeHTOB [-T0 cTo0a 25 HA 3JIEMEHTHI j-T0 CTOIDIA,
x;;. O6oznauum depe3 7 € S, rTpancnosunuio (jl), HEPeCTaBIAIONIYIO SJ€MEHTH j I
l. Iycrs A,, C S,, — MHOXKECTBO BCeX TaKHX MOACTAHOBOK 0 € Sy, uro sgn(c) = 1;

rorya sgn(or) = sgn(o)sgn(7) = —1. O6parno, eciu o1 € S, sgn(oy) = —1, o,
nosarasi ¢ = o017, HaiijeM, 910 sgn(o) = sgn(o17) = sgn(oy)sgn(r) =1, re. 0 € Ay,
u o, = 0172 = or. Takum obpasoM, S, = A, U A,7, rae gepe3 A,T 0603HaMEHO

mHOXKeCTBO {07 |0 € Ay}
CocuuraeM Tenepb OIpene/nTensb A:

A= Z Sgn(0)$0(1),1~-~$o(j),j---fL'a(l),z~~~iL’a(n),n =

ocES),
= Z Sgn(0)$0(1)71...xg(j),j....Z’O_(l)J...CEU(n),n =
oceS,
= D (580(0)2o(1),1- Lo ()g-To(t) o -To ()t
oEA,

+ Sgn(O—T)IO'T(l),l - Lor(4),j "'IO'T(l),j"':L.O'T(’n),n) =

= Z (xo(l),l---xo(j)hj~~--Ta(l),j~~-~7;o(n)7n - xa(l),l---xa(l),j~-~xa(j),j---xor(n),n) =0
ocE€A,

(mpu mocnenHeM TPeOGPA30BAHUK MBI BOCTIONB30BAIHCH TeM, uto 7(j) = I, (1) = j,
7(i) =diupui #£1,7).
3. Onpedeaumenv auneeH no Kaxcdomy cmoasbuyy. ITO 3HATUT, ITO

11 ... triit+yy - Tin

Tor ... txojt+y25 ... Tog

Tnl .- t.%‘n]‘ + Ynj -+ Tnn
T11 ce Tl e T1n T11 e Y1y e T1np
T21 w25 N Y ) I21 cee Y25 e Top

=t . . . . T

Tn1 - Tpj - Tpn Tnl - Ynj - Tpn



(BbIpazkeHusi B 00EMX YaCTAX ITOMO PABEHCTBA IPEACTABISIOT COBOH MHOMOUYJIEHBL OT

L1l TnnsYijs - - - Ynj, ). JeHCTBUTENBHO,
r11 ... txlj +—y1j . Tip
o1 tIQj + Y25 e T2
: = D s80(0)Z0()1--(Ea (). + Yo(i).d)-Totm)n =
: . ocESy
Inl txnj + Ynj o Tpn
=t E sgn(a)xo.(l)’l...xa(j)yj...xa(n);n + E sgn(a)xg(l)’l...ya(j)’j...xo.(n)’n =
oceS, oeS,
T11 e X15 . X1np 11 e Yid e T1n
Io1 e X2 ... T2n T21 e You .. Top
=t . ) . . St
Ipnt - Tpig o Tpn Tnl e Yni - Tpn

4. ITpu nepecmanosxe 06yx cmoabyos opyz ¢ Opy2om onpedesument YMHONCAEMCA
na —1. OGo3HAYMM It KPATKOCTU CTOJOBL (T1j,...,Tn;)" MaTpuubl X 4epes rj.
ITosb3ysch Tem, 4TO OUpelenTelb C JAByMd OJMHAKOBLIMM crojabuamu pasen 0, a
TaKyKe JUHEHHOCTBIO ONpeJe/UTe s 10 CTOIONAM, TIOIy9aeM:

det (;1, s Ljy ey Bl ...,;n) + det (;1, S I 2 ...,;n) =
=det (L1, .0 L)y ooy Gj o Bn) F et (T15 s gy ooy Kty ooy Tn )+
+ det (pl, T I R ...,;n) + det (;1, RS TR I ...7pn) =
=det (r1, ..y Xy, oy & + Lty oor )+ det (21, ooy Tty o B F L o Tn) =
=det (r1, .. j + Ts oo Bj + 8o Tn) = 0.

5. Ilpu npubassenuu & 00HOMY CMOAOUY KPaMHO20 0pYy2020 cmoasdya onpedesumens
HE MEHAECTNCA:

det (?17 e by +tpla s 8 axn) = det (?17 - by, --->$l7~--7§n)+
+tdet (;1, . ...,xl,...,;n) = det (xl,...,;j,...,pl, ...,;n) +t-0=
= det (?1,--~,Xl7---725l,-~-aZCni_9)-

Marpuity 6yneM Ha3bIBATH TPEYTOJILHOM, €CJIM BCE €€ 3JIeMEHTHI, HAXOSIINeCs Hil-
K€ JMaroHasy (MM BCe 3JIEMEHTbI, HAXOASNMECs: BhIlle IuaroHaiu) pasubl 0.

6. Onpedeaumend MpeyzosbHOU MATNPULDLL PABEH NPOU3GedeHuI0 ee JUa2ORANbHBIL
aaemenmos. TIokaxkem, 9TO eCIm MOJACTAHOBKA 0 € S, TakoBa, 9To o(i) > i nys Beex
i, TO 0 — TOXKJECTBEHHAA HMOACTAHOBKA. JlefcTBATENbHO, ecu o (1) < 4 XOoTd Obl 11
OJHOTO %, TO

n n n
di=> o) <> i,
i=1 i=1 i=1
91O HeBO3MOKHO. [loaToMy ecim B MaTpute X Bce 3JIeMeHTHI ;5 € j < ¢ PABHBI HYJIIO,
TO B CyMMe
Z SgN(0)T1,0(1)T2,0(2) - - - Tn,o(n)s
oESy
BBIpakamwieil 3uavenne onpenenutens det X, HeHyIeBBIMU OYIYT TOJIBKO T CIAra-
eMBIe, ¥ KOTOPBIX ¢ < (i) Iyst BCeX 4, T.e. TOJBKO CJIATaeMOe, OTBEUAIONIEe TOKIE-
CTBEHHOI TIOJICTAHOBKE. Y YMTHIBASA, YTO 3HAK TOKIECTBEHHOII MOJICTAHOBKY paBeH +1,
MbI 1oJIy4uM, 9ro det X = z11%92 . .. Ty

B wacTtHOCTH, OIpEaeTUTE b MATPUITHI

E. 0
0o 0/’



B KOTOPOI OTHUM U TeM Ke cuMBOJIoM 0 0003HAYEHBI HYIEBbIE MATPUITHI 13 K rx(n-r)
Km=r)xr g (n=r)x(=7) pagen 1 upu r =n u 0 upu r < n.

Buivucaenue onpedesumeneti. JlokazauHbe CBOACTBA ONPEAETNUTENS TAI0T CIIOCOD BbI-
YUCIEHUsT 3HAYEHUS OMPEeJASTUTENIsT JTF000H MaTPUITBI

a1 ai12 N A1n
a a . a

A= 21 22 2n ,
anl  an2 Qnn

BCe KOMIIOHEHTHI @;; KOTOPO} NPHHAIEKAT HEKOTOPOMY MO0 K. DiIeMeHTapHBIMU
IpeoOpPa30BAHUSIME HAJT CTPOIKAME M CTOJIOIAMY MATPHUIA IPUBOIUTCA K TPEYTOJb-
HON MaTpuIle, onpeaenuTe b KOTopoil n3secTen 1o cBoiictBy 6. Ho Kaxkaoe snemen-
TapHOe TpeoOpa3zoBaHue MO0 HE MEHSET OMPEeIeUTe]b MATPHUIIbI, JTUOO YMHOXKAET
ero uHa —1 wiu Ha jeMent « # 0 u3 noig k (COOTBETCTBEHHO CBOMCTBA 5, 4, 3), 1O~
3TOMY, 3Hasl, YeEMY PABEH OIPEJIETUTENb Oy YUBIIEHCA TPEYTOJIbHON MATPHUIIBI, MbI
JIETKO BOCCTAHABIABAEM 3HAYCHHE OIPENEIUTENA MATPHALIBL A.

Onpedeaument npouseedenus KeaopamHur mampuy. /lOKa3aHHBIE BBIE CBOWCTBA
MO3BOJISIIOT MOJYYUTE U Hosiee raybOKUe CBOWCTBA ONPEIeTUuTe e .

Teopema 1. Ilycmo

11 212 ... Tin Y1 Y2 .-+ Yin
T21 X22 ... T2n Y21 Y22 ... Yon
X = . . . . 5 Y = . )
Tnl Tn2 e Tnn Ynl Yn2 e Ynn
206 X1, s Tun, Y11y -« Ynn — HeE3a68UCuUMBIE Nepemennvie. Tozda onpedeaumens

det XY npouseedenus mampuy, X, Y pasen npoussedenuro det X detY onpedeau-
meaeti IMUL MAMPUL,

3ameuanue. Bce xomnonenmo, mampuuvt XY AGAAOMCA MHOZOYAEHAMU O HE3G-
BUCUMDBLE NEPEMEHHBIL T11 5 -y Trny Y11y ---, Ynn s BOmMomy det XY udet X det Y — mmo-
20vnenvt U3 Z[T11, oy Trn, Y11y - - - Ynn], U MEOPEMA YMEEPHCOGEM, WO IMU MHO0-
YACHDL PAGHDL.

Zoxasameavcmeo. Obo3naurM depe3 K 1oje OTHOIIEHHE ODJIACTH [EJIOCTHOCTH
Z[ylla-“vynn]'

E. 0

0 0) . Tozda

Jlemma 1. ITycmv A — xeadpammuas mampuya nopadka n, a T = (
det AT = det AdetT.

Hoxazameavemeo. Ecmur =n, 10T = E, detT =1, AT = AE = A. Ecim v < n,
to det T = 0, a marpuna AT momygaercs u3 MATPUIIBI A yMHOXKEHHEM HECKOIBKUX
mocaeTHUX ¢ToM01oB Ha, 0, m moroMy 1o cBoiicTBy 3 det AT =0 -det A = 0.

Jlemma 2. ITycmo A — xeadpamuas mampuya ¢ Komnonenwmamu u3 K, a T — odua
U3 MAMPuUY

1 1




2de a, A € K, 8ce ne ommeuennvie HeOUG2OHAAbHYLE IAemenmb, pastos 0, a He omme-
yennve duazonarbhvie sasemenmos pastv, 1. Tozda det AT = det Adet T

Hoxazameavcmeso. B nepsom ciydae onpeneaurens marpuusl 1T pasedn « (10 CBOii-
ctBY 6), a Marpuna AT mojgydaercs yMHOXKEHHEM Ha ( BCEX 3JIEMEHTOB OIHOIO U3
cTONOIOB MATPUIEl A, 1 TOTOMY 1O CBOMCTBY 3 €e OMpeneTuTeNb PABEH TPOU3BEIe-
uuto o = det T u det A. Bo Bropom cayuae mo cBoiicty 6 det T = 1, a marpurna AT
oyvIaeTcs npubaBaeHrneM K OTHOMY M3 CTOJIOIOB APYTOro CTOJOIA, YMHOMKEHHOTO
Ha A, ¥ MOTOMY IO CBOHICTBY 5 €€ OIpPe/IeTUTENh PABEH ONPEJETUTENO MaTpuisr A

Bepremcst k mokazarenbcTBy TeOpeMbl. Kak Mbl 3HAEM, MATPUILA Y TPEICTABISIETCS
B Buze npousseienus 17 ...7TxN, BCé COMHOXKUTENMN KOTOPOrO SBJSIOTCS MATPUIIAMEI
u3 K, ogHOro W3 BUIOB, paccMOTpeHHBIX B jemmax 1, 2. [losromy mamykimeit mo N
TOJTY YAEM:

det XY =det X(T1...Ty) =det X det T} ...det Ty.

Bce marpunsr T; 3aBHCAT TOJBKO OT Yii,...,Y1n W HE 3ABUCAT OT KOMIIOHEHT ZTjj
MaTpuilbl X ; MOITOMY COOTHOIIEHWE COXPAHUTCS, €CJM MbI TPUIIUM HEH3BECTHBIM
2;; IPOU3BOJIbHBIE 3Ha4eHud u3 Z. B wactnoctu, npu x;; = 1, 23 = 0mpu 1 < ¢,j < n,
1 # 7, marpuna X OPUHAMAET 3Ha49eHne F, u moToMmy

detY =det FY =det EdetT)...detTy =detT;...detTy.
Takum obpaszom,
det XY =det XdetT;...detTy = det X detY.
Xapaxmepudayus HesupoNCOeRHbLL MAMPUY, 6 mepmunax onpedesumens. JlobaBum

K MHOTOUYMCJIEHHBIM XapaKTepU3alluaM HEBbIPOKIEHHBIX MaTPHUI, KOTOPBIE y2Ke BCTPe-
YaJIUCh Yy HAC, eIle OJIHY.

Teopema 2. ITycms k — npousseoavhoe noae; K6a0DAMHAA MATMPUUL ¢ KOMNOHEHINA-
Mu u3 k wneewpoosicdena moada u moavko mozda, xKo20a ee onpedesument OMAUMEH
om 0.

Hoxazamesvcemeso. Ilycrs A € k™ — kBagparnas marpuna ¢ kommnoneatamu u3 k. Kak
M BCAKAsl MATPUIA HAJL, IOJIEM,MATPUIA A MPEJCTABISIETCS B BUIE

E. 0
ATl...TN<OT O>TN+1...T]\],
rae 11, ..., 7T, — sneMenTapHbie MaTpuIlnl, a r = rank A. Onpegenurean ; MATPUIL
T; oryimanbt ot 0; mosTOMy
B E. 0 flooq...an #0, ecamr=nmn;
det A = det, ( 0 O) detTy...detTy = { 0 a1.. .00 =0, ecmar<n,

Urak, onpenenmrens det A marpunpl A orimdaen or 0 TOrga U TOABKO TOrIA, KOIJA
€e PaHT I PABEH ee IOPAIKY N, T.€. KOr4a MaTpuia A HEeBBIPOXKIEHA.



